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PREFACE 


The  editor  was  very  honoured  and  delighted  to  receive  the  invita¬ 
tion  of  the  Office  of  Naval  Research  to  edit  the  collected  edition  of  Sir 
Thomas  Havelock's  hydrodyn arnica!  papers.  Since  his  first  introduction 
Co  hydrodynamics!  research  many  years  ago,  the  editor  has  alwa>  s  re¬ 
garded  Professor  Havelock’s  work  with  the  greatest  admiration  and  re- 
soect.  And,  for  nearly  forty  years,  after  aking  personal  acquaintance 
with  Professor  Havelock,  the  editor  has  received  much  very  kind  advice 
and  assistance  from  him,  which  he  is  very  glad  to  acknowledge  here. 

Nearly  all  the  mathematical  analysis  in  these  papers  has  been  re¬ 
worked,  and  a  number  of  minor  misprints  have  been  found.  In  one  or  two 
papers  more  serious  changes  have  been  made,  either  by  Professor  Have¬ 
lock  himself,  or  with  his  agreement.  The  papers  are  arranged  in  chrono¬ 
logical  order,  without  reference  to  their  content.  The  subject  receiving 
the  most  attention  in  the  papers  is  the  development  of  the  mathematical 
theory  of  wave  resistance  and  wave  formation  for  a  moving  body.  The 
papers  in  the  following  list  deal  with  this  and  show  the  development  of 
the  theory  from  elementary  methods  to  a  complete  solution  for  any  body, 
subject  only  to  the  assumption  of  small  wave  height,  that  is,  of  a  lin¬ 
earised  potential. 


Paper  Nos. 

Pages  in  this  Collection 

1  to  4 

1  to  80 

6 

94  to  104 

7  &  8 

105  to  131 

10 

146  to  157 

15  to  27 

192  to  329 

29  to  36 

347  to  428 

44 

500  to  511 

46  to  52 

520  to  582 

59 

615  to  616 

Paper  No.  20  (pages  249  to  264),  Paper  No.  32  (pages  377  to  389), 
and  paper  51  (pages  563  to  574)  give  a  summary  of  the  practical  results 
to  be  deduced  from  the  theory  at  their  respective  dates  1925,  1934,  and 
1951). 

All  but  five  of  the  remaining  papers  deal  with  various  motions  of  a 
ship  by  similar  methods,  i.e.,  with  rolling,  pitch  and  heave,  motion  in 
a  seaway,  etc.,  and  their  individual  subjects  are  sufficiently  specified 
in  their  titles  in  the  List  of  Contents. 
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The  remaining  five  papers,  numbers  5,  9,  12,  13  and  28  deal  with  cer¬ 
tain  mathematic*;.!  questions  which  arise  in  hydrodynamica  1  analysis. 

Finally  the  editor’s  thanks  are  due  to  Professor  Lunde  of  Trondheim 
for  his  kind  advice  on  one  diffici.'t  question,  and  also  to  Dr.  T.  Francis 
Ogilvie  and  to  Dr.  J.  N.  Newman,  both  of  the  David  Taylor  Model  Basin, 
foi  their  kindness  in  verifying  some  of  the  references  to  American  papers. 


Flat  1 93 

6,  Charterhouse  Square 
LONDON  E.C.l 

11th  March,  1963 


C.  WIGLEY 
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§1.  Introduction. 

The  object  of  this  paper  is  to  illustrate  the  main  features  of  wave  propa¬ 
gation  in  dispersive  media.  In  the  case  of  surface  waves  on  deep  water  it 
has  been  remarked  that  the  earlier  investigators  considered  the  more  difficult 
problem  of  the  propagation  of  an  arbitrary  initial  disturbance  as  expressed 
by  a  Fourier  integral,  ignoring  the  simpler  theory  developed  subsequently  by 
considering  the  propagation  of  a  single  element  of  their  integrals,  namely, 
an  unending  train  of  simple  harmonic  waves.  The  point  of  view  on  which 
stress  is  laid  here  consists  of  a  return  to  the  Fourier  integral,  with  the  idea 
that  the  element  of  disturbance  is  not  a  simple  harmonic  wave-train,  but  a 
simple  group,  an  aggregate  of  simple  wave-trains  clustering  around  a  given 
central  period.  In  many  cases  it  is  then  possible  to  select  from  the  integral 
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the  few  simple  groups  that  are  important,  and  hence  to  isolate  the  chief 
regular  features,  if  any,  in  the  phenomena. 

In  certain  of  the  following  sections  well-known  results  appear;  the  aim 
has  been  to  develop  these  from  the  present  point  of  view,  and  so  illustrate 
the  dependence  of  the  phenomena  upon  the  character  of  the  velocity  function. 
In  the  other  sections  it  is  Loped  that  progress  has  been  made  in  the  theory 
of  the  propagation  of  an  arbitrary  initial  group  of  waves,  and  also  of  the 
character  of  the  wave  pattern  diverging  from  a  point  impulse  travelling  on 
the  surface. 

§  2.  Definition  of  Simple  Group. 

We  have  to  consider  the  transmission  of  disturbances  in  a  medium  for 
which  the  velocity  of  propagation  of  homogeneous  simple  harmonic  wave- 
trains  is  a  definite  function  of  the  wave-length.  The  kinematically  simplest 
group  of  waves  is  composed  of  only  two  simple  trains,  of  wave-lengths  X,  X', 
differing  by  an  infinitesimal  amount  dX ;  then  with  the  usual  approximation 
we  have  for  the  combined  effect 

y  =  A  cos  —  (x— V<)  +  A  cos^"(r— V7) 

X  X 

=  2A  cos  (x— Uf)  cos  ^  (r— V t),  (1) 

A, 

where  U  =  (2> 

The  expression  (1)  may  be  regarded  as  representing  at  any  instant  a  train 
of  wave-length  X,  whose  amplitude  varies  slowly  with  x  according  to  the  first 
cosine  factor.  Thus  it  does  not  represent  a  form  which  moves  forward 
unchanged  ;  but  it  has  a  certain  periodic  quality,  for  the  form  at  any  given 
instant  is  repeated  after  equal  intervals  of  time  X/(Y  — U),  being  displaced 
forward  through  equal  distances  XU/(V  — U).  The  ratio  of  these  quantities, 
namely  U,  is  called  the  group-velocity.  It  has  also  the  following  significance : 
in  the  neighbourhood  of  an  observer  travelling  with  velocity  U  the  disturb¬ 
ance  continues  to  be  approxipiately  a  train  of  simple  harmonic  waves  of 
length  X. 

The  most  general  simple,  or  elementary,  group  may  be  defined  in  the 
following  manner.  Let  the  central  form  be  a  simple  harmonic  wave  of  length 
27r/*:o,  and  let  the  other  members  be  similar  waves  whose,  amplitude,  wave¬ 
length,  and  velocity  differ  but  slightly  from  the  central  type;  then,  with 
similar  approximation,  we  have 

y  —  HA  cos  {*  f.c— V t)  +  a} 

=  HAn  cos  {*„(•' -  —  VoO  +  (i’  —  UV)  S/fn  +  a}.  (3) 
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The  range  of  values  of  k  being  infinitesimal,  the  group  as  a  whole  may  be 
written,  as  in  the  previous  case,  in  the  form 

y  —  <f>(x— UoOcos  {/fo(£— V0O  +  /3},  (4) 

where  (f>  is  a  slowly  varying  function  ;  and  the  group-velocity  U0  is  given  by 

U0  =  /-(koVo).  (5) 

(ifc  o 

The  group,  to  an  observer  travelling  with  velocity  Uo,  appears  as  consisting 
of  approximately  simple  waves  of  length  2tt/kq .  The  simple  group  is,  in  fact, 
propagated  as  an  approximately  homogeneous  simple  wave-train  ;  the  impor¬ 
tance  of  the  group-velocity  lies  in  the  fact  that  any  slight  departure  from 
homogeneity  on  a  simple  wave-train,  due  to  local  variation  of  amplitude  or 
phase,  is  propagated  with  the  velocity  U. 

§  3.  The  Fourier  Integral  regarded  as  a  Collection  of  Groups. 

An  arbitrary  disturbance  can,  in  general,  be  analysed  by  Fourier’s  method 
into  a  collection  of  simple  wave-trains  ranging  over  all  possible  values  of  k  ; 
thus  after  a  time  t  the  disturbance  will  be  given  by  an  expression  of  the  type 

</>(*)  cos  k.  (x  —  Vt  +  a)  die,  (6) 

J  0 

where  V  is  a  given  function  of  k. 

The  method  adopted  with  these  integrals  is  based  on  Lord  Kelvin’s*  treat¬ 
ment  of  the  case,  in  which  the  amplitude  factor  <f>  ( k )  is  a  constant,  so  that 

y  —  \  cos  k  (x—  Yt)  die. 

Jo 

An  integral  solution  of  this  kind  is  constructed  to  represent  the  subsequent 
effect  of  an  initial  disturbance  which  is  infinitely  intense,  and  concentrated  in 
a  line  through  the  origin  ;  Lord  Kelvin’s  process  gives  an  approximate 
evaluation  suitable  for  times  and  places  such  that  x—Yt  is  large,  and  the 
argument  may  be  stated  in  the  following  manner : — 

In  the  dispersive  medium  the  wave-trains  included  in  each  differential 
element  of  the  varying  period  are  mutually  destructive,  except  when  they  are 
in  the  same  phase  and  so  cumulative  for  the  time  under  consideration,  this 
being  when  the  argument  of  the  undulation  is  stationary  in  value.  Thus 
each  differential  element  as  regards  period,  in  the  Fourier  integral,  represents 
a  disturbance  which  is  very  slight  except  around  a  certain  point  which  itself 
changes  with  the  time. 

Now  if  we  apply  this  method  to  the  more  general  integral  (6),  we  obtain  an 
*  Sir  W.  Thomson,  ‘  Roy.  Soc.  Proc.,’  vol.  42,  p,  80  (1887). 
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expression  for  the  total  disturbance,  attending  only  to  its  prominent  features 
and  neglecting  the  rest,  provided  we  assume  the  change  of  the  amplitude 
factor  <f>  ( k )  to  be  gradual.  On  this  hypothesis  the  resulting  expression 
contains  the  amplitude  of  the  component  trains  simply  as  a  factor ;  and  in 
this  way  the  trains  for  which  it  is  a  maximum  show  predominantly  in  the 
formula,  which  exhibits  the  main  features  of  the  disturbance  as  they  arise 
from  place  to  place  through  cumulation  of  synchronous  component  trains. 

The  argument  shows  that  in  some  respects  the  integral  (6)  may  be  more 
conveniently  regarded  as  a  collection  of  travelling  groups  instead  of  simple 
wave-trains ;  when  <f>  ( k )  is  a  slowly  varying  function,  the  groups  will  be 
simple  groups  of  the  type  (3).  The  limitations  within  which  this  is  the  case 
will  appear  from  the  subsequent  analysis ;  one  method  of  procedure  would  be 
graphical :  to  take  a  graph  of  the  riuctuating  factor  and  see  that  the  other 
factor,  which  is  taken  constant,  does  not  vary  much  within  the  range  that  is 
important  for  the  integral. 

In  the  cases  we  shall  examine,  the  effect  is  due  to  a  limited  initial 
disturbance,  and  the  salient  features  are  due  to  the  circumstance  that  <f>  (k) 
has  well-defined  maxima ;  thus  the  prominent  part  of  the  effe  ;t  can  be 
expressed  in  the  form  of  simple  groups  belonging  to  the  neighbourhc  od  of  the 
maxima. 

Before  considering  in  detail  special  eases  with  assigned  forms  of  the  velocity- 
function  V,  two  illustrations  of  interest  may  be  mentioned. 

(a)  Damped  harmonic  ware-train. — If  f  (x)  is  a  function  satisfying  the 
conditions  for  the  Fourier  transformation,  we  have 


m 


t  f°°  r 

-  dK\  f(o  )  cos  K  (eo—x)  da>. 
7.  !  0  J  —  aO 


For  an  even  function  of  x,  this  gives 


2 

f(x)  —  —  |  <f)  (k)  cos  icx  dic, 


tr  Jo 


r * 

where  <f>  ( k )  =  I  f  («)  cos  ku>  da>. 
-'o 


(7) 


Now  let  / (x)  be  an  even  function  of  x,  defined  for  all  values,  and  such 
that  it  is  equal  to  e~>*zcos  te'x  for  x  positive  ;  then  we  find 


2<f>  ( k )  = 


a 


Jl2  +  {k  —  K  f  fl2  +  (k  -t-  K  )2 


(8) 


Consider  this  function  /  ( x )  as  the  initial  value  of  a  disturbance  y  which 
occurs  in  a  dispersive  medium  ;  then  the  value  of  y  at  r.uy  time  can  be 
expressed,  in  general,  by 

ptl O  ^00 

y  =  A  I  <f>  (k)  cos  k  (x-  Yt)  dx-f-B  I  cos  K(x  +  Xt)dtc,  (9) 

Jo  Jo 
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where  A,  P>  arc  constants  which  need  not  be  specified  further  in  the  present 
connection. 

These  integrals  are  of  the  type  (f>),  and  represent  infinite  wave-trains 
travelling  in  the  positive  and  negative  directions  respectively.  We  see  from 
(8)  that  when  fx  is  small,  the  amplitude  factor  0(«)  consists  practically  of  a 
single  well-defined  peak  in  the  neighbourhood  of  the  value  k' .  Hence,  when 
the  damping  coefficient  p  is  small,  the  wave-trains  in  question  may  be 
considered  as  travelling  in  the  form  of  a  group  k  of  unchanging  waves  of 
this  specified  structure. 

This  example  serves  to  illustrate  the  propagation  of  a  very  long  train  of 
simple  harmonic  waves  subsiding  as  they  travel  owing  to  a  small  damping 
coefficient,  and  is  of  interest  in  connection  with  Lord  Rayleigh’s  general 
proof  that  the  group-velocity  U  is  the  velocity  with  which  energy  is  being 
propagated.*  A  small  damping  coefficient  p  is  introduced  by  him,  so  that 
the  energy  transmitted  is  determined  by  the  energy  dissipated  ;  the  argument, 
which  of  course  loses  its  meaning  if  p  is  actually  zero,  shows  that  when  /x  is 
diminished  indefinitely  the  rate  of  transmission  of  energy  approaches  U  as  a 
limiting  value.  Similarly,  although  the  Fourier  transformation  is  inapplicable 
when  [x  is  actually  zero,  we  infer  from  the  above  analysis  that  when  /x  is 
diminished  indefinitely,  the  disturbance  ic;  representable  as  a  simple  group  of 
unchanging  waves  of  definite  structure. 

(b)  Interrupted  simple  wave-train. — Consider  an  initial  disturbance 
defined  by 

/'(•'')  =  0,  (-d<x  <  d) 

=  sin  k  (x—d),  (x  >  d), 

=  —  i**  sin/c'  (,r  -f  d),  (x.  <  —</). 

Then  the  disturbance  is  given  by  an  expression  of  the  form  (9),  in  which 
20  (k)  =  2  e  sin  k'(o>  -  d)  cos  koj  da> 

d 

_ (tf-P/C)  cos  k  d  —  fx  sin  k  d  ( k ' — k)  cos  k  d  —  fx  sin  k  d  (JO) 

pJ  +  (k  +  k')-  p*  +  («'  —  k)~ 

Now  suppose  p  and  d  very  small,  so  that  the  initial  disturbance  approxi¬ 
mates  to  an  infinite  simple  harmonic  form  with  a  narrow  range  of 
discontinuity  ;  we  see  that  the  graph  of  the  amplitude  factor  0  (k)  is  then 
reduced  to  a  single  peak  in  the  vicinity  of  the  value  We  infer  from  this 
example  that  a  very  long  simple  harmonic  wave-train  which  is  interrupted 
for  a  short  interval  is  kinematically  equivalent  to  a  group  of  unchanging 
waves,  of  definite  structure  ranging  round  the  value  2tt/k'  of  the  wave¬ 
length. 

*  Lord  Rayleigh,  ‘  Proe.  Lund.  Math.  Soc.,’  vol.  9,  p.  24  (1877). 
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§  4.  Features  of  the  Integrals  Involved. 

The  integrals  we  have  to  consider  in  such  problems  are  of  the  type 

y  =  j<j!>  (u)  cos  {/(«)}  du.  (11) 

All  such  integrals  we  can  treat  in  the  same  manner,  adopting  the  method 
employed  by  Lord  Kelvin  for  the  particular  case  referred  to  above  (§  3). 
This  method  consists  in  supposing  that  f(u)  is  large,  so  that  the  cosine  factor 
is  a  rapidly  varying  quantity  compared  with  the  first  factor ;  thus,  much  as  in 
the  Fresnel  discussion  of  the  diffraction  of  light  waves,  the  prominen  .art  of 
the  graph  of  the  integral  is  contained  within  a  small  range  of  u  f . .  which 
f{u)  is  stationary  in  value,  so  that  the  elements  arc  then  cumulative.  In 
other  words,  we  select  from  (11)  the  group  or  groups  of  terms  ranging  round 
values  v/0  of  u  which  make 

/>  o)  =  0.  (12) 

In  such  a  group  of  terms  we  may  put 

f(u)  =  /('« o)  +  i  (u  —  H0)2/"  (uo)- 

Then  if  we  write  a2  for  |(h  —  Uo)f"  («o)-  the  contribution  of  the  group  to  the 
value  of  (11)  is  given  by 

Vo  =  {/"i)}*j  cos  {/(M«)  +  a2)  da’  (13) 

where  the  limits  of  the  integral  may  be  in  general  extended,  as  in  diffraction 
theory,  to  +  oo  ,  provided  does  not  coincide  with  ei  ther  limit  of  the  integral 
(11),  and  also  provided  that  /"(m0)  is  not  zero. 

Thus  we  have,  from  (13), 

Vo  =  {/^}>(«")  Ccos  {/(M«)}~sin  (/(«.)>] 

=  ^  cos  {/(«»)+  M-  (14> 

This  is  the  sum  of  the  contributions  of  the  constituents  of  each  group 
around  a  central  value  Ho  given  by  (12),  provided  the  value  u0  comes  within 
the  range  of  values  of  u  in  the  integral  (11). 

If  /"(H0)  is  negative,  the  corresponding  result  may  be  written 

>/o  =  {  -fn.  A ^ (H»)  cos  {/(ho)-Itt}.  (15) 

f  —J  \Uo)  J 

\Vre  write  down  i or  reference  the  similar  pair  of  results  for  a  group  of  terms 
from  the  integral 

V  =  j<M«)  s»n  {/(«)}  llu-  (16) 
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If  f"  (u0)  is  positive, 

Vo  =  V  («o)  cos  {/Oo)- M  ;  (17) 

and  if  f"  (u0)  is  negative, 

Vo  =  {^^)}i^,(Wo^COS  (18) 

The  chief  form  in  which,  such  integrals  occur  is 

y  =  j"<£(/c)  cos  k  (x— Yt)  cbc,  where  V  =  /(«).  (19) 

The  principal  groups  are  given  by  the  values  k0  such  that 

±{K{x-\t)}=  0,  or  f  =  £(*V)=  U.  (20) 

The  aggregate  value  of  the  group  can  be  written  down  from  one  of  the 
previous  forms  ;  if  3U /0/c  is  negative,  we  should  have 

l/o-  o)  cos  {/r0  (x  -Yt)  +  $t}.  (21) 

As  an  illustrative  example  we  may  suppose  a  disturbance  y  to  be  given  at 
time  t  by  the  expression* 

y  =  f  cos/c  (x—  Yt)  die.  (22) 

J  o 

When  x—Vt  is  large,  the  elementary  waves  given  by  (22)  reinforce  each 
other  only  for  the  simple  groups  given  by  values  *0  for  which  the  argument 
of  the  cosine  is  stationary,  so  that 

a;— U<  =  0.  (23) 

This  equation  (23)  defines  a  velocity  U  such  that  to  an  observer  starting 
from  the  origin  and  travelling  with,  this  velocity  the  complex  disturbance  has 
the  appearance  of  simple  waves  of  length  2i t/ku.  Or  again,  we  may  regard 
(23)  as  giving  the  predominant  value  of  at  any  position  and  time  in  terms 
of  x  and  t.  The  features  of  the  disturbance  will  depend  on  the  form  of  the 
velocity  function  V  ;  we  proceed  to  consider  some  special  forms. 

§  5.  Initial  Line  Displacement  on  Deep  W otcr. 

We  consider  surface  waves  on  an  unlimited  sheet  of  deep  water,  the  only 
bodily  forces  being  those  due  to  gravity.  Let  the  x-axis  be  in  the  undisturbed 
horizontal  surface,  and  the  y-axis  be  drawn  vertically  upwards.  Let  rj  be  the 
elevation  of  surface  waves  of  small  amplitude  with  parallel  crests  and  troughs 
perpendicular  to  the  ay-plane.  It  can  be  shown  that  for  an  initial  displace- 

*  Lord  Kelvin,  loc.  cit.  ante. 
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ment  given  by  r>  —  cos  kx,  without  initial  velocity,  the  surface  format  any 
subsequent  time  is  given  by 

7)  =  cos  k  Yt  cos  kx  =  \  {cos  K  (,<’  —  Yt)  +  COS  K  (.'  +  VC)}, 
where  V  =  (///*)*.  (24) 


Let  /(a)  be  any  even  function  of  x  which  can  lie  analysed  by  Fourier’s 
integral  theorem.  Then,  corresponding  to  an  initial  surface  displacement//./), 
without  initial  velocity,  there  is  a  surface  form  given  at  any  subsequent 
time  by 


where 


1  t —  If 

T7  =  ^ —  |  <f>  (k)cosk  (x—  V0'f«  +  —  (f>  {k)  cos  k  (x  +  Yt)  (Ik, 

ZnJo  2tt Jo 

<f>  (zc)  =  |  ,/  (<*>)  COS  KG)  do). 


(25) 

(26) 


If  we  suppose  the  initial  elevation  to  be  limited  practically  to  a  line 
through  the  origin  and  assume  that  [  f(.c)dx  —  1,  so  that  <£(«)  =  1,  we  can 


J-s 


(27) 


use,  as  an  illustration  of  the  procedure,  the  form 

If*  If* 

t)  =  —  cos  k(x—  Vf)d/c  +  —  cos  Yt)  die. 

-7T  J  Q  *j7T  J  0 

We  select  from  these  integrals  the  groups  which  give  the  chief  regular 
features  at  large  distances  from  the  original  disturbance.  This  cumulative 
group  from  the  first  integral  is  given  for  a  given  position  and  time  by  the 
value  of  k  for  which  k(x — Yt)  is  stationary,  where  V  =  \Z(<//k),  so  that 


and,  similarly*  from  the  second  integral  by 


x 

7 


Tims  there  are  symmetrical  groups  of  waves  proceeding  in  the  two  directions 
from  the  origin  ;  for  x  positive  we  need  only  consider  the  first  integral  in 
(27),  and  for  x  negative  the  second  integral.  Thus  the  predominant  wave¬ 
length  at  a  point  x  at  time  t  is  given  by 


k  = 


(28) 


Evaluating  this  predominant  group  by  means  of  expression  (21),  we  obtain 
the  known  result 


V 


(29) 


At  a  given  position,  far  enough  from  the  source  for  the  train  to  be  taken 
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as  unlimited,  this  indicates  oscillations  succeeding  each  other  with  continually 
increasing  frequency  and  amplitude;  also  if  we  follow  a  group  of  waves  with 
given  value  of  k  the  amplitude  varies  inversely  as  (1,  or  inversely  as  the 
square  root  of  x.*- 

§  6.  Initial  Displacement  of  Finite  Breadth. 

If  l  is  the  range  within  which  the  initial  displacement  is  sensible,  the 
previous  results  hold  with  Ijx  small;  further,  as  Cauchy  shewed,  glHJAx^ 
must  be  small  if  the  function  <£(*)  of  (26)  is  to  be  taken  as  constant. 
Prof.  Purnsidef  has  obtained  approximate  equations  for  the  surface  form  due 
to  certain  limited  initial  displacements  not  confined  to  an  indefinitely 
narrow  strip.  From  the  present  point  of  view,  such  results  can  be  recovered 
simply  by  selecting  from  the  integrals  the  more  important  groups  of  waves. 
(a)  Let  the  initial  displacement  be  given  by 

f(x)  =  c«*/(**+x*),  (30) 

where  «  may  be  supposed  small. 


Then 


♦  M-f 

J  —a 


Car  COS  K(0 
i  «a  +  a >a 


dco  =  node  <XK. 


Hence  from  (25)  the  surface  form  is 

77  =  ±cx  j  e~"!cosK(x— Vt)  +  e"“ cos K(x  +  \t)d/c.  (31) 

Jo  Jo 

For  points  at  some  distance  from  the  range  in  which  the  original 
disturbance  was  sensible,  e-“  varies  slowly  compared  with  the  cosine  term  ; 
thus  we  may  consider  the  integrals  as  made  up  of  simple  groups.  For  x 
positive  we  need  only  consider  the  first  integral. 

The  predominant  value  of  *  is  thus  connected  with  x  and  t  by  the  same 
equation  (28)  as  before.  Since  the  greater  amplitudes  are  associated  with 
the  smaller  values  of  k  and  these  have  the  greater  values  of  U,  it  is  clear 
that,  at  a  particular  point,  the  disturbance  dies  away  from  its  maximum  at  a 
slower  rate  than  its  growth  up  to  it.  Using  the  previous  results  we  can 
write  down  the  disturbance  involved  in  the  main  group  form  as 


77  =  can1 


_e£!? 

e  ***  cos  ^  _ 


2xl 


(32) 


The  following  results  can  be  deduced.  The  cosine  term  varies  rapidly 
compared  with  the  other  factors,  hence  we  m>  /  obtain  the  maximum  by 
considering  the  latter  alone  ;  it  is  easily  seen  that  this  occurs  when 

x/t  = 

*  Lamb,  ‘Proc.  Lend.  Math.  Soc.'  (2),  vol.  2,  p.  371  (1904). 
t  W.  Burnside,  ‘Proc.  Lond.  Math.  Soc.,’  vol.  20,  p.  22  (1888). 
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Thus  the  maximum  is  propagated  out  with  uniform  velocity ;  and  we  see 
that  in  its  neighbourhood  the  predominant  wave-length  is  47 r«. 

(!>)  Let  the  initial  displacement  have  a  constant  value  A  over  a  range  of 
breadth  2c,  and  be  zero  at  all  other  points ;  then  we  have 


<p(tc)  =2A 


sin  kc 


Hence  the  surface  elevation  is 


A  L  Sill  KC  f  TT  J  A  I  Sill  KC  /  TT  ,,  .  /on 

v=  —  - cos  k  (x—  \t)dic+  —I  - cos  K(x+Vt)dK.  (33) 

7tJ0*  7r  J  o  * 


With  the  same  argument  as  before,  we  consider  the  value  of  tj  at  a  point 
as  due  to  the  most  important  of  a  succession  of  simple  groups,  that  one, 
namely,  for  which  the  argument  is  there  stationary  so  that  the  components 
reinforce  over  a  considerable  range  ol  k  ;  and  we  can  write  down,  from  the 
previous  results,  an  expression  for  this  group  which  is  valid  at  least  in  the 
vicinity  of  the  travelling  maxima  of  the  disturbance.  We  have 


V  = 


4A 

7 r* 


x  V 


d  •  gt3c 
sin  ■*—,  cos 
4ar 


(34) 


corresponding  to  Burnside’s  result  in  the  paper  already  cited. 

Here  we  have  a  succession  of  maxima  given  by  those  of  (x/gt2)l  sin  (gt2/4jt?), 
that  is,  at  times  given  by  tan  6  =  20,  where  6  —  gt2c/4x3. 

The  period  of  the  group  that  is  thus  cumulative  is  different  for  different 
localities,  and  for  different  times  at  the  same  locality;  but  the  accumulation 
is  very  prominent  only  for  those  times  and  localities  which  give  a  maximum 
value  to  the  amplitude,  which  has  been  graphed  for  the  next  example  in 
fig.  1. 

The  maxima  here  diminish  continually  in  value,  and  are  propagated  each 
with  uniform  velocity,  namely,  the  group-velocity  corresponding  to  the 
predominant  wave-length  in  the  neighbourhood. 


§  7.  Limited  Train  of  Simple  Oscillations. 

Another  interesting  example  is  the  case  of  an  initial  displacement  consisting 
of  a  limited  length  of  simple  harmonic  oscillations.  If / ( x )  is  symmetrical 
with  respect  to  the  origin,  and  is  zero  except  for  a  range  of  (2n  4-  $)  wave¬ 
lengths  within  which  it  is  A  cos  k'x,  we  have 


<*>(*)=  2  f  A  cos  Vo,  cos  Kwdw  =  2«'A 

Jo  AC  “  —  K4 


(35) 


Hence,  from  (25),  we  have  the  surface  elevation  r],  of  which  we  write  down 
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only  the  integral  necessary  for  propagation  in  the  direction  of  x  positive, 
that  is, 

/c'Af  COS  (2//  4-  A)  TTk/k'  /  -.r.s  ; 

"1  - -  - 1 — 75-  — —  cos  k  (.v — V/)  tlx.  (.ib) 

7T  Jo  K  ‘‘  —  K* 

If  n  is  very  large,  the  main  feature  consists  of  the  component  waves  round 
the  value V ;  but  in  general  it  is  to  be  noticed  that  a  series  of  subsidiary 
components  appears  whose  effects  may  be  of  sufficient  magnitude  to  be 
appreciable.  But  the  component  waves  are  cumulative  only  for  values  of  x 
and  t  such  that 

k  =  f/t.2  j  4x2, 

which  is  the  value  corresponding  to  a  stationary  argument  of  the  cosine;  thus 
the  prominent  effect  at  time  t,  of  any  group  of  parameter  k,  will  be  at  localities 
where  k  has  the  value  k',  or,  else,  a  value  belonging  to  one  of  the  subsidiary 
maxima.  The  result  may  be  evaluated  in  the  same  manner  as  before  ; 
we  find 

, = i6“'A(S)'i6?^.ooB<2',+i>^eos(£-^)-  (:,7> 

We  can  obtain  the  prominent  travelling  groups  above  referred  to,  which 
this  involves,  by  evaluating  the  maxima  of  the  amplitude  function 

- -  cos  (2a  +  h ,  .  (38) 

lb*  8/4  —  gH*  4 

The  form  of  this  function  is  shown  by  fig.  1  :  it  is  obtained  by  plotting  the 


V  =  1 - 4  cos  |7raa, 

\—ar 


where  a  is  proportional  to  t,  and,  further,  a  equal  to  1  corresponds  to  k  equal 

tO  K  . 

The  curve  represents  the  variation  of  the  disturbance  at  a  given  point  with 
the  time,  neglecting  the  local  variations  of  the  last  cosine  factor  in  (37)  ;  it 
shows  the  grouped  propagation  of  an  initial  displacement  consisting  of 
4A  complete  wave-lengths  of  a  simple  cosine  wave  of  wave-length  2tt/«:', 
or 

The  main  undulatory  disturbance  appears  as  a  simple  group  around  the 
predominant  wave-length  X',  moving  forward  with  the  corresponding  group- 
velocity  If  (ill  k)  or  £Y.  But  iii  advance  of  this  main  group  of  undulations 
there  are  two  or  three  subsidiary  groups  of  sensible  magnitude  with  wave¬ 
lengths  in  the  neighbourhood  of  9X/2,  9X/4,  9\/G,  moving  with  corresponding 
group-velocities  of  3V/2v/2,  3V/4,  3V/2v/G.  Thus  in  advance  of  the  main 
group  we  have  slighter  groups  of  larger  wave-lengths  moving  with  group- 
velocities  which  may  be  larger  than  the  wave-velocity  of  the  original  dis- 
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turbance  if  it  were  unlimited.  In  the  rear  of  the  main  group  we  have  also 
a  series  of  alternating  groups,  following  each  other  much  more  quickly  and 
with  their  wave-lengths  and  velocities  less  separated  out  than  in  the  front  of 
the  main  group.  Hence  the  disturbance  in  the  rear,  especially  at  distances 
from  the  origin  not  very  great,  may  be  expected  to  consist  of  small,  more 


irregular,  motion  resulting  from  the  superposition  of  this  latter  system  of 
groups,  thus  there  will  be  a  more  distinctive  rear  of  disturbance  moving 
forward  with  velocity  J  V.  These  inferences  may  be  compared  with  some 
results  given  in  Lord  Kelvin’s  later  papers.  Starting  from  a  solution  of  the 
equations  for  an  initial  elevation  in  the  form  of  a  single  crest,  the  results  were 
combined  graphically  so  as  to  show  in  a  scries  of  figures  the  propagation  of 
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an  initial  disturbance  consisting  of  five  crests  and  four  hollows  of  approxi¬ 
mately  sinusoidal  shape  ;  the  following  remarks  are  made: — *“  Immediately 
after  the  water  is  left  free,  the  disturbance  begins  analysing  itself  into  two 
groups  of  waves,  seen  travelling  in  contrary  directions  from  the  middle  line 
of  the  diagram.  The  perceptible  fronts  of  these  two  groups  extend  rightwards 
and  leftwards  from  the  end  of  the  initial  static  group  far  beyond  the  ‘  hypo¬ 
thetical  fronts,'  supposed  to  travel  at  half  the  wave-velocity,  which  (according 
to  the  dynamics  of  Osborne  Keynolds  and  ’Rayleigh,  in  their  important  and 
interesting  consideration  of  the  work  required  to  feed  a  uniform  procession  of 
water-waves)  would  he  the  actual  fronts  if  the  free  groups  remained  uniform. 
How  far  this  if  is  from  being  realised  is  illustrated  by  the  diagrams  of  fig.  35, 
which  show  a  great  extension  outwards  in  each  direction  far  beyond  distances 
travelled  at  half  the  ‘  wave-velocity.’  While  there  is  this  great  extension  of 
the  fronts  outward  fiom  the  middle,  we  see  that  the  two  groups,  after 
emergence  from  coexistence  in  the  middle,  travel  with  their  rears  leaving  a 
widening  space  between  them  of  water  not  perceptibly  disturbed,  but  with 
very  minute  wavelets  in  ever  augmenting  number  following  slower  and  slower 
in  the  rear  of  each  group.  The  extreme  perceptible  rear  travels  at  a  speed 
closely  corresponding  to  the  ‘  half  wave-velocity.’  ....  Thus  the  per¬ 
ceptible  front  travels  at  speed  actually  higher  than  the  wave-velocity,  and 
this  perceptible  front  becomes  more  and  more  important  relatively  to  the 
whole  group  with  the  advance  of  time  .  .  .  .” 

This  extract  will  serve  to  emphasise  the  importance  of  strict  definition  and 
use  of  the  word  “  group.”  A  simple  group,  of  whatever  structure,  has  asso¬ 
ciated  with  it  a  definite  velocity  depending  only  on  the  wave-length,  but  not 
so  an  arbitrary  limited  displacement.  In  various  cases  we  have  found  it 
convenient  to  analyse  such  into  its  important  elementary  groups,  each  with 
definite  velocity  ;  in  special  cases  the  disturbance  may  be  equivalent  practi¬ 
cally  to  one  simple  group. 


§  8.  Initial  Imputin'  on  lfra/cr. 


Suppose  that  initially  the  surface  is  horizontal,  but  that  given  impulses 
are  ap \ died  to  it.  Then  for  any  given  symmetrical  distribution  of  impulse 
/’ (.t),  suitable  for  Fourier  analysis,  with  no  initial  elevation,  the  surface 
elevation  at  any  subsequent  time  is  given  by 


where 


Try  pi)  =  $  f  kY  <j)  (k)  sin  k  (x— Yt)  <Ik  —  i  f  *;V</>  (*)  sin  k  (.t  +  Yt)  </*, 
Jo  J  0 

4>  (*)  =  [  /  («)  Cos  KU)  llu). 


(40) 


*  Lord  Kelvin,  ‘Phil.  Mag.,’  vol.  13,  p.  11  (11)07). 
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If  we  assume  <f>  (*)  equal  to  1,  so  that  it  is  confined  to  an  indefinitely  narrow 
strip  of  impulse  (cf  §  5),  we  obtain  the  result  corresponding  to  (29)  for 
initial  displacement  by  multiplying  that  expression  by  the  value  of  kV  ;  thus 
we  fiud 


n  — 


gU2 

47r*pa4 


cos 


(41) 


For  comparison  with  the  previous  results,  suppose  that 


f(x)  =  -i 


Car 


<f>  (/c)  =  7 rcac~ 


a24x2’ 

Then  we  find  the  surface  form  as  an  aggregate  of  groups,  each  of  them 
cumulative  and  so  prominent  only  in  a  limited  region,  given  by 


_  7 r^Caft'2- 

^  4  px‘  c 


SWfViTT). 

4x  1 


(42) 


For  a  given  place  the  maxima  are  given  by 

=  0,  that  is,  by  —  \f((ja). 


Thus  the  maximum  moves  with  velocity  £  ^/(pa),  and  consists  of  nearly 
simple  waves  of  wave-length  27ra.  Comparing  with  the  result  in  §  6  for  an 
initial  displacement  of  the  same  character,  we  see  that  the  maximum  is  pro¬ 
pagated  outwards  with  slower  velocity,  the  wave-length  at  the  maximum 
being  one-half  the  corresponding  value  in  the  former  case. 


§  9.  Moving  Line  Impulse  on  Deep  Water. 

Suppose  that  the  line  impulse  of  the  previous  section  is  moving  over  the 
surface  of  deep  water  at  right  angles  to  its  length  with  uniform  velocity  c, 
having  started  at  some  time  practically  infinitely  remote.  Then  we  may 
regard  the  effect  at  ( x ,  t)  as  the  summation  of  the  effects  due  to  all  the  con¬ 
secutive  elements  of  impulse,  and  we  can  obtain  an  expression  by  modifying 
(40)  and  integrating  with  respect  to  the  time.  We  measure  x  from  a  fixed 
origin  which  the  line  impulse  passes  at  rero  time  ;  then  we  substitute  x—ct0 
for  x  and  t— 10  for  t  in  (40),  and  integrate  with  respect  to  for  all  the  time 
the  impulse  has  been  moving.  Thus  we  obtain 


Trgpr)  —  £  j"  (ht,  f  /cV  sin  k  {.c — do  —  V  ( t  —  /(,)}  dn 
J  —  cc  JO 

—  2  (  dtoi  /cV  sin  k  {.e— +  V  {(  —  fi))}  die 

J  -*j  J  0 

yQO  pOO 

=  i  du  *V  sin  k  (w  +  (e— V)  «}  (Ik 

Jo  Jo 

—  i  f  du  f  *V  sin  k  {w  +  (c  +  V) «}  Ik,  (43) 

Jo  Jo 
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where  ra  =  x—ct,  and  represents  distance  in  advance  of  the  present  position 
of  the  impulse.  We  proceed  to  obtain  now  the  important  regular  features  of 
the  disturbance  represented  by  these  integrals. 

With  the  notation  of  (19)  and  (20)  we  have  in  the  first  integral 

/(*)  =  o—Y  =  e—fig/K), 

^  {*/(*)}  =  c—Wini*)- 


Hence  the  required  predominant  value  of  k,  which  corresponds  to  a  stationary 
argument,  is  given  by 


V  K  U 

Thus  the  first  integral  in  (43)  gives 

\Trlg*  f  — — — cos  <f 
Jo  (m-f-ciz)*  L 


or  k  = 


9U 


4  (c?t  +  ®)2 


9U 


+  Itt 


y  du. 


4(gj  +  cm)  '  4 

We  choose  again  the  principal  groups  of  oscillations  by  the  condition 


(44) 


(45) 


1  =  °- 


or  cu  =  —  2c 


Now  u  must  be  positive  to  come  within  the  range  of  the  integral  (45); 
hence  if  m  is  positive  we  obtain  no  contribution  towards  a  regular  undulatory 
disturbance.  If  ®  is  negative  we  obtain  a  series  of  travelling  waves  which 
we  can  evaluate  from  (45). 


We  have 


£?{i^)+i,r}  =  -b  whc"  »  =  -2»- 

Hence,  using  expression  (18),  we  obtain  the  value  of  the  chief  group  from  (45). 
namely, 


2Trg-gn 

T8lI57’ 


(46) 


which  holds  when  ts  is  negative. 

As  regards  the  second  integral  in  (43),  we  easily  see  by  taking  the  principal 
group  in  k  that  m  +  cu  must  be  negative:  thus  w  must  be  negative  and  cu 
between  zero  and  w  numerically.  Then  taking  the  chief  group  in  u,  we  have 
cu  equal  to  2®  numerically.  Hence  there  is  no  resulting  group  of  waves 
falling  in  the  range,  and  the  second  integral  contributes  nothing  to  the  regular 
disturbance. 

We  have  then  the  well-known  result  that  in  front  of  the  travelling  impulse 
there  is  no  regular  disturbance,  while  in  the  rear  there  is  a  train  of  regular 
waves,  proportional  to  (46),  with  wave-length  suitable  to  the  velocity  c. 
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The  same  method  can  be  used  for  waves  on  water  of  depth  h,  due  to  a 
travelling  impulse  system.  For  in  the  integrals  (43)  we  should  have 


/(k)  =  c— V  =  c—  ^ / {V-  tanli  ich'j  .  (47) 

The  group  with  respect  to  k  would  give  a  term  proportional  to 

cos  {uk2/'  («)  +  i7r},  (48) 

where  k  has  the  value  given  by 

-as  Ju  =/(*)  + */'(*).  (49) 

We  then  select  the  group  with  respect  to  u  by 

£{«**/(*)}=  0.  (50) 

Using  (49)  we  find  this  leads  to* 

/(*>  =  0,  or  V  =  c  =  y/igh)  \/[~~)  ■  (51) 


Since  tanh  nk/tch  diminishes  continually  from  1  to  0  as  k/i  increases  from 
0  to  30  ,  there  is  only  a  real  solution  of  (51)  when  c2  is  less  than  gh.  In  this 
case  we  have  regular  waves  of  length  suitable  to  velocity  c  following  in  the 
rear  of  the  impulse ;  when  c  is  greater  than  the  maximum  wave-velocity  there 
is  no  regular  wave  form. 

O 


§  10.  Capillary  Surface  traces. 

In  order  to  illustrate  the  propagation  of  an  element  of  the  Fourier 
expression  as  a  limited  travelling  group  of  undulations,  we  consider  another 
fortn  of  velocity  function.  If  waves  are  propagated  over  the  surface  of  a 
liquid  of  density  p  under  the  action  of  the  surface  tension  T,  it  can  be  shown 
that  the  velocity  of  simple  waves  of  length  27 t/k  is 

V  =  v/(T  K/p).  (52) 

Hence  in  this  case  the  group-velocity  is 

U  =  3A/(T  *//,)  =  fV; 

thus  the  group-velocity  is  greater  than  the  wave-velocity,  and  we  shall  see 
how  this  affects  some  of  the  previous  results. 

(a)  Initial  elevation  consistiny  of  (2«  +  |)  simple  oscillations  of  wave-length 
27 r//c'. — If  we  consider  the  same  problem  as  in  §  7  we  have 

,  f*eos  (2//  + 1)  ttkIk'  „  ,  , T.\, 

t?  =  A  - i — ■■r~2 — L — cos  K(x—\t)(ltc.  (53) 

J  u  K  K 

*  If  Lord  Raj  leigh,  ‘  Phil.  Mag.,’  vol.  10,  p.  407  (1905). 
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The  predominant  value  of  k,  for  given  time  and  place,  is  given  by 

k  —  4pa2/  9T^2.  (54) 

The  chief  groups,  each  with  approximately  constant  amplitude,  are  given  by 


V  =  A's-t - 


rifi 


-  cos  ( 2 n  +  J)  cos  i^jr- K ) .  (55) 


_  r*ns  / _ ' 

81T2* '2<4— 16paa4  ’  z/  9«'T<2  ‘  V27T<3  ’  / 

At  a  given  place  the  maxima  of  amplitude  are  those  of 

t3  _ /0  ,  .s&Trpx? 

81TVS<4— 16/a2*4  S(  W  + 


Fig.  2  represents  the  curve 


y  =  -— -cos 


9  7T 
2a2  ’ 


(56) 


(57) 


where  a  is  proportional  to  the  time  and  a.  equal  to  1  corresponds  to  k  equal 
to  k!  . 


Comparing  this  with  §  7  we  draw  the  inference  that  in  this  case  the 
perceptible  front  of  the  advancing  train  is  more  clearly  marked  than  the  rear 
and  advances  with  the  half-wave-velocity  corresponding  to  k  ,  in  agreement 
with  simple  observation. 

(b)  Moving  line  impulse. — A  line  impulse  at  rest  leads  to 
V  =  C !*»r4  cos  • 

Consequently  a  moving  line  impulse  will  give 

,  =  (58> 


17 


415 


Dr.  T.  H.  Havelock.  The  Propagation  of  [Aug.  26, 

Then  we  choose  u  so  that 

d  f \  _  q  or  u(cU  —  2oi')(w  +  c?<)2  =  0. 
du  j 

The  value  giving  a  regular  wave  pattern  is  the  positive  root 

cu  =  2 nr,  for  m  positive. 

Hence  in  this  case  we  have  a  regular  train  of  waves  of  length  suitable  to 
the  velocity  c  in  advance  of  the  moving  pressure  system,  with  no  regular 
pattern  in  the  rear. 


§11.  Water  Waves  due  to  Gravity  and  Capillarity. 


If  we  take  account  of  gravity  and  the  surface  tension  together,  we  have  the 
velocity  function 


V  =  (T  ic+g/ic)*. 


(59) 


Hence 


U  = 


£<“v> 


3T/c2  +  g 
2(T  **+</*)*■ 


(60) 


We  have  not  here  a  simple  ratio  U/V,  independent  of  *.  The  velocity  V 
has  a  minimum  cm  for  a  certain  value  ,  equal  to  {<  / T)i,  and  for  this  value 
U  is  equal  to  V — as  in  fact  follows  from  the  definition  of  U.  For  s<icm,  U 
is  less  than  V,  tending  ultimately  to  £V ;  while  for  *  >*m,  U  is  greater  than 
V  and  approaches  as  a  limit  i|V. 

If  we  consider  a  travelling  line  impulse,  the  whole  problem  of  finding  the 
principal  groups  is  contained  in  the  equations 

sr  +  cu u  —  3T*a-fy 

u  2  (T  *3+y*)* 

o  =  Y  =  (T  *+y/#)* 


Hence 


c a/ta  = 


_  c2±(c*—cm*)i 


2T 


where  the  positive  sign  is  taken  for  m  positive  (in  advance  of  the  impulse), 
and  the  negative  sign  for  ro  negative  (in  the  rear).  Thus  there  is  no  wave 
pattern  unless  c  is  greater  than  the  minimum  wave-velocity  cm  ;  and  if  so 
there  are  regular  trains  both  in  advance  and  in  the  rear,  the  smaller  wave¬ 
lengths  being  in  advance.  With  the  ratio  c/cm  large,  the  results  approximate 
to  very  small  waves  in  front  and  waves  in  the  rear  with  k  equal  to  gjc a. 


§  1 2.  Surface  Wares  in  two  Dimensions. 

Suppose  that  the  initial  data  instead  of  being  symmetrical  about  a 
transverse  straight  line  are  symmetrical  around  the  origin.  Let  the  axes  of 
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x,  y  be  in  the  undisturbed  surface  and  the  axis  of  z  vertically  upwards  ;  we 
write  ar  for  /(.r*+ys).  Then,  corresponding  to  (25),  the  surface  elevation  f 
due  to  an  initial  displacement  /(»),  set  free  without  initial  velocity,  is 
given  by 

f  =  f  Jo  (*ro)  cos  (*V£)  (*)  tcdte,  (62) 

J° 

whers  <f>  (*)  =  ["/(«)  Jo  (*«)  adci.  (63) 

J  0 

For  an  initial  point-elevat'on  we  may  take  for  simplicity  $(*)  equal  to 
1/2tt  ;  then  we  have 

K  —  Jo (*■»)  cos  (*V()  l(Ik 

i  r/2  r* 

=  ~2  M/5!  C08  (*CT  COS  /3)  COd  (*\7)  icdic 
w  J o  Jo 

1  f'^ 

=  -  -  I  ayrf  cos*  (w  cos  fi—Yt)  k<Ik 

LIT4  Jo  Jo 

i  r/2 

+  J  d/3  j  cos  k  (a  cos  $  4-  V<)  fcdic.  (64) 

For  deep  water  we  separate  a  real  principal  group  from  the  first  integral, 
with  respect  to  k,  around  the  value  of  *  civen  by 

ro  cos  /S _ .  J  q 

t  ~  *  V  k' 

This  is  replaced  by  the  equivalent  form 

f=8^.r^r8OOS(4Sw-i’r)'  (66) 

Considering  now  the  range  for  /3,  we  can  again  select  the  principal  group  of 
oscillations  from  (65) ;  it  occurs  af  /9  equal  to  zero,  so  we  take  one-half  the 
result  given  by  the  expression  (14)  and  obtain  the  known  result 


v  9*2  ft* 

C  =  — - —  cos  —  , 

51  2W  4w 


(66) 


Similarly,  for  an  initial  point  impulse  we  have,  instead  of  (64),  the 
expression 

i  t’l  a  r« 

£  =  - - -  dfi  *V{sin  *(m  cos/9  —  V<)— sin  *  (®  cos,8  + V0}*dw,  (6<) 

2 yp"  Jo  Jo 

leading  in  the  same  way  to  the  result 

**-  ^  sin 
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§  13.  Point  Impulse  Travelling  over  Beep  Water. 

Let  the  impulse  be  moving  along  Oo;  with  constant  velocity  c;  let  B  be 
the  position  at  time  t,  A  at  any  previous  time  t0,  and  suppose  the  system  to 
have  been  moving  for  an  indefinitely  long  time. 


We  have  OA  =  do ;  OB  =  ct; 

PB  a 

cos  a  =  (ct — x)/at. 

Then  in  (67)  we  have  to  substitute  {5 2  -  2c  a>(t-tQ)cos  a+e2(£  -  £0)2}* 
for  co,t-t0  for  £,and  integrate  with  respect  to  tQ  from  -00  to  t;weobtain 

f  f  d/3  f  du  f  kY  [sin  k  (cos  y9  {ra3— 2curo  cosa  +  c3#3}*— Vm) 

zgpir*  J  0  J  0  J  0 

— sin  k  (cos  yS  {  ro3 — 2 cum  cos  a  +  cV1}  *  V %)]  (69) 

With  V  =  (<?/*)*>  we  select  the  group  around  the  value  of  k  given  by 

*_1  =  4co83/3(nra~2cMmCOS«  +  c3w3)/yM3.  (70) 

By  using  the  formula  (17)  we  find 

y.  _  g*  f  *  f*/a _ u*  d(3 _ 

16p7rl  ] 0  11  ]0  cos*  yS  (  w3  - 2cm®  cos  «  +  c3^3)* 

008  {4  cos  /3  (m3  -  2cm m  cos  *  +  cV)i  +  ^’rl '  (71) 


Selecting  from  this  the  chief  group  which  occurs  near  /3  equal  to  zero,  we 
find 


v_  9  C _ _ sin _ _ 

S  2'Trp  J0  (®3—  '2ruus  COS  a  +  c?ujy  4(nj3—  2cum  COSa  +  c3^3)*’ 
Finally  we  choose  the  chief  groups  of  terms  in  u  from  the  condition 
lgua  (n3  —  2ckw  cos  a  +  c*tta)”  *  =  0  ; 


(72) 

(73) 
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that  is,  from 

c2;/2 — 3cwbi  cos  *+ 2ras  =  0, 

(74) 

or 

cu  =  {3  cos  a  +  (9  cos2 a  —  8V}, 

(75) 

We  have  then  different  cases  to  consider  according  to  the  nature  of  these 
values  for  cu,  remembering  that  cu  gives  a  position  of  the  moving  impulse,  at 
time  u  previously,  for  which  the  waves  sent  out  reinforce  each  other  at  the 
point  (gj,  a.)  at  time  t. 

(i)  In  the  region  where  9  cos2«  <  8,  both  roots  are  imaginary;  thus  the 
previous  position  is  non-existent,  and  there  is  no  principal  group  in  the 
integral  (72).  Hence  all  the  regular  wave  pattern  is  contained  within  two 
straight  lines  radiating  from  the  point  impulse,  each  making  with  the  line  of 
motion  an  angle  cos-1  2v/2/3,  or  approximately  19°  28'. 

(ii)  When  9  cos2  a  <8,  there  are  two  different  real  roots  for  cu.  Thus  we 
have  two  chief  groups  in  the  integral  (72),  corresponding  to  two  regular 
wave  systems  superposed  on  each  other. 

At  any  point  P  within  the  two  hounding  radii  the  disturbance  consists  of 
two  parts :  one  part  sent  out  from  A  at  time  «i  previously,  where 

OA  =  {3  cos  a  +  (9  cos2  x  —  8)*}  and  i,'i  =  OA/c  ;  (76) 

and  another  part  sent  out  from  B  at  time  ?/a  before,  where 

OB  =  $ts  {3  cos  u— (9  cos2  a  —  8)*}  and  Wa  =  OB/c.  (77) 


We  have  then  two  wave  systems,  which  may  be  called  the  transverse 
waves  and  the  diverging  waves ;  we  shall  examine  them  separately. 

(a)  The  transverse  nave  systn.i. — Taking  the  larger  value  of  cu  in  (76) 
we  find 

m2 — 2cwro  cos  «-)-c2j<2  =  { 3  cos2 «  —  2  +  cos  a  (9  cos2  a  — 8)*}, 

* ,  s  _  _ yua _ _  '/wy/2  1 8  cos2  ai  —  8  -f  0  cos  «  ( 9  cos2  «  —  8)* 

4  (a>2  —  2nm  Cos  a-fc2;:2)*  16c2  { 3  cos2  a  —  2 -f  cos  a  (9  cos2  a —  8)*}* 

(78) 
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Further,  when /'(it)  is  zero,  we  have 

/"(it)  ==  $f/cu  (2ai — 3is  cos  «)/(n2 — 2«<bt  cos  a  +  c2M2)h  (70) 

Using  the  formula  (17)  we  obtain  the  particular  group  of  terms  from  the 
integral  (72)  as 

K  =  -7 if  -  -77- — - I  .-If-Veos  {/(u)-\ir),  (80) 

2'irp  (nr2  —  2am  cos  a  +  riij  L/  («)J 

in  which  the  special  value  of  u  must  be  substituted. 

Evaluating  this  expression  we  obtain 


£=  --tA 


{ 3  COS  a  +  (9  cos2  a  —  8)“)4 


/‘tt/c3  w*  (9  cos2  a  —  8)J  {3  cos2  a  — 2  + cos  a  (9  cos2  a  —  8)*} * 

eos  (^v72  {3  cos  a  +  (9  cos2  a  — 8)*} 2  _iTr\  _  (81) 

L  16c2  (3  cos2a  —  2  +  cosa  (9  cos2a  —  8 )*  1 4  J 


L  16c2  {3  cos2a  — 2  +  cosa  (9  cos2a  — 8)1}4  J 

This  represents  a  system  of  transverse  waves  travelling  with  the 
originating  impulse  ;  the  amplitude  for  a  given  azimuth  a  diminishes  as  ra-*. 
On  the  central  line,  where  a  is  zero,  this  reduces  to 


r  =  —  -  -l 
s  i  :r 


7 r  pc3  or 4 


corresponding  to  simple  line  waves  of  length  suitable  to  velocity  c  on  deep 
water,  but  with  the  amplitude  factor  m-*. 


Following  the  crest  of  a  transverse  wave  we  have 


•2f^42 _ {3 cos  a  +  (9 cos2 =  (2n+l),r,  (83) 

16c2  (3  cos2  a  — 2  + cos  a  (9  cos2  a  —  8 )4 }  * 

where  n  is  a  positive  integer.  The  crests  cut  the  axis  in  points  given  by 

m  =  c2(2n+$)ir/g,  (84) 

and  cut  the  radial  boundaries  given  by  a  =  +  cos  2v/2/3,  in  the  points 

w  =  2c2  (2/i  +  J-)  ir/jy/'i.  (85) 

Consider  the  variation  of  amplitude  following  a  crest ;  we  substitute  for  ct 
from  (83)  in  (82)  and  obtain 

y  _  const. _ {3  cos  a  +  (9  cos2  a  — 8)*} * _ 

( 2/f  +  D*  cos2  a  —  8  )* ( 8  cos2  a  —  2  +  cos  a  (9  cos2  a  —  8 )* )  * 


This  becomes  infinite  at  the  outer  boundary,  when  a  is  approximately 
19c28';  this  is  due  to  the  failure  of  the  method  of  approximation  ami  we 
shall  consider  it  later.  For  the  present  the  following  table  of  values  and 
curve  show  that  the  approximation  folds  up  to  angles  very  near  the  limit. 
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4l’0 


Table  I. 

K  —  relative  amplitude,  along  1 1  ic  same  crest  at  different  azimuths. 


a. 


0  i  1 


0 

1  03 

12 

1  -is 

IS 

2 

19 

2  '9 

19  15 

3  -5 

19  27 

19  28 

7  '5 

X 

I 

I 

: 


i 


a 


Fio.  0. 


(b)  The  diverging  reave  syfitew. — By  talcing  the  smaller  root  for  ru  given  by 
(77),  we  obtain  the  system  of  diverging  waves:  we  need  only  change  the 
sign  of  the  radicle  in  order  to  write  down  the  corresponding  results  in  this 
case. 

The  crests  of  the  wavs  are  given  by 


//b T\/2  { 3  cos  a  —  ( 9  eo;.*  a  —  8  )* }  2 

lbe*  ( 8  cos-  a  —  2  —  eo«  a  (9  cos-  »  —  8)-  j  - 


('-’/V  +  })  7T, 


(87) 


When  a  is  zero,  nr  is  also  zero :  thus  all  the  crests  diverge  from  the  point  of 
impulse.  Further,  we  have 

«  =  cos-1  2v/2/3  ;  ro  =  2i-(2n  +  *) ir/yfS.  (88) 
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The  law  of  amplitude  along  the  same  crest  is  given  by 

c. __  const. _ _ j 3  cos  a— (!)  cos1-'  a  —  8 )4 } ‘ 

(2n  +  |)4  1-*  cos2  a~  {3  cos2  a  —  2  —  cos  a  (9  cos2  a  —  8)4}5’ 

In  this  case,  and  for  the  same  reason  as  for  the  transverse  waves,  the 
expression  for  the  amplitude  tends  to  infinity  at  the  outer  end  of  each 
diverging  crest;  we  shall  find  an  approximation  in  the  next  section.  Hut 
(89)  becomes  infinitely  large  for  small  values  of  a.  From  (88)  we  see  that 
nr  also  becomes  small,  so  that  the  approximation  fails  ;  further,  we  should 
expect  the  expression  to  become  infinite  near  the  impulse  on  account  of  its 
special  character.  We  can  show  how  the  infinity  disappears  if  we  remove 
this  cause.  Consider,  as  an  example,  a  finite  impulse,  of  constant  intensity 
over  a  circular  area  of  radius  d  round  the  origin,  and  of  zero  value  outside 
this  cir  de.  Then,  as  we  see  from  (03),  we  shall  have  the  same  expressions  as 
before,  with  a  new  factor  given  hy 


<fr  (k  )  =  /(«)  J„  (tea)  ad  at 

J  0 

=  C  f  Ju  (tea)  a  da  —  C  dtc~x J  i  (tc  it). 
J  o 


Now  in  the  final  group  for  the  diverging  system  we  have 

^  __  u  (3  cos  a— ( 9  cos2  a  —  <8)1  j 2 

8c2  3  COS2  a  —  2  ~ Cos  a  (9  C< is2  a  —  8)' 


Hence  the  additional  factor  due  to  <£(*)  is  proportional  to 

3  co.s2«  —  2  —  cos  a  (9  cos2a  —  8)1  j  f  i/d  (3  cos  a  —  (9  cos-’a  —  8p }  "1 

( 3  CoS «  —  (9  cos2 a  —  8)»}2  \_8<-2  1 3  cos2  at —  2  —  cos  a  ( 9  cos2  a  —  8)1}  j 

/<)()) 

"When  at  approaches  zero,  the  argument  id’  the  llessel’s  function  increases 
indefinitely  and  we  may  use  the  asymptotic  expansion:  then  (9U|  is 
proportional  to 

{ 3  cos2  «  —  2 — e<  >s  a  ( 9  cos2  at  —  S  )• }  •'  j 

{  3  cos  a  —  (9  e<  *s2  a  —  8  )•  j  1 

If  now  we  multiply  (89)  by  (91)  \vc  obtain  a  limiting  value  of  the 
amplitude  of  the  diverging  system  near  the  axis:  it  is  proportional  to 

(2/t  +  ]  )_1  {;!  cos  a  — v  '( 9  cos2  at  — 8) }1, 

and  the  infinity  near  the  axis  has  disappeared. 

(c)  The  1'mc  of  rM.sp.s-. — We  shall  consider  now  the  infinity  which  occurs 
at  tiie  outer  boundary  of  the  two  wave  systems,  when  a<  is  cos-1  gy  g/3.  At 
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any  point  P  the  lines  of  constant  phase  in  the  two  wave  patterns  cross  at  an 
angle  c/>,  which  is  easily  seen  to  he  given  by 

tan  4>  —  x  eosec  a.  ( 9  cos2  a  —  8)h  (92) 


As  P  approaches  either  radial  boundary  the  two  waves  ultimately  have  the 
same  direction,  and  they  will  also  have  the  same  phase  when  they  meet ; 
consequently  an  abnormal  elevation  is  to  he  expected  along  the  two  outer 
boundaries,  where  the  two  systems  unite  in  lines  of  cusps.  As  we  see  from 
(75),  the  two  points  A,  15  coincide  for  a  point  P  on  the  line  of  cusps  ;  and  it 
is  on  account  of  this  fact  that  the  previous  approximations  fail  for  both 
systems.  We  have  in  fact  a  double  root  of  the  equation  for  tinding  the 
chief  groups  of  the  integral  (72). 

Consider  the  integral 

y  =  |  4>(n)  sin  {/(«)}  <ht;  (93) 

when  u0  is  such  that 

/'  ( ?y)  =  0  ;  /"(>'»)  =  0. 

Following  the  previous  method,  we  have 


/(")  =  /("»)  +  &  (>'■  —  "o)3/'"  O'.d  5 

and  provided  /’"  (n„)  is  not  small,  we  can  write  the  value  of  the  group  for 
the  double  root  as 


G  1  i  r* 

j-”  (v  I  4>  (><■.,) si»  {/(''»)+  o*} 

)T  (  cos  a* da- 


(94) 


Now  at  the  line  of  cusps  the  integral  (72)  becomes 


JL_  f _ « _ rin  _ pf _ 

(ns-—  A/v'BTy/ '2  +  1*11-)*  4  (ro2— ^r//rov/2  + Ai2)'1 


(95) 


And  we  find  that  ni„  =  ra^/2 

makes  /'(//,,)  =  0  ;  /"  ( //,,)  =  0  ; 

/  (</„  )  r=  (/ray  45/2'  *';  t""  (t/„)  =  2</':v/'()/2ro-. 

f  1 

Also  we  have  I  cos  o'l/a  =  57r/F(i;). 


Hence,  snhstitntiyg  these  values,  we  have 


'ff - .  :sin  PpVl 


pl’(3)ra* 


(90) 
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We  notice  first  the  differenee  of  phase  of  |7r  between  this  and  the 
expressions  for  the  separate  systems  where  they  cut  the  outer  boundaries; 
tins  is  analogous  to  the  change  of  phase  silting  an  optical  ray  in  passing  a 
focus.  We.  saw  that  the  separate  transverse  and  diverging  crests  converged 
towards  points  of  equal  phase  on  the  outer  boundaries  given  by 

ns  =  2c-  (2/i  +  j)  7r/'/v/3, 


but  with  the  result  given  in  (00)  we  see  that  the  actual  crests  on  the  line  of 
cusps  are  given  by 

«*  =  2f?(2n  +  §)ir///v/3.  (97) 


The  amplitude  of  the  cuspetl  waves  diminishes  at  a  slower  rate  than  the 
transverse  waves,  so  that  their  size  becomes  relatively  more  marked  towards 
the  rear  of  the  disturbance.  The  amplitude  of  successive  crests  is  given  by 
(90)  and  (97)  as 


2'T  (|d  (2//  •+-  D'77"*  <AP 


(98) 


The  amplitude  of  successive  crests  of  the  transverse  waves  where  they  cut 
the  axis  are  given  by  (82)  and  (84),  and  we  find 


Kma  = 


(2/z +f)wr  c*p  ’ 


(99) 


Taking  the  ratio  of  these  two  quantities  we  have  an  expression  for  the 
magnitude  of  the  crests  at  tire  cusps  compared  with  the  transverse  crests  on 
the  axis ;  approximately 


fwic  . _  ^  (2//  ~t~  4 ) 

(2//+|)l 


(100) 


The  following  table  and  curve  show  how  the  successive  crests  at  the  axis 
and  outer  line  diminish,  and  exhibit  their  relative  magnitudes  for  different 
values  of  n* 


*  (In  August  3,  1HH",  Lord  Kelvin  delivered  a  lecture  “On  Ship  Waves”  before  the 
Institution  of  Mechanical  Engineers  at  Edinburgh,  in  which  he  appears  to  have  shown  a 
model  to  scale  of  the  theoretical  wave  pattern  nroduced  by  a  ship.  Only  a  diagram  of 
the  crest  curves  has  lieen  published  (‘Popular  Lectures,’  vol.  3,  p.  4H2) ;  t  lie  form  of  the 
crests  agrees  with  that  deduced  above,  except  of  course  near  the  disturbance  or  the 
radial  boundaries.  It  has,  in  fact,  been  verified  t bat  on  substituting  bis  expressions  for 
./•,  </  in  terms  of  a  parameter  in  the  present  equations,  the  latter  are  satisfied  identically. 
The  law  of  amplitude  along  the  waves  is  not  stated  by  Lord  Kelvin  :  as  Prof.  Lamb 
conjectures,  bis  result  seems  to  have  been  obtained  by  an  application  of  the  idea  of  group- 
velocity' (II.  Lamb,  ‘Hydrodynamic's,’  1932  eln.  pp.  IOG/7.) 
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Table  II. 


n. 

V 

ma • 

V 

<■»>>/(  ♦ 

Km  , 

5 

15 

35 

2  -a 

10 

10-8 

28  -6 

2  0 

15 

9 

25 

2-7 

20 

7-7 

23 

3 

50 

5 

17 

3  4 

100 

3  G 

13  G 

3  -8 

It 


§  14.  Point  Impulse  for  Different  Media. 

Consider  a  point  impulse  moving  with  uniform  velocity  c,  over  the  surface 
of  a  dispersive  medium  for  which  IT  and  Y  are  respectively  the  group-  and 
wave-velocity  for  a  value  *  of 


p 


Let  the  disturbance  from  the  impulse  when  in  the  neighbourhood  of 
a  point  A  combine  so  as  to  produce  waves  k  at  I*  at  the  present  moment 
when  the  impulse  is  at  O.  Then  the  problem  of  finding  the  possible 


persistent 

wave  systems  is  contained 

in  the  equations 

Ai*  r 

AO  '  r  * 

i  cos  6  —  V  ; 

(101) 

that  is,  in 

(is- —  '2<  urn  cos 

a  —  l  , 

(102) 

e  (<11 —  m  cos  u)j(m'-  — 

i  1 

■  2<  «ra  cos  a  +  =  V. 

.1  i  .  i  ■  • 

(103) 

The  wave  pattern  depends  "pon  the  character  of  the  positive  roots  of 
these  equations  for  eu  and*;  each  such  value  of  cn  defines  a  wave  system 
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with  wave  front  through  1*  at  right  angles  to  A1‘,  and  each  system  can  be 
expressed  in  the  form 

f  =  F (gt,  a)  COS  {/t  (w2  —  2 cuts  cos  a  +  c2u2)'  -f  e}, 

with  cn  and  k  as  functions  of  ®  and  a. 

Suppose  the  medium  is  such  that  the  group-velocity  bears  a  constant  ratio 
to  the  wave-velocity,  that  is,  suppose 

U=J(»+1)V,  (104) 

where  n  is  independent  of  k. 

Then  the  equations  (102)  and  (103)  lead  to  a  quadratic  for  cu,  namely, 

(1  — n)  c2u2  +  (n —  3)  cuts  cos  a  +  2m2  =  0.  (105) 

Hence  we  have  the  roots 

cu  =  — -[(3  — ?t)cosa  +  v/{(3  — /i)2cos-’«  — 8  (1  — //)}].  (106) 

3(1  u) 

We  shall  examine  some  special  cases. 

(a)  0<»<  1. — There  are  two  positive  values  of  cn  which  are  real,  provided 

cos2  a  >  8  ( 1  —  n) /(3  —  n)2. 

Thus  there  are  two  wave  systems,  transverse  and  diverging,  with  a  line  of 
cusps  corresponding  to  the  double  roots,  and  the  whole  wave  pattern  is 
included  within  an  angle 

2  cos-1  {8  (1  —  «)}l/(3  — »),  (107) 

which  increases  with  n. 

The  previous  section  on  deep-water  waves  is  the  case  of  n  zero. 

(b)  n  —  1.  This  is  a  critical  case,  implying  coincidence  of  wave-velocity 
with  group-velocity,  and  consequently  no  dispersion. 

(r)  n  =  2.  This  is  the  case  of  capillary  surface  waves.  We  see  that  there 
is  only  one  positive  root  of  the  quadratic,  and  it  is  real  for  all  values  of  a; 
the  root  is 

cu  —  |(cos2a-f  8)«  —  cos  a}.  (108) 

There  is  only  one  wave  system,  hut  it  extends  over  the  whole  surface , 
along  the  line  of  motion  k  is  zero  in  the  rear,  while  in  advance  of  the 
impulse  it  is  of  value  suitable  to  simple  waves  moving  with  velocity  r. 

( i /)  n  =  3.  This  holds  for  llexural  waves  on  a  plate ;  there  is  one  system 
of  waves  extending  over  the  surface,  corresponding  to  the  root  cu  =  xz. 

The  crests,  and  other  lines  of  equal  phase,  are  given  by  the  curves 

rosin3£a  =  Constant. 

(r)  Gravity  and  capillarity  combined. — The  relation  between  U  and  Y  is 
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not  a  constant  ratio  in  this  case;  we  had  in  §11  the  expressions  for  the  two 
velocities  a3  functions  of  k.  It  can  bo  shown  that  in  certain  cases  the 
equations  for  cu  lead  to  four  possible  roots,  giving  four  wave-branches  through 
the  point. 


§  15.  Point  Impulse  moviwj  on  Water  of  Finite  Depth. 
With  the  same  problem  we  have  now,  if  the  water  is  of  depth  h, 

I  a . 


\T  —  f  tanh  tckj , 


2  /eh  \ 


U  =  £  ( -  tanh  kJi  Y  ( 1  +  —  .  0  , 
\k  !  \  smn  lien ' 


(100) 


If  we  write 


U  =  i(«  +  l)V, 

n  varies  between  0  and  1,  being  dependent  upon  the  value  of  k.  We  use  the 


notation 


oh 


vi  = 


tanh  kIi 


n  = 


2Ji 


(110) 


kIi  ’  sinli  2*7/ 

Then  m  and  n  are  monotonic  functions  of  *  with  the  following  liniitin 
values : 

k  —  0 ;  in  =  1 ;  n  =  1. 

k  =  oo  ;  in  =  0  ;  n  —  0. 

The  two  equations  for  cu  and  k  become 

(ns2—  2 am  cos  x  +  c2u2)* 


cu 

cu  —  ns  cos  a. 


(ns2—2cua  cos  a. +  ciu2)^ 

From  these  we  obtain 

_  {l-jpm  (1  +  /QP  . 


cos-*  x  = 


i— h)mG  +  »)  (*1— ")’ 


tin) 

(112) 

(113) 


cu  =  — — - . [(3  —  n)cos  a  ±  {(3  —  n)*cosaa  — 8(1  —  »)}•].  (114) 

2(1 — ?i) 

Combining  the  last  two  we  have  the  values  of  cu  as 

cu  =  {1  —  Ipm  (1  +  m)(3  —  «)}*.  (115) 

X  “■ 

or  cu  =  a/{  1  —  \pvi  (1  +  //)  (3  —  //)}*.  (llo) 

We  have  two  cases  to  consider  according  as  p  >  or  <  1 . 

(a)  c  <  v  (pit ) ;  p>l. — From  (114)  we  see  that  the  equal  values  of  cu, 
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ilefining  the  lines  of  cusps  within  which  the  wave  pattern  lies,  are 
such  values  of  k  that 


8(1- 

( 3  —  if 


given  by 


(U7) 


Whatever  the  value  of  tc,  n  can  only  lie  between  1  and  0 ;  hence  a  can 
only  lie  between  cos_12v/2/3  and  7t/2,  or  between  19°  28'  and  90°.  The 
smaller  value  is  the  limiting  angle  for  deep  water,  when  n  is  considered  zero 
for  all  values  of  tc. 

We  see  from  (115)  and  (116)  that  the  equal  values  of  cn  occur  when 


1  —  \pm  (1  +  >0(3  —  »)  =  £(1  —  n). 


or  when 


in  (3  —  n)  =  2  /p. 


The  greatest  possible  value  of  m  (8  —  n)  is  2 ;  hence  we  have  the  limitation 
p>  1.  Only  in  this  case  is  there  a  double  wave  system  with  a  line  of  cusps. 

As  p  decreases  to  1,  that  is  as  the  velocity  c  approaches  the  critical  value 
\/{gh),  m  and  n  at  the.  line  of  cusps  both  approach  their  limiting  value  1  ; 
and  at  the  same  time  the  cusp  angle  widens  out,  approaching  a  right  angle. 
Further,  along  the  axis  we  have 

pm  =1,  m  =  1/p  ==  t  ?/gh. 

Hence  on  the  axis  the  transverse  waves  are  the  simple  waves  travelling 
with  velocity  c  on  water  of  depth  h.  As  p  decreases  to  1 ,  the  wave-length 
increases  indefinitely  ;  m,  and  consequently  n,  approach  unity  on  the  axis. 

Now  if  n  is  1,  the  group- velocity  U  equals  the  wave- velocity  V,  and  the 
medium  is  non-dispersive.  Thus  at  the  critical  velocity  c,  equal  to  f(gh), 
we  have  a  source  emitting  disturbances  and  travelling  at  the  rate  of  propa¬ 
gation  of  the  disturbances ;  we  see  that  the  whole  effect  is  practically  concen¬ 
trated  into  a  line  through  the  source  at  right  angles  to  the  direction  of 
motion.  This  agrees  with  observations  of  ship  waves  when  approaching 
shallow  water  at  the  critical  velocity.* 

(b)  c>y/{gh)\  ^<1. — We  may  now  have  the  greatest  value,  unity,  of  m  ; 
it  is  easily  seen  that  for  less  values  of  m  and  n  the  values  of  a  given  by  (113) 
becomes  smaller. 

At  the  outer  limit  we  have 


cos2  a.  —  1  —p,  sin2  a  =  p  —  i/h (118) 

Consequently  the  wave  pattern  is  contained  within  two  lines  making  with 
the  axis  an  angle  which  diminishes  as  c  increases. 

*  ‘Trans.  Inst.  Nav.  Arch.,’  vol.  47,  p.  353  (H)00).  Compare  also  the  motion  of  an 
electron  w  ith  the  velocity  of  radiation. 
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Further,  since  equal  values  of  cn  are  given  l>y 

vi  (3— m)  =  2/p, 

we  see  that  there  are  no  cusps,  for  the  left-hand  side  cannot  he  greater  than  2. 

The  values  of  cn  given  in  (115)  and  (110)  correspond  to  the  transverse  and 
diverging  waves  respectively.  If  we  substitute  (1 1 G )  in  equations  (111) 
and  (112)  we  find  that  they  are  satisfied  identically  ;  hence  there  is  always  a 
diverging  wave  system.  On  the  other  hand,  if  we  substitute  (.115)  we  find  we 
must  have 


pm  = 


1  —pm 


or 


m  (2  -n) 


l  —  \pm  (l  +  ?f)(3  —  ■«) 

But  the  greatest  possible  value  of  the  left-hand  side  is  unity. 

Hence  there  can  he  a  transverse  wave  system  only  so  long  as  p  is  greater 
than  1 ;  when  c  exceeds  v/(< jh  ),  the  transverse  waves  disappear. 

At  the  outer  line  given  by 

sin- a  =  p,  vi  =  n  =  1, 

we  have,  for  the  diverging  waves, 

at  =  ns  (1  — =  nr  sec  a. 

Hence  the  outer  line  forms  a  wave  front  of  the  diverging  wave  system. 
We  see  also  that  the  other  wave  fronts  (lines  of  equal  phase)  are  now  concave+ 
to  the  axis,  instead  of  being  convex  as  when  p  >  1.  There  is  no  definite  inner 
limit  to  the  system:  as  the  axis  is  approached,  the  wave  fronts  become  more 
nearly  parallel  to  the  axis,  and  the  wave-length  diminishes  indefinitely. 
Finally,  as  the  velocity  c  is  increased,  the  angle  a  diminishes,  and  the  regular 
waves  are  contained  within  a  narrower  angle  radiating  front  the  centre  of 
disturbance. 

The  following  tables  (Ill)  and  (IV)  and  the  curve  in  fig.  8  show  how  the 
angle  a  varies  as  the  velocity  c  is  increased  up  to  and  beyond  the  critical 
velocity. 

Table  III. 
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With  the  help  of  these  re.sults,  sketches  are  •riven  in  fig.  0  to  represent 
the  change  in  the  wave  pattern,  as  the  critical  velocity  is  approached  and 
passed. 


t Editorial  Note  [The  shapes  of  these  wave-fronts  have  been  recalculated  by 
Inui  (Physico  Mathematical  Society  of  Japan,  Vol.  18,  pt.  2  [l  9361)  who 
does  not  agree  that  they  are  concave  to  the  axis.] 
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§  1.  IiitroilurtiuH  and  Ssnunary. 

The  theoretical  investigation  of  the  total  resistance  to  the  forward  motion 
of  a  ship  is  usually  simplified  by  regarding  it  as  the  sum  of  certain 
independent  terms  such  as  flu*  frictional,  wave-making,  and  eddy-making 
resistances.  The  experimental  study  of  frictional  resistance  leads  to  a 
formula  of  the  type 

Rf=/SV»,  (1) 

where  S  is  the  wetted  surface,  V  the  speed,  /  a  frictional  coefficient,  and  m 
an  index  whose  value  is  about  1  *<S7». 

Alter  deduct  iug  from  the  total  resistance  tin*  frictional  part  calculated  from 
a  suitable  formula  of  this  kind,  tin*  remainder  is  called  the  residuary  resist¬ 
ance.  Of  this  t lie  wave-making  resistance  is  the  most  important  part ;  the 
present,  paper  is  limited  t< »  tin  study  *<1  wave-making  resistance,  ami  chietly 
its  variation  with  tin*  speed  of  the  ship.  The  hydrodynatuicnl  theory  as  it 
stands  at  present  may  he  stated  briefly. 

Simplify  the  problem  first  by  having  no  diverging  waves  ;  that  is,  suppose 
the  motion  to  l«*  "  in  two  dimensions  in  space,”  the  crests  and  troughs  being 
in  infinite  parallel  lines  at  right  angles  to  the  direction  of  motion.  Further, 
suppose  that  tla*  motion  was  started  at  some  remote  period  and  has  been 
maintained  uniform.  We  know  that,  except  very  near  to  the  travelling 
disturbance,  the  surface  motion  in  the  rear  consists  practically  of  simple 
periodic  waves  of  length  suitable  to  the  velocity  r  of  the  disturbance,  hot, 
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a  be  the  amplitude  of  the  waves,  and  v>  the  weight  of  unit  volume  of  water ; 
then  the  mean  energy  of  the  wave  motion  per  unit  area  of  the  water  surface 
is  bwn".  Imagine  a  fixed  vertical  plane  in  the  rear  of  the  disturbance  ;  the 
space  in  front  of  this  plane  is  gaining  energy  at  the  rate  hm2v  per  unit  time. 
But  on  account  of  the  fluid  motion,  energy  is  supplied  through  the  imaginary 
fixed  plane  to  the  space  in  front,  and  it  can  be  shown  that  the  rate  of  supply 
is  \wa2u,  where  u  is  the  group-velocity  corresponding  to  the  wave-velocity  v. 
The  nett  rate  of  gain  of  energy  is  \wa-  (v—u),  and  this  represents  the  part  of 
the  power  of  the  ship  which  is  needed,  at  uniform  velocity,  to  feed  the 
procession  of  regular  waves  in  its  rear.  An  equivalent  method  of  stating 
this  argument  is  to  regard  the  whole  procession  of  regular  waves  from  the 
beginning  of  the  motion  as  a  simple  group;  then  the  rear  moves  forward 
with  velocity  u  while  the  head  advances  with  velocity  v,  and  the  whole 
procession  lengthens  at  the  rate  v—u.  If  we  write  Rr  for  the  rate  at  which 
energy  must  he  supplied  by  the  ship,  we  call  R  the  wave-making  resistance, 
and  we  have 

R  =  \wa?(v— u)/v.  (2) 

We  notice  that  R  is  the  wave-making  resistance  in  uniform  motion;  it  is 
only  different  from  zero  because  «  differs  from  v,  that  is,  because  the  velocity 
of  propagation  depends  upon  the  wave-length. 

In  deep  water,  u  is  \v,  so  that  R  is  \ira2.  In  the  application  of  this  to 
a  ship  at  sea,  it  is  assumed  that  the  transverse  waves  have  a  certain  average 
uniform  breadth  and  height,  and,  further,  that  the  diverging  waves  may  be 
considered  separately  and  as  having  crests  of  uniform  height  inclined  at 
a  certain  angle  to  the  line  of  motion ;  if  the  amplitude  is  taken  to  vary  as 
the  square  of  the  velocity,  it  follows  that  R  varies  as  v*.  Several  formulae 
of  the  type  R  =  Av 4,  or  R  =  Aid  +  Bd5,  have  been  proposed  ;  although  these 
may  be  of  use  practically  by  embodying  the  results  of  sets  of  experiments, 
they  are  not  successful  from  a  theoretical  point  of  view.  Recently  many 
3uch  cases  have  been  analysed  graphically  by  Prof.  Hovgaard  ;*  the  general 
result  is  that  a  fail  agreement  may  be  made  for  lower  velocities  with  an 
average  experimental  curve  neglecting  the  humps  and  hollows  due  to  the 
interference  of  bow  and  stern  wave  systems,  but  at  higher  velocities  the 
experimental  curve  falls  away  very  considerably  from  the  empirical  curve. 

The  method  used  here  consists  in  considering  the  ship,  in  regard  to  its 
wave-making  properties,  as  equivalent  to  a  transverse  linear  pressure 
distribution  travelling  uniformly  over  the  surface  of  the  water.  Taking 
a  simple  form  of  diffused  pressure  system  and  making1  some  necessary 

*  W.  Hovgaard,  '  lout.  Nav.  Arch.  Trans.,’  vol.  50,  ]>.  g05,  1 OOS. 
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assumptions,  we  obtain  an  expression  for  the  amplitude  ot  the  transverse 
waves  thus  originated,  and  for  the  resistance  II,  in  which  the  velocily  enters 
in  the  form  this  function  is  seen  to  have  the  general  character  of  the 

experimental  curves.  Adding  on  a  similar  term  for  the  waves  diverging 
from  how  and  stern,  and,  finally,  in  the  manner  of  W.  Fronde,  an  oscillating 
factor  for  the  interference,  of  these  how  and  stern  waves,  we  find  a  formula 
for  the  wave-making  resistance  of  the  type 

R  =  a.e~ll'*+ /3  { 1  —  7  cos  (m /v2)}  e~n/vt. 

In  this  expression  there  are  six  adjustable  constants;  we  proceed  to  reduce 
the  number  of  these  after  transforming  into  units  which  utilise  Froude’s  law 
of  comparison.  We  use  the  quantity  c,  defined  as 

(speed  in  knots)/ ^/(length  of  ship  in  feet), 

and  we  express  the  resistance  in  lbs.  per  ton  displacement  of  the  ship.  An 
inspection  of  experimental  curves,  and  other  considerations  suggest  that  the 
quantities  l,  m,  n  may  he  treated  as  universal  constants  ;  with  this  assumption, 
a  three-constant  formula  is  obtained,  viz., 

R  -  ar-2'M/9^  +  /3{l  _7  cos  (10'2/e2)}  c~2^\  (3) 

where  the  constants  a,  /?,  7  depend  upon  the  form  of  the  ship. 

We  then  treat  (.”)  as  a  semi-empirical  formula  of  which  the  form  has  been 
suggested  by  the  preceding  theoretical  considerations ;  several  experimental 
model  curves  are  examined,  and  numerical  calculations  are  given  which  show 
that  these  can  he  expressed  very  well  by  a  formula  of  the  above  type. 

Since  the  constant  a.  is  found  to  be  small  compared  with  /3,  it  is  not 
allowable  to  press  too  closely  the  theoretical  interpretation  of  the  first  term, 
especially  as  the  experimental  curves  include  certain  small  elements  in 
addition  to  wave-making  resistance.  If  we  limit  the  comparison  to  values 
of  c  from  about  09  upwards,  it  is  possible  to  fit  the  curves  with  an 
alternative  formula  of  the  type 

ll  =  0  ;  1  -  7  cos  (10'2/r2)} 
and  some  examples  of  this  are  given. 

The  effect  of  finite  depth  of  water  is  considered,  and  a  modification  of  the 
formula  is  obtained  to  express  this  effect  as  far  as  possible.  Starting  from 
an  experimental  curve  for  deep  water,  curves  are  drawn,  from  tiie  formula, 
for  the  transverse  wave  resistance  of  the  same  model  with  different  d<  pths  ; 
although  certain  simplifications  have  to  he  made,  the  curves  show  the 
character  of  the  effect,  and  allow  an  estimate  of  the  stage  at  which  it  becomes 
appreciable. 

In  th<;  last  section  the  question  of  other  types  of  pressure  distribution  is 
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discussed,  and  one  is  given  in  illustration  of  the  wave-m  iking  resistance  of 
an  entirely  submerged  vessel. 


§li.  Si/sh  iii  trin'illuiij  over  Deep  Water. 

It  is  known  that  a  line  pressure-disturbance  travelling  over  the  surface 

of  water  with  uniform  velocity  r  at  right  angles  to  its  length  gives  rise  to  a 

regular  wave-train  in  its  rear  of  equal  wave-velocity.*  Take  the  axis  of  x 

in  the  direction  of  motion  and  let  the  pressure  system  lie  symmetrical  with 

respect  to  tide  origin  and  given  hy  p  =  /(•'  );  suppose  that  / (x)  vanishes 

for  all  but-  small  values  of  r,  for  which  it  becomes  inf : nito  so  that 
*•* 

I  f  (x)  d,>:  =i  1'.  The  regular  part  of  the  surface  depression  due  to  this 
integral  pressure  P  practically  concentrated  on  a  line  is  given  by 


(4) 


The  part  of  the  surface  effect  which  is  neglected  in  this  expression  consists 
of  a  local  disturbance  symmetrical  with  respect-  to  the  origin  and  practically 
confined  to  its  neighbourhood. 

If  we  suppose  P  constant  ,  the  amplitude  in  the  regular  wave-train  and 
the  consequent  drain  of  energy  due  to  its  maintenance  diminish  with  the 
velocity. 

To  obtain  results  in  any  way  comparable  with  practical  conditions  it  is 
necessary  to  suppose  the  pressure  system  ditlused  over  a  strip  which  is  not 
infinitely  narrow. 

An  illustration  is  afforded  by  taking 


P 


V  **/(*)  -  - 


7T  Of  -f- 


(5) 


where  a  is  small  compared  with  the  distances  at  which  the  regular  surface 
effects  are  estimated.  This  type  of  pressure  distribution  is  shown  in  fig.  1. 


*  For  a  discussion  of  the  wave  pattern,  see  Lamb,  ‘  Hydrodynamics,'  §  241  et  seq. ;  or 
Havelock,  ‘Roy.  Soc.  Proc.,’  A,  vol.  81,  p.  398,  1908. 
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The  effect  of  thus  diffusing  the  pro.1  mrc  system  is  expressed  by  the 
introduction  of  a  factor  cf>  (/c)  into  the  amplitude  of  the  regular  waves,  where 
27 t/k  is  the  wave-length  and 

r00 

</>  (*)  =  I  cos  k<o  dto.  (6) 

J  —00 

Using  (5)  in  (6),  we  find 

(f>  O)  =  Pe~“  =  Pc- 

Hence  the  amplitude  of  the  waves  is  given  by 

a  =  -*/«’*.  (7) 

WIT 

Further,  since  *  =  }J/g,  the  group  velocity  u  —  d(/cv)/dic  =  $v.  Hence 
the  wave-making  resistance  R  is  given  by 

1 1  (S) 

IV  V* 

We  have  to  examine  the  variation  of  these  quantities  with  the  velocity  v 
under  the  supposition  that  the  pressure  system  is  due  to  the  motmn  of  a 
body  either  floating  on  the  surface  or  wholly  immersed  in  the  water.  The 
pressures  concerned  being  the  vertical  components  of  the  excess  or  defect 
due  to  the  motion,  it  seems  possible  to  assume  as  a  first  approximation  that 
P  varies  as  ia ;  this  is  the  case  in  the  ordinary  hydrodynamicul  theory  of 
a  solid  in  an  infinite  perfect  fluid,  and  a  similar  assumption  is  also  made 
in  the  theory  of  Fronde's  law  of  comparison.  This  being  assumed,  we  find 

a  =  A  c-W,  R  =  B  c-***  (9) 

We  see  that  both  the  amplitude  and  the  ■‘sistance  increase  steadily  from 
zero  up  to  limiting  values. 

If  we  draw  the  curve  representing  this  relation  between  Ii  and  v,  there  is 
a  point  of  inflection  when 

g-0,  or  v*  =  -&<*•  (10) 

Writing  v'  for  this  velocity,  we  see  that  dli/dv  increases  as  the  velocity 
rises  to  v'  and  then  falls  off  in  value  as  the  velocity  is  further  increased. 

We  can  write  the  relation  now  in  the  fom 

R  =  Bt>- !<”»*.  (11) 

The  character  of  tin's  relation  is  shown  by  the  curve  in  fig.  2,  which 
represents  the  case 

Pv  =  SlOc-W^,  (12) 

R  being  in  tons,  and  V  in  knots. 
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The  values  of  the  constants  in  (12)  have  1  teen  chosen  for  comparison  with 
an  experimental  curve  of  residuary  resistance  given  hy  It.  E.  Fronde  ;*  it 
was  obtained  from  model  experiments  and  by  means  of  the  law  of 


10  15  20  V  Knots  25  00  -,5  40  45 

corresponding  speeds  and  dimensions  the  results  were  given  for  a  ship 
(model  A)  of  4090  tons  displacement  and  400  feet  length.  The  actual  curve 
is  given  in  fig.  4  and  is  discussed  more  fully  later  ;  we  neglect  for  the 
present  the  undulations  which  are  known  to  be  due  to  the  interference  of 
the  bow  and  stern  wave  systems,  and  we  consider  a  fairly  drawn  mean 
experimental  carve  denoted  by  K'.  Table  I  shows  a  comparison  of  the 
values  of  It'  with  those  of  R  calculated  from  the  formula  (12). 


Table  I. 


V. 

R. 

R'. 

10 

0-02 

1  8 

14 

2 

4 

18 

14 

16 

22 

38 

30  a 

26 

70 

70 

30 

106 

107 

34 

132 

130 

38 

157 

156 

42 

176 

175 

46 

105 

192 

From  this  comparii  >n  we  see  that  the  point  of  inflection  given  by  V' 
corresponds  to  the  point  at  which  the  slope  of  the  mean  experimental  curve 
*  R.  E.  Froude,  ‘  Inst.  Nav,  Arch.  Trails.,’  vol.  22,  p.  220,  1881. 
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begins  to  fall  off.  This  effect  is  general  in  residuary  resistance  curves ;  we 
see  that  it  is  really  an  interference  effect,  the  character  of  the  curve  being 
due  to  the  mutual  interference  of  the  wave-making  elements  of  the  pressure 
system.  Superposed  on  the  mean  curve  we  have  a  further  interference  effect 
due  to  the  combination  of  two  systems,  the  bow  and  stern  systems. 

From  Table  I  we  infer  that  the  mean  curve  agrees  well  with  the  calculated 
values  R  from  about  18  knots  upwards,  but  at  the  lower  speeds  the  values  of 
11  are  much  too  small;  this  suggests  the  addition  of  a  term  to  represent  the 
effect  of  the  diverging  waves. 

§  3.  Diverging  Hraw  Si/stem. 

In  the  example  considered  above,  the  calculated  values  of  R  are  much  too 
small  at  the  lower  velocities.  This  might  have  been  expected ;  for  we 
obtained  (12)  by  the  consideration  of  line-waves  on  the  surface,  that  is  waves 
with  crests  of  uniform  height  along  parallel  infinite  lines.  But  the  model 
experiments  correspond  more  to  a  point  disturbance  travelling  o\er  tire 
surface,  with  the  formation  of  diverging  waves  as  well  as  transverse  waves. 
In  fact,  W.  Fronde*  infers  from  his  experimental  curves  that  the  residuary 
resistance  at  the  lower  velocities  is  chiefly  due  to  the  diverging  wave  system, 
on  account  of  the  absence  of  undulations ;  for  the  latter  signify  interference 
of  the  transverse  systems  initiated  by  the  bow  and  stern,  and  these  become 
very  important  at  the  higher  velocities. 

We  have  to  add  to  (12)  a  term  representing  the  diverging  waves;  the 
comparison  in  Table  I  suggests  for  this  a  term  of  the  same  type,  c-KV'/vp 
with  V"  much  smaller  than  the  corresponding  velocity  V'  for  the  transverse 
waves.  With  the  data  at  our  disposal  we  might  then  determine  the  various 
constants  so  as  to  obtain  the  closest  fit  possible  ;  however,  we  can  make  the 
process  appear  less  artificial  by  the  following  considerations.  We  know  that 
the  wave  pattern  produced  by  a  travelling  point  source  consists  of  a  system 
of  transverse  waves  and  a  system  of  diverging  waves,  the  whole  pattern 
being  contained  witli  two  radial  lines  makin  angles  of  about  19°  28'  with 
the  direction  of  motion ;  a  fuller  investigation  of  the  effects  produced  by 
a  diffused  source  must  be  left  over  at  present.  In  applying  energy  con¬ 
siderations  as  in  the  previous  sections,  the  usual  method  is  to  suppose  that 
the  transverse  waves  form  on  the  average  a  regular  wave-train  of  uniform 
amplitude  and  uniform  breadth ;  using  the  same  approximation  for  the 
diverging  wives  wo  suppose  that  these  form  on  the  average  a  regular  wave- 
train  on  each  side,  with  the  crests  inclined  at  some  angle  0  to  the  direction 

*  \V.  Froude,  ‘Inst.  Nav.  Arch.  Traits.,’  vol.  18,  p.  86,  1877. 
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of  motion  of  the  disturbance.  Then  the  velocity  of  the  di verging  wave- 
trains  normally  to  their  crests  is  V  sin  6.  Now  the  same  features  of  the 
ship  are  responsible  for  the  character  of  both  transverse  and  diverging 
waves;  then  if  Y'  is  the  velocity  at  which  there  is  a  point  of  inflection  in 
the  resistance  curve  for  the  transverse  waves,  the  suggestion  is  that  V'sin  d 
is  the  corresponding  velocity  for  the  diverging  waves.  Taking  as  a  first 
approximation  the  angle  given  above,  viz.,  19°  28'  or  sin-1},  we  test  now 
a  formula  of  the  type 

It  =  A  r-Kv’.a'T+  p„.-i(V'/»T  (13) 

For  the  particular  example  already  used  (Fronde,  Ship  A)  we  take  V' 
equal  to  26  knots,  and  determine  A,  11  from  two  values  of  V.  We  obtain 
thus 

R  =  4-5,;-;<*V3v>*  +  297,— JWV,*  (14) 

With  this  formula  we  find  as  good  an  agreement  as  before  at  the  higher 
velocities,  and  we  have  now  at  lower  velocities  the  comparison  in  Table  II : — 


Table  II. 


V. 

R. 

R'. 

10 

1  -6 

1  8 

14 

4-1 

4 

18 

16  -5 

16 

22 

40 

39  -5 

In  calculating  from  (14)  we  find  that  the  two  terms  both  increase 
continually  ;  at  low  velocities  the  second  term  is  practically  negligible,  then 
at  about  15  knots  the  two  terms  are  of  equal  value,  and  after  that  the 
transverse  wave  term  becomes  all  important. 

It  must  be  remembered  that  the  experimental  curve  was  obtained  from 
tank  experiments,  and  it  is  possible  that  the  width  of  the  tank  may  have  an 
effect  on  the  relative  values  of  the  transverse  and  diverging  waves.  It 
would  be  of  interest  if  experiments  were  possible  with  the  same  model 
in  tanks  of  different  widths ;  if  the  methods  used  in  obtaining  (14)  form 
a  legitimate  approximation,  the  effect  might  be  shown  in  the  relative 
proportions  of  the  two  terms — provided  always  that  one  can  make  a  suitable 
deduction  first  for  the  frictional  resistance,  and  can  then  separate  out  tb-> 
relatively  small  effects  of  the  diverging  waves,  the  eddy-making  and  other 
similar  elements. 
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§  4.  Intcrfmntx  of  Bow  and  Stern  Wave-trains. 

Tin;  cause  of  the  undulations  in  the  resistance  curves  was  shown  by 
W.  Fronde  to  be  interference  of  the  wave  system  produced  by  the  bow  (or 
entrance)  with  that  arising  at  the  stern  (or  run).  His  experiments  on  the 
effect  of  introducing  a  parallel  middle  body  between  entrance  and  run 
confirmed  his  theory,  which  may  be  stated  briefly.  Let  the  wave-making 
features  of  the  bow  produce  transverse  waves  which  would  have  at 
a  breadth  b  an  amplitude  a ;  owing  to  the  spreading  out  of  the  transverse 
waves  they  will  be  equivalent  to  simple  waves  at  the  stern  of  smaller 
amplitude  hi,  at  the  same  breadth  b.  Let  a'  be  the  amplitude  there  of  the 
w'aves  produced  by  the  stern.  Then  in  the  rear  of  the  ship  we  suppose  there 
are  simple  waves  of  amplitude  ka  superposed  upon  others  of  equal  wave¬ 
length  of  amplitude  a'.  At  certain  velocities  the  crests  of  the  two  systems 
coincide  in  position,  giving  rise  to  a  hump  on  the  resistance  curve  ;  anti  at 
intermediate  velocities  there  are  hollows  on  the  curve  owing  to  the  crests  of 


one  system  coinciding  with  the  troughs  of  the  other. 

In  developing  a  form  for  the  resistance,  subsequent  writers  have  generally 
taken  It  proportional  to  an  expression  of  the  form  a2 +a'2  +  2lcaa'  cos  (?h//L / v2), 
where  L  is  the  length  of  the  ship.  This  means  that  the  bow  is  supposed  to 
initiate  a  system  of  waves  with  a  first  crest  at  a  short  distance  behind  the 
bow,  and  that  similarly  the  stern  waves  have  their  first  crest  shortly  after 
the  stern  ;  the  length  inh  is  the  distance  between  these  two  crests,  and  is 
called  the  wave-making  length  of  the  ship.  The  determination  of  a  value 
for  vi  appears  to  be  doubtful,  but  from  interference  effects  it  is  said  to  varv 
for  different  ships  between  the  values  I  and  12. 

It  has  seemed  desirable  here  to  follow  more  closely  the  point  of  view  in 
W.  Froude’s  original  paper  already  quoted.*  We  regard  the  entrance  of  the 
ship  as  forming  transverse  waves  with  their  first  crest  shortly  aft  of  the  bow, 
and  the  run  of  the  ship  as  forming  waves  with  their  first  trough  in  the 
vicinity  of  the  middle  of  the  run.  It  is  suggested  that  this  distance  between 
first  crest  and  first  trough,  in  practice  found  to  be  about  0’9L,  should  be 
taken  as  the  “  wave-making  distance  ” ;  the  cosine  term  in  the  formula 
is  then  prefixed  by  a  minus  sign  instead  of  a  positive  sign.  We  return  to 
this  point  later;  we  first  work  out  a  definite  simple  illustration  in  ‘‘two- 
dimensional  waves,”  and  then  build  up  a  more  complete  formula  for 
comparison  with  experiment.  With  the  same  notation  as  in  §  1,  let  the 
pressure  system  be  given  by 


w  _  fi  s  _  1  i  iw  iv*  \ 

1  ~JK,)  ~  TT  \  ar  +  (,  -  yy  «*  +  (*  +  i/y.J  ’ 


(15) 


*  W.  I’Yomic,  t"f.  cit.  ante,  ji.  s:S. 
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This  indicates  two  pressure  systems,  one  of  excess  and  the  other  of  defect 
of  pressure ;  each  distribution  is  of  the  type  already  used,  and  their  centres 
are  separated  hy  a  distance  /.  Fig.  3  shows  the  character  of  the  disturbance. 


In  the  roar  of  the  whole  disturbance  there  is  interference  between  the 
regular  wave-trains  due  to  the  two  parts.  With  the  same  methods  as  before 
we  find  that  the  resulting  waves  are  given  by 


r,  =  g&c-  vl*  sin  c-»9M  sin  </P'-+J/) 

wv~  Vs  v:  c2  v2 


W* 


M  j^(Ti  —  I*a)cos^ sin  ^  - (l’i  + 1’2)  sin  cos  .  (16) 

Hence  the  average  energy  per  unit  area  is  proportional  to 
v-*c-2asi^  IV— 21>1P2  cos  (iff/ Vs)}. 

Now,  assuming  as  before  that  Pi  and  P2  vary  as  v2,  we  find  that  as  regards 
variation  with  the  velocity  the  effective  resistance  K,  which  is  the  expression 
of  the  energy  required  to  feed  the  wave-trains,  is  given  in  the  form 

R  =  {Aa  +  B3— 2AB  cos  ( gl/v 2)}  e-**l*.  (17) 


A  more  general  expression  might  have  been  obtained  by  taking  two 
quantities  «i  and  «a  in  (15),  corresponding  to  some  difference  in  wave-making 
properties  of  entrance  and  run  ;  this  would  have  led  to  different  exponential 
factors  being  attached  to  the  bow  and  stern  waves.  However,  we  find  (17), 
with  a  common  exponential  factor,  sufficiently  adjustable  for  present 
purposes. 

In  Froude’s  experiments  in  1877  the  effect  of  inserting  different  lengths 
of  parallel  middle  body  between  the  same  entrance  and  run  was  examined  ; 
it  was  found  that  a  hump  in  the  residuary  resistance  curve  corresponded  to 
a  trough  of  the  bow  waves  being  in  the  vicinity  of  the  middle  of  the  run 
and  a  hollow  to  a  crest  being  in  that  position. 
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For  the  model,  Ship  A,  we  have  :  Length  =  L  =  400  feet;  entrance  — 
run  =  80  feet. 

Hence,  in  this  ease  we  may  take,  in  formula  (17),  /  as  approximately 
360  feet.  We  notice  that  this  gives  /  =  O0L;  and  in  subsequent  com¬ 
parisons,  instead  of  leaving  /  to  lie  adjusted  to  lit  the  experimental  curve, 
we  find  there  is  sullieient  agreement  if  we  lix  it  beforehand  as  Oil  of  the 
length  of  the  ship  on  the  water-line. 

Compare,  now,  the  length  /  with  the  ordinary  “  wave-making  length”  of 
the  ship;  the  latter  is  written  as  «/L  and  is  defined  as  the  di.  tanee  between 
the  first  regular  how  crest  and  the  first  regular  stern  crest.  From  the  present 
point  of  view  (17)  gives 

wiL  =  l  f  or  m  —  (>•!)  +  i\/L,  (18) 

where  A  is  the  wave-length  in  feet  of  deep-sea  waves  of  velocity  r  ft. /see. 

Calculating  from  this  formula  for  Ship  A,  and  writing  V  for  velocity  in  knots 
(6080  feet  per  hour),  we  obtain  Table  111. 

We  see  that  the  statement  that  >n  lies  between  1  and  about  12  would 
hold  for  this  ship  if  it  were  measured  for  ordinary  speeds  between  about 
14  and  22  knots. 


Table  III. 


V. 

X. 

m. 

10 

55-5 

0  97 

14 

110 

1  03 

18 

180 

1  12 

22 

270 

1  24 

20 

302 

1  '35 

30 

500 

1  5 

We  proceed  now  to  modify  (14)  by  introducing  into  the  second  term  a 
factor  1  —  7  cos  (yi/c*).  With  /  =  360,  we  find  gift?  is  approximately 
4080/V2,  with  V  in  knots  ;  further,  from  one  value  from  the  experimental 
curve  we  obtain  7  =  012.  Thus  for  Ship  A  we  have  It  in  tons  given  by 

It  =  297  {1-0-12  cos  (4080/V*)}  e'ilW,  (10) 

Table  IV  shows  some  calculated  values  for  11,  and  these  are  represented  in 
fig.  4  by  dots ;  the  continuous  curve  is  the  experimental  residuary  resistance 
curve  given  by  Fronde,  that  is,  the  total  resistance  less  the  calculated 
frictional  part. 

It  is  the  custom  to  give  the  results  of  model  experiments  in  the  form 
of  a  fair  curve,  so  that  the  positions  of  actual  readings  and  the  possible 
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error  are  not,  known.  The  interrupted  curve  is  a  curve  II  =  .AY*  sketched  in 
for  comparison. 

Table  IV. 


V. 

!  u. 

V  K. 

to 

t  r, 

So 

102 

It 

St 

1  12 

IS 

15 

3K 

171 

22 

it 

42 

ih:> 

2(1 

02 

40 

195 

§  a.  CouijHt  rison  with  RifHi'i  iiuntnl  Items  Us. 

lie  fore  examining  further  model  curves  we  must  express  the  previous 
formula  in  a  form  more  suitable  for  calculation;  we  use  the  system  of  units 
in  which  model  results  are  now  generally  expressed.  11  is  given  in  lbs. 
per  ton  displacement  of  the  ship,  while;  instead  of  the  speed  V  we  use  the 
ratio  V f \/ 1 4 ,  V  being  in  knots  and  1.  in  feet;  this  is  called  the  speed-length 
ratio,  and  we  shall  denote  it  by  r.  The  advantage  of  those  units  is  that  they 
utilise  Fronde's  law  of  comparison ;  from  the  experimental  curve  between 
It  and  c  we  can  write  down  at  once  tbe  residuary  resistance  for  a  ship  of  any 
length  and  displacement  at  the  corresponding  velocity,  provided  the  ship  has 
the  same  lines  and  form  as  the  model.  Thus  the  constants  which  are  left  in 
the  relation  between  11  and  c  depend  only  upon  the  lines  of  the  model,  not 
upon  its  absolute  size.  At  present  we  make  no  attempt  to  connect  these 
constants  with  the  fore  of  the  model,  as  expressed  by  the*  usual  coellicients 
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of  fineness  or  the  curve  of  sectional  areas, or  in  other  ways;  we  are  concerned 
with  the  form  of  R  as  a  function  of  r,  and  the  constants  are  chosen  in  each 
case  to  make  the  he«t  fit  possible. 

First,  ns  regards  the  exponential  factor,  we  had  V|*,  wit-Ii  V' giving 

a  point  of  intiection  <>n  the  resistance  curve;  in  the  case  of  Ship  A  we  had 
V'  =  2ti,  1-  =400,  so  that  <■'  —  1  Now,  it  is  just  about  this  value  of  r 
that  there  is  a  falling  oil'  in  most  experimental  curves,  so  that  wc  try  first 
c  =  I'd  for  the  point  of  inflection  on  the  R,  <•  curve.  Then  the  exponential 
factor  becomes  or  ,--2'M''\ 

Secondly,  as  regards  the  cosine  term  which  gives  the  undulations,  we  had 

cos  (<///>'-) :  we  have  dec  ided  to  put  I  —  0f)h,  so  that  we  have 

'/I  on  r  //COSO,.  -  10  2  , 

-r,  =  0-9//R  /  — — -  \  )  —  — — ,  approximately. 
v  I  vooOO  /  <- 

Hence  the  previous  relation  for  R  reduces  to  the  following  general  form; 

R  =  M~  ****■  +  0  (  i  -  7  cos  10'2/c2)  <■-***■  (20 ) 

where  li  is  in  lbs.  per  ton  displacement,  and  «,  0,  7  depend  upon  the  form  of 
the  model. 

There  are  humps  on  the  curve  when  102c--2  is  an  odd  multiple  of  ir, 
hollows  when  it  is  an  even  multiple,  and  mean  values  when  it  is  an  odd 
multiple  of  A-tt.  For  facilitating  calculation,  some  of  these  positions  are  given 
in  Table  V;  and,  for  the  same  reason,  values  of  the  exponentials  and  the 
cosine  factor  are  given  in  Table  VI. 

Table  V. 


Iluraps 

— 

— 

1  8 

— 

— 

— 

1 

1  04  -  — 

—  0-8 

Means ... 

2  -51 

_ 

1  47 

— 

1  13 

—  0-90  1  — 

o-sc  — 

0-70 

Hollows 

* 

—  . 

— 

— 

1-27 

- 

—  ;  —  0-9 

. 

Value-  of  '. 

Table  71. 


e. 

0-6 

0-400 

0-8 

0  (144 

1  0 

0  '756 

1  '2 

0-821 

1  '4 

0  '806 

1  (5 

0-890 

is 

0  910 

2-0 

0  '932 

2  2 

0  '943 

2 '4 

0  '951 

3  ; 

0-970 

cos  (10  2 /(•'•). 


o 

7 

-0-71 
4  0  -70 
+  0-47 
-0-65 
-10 
-0  83 
—  0  '51 
-0-20 
+  0-43 
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We  examine,  now,  some  examples  of  experimental  curves,  comparing  them 
with  the  l'ormulu  (3'0  ;  several  of  the  curves  ami  cither  data,  in  particular 
tor  1 1,  II I,  and  V,  have  heen  taken  from  tin-  collection  in  L’rof.  Movganrd’s 
papc*r  already  referred  to,  in  which  he  essays  to  tit  formula'  involving  V  or 
Y';  with  the  experimental  curves. 

i.  H.  K.  ]’r<>t"h  ,  1  SSI ,  Sh  ip  .  { . 

Displacement  =  -Nt!)0  tons:  length  =  400  feet:  cylindrical 
coeHicient  -  0094. 

This  is  the  case  we  have  examined  in  the  previous  sections,  so  that  we 
have  only  to  change  the  numerical  factors  in  ( 10)  to  (cause  l!  to  he  given  in 
llts.  per  tmi  displacement.  We  lind  the  result  is  formula  (1’0)  with 

a  =  d-4G;  f3  =  lOUti;  7  =  Old. 

II.  W.  Fftnnh,  1877. 

Displacement  =  3804  tons;  length  =  340  feet;  cylindrical 
coetlicient  =  0787. 

The  last  two  data  include  the  cylindrical  middle  body.  The  curve  is 
given  in  tig.  •)  ;  it  was  constructed  1  >y  Ilovgaard  from  the  data  of  Froude’s 
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experiments,  and  tlieso  were  such  that  it  was  possible  to  make  a  mean 
residuary  resistance  curve,  the  effects  of  bow  and  stern  interference  being 
eliminated.  The  curve  is  given  as  total  residuary  resistance  in  tons  on  a 
base  of  V  in  knots.  If  wo  work  in  lbs.  per  ton,  we  find  there  is  a  very  fair 
agreement  with  formula  (20)  if  we  take 

*==2-24;  £  =  279-7;  7  =  0. 

Probably  a  closer  agreement  could  be  obtained  by  further  slight  adjustment 
of  a  and  /3.  Fig.  5  shows  a  comparison  of  values  of  the  total  residuary 
resistance  for  the  ship  (in  tons) ;  the  calculated  values  are  indicated  by  small 
circles. 

III.  D.  W.  Taylor,  1000  lbs.  Model. 

Length  on  water  line  =  20-51  feet;  cyl.  coeff.  =  0680. 

The  experimental  curve  in  this  case  is  given  as  residuary  resistance  for 
the  model  in  lbs.  on  a  base  of  V  in  knots.  With  the  same  notation  as  before 
we  find 

«  =  2  ;  /3  =  136  0  ;  7  —  0-14. 

Putting  these  values  in  (20),  we  can  calculate  It  in  lbs.  per  ton,  and  hence 
Ei  in  lbs.  for  the  model ;  fig.  6  shows  the  comparison  between  Ri  and  the 
corresponding  values  on  the  curve ;  the  calculated  values  Ri  are  indicated  by 
dots. 


S  75  c  I  125  I  5  1  75  2  2  23 
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IV.  D.  tV.  Tui/lnr,  Mold  No.  892* 

Displacement  =  500  lbs. ;  length  on  water  line  =  20-512  feet;  longitudinal 
cue  O'.  =  008;  midship  section  coeff.  =  0'70. 

In  this  case  the  experimental  curve  is  given  as  lbs.  per  ton  displacement 
(It')  on  a  base  of  speed-length  ratio  (<•).  In  the  same  manner  as  before,  tig.  7 
shows  the  comparison  with  the.  formula  (20)  when  we  take 

«  =  2  ;  ft  —  82-5  ;  7  =  014. 

Since  the  constant  a  is  small  compared  with  ft,  one  is  not  able  to  lay 
much  stress  on  the  meaning  of  the  first  term.  For  as  the  velocity  functions 

50 


30 

20 

10 


■  5  7  C  9  II  13  1.5  1.7  I.B 

are  of  a  suitable  typo,  the  constants  possess  considerable  elasticity  as  regards 
fitting  an  experimental  curve.  For  instance,  if  we  omit  values  of  c  below 
about  09,  it  is  possible  to  represent  the  previous  curves  fairly  well  by  a 
formula 

R  =  ft  {1  —  7  cos  (10’2/r2)}  e~i Vlc)\ 

In  the  previous  examples  we  took  the  value  13  for  c  .  In  Case  IV  above 
we  find  now  the  values 

£  =  87;  7  =  014;  c'  =13. 

For  a  similar  curve  taken  from  the  same  paper,  viz.,  Model  No.  891,  dis¬ 
placement  1000  lbs.,  we  find  a  good  correspondence,  except  for  slightly  higher 
values  near  c  =■  1*1,  with  the  values 

ft  =  174  ;  7  =  0-14  ;  c'  =  14. 

*D.W.  Taylor,  Trans.  S.N.A.M.E,,  vol.  16,  p.  13  (1908). 
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V.  I.  1.  Yates,  Ikatm/er  Model  0.* 

Displacement  =  ,575  11. s. ;  length  =  20  feet;  cyl.  coeff.  =  0529. 

The  experimental  curve  is  given  u  lbs.  for  the  model  on  a  base  of  V  in 
knots,  and  is  a  total  resistance  curve,  that  is,  it  includes  the  frictional 
resistance.  The  curve  is  reproduced  •  fig.  8. 


This  curve  is  not  analysed  here  so  as  to  compare  the  residuary  resistance 
with  the  formula  (20),  but  it  is  included  in  order  to  draw  attention  to  certain 
possible  complications.  It  may  be  noticed  that  the  curve  is  carried  to  a  high 
value  of  the  speed-length  ratio  c,  and  that  it  continues  to  rise  more  rapidly 
after  about  c  =  2'..  than  might  be  expected  on  the  present  theory.  Now  in 
the  first  place  it  is  possible  that  the  frictional  resistance  may  account  partly 
for  this  rise.  The  ordinary  estimation  of  the  frictional  resistance  assumes 
that  it  can  be  calculated  separately  from  some  expression  like/ SV1'85;  now 
the  legitimacy  of  this  is  beyond  doubt  in  all  ordinary  cases,  but  at  high  speeds 
it  is  possible  that  the  form  of  the  expression  may  change,  or  even  that  it 
may  not  be  a  fair  simplification  to  divide  the  total  resistance  into  sinmle 
additive  components. 

In  the  second  place  a  more  important  consideration  must  be  taken  into 
account,  and  that  is  the  depth  of  the  tank.  For  the  experiments  now  under 
*  I.  I.  Yates,  Thesis,  1907,  Mass.  Inst.  Tech.  U.S.A.  See  Hovgaard,  loc.  cit.  ante , 
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consideration  the  depth  of  water  in  the  tank  is  not  known.  The  deepest 
experimental  tank  appears  to  be  the  U.S.  Government  tank  at  Washington, 
which  has  a  maximum  depth  of  about  14  7  feet.  Now  in  that  tank,  with 
a  20-foot  model,  there  would  be  a  “critical”  condition  near  the  value 
c  =  2-9  ;  before  and  up  to  that  point  the  residuary  res1':  tance  curve  would 
rise  sharply  and  abnormally.  This  effect  is  discussed  more  fully  in  the  next 
section,  and  curves  are  given  ia  fig.  11,  with  which  fig.  8  may  be  compared. 
It  appears,  then,  as  far  as  one  is  able  to  judge,  that  it  is  possible  the 
resistance  curve  in  fig.  8  is  complicated  by  the  effect  of  finite  depth  of  the 
tank. 

§  6.  The  Effect  of  Shallow  Water. 


We  saw  in  the  first  section  that  the  wave-making 
written  in  the  form 


R  =  \wa?  (v — u)f  v, 


resistance  R  can  be 


where  u  is  the  group-velocity  corresponding  to  wave-velocity  v.  For  deep 
water  u  —  \v,  and  the  formulae  are  comparatively  simple.  But  for  water  of 
finite  depth  h  the  relation  between  u  and  v  depends  upon  the  wave-length 
(2w//f).  We  have 


v  =  [$-  tank  ich  j , 


J 

u  =  —  (kv)  =  (1  -f  2/cA/sinh  2 ich). 

Cl/C 


Consequently  we  find 


R 


2  tch  \ 
sinh  2  ich)  * 


(21) 


As  v  increases  from  zero  to  \/(gh),  R  diminishes  from  \wa?  to  0,  provided 
the  amplitude  remains  constant.  But  as  Prof.  Lamb  remarks,*  the 
amplitude  due  to  a  disturbance  of  given  character  will  also  vary  with  the 
velocity.  If  is  the  variation  of  this  factor  that  we  have  to  examine  in 
the  manner  used  in  the  previous  sections  for  deep  water. 

If  a  symmetrical  line-pressure  system  F(.r),  suitable  for  Fourier  analysis, 
is  moving  uniformly  with  velocity  v  over  the  surface  of  water,  the  surface 
disturbance  17  is  given  by 

pCO  pOO 

7 twt]  =  \  I  (it  i  /cV<f)(/e)  Bin  k  {x’  +  (v  — V)^}  d/c 
Jo  Jo 

.*«>  /*CO 

—  £  dt  kV<()  (k)  sin  k  {x-f  (r  +  V)  (!)  rf/c,  (22) 

Jo  Jo 

where  <f>  (*)  =  1  F  (w)  cos  kos  doo. 

J  —  QO 

*H.  Lamb,  ‘Hydrodynamics,’  (1932  edn.  p.  415). 
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The  tneth1'  l  of  evaluating  these  integrals  approximately  so  as  to  give  the 
regular  wave-trains  luta  been  discussed  in  a  previous  paper  and  it  is  followed 
now  in  the  ease  of  tinite  depth.*  We  take,  under  certain  limitations,  the 
value  of  an  integral  such  as 

V  =  j  4>  («)  sin  {//(«)} (lu 
to  be  the  value  of  its  principal  group,  viz., 

V o  =  V  («o)  cos  {g  (?/0)  1  vr } ,  (22a) 

where  is  such  that  g  (««)  =  0. 

JTow  in  the  integrals  in  (22)  we  have  to  find  successively  two  principal 
groups,  first  with  regard  to  k  and  then  in  the  variable  t ;  and  thus  we  may 
evaluate  the  amplitude  factor  in  the  resulting  regular  wave-trains. 

For  water  of  depth  h  we  may  write 

/(«)  ==  v—V  =  v —  y/ ^tanh  kJiJ  . 

The  group  with  respect  to  k  gives  a  term  proportiona'  to 

cos  { tic2/'  (/c)  +  i7r)  , 
where  k  has  the  value  given  by 

/(*)  +  «/»=  -f.  (23) 

From  (22a),  this  introduces  into  the  amplitude  a  factor 

1M<  {2/'  (*)  +  */"  (*)}]•  (24) 

Further,  the  group  with  respect  to  t  occurs  for 

J{**2/(*)}  =  0  or  /(*)  as  0. 


Also  we  have  in  these  circumstances 

=  *  {«!■/(«)+=}  =  i 

=  f+*f  =  1  M!  _  /or.x 

t*2f  +  «f"  t  2f'  +  Kf"  *(2/ +  «/")' 

Henco  from  (22a),  (24),  and  (25)  the  selection  of  the  two  groups  adds  to 
the  amplitude  a  factor  1/k/(k),  where 

/(*)  =  0  =  v—  tsj  [$-  tanh  tc/i'j . 


*  Havelock,  ‘Roy.  Soc.  Proc.,’  A,  vol.  8],  p.  411,  1908. 
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Also  if  n  is  the  group-velocity  for  wave-length  2n tJk  and  wavc-veloeily  V, 
we  have,  in  this  case, 

u  =  ^(*V)  =  -Q  {kv-k/(k)\  =  v  —  {/(*)  +  */  (/c)}. 

Hence,  since  in  the  final  value /(/c)  =  0,  we  have  k/‘(k)  equal  to  v  —  u.  Thus 
if  k  is  the  wave-length  of  the  regular  wave-trains  in  the  rear  of  the 
disturbance,  we  find  that  they  are  given  by 


2tch 


KV(b(lC )  . 

nj  =  const,  x  — TS-t  sin  kx, 
v—u 

where  »  =  \/(f  tanh  “'*)  •  “  =  K*  +  SSh^S 

Hence  for  the  amplitude  a  we  have 

a  =  C Kip  ( k )  j(  1 


(26) 


2  Kh 

sinh  2ich 

Substituting  now  in  (21)  we  obtain  for  the  wave-making  resistance,  U 
proportional  to 

If  we  take  the  same  distribution  of  pressure  in  the  travelling  disturbance, 
namely,  F  (x)  =  I'a/7r  (a2-f a;2),  we  have  <f>(ic)  —  l><ra* ;  further,  wc  may 
again  assume  that  the  pressure  P  varies  as  v*,  so  that  we  have  the  resistance 
in  the  form 


It  =  A  k3v*c~PkI  ( 1 


2  Kh 


with 


sinh  2k/iJ  ’ 

tanh  K.h  __  v 2 
kK  gh 


(27) 


Considering  It  given  as  a  function  of  v  by  these  two  equations,  we  see 
that  It  increases  slowly  at  first  and  then  rapidly  up  to  a  limiting  value  at 
the  critical  velocity  \/(gh) ;  after  this  point  It  is  zero,  for  there  is  no  value  of 
k  satisfying  the  second  equation  with  v*l<jh  >  1. 

Further,  the  limiting  value  of  It  at  the  critical  velocity  is  finite,  for  we 
have 

kVi 2 


Lim 


=  1*5. 


<  =  o  (1  —  2/eA/sinh  2kK) 

We  sec  that  the  R,  v  curve  given  by  (27)  is  of  the  type  sketched  in  fig.  9. 
We  may  compare  this  with  some  of  the  curves  given  by  Scott  Russell  for 
canal  boats.  The  continuous  curve  in  fig.  10  is  an  experimental  curve  of 
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represent  approximately  the  frictional 
two  curves  represents  tin*  residuary 
typo  as  the  theoretical  curve  in  fig.  9. 


I 

I  Fie. 9 


!  is  a  parabolic  curve  insert c.l  here  to 
1  resistance;  the  difference  between  the 
resistance,  ami  is  clearly  of  the  same 


We  can  obtain  a  better  estimate  of  equation  (27)  by  taking  an  experi¬ 
mental  curve  for  a  model  in  deep  water,  and  then  building  up  curves  for 
different  depths.  We  must  first  put  (27)  into  a  form  suitable  for  com¬ 
parison  with  deep  water  results. 

Limiting  the  problem  to  one  of  transverse  waves  only,  the  formula  (27) 
must  reduce  to  R  =  Ae-2'53'6’,  for  h  infinite  andc  =  (speed  in  knots) /^(length 
in  feet). 

Writing  v'  for  v/i/(gh)  we  find  c2  =  ll\3t/2/i,/L;  thus  although  the  actual 
critical  velocity  does  not  depend  upon  the  length  of  the  ship  but  only  on  the 
depth  of  water,  the  speed-length  ratio  (c)  has  a  critical  value  which  is 
proportional  to  the  square  root  of  the  ratio  (depth  of  water)/(length  of  ship). 

In  (27)  we  cannot  fix  any  value  of  v  or  c  and  then  calculate  R  directly  ; 
we  must  work  through  the  intermediate  variable  kIi.  The  equations  may 
now  be  written  as 

R=  A (Khyv'4c~P*'‘ /(i  -2«/i-/sinh 2kJi),  (28) 

v '2  =  (tanh  Kh)/Kh  ;  £'  =  0-218L /h  ;  c2  =  llSv'%/L. 

With  h  infinite  this  reduces  to  the  previous  form  for  deep  water  with  the 
same  constant  A,  so  that  a  direct  comparison  is  possible.  As  the  velocity  v 
increases  from  0  to  \'(gh),  k  diminishes  from  oo  to  0;  we  select  certain 
values  of  ich,  calculate  the  values  from  tables  of  hyperbolic  functions,  and 
thus  obtain  the  set  of  values  in  Table  VII,  writing  m  for 

(Khyv'*/(l-2Kh/8mh  2 ich). 


*  J.  Scott  Russell,  ‘  Edin.  Phil.  Trans.,’  vol.  14,  p.  48,  1840. 
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Table  VII. 


1 

xh. 

*7  V  (//*)• 

rvij/A. 

Mi. 

—  J9 

GO 

0 

o 

1  0 

2  53 

10 

0  '3  Hi 

1  13 

1  0 

2  53 

0 

0-41 

1  -87 

l  -o 

2  53 

4 

0  5 

2-82 

1  '005 

2  -53 

2 

0  09 

r»  -42 

1  -077  i 

2  43 

1 

0  -87  1 

8  -57 

1  -287 

1-92 

0 

1  0 

li  -a 

i 

1  -5 

0 

We  consider  now  the  experimental  curve  analysed  in  Case  IV  in  the 
previous  section,  a  model  of  20'5  feet  taken  up  to  a  value  r.  =  18.  Assuming 
that  the  iidluetice  of  finite  depth  was  inappreciable  in  this  range,  we  have  for 
deep  water 

R  =  2c-2Kt>*  +  82  0  {1-0*14 cos  (10‘2/C)}  (29) 

We  leave  out  of  consideration  at  present  the  first  term,  which  is  supposed 
to  represent  the  diverging  waves,  and  we  extend  the  calculations  for  R 
(transverse)  from  the  rest  of  the  formula  up  to  c  =  o\‘5  taken  at  intervals 
of  01  for  c\  we  obtain  thus  the  lowest  curve  given  in  fig.  11.  With  the 
help  of  Table  VII,  we  calculate  values  of  R  for  depths  of  about  5,  10,  12,  15, 
and  20  feet,  taking  in  the  formula  (28)  A  equal  to 

82-5  {1  -0A4  cos  (10-2/c2)} 

so  that  the  results  apply  to  the  same  mode1  at  different  depths.  An  example 
of  the  calculations  for  one  case  maybe  sufficient;  Table  VIII  shows  the 
intermediate  steps  for  h  =  12A  ft.,  L  —  20-5. 


Table  VIII. 


c 2,  i  c. 

i 

-0k. 

R/A. 

e— 2  53/c*. 

0-68 

0-82G 

3'73 

0-024 

0-024 

1  -12 

1  -oo 

2  '20 

0  100 

o-ioe 

1  09 

1-3 

1-5 

0-224 

0-223 

3  25 

1  '8 

0-75 

0  508 

0-472 

5  14 

2  -27 

0-374 

0-385 

0-087 

0-8 

2  01 

0 

1  -5 

1 

The  results  for  the  five  values  of  h  are  given  in  Table  IX,  and  from  these 
the  curves  in  ug.  11  have  been  drawn. 

The  general  character  of  the  effect  of  finite  depth  is  clear  on  inspection  of 
the  set  of  curves  in  fig.  11.  If  it  is  required  to  go  to  high  values  of  the 
speed-length  ratio  in  a  given  tank,  the  ratio  of  the  depth  of  water  to  the 
length  of  the  model  must  be  adjusted  so  that  there  is  no  appreciable  effect  in 
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Table  I  X. 


A/L. 

c 

0  -7 

1  0 

1  *5 

1  7 

2  33 

3 

R 

0-7 

7  *5 

27  -5 

39  -2 

59  '2 

80  ’5 

0-75 

c 

0-7 

1  -o 

l  -2 

1  '4 

2 

2  -54 

R 

0  7 

7-5 

13 

21  '4 

54  -5 

79-2 

C 

0-7 

1  -o 

1  -3 

1  '8 

2  -3 

2-6 

R 

0-7 

7  5 

17-9 

47  7 

78 

122 

0-5 

c 

0-7 

1  -0 

1  -2 

1  '65 

2  -1. 

2-38 

R 

0  '7 

7-5 

13  1 

40 

74 

127 

0-2S 

c 

0  7 

0-84 

1  76 

1  -46 

1  -68 

R 

0  7 

17 

3  3 

14  7 

43  -6 

142-5 

the  range  of  the  experiments.  Since  the  curves  given  here  are  theoretical 
curves  for  transverse  waves  only,  each  of  them  ends  abruptly  at  the  critical 
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certain  Considerations  which  L'n  t*>  M  rnillil  lor  this  >  i  i  t  r«  •!}<■*  •.  ln-t,  as 
regards  tint  transverse!  waves  done,  the  preceding  formula  show  that,  the 
amplitude  ‘muls  to  become  infinite  at  the  critical  velocity,  ugh  the 

corrcapo.'-l.M  ;  resistance  at  uniform  velocity  remains  finite  ;  but,  even  ajiart 
from  the  effects  of  viscosity,  there  is  a  highest  possible  wave  with  a  velocity 
depending  partly  upon  the  amplitude.  Secondly,  we  have  loft,  out  of 
consideration  tho  diverging  waves;  but  these  must  become  more  important 
in  the  neighbourhood  of  the  critical  velocity,  for  we  may  regard  the  two 
systems  as  coalescing  into  one  solitary  wave  in  the  limit  as  the  critical 
velocity  is  reached.  After  this  point  the  diverging  waves  persist,  so  that 
the  effect  of  these  would  be  of  the  order  of  halving  the  drop  in  the  resistance 
as  the  critical  velocity  is  passed. 

Finally,  we  must  consider  the  frictional  resistance,  which  increases  steadily 
with  the  velocity ;  so  that  the  fall  is  finally  a  smaller  percentage  of  the  total 
resistance  than  might  appear  at  first.  The  curves  given  in  fig.  11  give 
an  estimate  of  a  maximum  effect  of  this  kind,  considering  only  the  transverse 
wave  system. 

§7.  Further  Types  of  Pressure.  Distribution. 

The  preceding  formulae  have  been  built  up  on  the  effect  of  a  travelling 
pressure  disturbance  of  simple  type ;  we  consider  now  another  type  which 
we  may  use  as  an  illustration. 

Let  the  pressure  system  he  given  by 

p  =f(x)  =  A  (h2-a?)/(x*  +  h*y. 

The  type  of  distribution  is  graphed  in  fig.  12. 


Proceeding  as  in  §2,  we  have 


4>(k)  =  2A  f 
Jo 


*  W- 


<o‘ 


(a )a  +  h*y 


cos  K(>)  do)  =  irAice 


(30) 
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Hcnco  the  amplitude  of  the  regular  wave-trains  formed  on  deep  water  in 
the  rear  of  this  disturbance  is  proportional  to  «2A e~Kh,  and  the  effective 
wave-making  resistance  is  proportional  to  K*A.2c~2Kh.  We  make  the  same 
assumption  as  before,  viz.,  A  proportional  to  v2,  and  write  k  =  g/v2 ;  then  the 
resistance  is  given  by 

K,  =  Cv-ie-Wl*.  (31) 

We  use  this  expression  to  show  how  R,  varies  with  the  constant  li  of  the 
pressure  system.  Let  v  =  10  ft./sec.,  and  let  R  =  1  for  h  =  0  ;  then  we  find 
the  following  relative  values: 


h. 

R. 

0 

1  0 

1 

0-52 

5 

0  04 

10 

0-0016 

It  decreases  very  rapidly  as  h  is  increased.  We  have  chosen  this  example 
for  the  following  reason.  Consider  the  motion  of  a  thin  infinite  cylinder  in 
an  infinite  perfect  fluid ;  if  we  consider  a  plane  parallel  to  the  direction  of 
motion  and  to  the  cylinder  and  at  a  distance  h  from  it,  we  find  that  the 
distribution  of  excess  or  defect  of  pressure  due  to  the  motion  is  of  the  above 
typo.  Now,  this  is  not  the  same  as  a  cylinder  moving  in  deep  water  at 
a  depth  h  below  the  free  surface,  but  it  is  suggested  that  as  a  first  approxi¬ 
mation  the  wave-forming  effect  is  that  of  an  equivalent  diffused  pressure 
system.  The  illustration  shows  how  rapidly  the  wave-making  resistance 
diminishes  with  the  amount  of  diffusion,  that  is,  with  the  depth  h\  this,  of 
course,  agrees  with  the  experiments  on  the  resistance  to  motion  of  submerged 
bodies,  and,  in  fact,  with  the  resistance  of  submarine  vessels. 

In  the  preceding  work  no  attempt  has  been  made  to  connect  theoretically 
the  constants  in  the  pressure  formula  with  those  of  the  model ;  since  the 
theory  rests  chiefly  on  the  consideration  of  transverse  waves  only,  this  would 
presumably  bring  into  question  the  length  of  entrance,  run,  and  so  forth.  The 
consideration  of  any  “transverse”  constants,  such  as  the  beam,  would  need 
a  fuller  treatment  of  a  diffused  pressure  system  in  two  dimensions  on  the 
surface  so  as  to  give  a  more  detailed  investigation  of  both  transverse  and 
diverging  wave  systems. 


it  akuison  and  Sons,  Printers  iu  Ordinary  to  His  Majesty,  St.  Martin's  Lane 
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Ship-Resistance  :  a  Numerical  Analysis  of  the 
Distribution  of  Effective  Horse  Power. 


By  T.  H.  Havelock,  M.A.,  D.Se. 

[Read  January  24th,  1910.] 

Introduction  .— The  following  paper  contains,  in  its  second 
part,  a  numerical  study  of  the  distribution  of  effective  horse¬ 
power  at  different  speeds.  The  data  are  taken  from  some 
recent(  experiments  on  models  by  D.  W.  Taylor,  and  are 
expressed  for  a  ship  of  400  tons  displacement  and  250  feet 
length.  A  theoretical  formula  is  found  to  fit  the  experimental 
results,  and  from  it  the  different  terms  in  the  E.H.P.  are 
calculated  for  much  higher  speeds.  In  addition  to  the 
general  analysis,  attention  is  directed  to  the  changes  in  the 
proportion  of  power  which  goes  in  wave-making,  and  also  to 
the  variation  of  the  ratio  E.H.P. /(speed)3  with  the  speed;  in 
the  latter  case  a  curve  is  drawn  and  may  be  compared  with 
the  type  of  curve  obtained  from  high-speed  motor  boats. 

In  the  first  part,  an  outline  is  given  of  the  general  theory 
of  ship  resistance ;  it  is  developed  so  as  to  lead  to  the  introduc 
tion  of  a  tyDe  of  expression  which  exhibits  the  variation  of  the 
wave-making  resistance  with  the  speed,  but  for  details  of  the 
mathematical  analysis  reference  is  made  to  previous  papers.* 
One  obtains  a  general  formula  which  is  based  on  theory  in  so 
far  as  it  depends  upon  the  speed,  and  with  co-efficients  which 
should  depend  upon  the  form  of  the  ship  but  whose  values 
are  at  present  empirical.  No  attempt  has  been  made  to 
tabulate  values  suitable  for  different  types  of  vessels,  for 
without  further  information,  it  is  uncertain  whether  the 
results  would  repay  the  labour;  meantime,  as  already 
indicated,  the  formula  has  been  used  to  analyse  experimental 

*  Proceedings  of  the  Royal  Society,  A,  vol.  81,  p.  398  (1908) ;  A,  ”ol.  82, 
p.  276  (1909). 
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results  and  to  extend  them  to  the  region  where  more  accurate 
data  are  needed. 

General  Theory. — We  obtain  a  clearer  view  of  the  problem 
to  be  solved  if  we  pass  over  the  idea  of  resistance  and  fix  our 
attention  directly  upon  the  transformations  of  energy  which 
accompany  the  motion  of  a  ship.  Imagine  a  ship  which  is 
moving  at  constant,  speed  and  whose  engines  are  developing 
energy  effectively  at  a  certain  rate.  None  of  the  energy 
supplied  goes  into  the  motion  of  the  ship,  for  its  speed  re¬ 
mains  the  same  ;  clearly  all  the  energy  goes  into  the  water. 
If  we  could  calculate  completely  the  motion  of  the  water  we 
should  know  the  rate  at  which  energy  must  be  supplied  from 
the  ship  and  consequently  the  effective  horsepower  necessary 
to  maintain  a  given  speed.  Naturally  the  problem  has 
proved  too  difficult  to  solve  as  a  whole.  All  that  can  be  done 
is  to  classify  the  motions  of  the  water  into  groups  which  seem 
more  or  less  independent;  the  results  of  the  separate  calcula¬ 
tions  are  then  added  together  and  the  sum  compared  with 
the  total  effect  in  actual  experiments.  For  a  first  attempt  we 
consider  the  following  groups  of  motions  :  — surface  waves : 
wake  and  large  eddies;  smaller  eddies  of  turbulent  motion  ; 
rotations  and  heat-motions  of  the  particles  of  water.  Since 
the  rate  of  supply  of  energy  is  equivalent  to  some  resistance 
multiplied  by  the  speed  of  the  ship,  we  may  express  the 
results  of  calculations  in  terms  of  effective  resistance  obtained 
in  this  way.  The  latter  groups  in  the  above  scheme  are 
usually  taken  together,  and  their  effect  is  expressed  as  a 
frictional  resistance  calculated  from  an  empirical  formula 
based  on  experiment.  It  has  been  found  that  a  suitable  ex¬ 
pression  is  /’SV“,  where  V  is  the  speed  and  S  is  the  area  of  the 
wetted  surface  of  the  ship  ;  the  numerical  values  of  /"and  n  are 
taken  from  tables  of  experimental  results.  After  this  part  has 
been  deducted  from  the  total  effective  resistance,  the  re¬ 
mainder  is  called  the  residuary  resistance;  following  the 
usual  custom,  we  assume  that  this  is  associated  almost  en¬ 
tirely  with  the  surface  waves,  and  we  proceed  to  estimate 
the  rate  at  which  energy  goes  into  the  wave  motion. 
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The  well-known  wave  pattern  which  accompanies  a 
moving  ship  is  complicated,  as  it  consists  of  Loth  diverging 
waves  and  transverse  waves.  We  begin  with  the  simpler 
wave  formation  which  is  obtained  by  drawing  a  long  rod 
over  the  surface  at  a  steady  speed  in  a  direction  at  right 
angles  to  the  rod  :  we  observe  that  the  water  surface  behind 
the  rod  is  undulating,  with  parallel  ridges  and  hollows  suc¬ 
ceeding  each  other  regularly.  The  distance  between  conse¬ 
cutive  ridges  is  called  the  wave-length  ;  it  is  found  that  the 
waves  have  definite  wave  length  and  a  definite  height 
(a  feet)  above  the  mean  water  level  for  a  given  speed  (v) 
of  the  rod.  It  can  be  proved  that  over  the  T,ange  where 
there  are  regular  waves  the  mean  energy  of  the  wave  motion 
is  \wa2  foot-pounds  per  square  foot  of  the  surface,  where 
w  pounds  is  the  weight  of  a  cubic  foot  cf  water. 

What  is  the  length  of  the  train  of  regular  waves  behind 
the  rod  at  any  time?  Its  front  is  at  the  rod,  and  so  moves 
forward  with  velocity  v ;  its  rear  depends  upon  how  and  when 
the  rod  was  started.  Suppose  the  motion  has  been  steady 
for  a  considerable  time,  so  that  the  range  of  regular  waves  is 
large  compared  with  the  initial  disturbances  in  getting  up 
speed ;  it  can  be  shown  that  the  rear  of  the  train  of  waves 
moves  forward  at  a  certain  speed  ( u )  less  than  v.  This 
velocity  of  the  rear  is  called  the  “  group  velocity  ” ;  if  we 
observe  a  group  of  waves  advancing  into  still  water  we  may 
notice  the  crests  moving  forward  relatively  to  the  group, 
so  that  the  wave  velocity  is  greater  than  the. group  velocity. 
The  result  in  the  present  connection  is  that  the  wave-train 
is  increasing  constantly  in  length  at  a  certain  speed  ( v-u ); 
hence  the  energy  in  the  wave  motion  is  increasing  at  the 
rate  lira2  (v-u)  per  foot-length  of  the  rod.  Energy  must  be 
supplied  at  this  rate  in  order  to  maintain  the  constant  speed 
v  of  the  rod.  If  we  write  the  rate  of  supply  as  Rr,  then  R 
is  a  force  per  foot  of  the  rod  and  is  called  the  wave-making 
resistance.  We  have  then — 

E=|  w!(v-w)/!'  ,  ,  .  (1) 
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Some  interesting  conclusions  may  ho  taken  from  this 
equation.  R  is  nero  if  it  equals  v,  and  this  is  in  fact  ap¬ 
proximately  the  case  in  shallow-water:  the  whole  group  of 
transverse  waves  consists  then  of  a  hump  which  accompanies 
the  ship  at  its  own  speed  (r),  and  in  consequence,  once  the 
disturbance  is  formed,  no  further  supply  of  energy  is  needed. 

In  deep  water,  it  can  he  shown  that  u  is  lr :  we  limit  our 
consideration  here  to  this  case. 

We  must  examine  now  the  variation  of  the  height  (a) 
of  the  waves  with  the  speed.  The  motion  of  the  ship  makes 
differences  of  fluid  pressure  in  its  neighbourhood,  so  we 
may  consider  the  problem  as  equivalent  dynamically  to  a 
pressure  disturbance  moving  over  the  surface  of  the  water; 
the  effects  will  depend  both  upon  the  speed  and  upon  the 
character  of  the  disturbance. 

As  regards  the  velocity,  the  differences  of  pressure  in¬ 
crease  with  the  speed,  and  probably  they  are  proportional  to 
its  square. 

The  distribution  of  pressure  in  the  disturbance  depends 
upon  the  form  of  the  ship.  To  take  an  extreme  case,  if  the 
ship  were  an  infinite  raft  moving  over  an  infinite  sea,  the 
pressure  would  be  constant  over  the  surface  and  there  would 
be  no  waves;  on  the  other  hand,  if  the  lines  of  the  ship  are 
abrupt  the  pressure  changes  may  he  sudden  and  concen¬ 
trated  and  the  height  of  the  waves  greater.  A  detailed 
analysis  confirms  the  impression  that  in  general  the  height 
of  the  waves  is  diminished  by  diffusing  the  pressure  system. 
Rut  an  increase  of  speed  is  equivalent  to  a  diffusion  of  the 
pressure;  hence  we  have  a  two-fold  effect,  increase  of  speed 
increases  the  magnitude  of  the  pressures,  and  is  at  the  same 
time  equivalent  to  diffusing  them  over  a  greater  area. 
Thus,  there  appear  to  be  two  opposing  tendencies,  and  we 
infer  that  the  height  of  the  waves  should  not  increase 
indefinitely  with  the  speed  of  the  ship,  for  the  two  effects 
may  tend  to  balance  at  high  speeds. 

For  a  simple  type  of  pressure  distribution,  a  mathemati¬ 
cal  analysis  shows  that  the  wave-making  resistance  varies 
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will*  tlio  velocity  according  to  a  certain  exponential  func¬ 
tion,  namely, 

_  :i  fr'\2 

U  =  Ac  ’\v),  ■  •  ■  •  W 

where  A  and  id  are  constants  as  regards  v. 

Before  examining  this  relation  we  change  the  variables  in 
a  certain  manner.  Instead  of'  the  speed  v,  we  use  the  speed- 
Jength  ratio  c  defined  as  (speed  of  ship  in  knots)/V(length  in 
feet);  further,  the  resistance  It  is  expressed  in  lbs.  per  ton 
displacement  of  the  ship.  The  advantages  of  these  changes 
are  found  in  calculating  from  the  results  of  model  experi¬ 
ments  similar  quantities  for  a  ship  of  any  dimensions  on  the 
same  lines  as  the  model;  It  is  the  same  for  equal  values  of  c 
in  the  two  cases. 


i 


The  slope  of  the  curve  increases  up  to  the  value  e1,  and 
then  falls  off  for  higher  values  of  c.  It  increases  continu¬ 
ally  with  c,  and  approaches  a  limiting  value  eqoal  to  the 
coefficient  A.  If  we  compare  Fig.  1  with  any  experimental 
curve  of  residuary  resistance  we  find  that  the  general 
features  are  the  same,  hut  if  we  wish  to  obtain  a  close  agree¬ 
ment  over  a  large  range  of  values  of  c  there  are  two  ways  in 
which  the  formula  must  he  extended. 
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In  the  first  place,  in  ail  actual  ship  there  are  two  chief 
pressure  systeihs,  one  associated  with  the  entrance  at  the 
bow  and  the  other  with  the  run  at. the  stern.  The  undula¬ 
tions  caused  by  these  are  superposed  upon  each  other,  and 
the  result  is  that  the  resistance  curve  is  sometimes  above 
and  sometimes  below  a  mean  carve,  according  as  the  crests 
of  one  group  coincide  with  the  crests  or  with  the  troughs 
of  the  other  group  of  waves.  It  appears  probable  that  the 
variations  from  a  mean  value  R  can  be  represented  by  an 
additional  term  ill  cos  (vie2),  where  b  and  n  do  not  involve 
c  but  depend  upon  the  form  and  dimensions  of  the  ship. 

In  the  second  place,  in  addition  to  the  transverse  waves 
which  we  have  considered  alone  so  far,  there  are  waves 
diverging  from  the  bow  and  stern.  Regarding  these  as 
wave-trains  inclined  to  the  direction  of  motion,  certain 
considerations  suggest  a  similar  form  for  the  resistance  as 
before,  but  with  a  value  of  c1  one-third  its  value  for  the 
transverse  waves.  This  term  is  found  to  have  a  small  value 
compared  with  the  others,  and  is  only  of  importance 
relatively  at  lower  speeds. 

Summing  up  the  various  terms  we  obtain  a  general 
formula  of  the  type 

_ iYciy  -W-Y 

R=ae  '3C'  +/3  (1— y  cos  '  .  .  (3) 

An  inspection  of  experimental  results  shows  that  some 
of  the  coefficients  in  this  formula  may  be  given  fixed  values 
provisionally,  that  is,  they  arc  practically  the  same  for 
ordinary  types  of  vessels;  thus  we  find  cx  =  1'3,  ?/  =  10’2,  and 
y  =  0'l4  approximately.  A  good  agreement  can  be  obtained 
at  values  of  c  greater  than  1  by  using  only  the  second  term 
in  (3),  but  if  we  wish  to  cover  the  whole  range  by  one 
formula  we  must  include  all  the  terms.*  For  present  pur¬ 
poses  we  use  (3)  in  the  form 

_  2-53  _2v>3 

R=a*  W  +  (jK\ -0-14  cos  *  .  .  (4) 

*  Loc.  ct(.  an/e,  p.  215. 


64 


7 


A  Numerical  Analysis. — In  a  paper  by  D.  W.  Taylorf 
a  residuary  resistance  curve  is  given  for  a  certain  model 
(No.  892)  from  the  result  of  tank  experiments  up  to  a  value 
of  c  of  1*8.  This  is  given  almost  exactly  by  (4)  with  a  =  2 
and  ft  =  8 2'5.  All  the  results  are  now  calculated  in  terms 
of  effective  horsepower  for  a  ship  on  the  same  lines  as  the 
model.  In  the  following  table  the  column  headed  Ex¬ 
perimental  E.H.P.  was  obtained  in  this  way  from  the 
residuary  resistance  curve,  while  the  calculated  E.H.P. 
was  found  from  (4)  with  the  above  values  of  o  and  ft  ;  in 
both  cases  the  total  E.H.P.  was  obtained  by  adding  a  suit¬ 
able  frictional  part  0'00307/’SV2'83. 

The  data  for  the  ship  on  the  lines  of  the  model  are : 
Displacement  =  400  tons;  length  =  250  feet;  wetted  surface 
=  5,000  square  feet;  longitudinal  coefficient  =  0'68 ;  midship 
section  coefficient  =070;  frictional  coefficient  =  00897. 

Table  I. — Effective  Horse  Power. 


c. 

v. 

Experimental. 

Calculated. 

*/„  Wave. 

E-HP./V*. 

0-5 

7-9 

53 

54 

11 

•109 

0-8 

12-6 

227 

228 

20 

•112 

10 

15-8 

514 

510 

33 

•129 

1-2 

189 

888 

898 

37 

•132 

1-4 

221 

1,495 

1,495 

2,370 

42 

•144 

1-6 

253 

2,370 

46 

•147 

1-8 

28-4 

3,360 

3,360 

47 

■147 

2-2 

34  "8 

— 

6,400 

36 

•152 

2-6 

411 

— 

8,010 

36 

•116 

3  0 

47'4 

— 

11,160 

31 

•105 

40 

63  2 

22,250 

23 

•088 

The  agreement  between  columns  3  and  4  shows  that  the 
formula  (4)  is  capable  of  representing  the  experimental 
results  for  this  model.  In  regard  to  the  calculated  values 
at  high  values  of  c,  it  is  of  interest  to  compare  these  with  other 
calculations.  Cotterill*  states  that  for  certain  types  of  torpedo 
boats  the  total  resistance  is  approximately  80  c2  for  values 
of  c  between  1'5  and  2’5;  for  the  ship  under  discussion  this 
would  give  the  total  E.H.P.  as  582  c3.  This  formula  gives 

To.  1.  Taylor ,  Trana.  S.N.A.M.E.  (Naw  York,  Vol.  16,  p.  17  (190S). 

Cotterill,  Applied  Mathematici ,  p.  621. 
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2,380  at  c=l'G  and  3,400  at  c=l'8:  but  for  higher  values 
it  increases  very  rapidly,  and  gives  15,700  at  e  =  3  and  37,250 
at  c— 4. 

In  the  last  column  in  Table  I.  the  values  of  E.H.P./V3 
are  given ;  these  were  obtained  from  the  calculated  total 
power  in  each  case,  and  the  results  are  graphed  in  Fig.  2 
on  a  base  of  V/n/L.  The  curve  is  of  the  same  type  as  one 
which  has  been  deduced  from  the  performances  of  high¬ 
speed  motor  boats.* 

Column  5  in  Table  I.  gives  the  percentage  which  the 
wave  horsepower  is  of  the  total  horsepower.  It  attains 
a  maximum  in  this  case  of  nearly  50  per  cent  at  about 


c  =  T8.  After  this  value  the  ratio  diminishes,  for  the  wave 
resistance  begins  to  approach  its  limiting  value  while  the 
frictional  resistance  continues  increasing  as  V1'83.  If  we 
suppose  the  total  power  to  vary  as  Y“  in  the  neighbourhood 
of  any  given  value  of  Y,  we  can  find  how  the  index  n  varies 
with  the  percentage  ( p )  which  the  wave  power  is  of  the  total 
power  (E).  For  we  have 


E-F+&E=i^-°V." 

where  C  is  some  constant. 

Since  n  =  V(dE/dV)./E,  we  find 


9 


n  =  2*83  + 


V  dp 
100-p  d\  ' 


•  R.  E,  Froudc,  Tram.  Xav.  Arch.,  vol.  48,  p.  102  (1906). 
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greater  than  this  value.  Since  the  equivalent  index  n  is 
given  by  </  (log  K)/</(log  V),  its  changes  may  be  exhibited  by 
graphing  log  K  upon  a  base  log  V;  the  slope  of  this  curve 
gives  the  corresponding  value  of  n.  This  has  been  done  for 
the  ship  under  discussion,  and  the  result  is  shown  in  Fig.  3. 
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The  scale  is  not  sufficient  to  show  the  variations  in  the 
first  part  of  the  curve,  but  one  may  notice  the  short  interval 
between  c  =  2  and  c  =  8  for  which  n  drops  to  values  in  the 
vicinity  of  2;  after  this  the  index  rises  again.  The  region 
of  low  values  of  n  depends  upon  the  relation  of  wave  power 
to  frictional  horsepower;  hence  it  will  vary  not  only  with 
the  lines  of  the  ship  but  also  with  its  absolute  dimensions. 
This,  together  with  other  points  mentioned  in  the  previo\is 
study,  must  be  left  to  a  more  detailed  analysis  and  com¬ 
parison  of  experimental  results  for  models  of  different  types. 
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The  Wave-making  Resistance  of  Ships:  a  Study  of  Certain 
Scries  of  Model  Experiments. 

F>y  T.  H.  Havelock,  M.A.,  I).Sc.,  Armstrong  College,  Newcastle-on-Tyno. 

(Communicated  by  Prof.  Sir  Joseph  Larmor,  Sec.  R.S.  Received  June  7, — 

Read  June  23,  1910.) 

1.  In  a  previous  communication*  I  proposed  a  formula  for  the  wave- 
making  resistance  of  ships,  and  showed  that  it  expressed  certain  general 
qualities  of  experimental  results ;  further,  notwithstanding  the  limitations  of 
theory  and  the  difficulty  of  interpretation  of  experimental  data,  a  good 
numerical  agreement  was  found  in  several  cases  with  the  published  results  of 
tank  experiments  on  models  when  suitable  numerical  values  were  given  to 
the  coefficients  in  the  formula. 

This  paper  records  the  results  of  a  more  systematic  study  of  the 
numerical  values  of  some  of  the  coefficients,  the  data  being  taken  from  certain 
recent  series  of  experiments ;  for  the  present  the  discussion  is  limited  to 
those  types  of  model  whose  resistance-speed  curves  show  clearly  the  humps 
and  hollows  which  are  attributed  to  interference  of  wave-systems  originating 
at  the  bow  and  stern.  It  has  been  remarked  that  although  the  mode  of 
disturbance  is  different,  the  action  of  the  bows  of  a  ship  may  be  roughly 
compared  to  that  of  a  travelling  pressure-point,  and  further,  that  the  stern 
may  be  regarded  in  the  same  way  as  a  negative  pressure-poiut.f  This  point 
of  view  originated  in  the  well-known  paper  of  W.  Fronde]:  on  the  effect  of 
the  length  of  parallel  middle  body,  and  the  theory  was  developed  in  a  later 
paper  by  R.  E.  Froude§  ;  from  an  inspection  of  experimental  results  it  was 
seen  that  the  variations  in  magnitude  and  position  of  the  oscillations  were  in 
directions  which  agreed  with  the  above  interpretation.  On  account  of  the 
lack  of  an  adequate  formula,  the  available  data  have  not  yet  been  examined 
mmfierically  in  any  detail ;  the  present  investigation  aims  at  supplying  this  in 
some  measure.  Section  2  is  theoretical,  with  some  necessary  repetition  of 
previous  work  ;  Sections  3  and  4  contain  a  numerical  analysis  of  some  avail¬ 
able  experimental  curves.  In  Section  C  an  attempt  is  made  to  estimate  the 
effective  horse-power  of  the  “Turbinia,”  in  order  to  illustrate  certain  points  ; 
while  in  Section  G  the  limitations  of  the  interference  theory,  in  the 

♦‘Roy.  Soc.  Proc.,’  1909,  A,  vol.  82,  p.  276. 

^H.  Lamb,  ‘Hydrodynamics,’  1932  edn.  p.  438. 

tw.  Froude,  ‘Trans.  Inst.  Nav.  Arch.,’  1877,  vol.  18. 

§R.  E.  Froude,  ‘Trans.  Inst.  Nav.  Arch.,’  1881,  vol.  22. 
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conventional  use  of  the  term,  are  discussed  in  connection  with  the  residuary 
resistance  curves  of  finer-ended  models. 

2.  A  transverse  pressure  disturbance  travelling  over  the  surface  of  water  at 
right  angles  to  its  axis  leaves  in  its  rear  a  procession  of  regular  waves ;  on 
account  of  the  supply  of  energy  needed  to  maintain  this  system,  there  is  an 
effective  resistance  which  may  he  called  the  wave-making  resistance  of  the 
given  disturbance.  An  illustration  of  a  simple  type  of  disturbance, 
symmetrical  fore  and  aft  with  respect  to  its  axis,  is  afforded  by  the  function 
¥j(p2  +  z~),  whore  Ox  is  in  the  direction  of  motion.  The  length  p  may  he 
used  to  define  the  distribution  of  pressure  to  this  extent:  wholly  is  decreased, 
the  changes  are  more  concentrated  and  abrupt,  and  conversely ;  we  may,  as  a 
convention,  call  2 \p  the  effective  width  b  of  the  disturbance.  If  the  dis¬ 
turbance  is  made  to  move  with,  uniform  velocity  v  at  right  angles  to  its  axis, 
the  height  of  the  waves  can  be  calculated,  and  thence,  from  considerations  of 
energy,  the  corresponding  wave-resistance  R.  If  the  quantity  P  which  defines 
the  magnitude  of  the  disiurbanee  is  supposed  an  absolute  constant,  the 
calculation  of  R  as  a  function  of  v  gives  an  expression  which  rises  to  a 
maximum  and  then  diminishes  ultimately  to  zero  with  increasing  values  of 
the  velocity.*  But  if  the  pressure  disturbance  is  associated  with  a  moving 
ship,  it  seems  reasonable  to  suppose  that  P  depends  upon  the  velocity,  and  in 
fact  the  assui  ___  .,jn  is  that  P  varies  as  the  square  of  the  speed. 

In  this  way  we  obtain  the  result 

R  =  Be-6^2.  (1) 

where  B  is  independent  of  v.  According  to  this  expression,  R  increases  from 
zero  up  to  a  limiting  value  B ;  at  any  given  speed  R  is  a  certain  fraction  of 
the  value  B,  and  if  the  quantity  b  were  increased  the  same  value  of  R  would 
only  be  reached  at  some  higher  speed.  .Further  if  we  have  a  second 
expression  Ri  with  constants  Ifr,  b\,  greater  than  B,  b,  respectively,  the  curve 
for  Ri  will  intersect  the  curve  for  R  at  a  certain  velocity ;  at  lower  speeds 
Ri  <  R,  while  at  higher  values  Ifr  >  R. 

Suppose  now  that  a  similar  negative  pressure  system,  with  a  different 
coefficient  P,  but  with  the  same  width  b,  is  situated  behind  the  first  system, 
with,  a  fixed  distance  l  between  the  two  axes.  The  wave-making  resistance 
of  the  combined  system  is  given  by  an  expression  0(1  —  y  cos  (/l / 
where  0  and  y  are  independent  of  v.  In  applying  this  result  to  the  case  of  a 
ship,  wo  can  of  course  only  expect  agreement  if  the  type  of  model  is  such  that  we 
may  imagine  distinct,  but  mutually  interfering,  wave-systems  originating  at 
the  bow  and  stern ;  it  is  in  fact,  an  attempt  to  describe  the  wave-making 
*  Cf.  Lord  Kelvin,  1  Math,  and  I'hvs.  Papers,’  vul.  4,  p.  3!)G. 
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properties  of  a  ship  in  terms  of  the  coellicients  of  a  simple  equivalent  pressure 
distribution  of  the  type  specified.  Another  point  which  must  be  noted  is  that 
the  previous  expression  is  obtained  by  considering  two-dimensional  motion 
only ;  but  the  bow  and  stern  of  a  ship  act  more  like  point  disturbances  than 
as  transverse  line  systems,  hence  there  are  diverging,  as  well  as  transverse, 
waves.  In  default  of  a  fuller  analysis,  I  have  suggested  for  certain  reasons 
the  addition  to  It  of  a  term  ote~b^9v>;  it  is  retained  for  the  present,  because  it 
indicates  the  necessity  for  some  expression  of  the  diverging  waves  and  it 
agrees  with  certain  general  properties  of  them,  and  also  in  several  cases  it 
allows  us  to  obtain  better  numerical  agreement  at  lower  speeds. 

We  suppose  that  R  is  expressed  in  pounds  per  ton  displacement  of  the  ship, 
also  Y  is  the  speed  in  knots,  L  the  length  of  the  ship  on  the  water  line  in 
feet,  and  c  is  equal  to  V/^/L  ;  then  we  have 

rn  f  \  m_ 

It  =  ue~  9c-  +  /3  ( 1  —  y  cos  njc*  J  e~ci  lbs.  per  ton,  (2) 

where  m  =  11  -3&/L  and  n  —  1V3//L. 

In  the  following  examples  attention  is  directed  chiefly  to  the  variations  of 
/3  and  in,  and  incidentally  to  those  of  7  and  n.  The  length  b  cannot  be  taken 
directly  as  the  length  of  the  entrance  or  run  of  the  ship,  for  it  will  depend  also 
on  the  lines  of  the  model;  but  one  may  expect  the  ratio  b/L  to  decrease  as 
the  slope  of  the  model  at  the  bow  is  increased,  and  conversely ;  similarly  the 
number  n  will  vary  in  a  direction  which  may  be  predicted.  In  the  previous 
paper  sufficient  agreement  was  found  when  m  and  n  were  assigned  fixed 
values;  in  many  cases  the  mean  curve  of  residuary  resistance  appeared  to 
have  a  point  of  inflection  near  c  =  T3,  and  for  this  we  had  in  =  2  53  ;  further, 
the  humps  and  hollows  agreed  with  11  =  10-2  for  the  angle  n / c-  in  radians,  or 
v  =  584  for  the  angle  in  degrees.  With  none  of  the  coefficients  fixed  before¬ 
hand,  it,  is  necessary  to  adopt  some  method  of  approximation.  Drawing  the 
experimental  curve  of  residuary  resistance  on  a  suitable  scale,  a  fair  mean 
curve  was  sketched  in  and  an  equation  It  =  A was  found,  generally  by 
graphical  methods,  to  (it  tin's  as  closely  as  possible  ;  in  fact  it  was  the  original 
intention  to  limit  the  study  to  the  two  leading  coefficients  A  and  m  so  deter¬ 
mined.  The  value  of  m  is  now  fixed,  and  from  the  intersections  of  the  mean 
curve  with  the  actual  oscillating  curve  one  could  assign  a  value  to  n  with 
sufficient  accuracy.  Finally  the  three  remaining  quantities  were  found  from 
three  points  on  the  actual  curve,  for  example,  at  c  =  0  6,  1'2,  18,  if  the  curve 
extended  so  far.  In  practice  the  lowest  point  determines  «,  for  the  term  in  /3 
is  negligible  there  ;  for  the  same  reason  the  values  cf  /3  and  7  are  more  satis¬ 
factory  when  fairly  high  values  <-f  c  are  available.  In  all  cases  the 
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approximation  was  not  carried  further  than  the  circumstances  seemed  to 
warrant ;  the  values  of  the  coefficients  are  given  generally  in  round  numbers, 
and  the  theoretical  curves  were  calculated  throughout  their  range  from 
the  formulae  so  obtained. 

3.  The  first  series  is  taken  from  a  paper  by  D.  W.  Taylor*  on  the  influence 
of  the  shape  of  midship-section  upon  the  resistance  of  ships ;  from  the 
curves  in  that  paper  I  have  taken  four,  which  form  a  series  having  the  same 
midship-section  coefficient,  but  with  different  displacements.  The  data  and 
the  results  are  given  in  the  following  table' : — 


Table  I. — Models  I  to  IV. 


No. 

Displace¬ 
ment 
in  lbs. 

Displace¬ 

ment-length 

coefficient. 

Beam. 

Draft. 

a. 

is. 

y ■ 

m. 

n. 

I 

600 

26  -6 

1  -366 

0-467 

1  6 

81 

0  14 

2-7 

584 

It 

1000 

63  -2 

1  -930 

0-660 

2-0 

160 

0-18 

3  0 

540 

III 

1600 

79  -8 

2  -364 

0  -809 

2-0 

240 

0-18 

3-2 

640 

IV 

2000 

119-7 

2-896 

0-991 

2-5 

360 

0-18 

3-5 

540 

Cylindrical  coefficient  =  0  ‘68  ;  midship-section  coefficient  =  0  -90 ; 
water-line  length  =  20  ‘51  feetj  beam/draft.  —  2  '923. 


The  curves  in  fig.  1  indicate  the  results  of  the  analysis ;  in  each  case  the 
continuous  curve  is  the  experimental  curve  of  residuary  resistance ;  the 
points  marked  by  circles  have  been  calculated  from  the  formula  (2),  wdiile 
the  broken  curve  is  a  mean  curve  graphed  from  the  expression 
ag-m/9cs_|_^3g-m/e5  The  calculated  curves  have  been  extended  as  far  as  c  —  3, 
in  order  to  include  the  highest  theoretical  point  of  intersection  of  the  mean 
and  oscillating  curves. 

The  third  column  in  Table  I  refers  to  a  coefficient  of  fineness  used  by 
Taylor  in  the  paper  referred  to  ;  it  is  defined  as  D/(L/100)S,  where  I)  is  the 
displacement  of  the  model  in  salt  water  in  tons,  and  L  is  the  water-line 
length  in  feet.  It  is  a  method  of  estimating  the  proportions  of  a  model  by 
the  displacement  of  a  ship  of  the  same  lines  and  of  100-feet  length. 

From  the  numbers  in  Table  I,  /3  appears  practically  proportional  to  the 
displacement.  The  resistance  K  has  been  calculated  in  pounds  per  ton 
displacement,  so  that  dimensionally  ^  is  a  pure  number.  In  this  series 
certain  quantities  are  constant,  namely,  with  the  ordinary  notation,  L,  B/H, 
(B  x  H  x  L)/D,  and  (area  of  midship-scction)/(B  x  H).  As  far  as  this  series 
is  concerned  we  might  regard  &  as  proportional,  for  instance,  to  (lixH)/La 
or  to  the  displacement-length  coefficient. 

■"D.W.  Taylor,  ‘Trans.  Amer.  Soo.  Nav.  Arch.,’  vol.  16,  p.  13  (1908). 
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The  index  m  of  the  exponential  increases  slightly  with  the  displacement, 
that  is,  with  increasing  beam  and  draft ;  this  variation  is  in  the  direction 


W  <W  «  06  W  K  M  16  W  20  22  2«  26  26  JO 


one  might  anticipate,  as  it  indicates  a  greater  diffusion  of  the  pressure 
changes.  In  regard  to  the  coefficients  specifying  the  interference  between 
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the  bow  and  stern  systems,  7  is  larger  at  the  higher  displacements,  while  n 
is  less ;  both  variations  are  consistent  with  a  diminution  of  the  distance 
between  the  axes  of  the  simple  equivalent  pressure  distributions. 

To  illustrate  the  smaller  changes  which  are  possible  at  the  same  displace¬ 
ment,  three  models  are  taken  from  the  same  paper,  having  different  midship- 
section  coefficients  with  the  same  area  of  midship-section ;  thus  smaller 
coefficients  are  associated  with  greater  beam  and  draft.  One  of  these  three 
is  No.  1  of  Table  I :  midship-section  coefficient  =  0  9,  =  SI,  m  =  2*7. 

Another  of  the  set  I  had  already  used  in  my  previous  paper  with  the  results : 
midship-section  coefficient  =  0'7,  J3  =  82*5,  m  =  2  53.  For  the  third  of  the 
series  the  same  coefficient  is  IT,  and  there  is  a  good  agreement  by  taking 
0  =  79-5,  m  =  2-87. 

4.  The  next  sets  of  experimental  results  are  taken  from  a  paper  by 
D.  W.  Taylor*  on  the  influence  of  length  of  parallel  middle  body.  One  must 
notice  that  the  problem  investigated  is  not  quite  the  same  as  in  the  paper 
by  W.  Froude  referred  to  above.  In  the  latter  case  the  bow  and  stern  of 
the  model  were  unaltered,  but  varying  lengths  of  parallel  middle  body  were 
inserted  between  them,  so  that  the  special  effect  was  isolated  as  far  as 
possible.  In  Taylor’s  experiments  the  models  have  constant  length  and 
displacement,  but  varying  proportions  of  the  length  are  occupied  by  a 
parallel  middle  body,  and,  of  course,  the  bow  and  stern  vary  in  form  so  as  to 
keep  the  displacement  constant ;  the  effect  is  thus  more  complex  theoretically. 
We  may  anticipate  the  direction  of  variation  of  some  of  the  coefficients 
with  increasing  percentage  of  parallel  middle  body  under  these  conditions. 
Since  the  ratio  of  the  length  of  entrance  and  run  to  the  length  of  the  ship 
becomes  less,  the  index  m  should  decrease ;  also  the  effective  distance  apart 
of  the  bow  and  stern  systems  becomes  greater,  so  at  the  same  time  7  should 
decrease  and  n  increase. 


Table  II.— Models  V  to  VIII. 


No. 

Percentage  of 
parallel 
middle  body. 

Cylindrical 
coefficient 
of  ends. 

cu 

P- 

y ■ 

m. 

». 

V 

0 

0*740 

2*6 

135 

0*17 

2*53 

684 

VI 

24 

0*668 

2  *0 

145 

0*16 

2*45 

684 

VII 

30 

0*694 

2  *0 

156 

0*14 

2*36 

605 

VIII 

48 

0*600 

2*0 

165 

0*12 

2*10 

650 

Displacement  =  1000  lbs. ;  length  =  20'51  feeti  beam  =>  1'682  j  draft  *»  0*673 ;  displacement 
length  coefficient  »  63*2 ;  midship-section  coefficient  *■  0*96  ;  beam/druf t  =  2  *5. 

•D.W.  Taylor,  ‘Trans.  Amei.  Soc.  Ntw.  Arch.,’  vol.  17,  p.  171  (1909). 
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Table  II  contains  the  results  for  a  set  of  four  models  of  1000  lbs.  displace¬ 
ment,  together  with  other  data;  the  corresponding  curves  are  shown  in  fig.  2 
in  the  same  manner  as  before. 
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From  the  curves  in  fig.  2,  it  will  be  seen  that  the  calculated  curves  express 
the  general  variations  in  the  manner  anticipated  above.  The  numerical 
agreement  is  best  throughout  the  range  for  Model  V,  while  for  the  other 
curves  the  agreement  at  lower  values  of  c  is  not  so  good ;  this  appears  to  be 
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associated  with  the  change  in  shape  of  the  ends  of  the  model.  Although  for 
the  whole  length  of  each  model  the  cylindrical  coellicient  is  0'74,  on  account 
of  increasing  proportion  of  parallel  middle  body  the  ends  become  finer  ;  this 
is  indicated  in  the  third  column  of  Table  II.  The  formula  (2),  in  its  present 
form,  gives  best  numerical  agreement  for  models  with  fuller  ends,  that  is, 
with  fairly  high  cylindrical  coefficients;  this  point  is  examined  further 
below. 

The  same  remarks  apply  to  a  second  set  of  four  models,  taken  from  the 
same  paper,  having  a  displacement  of  1500  lbs.  The  results  arc  given  in 
Table  III  and  the  curves  in  fig.  3.  For  Curve  XII,  a  point  in  connection  with 
the  interference-coefficients  7  and  n  may  be  noticed  Whatever  value  of  n 
is  used,  if  the  simple  theory  is  to  be  adequate,  there  must  be  certain  re1  ation? 
between  the  values  of  c  at  which  the  humps  and  hollows  occur ;  beginning 
with  the  highest  values  and  working  down  to  lower  speeds,  the  successive 
values  of  c  at  which  hollows,  humps,  and  mean  values  occur  must  be 
proportional  to  the  reciprocals  of  the  sequence 

\/6,  \AFE,  a/l,  \/T5>  V2,  x/¥E,  . 

In  all  the  curves  given  here  the  graphs  have  been  extended  to  c  =  3,  so  as 
to  include,  in  most  cases,  the  highest  mean  value,  corresponding  to  the  second 
term  in  the  above  series.  In  most  cases  it  was  possible  to  choose  n  so  that 
this  relation  was  approximately  satisfied,  but  the  difficulty  increases  apparently 
at  higher  displacements,  such  as  in  Model  XII.  The  mean  curve  shown  for 
this  case  in  fig.  3  represents  the  curve  11  =  255 c-2'^ ;  determining  the  value 
of  n  from  the  intersections  of  this  with  the  actual  curve,  the  numbers 
obtained  from  the  higher  positions  are  larger  than  those  from  the  lower 
speeds.  In  consequence,  the  circles  showing  the  theoretical  continuation 
of  the  curve  have  been  calculated  with  7  =  015  and  n  =  010,  without 
attempting  a  fit  over  the  whole  curve. 


Table  HI.— Models  IX  to  XII. 


No. 

Percentage  of 
parallel 
middle  body. 

Cylindrical 
coefficient 
of  end*. 

a. 

0. 

■ 

m. 

* 

ft. 

IX 

3 

0  7 10 

2  -5 

200 

0  10 

2-7 

684 

X 

21 

0  -058 

2-2 

210 

0  17 

2-04 

584 

XI 

36 

0  504 

2  0 

235 

0  14 

2  0 

010 

XII 

48 

0  500 

255 

2-3 

Displacement  *■  1500  lb»,  j  length  ■=  20  51  feet. ;  beam  =  2  000  j  draft  -  0'824 ;  displacement- 
length  coefficient  -  79'8  ;  midithip-iection  coefficient  •»  O'OO ;  beam/draft  =  2-5. 
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5.  The  curves  in  the  previous  sect  ions  have  been  examined  ehiet'iy  from  a 
theoretical  point  of  view,  that  is,  with  the  object  of  testing  in  these  cases 
the  general  adequacy  of  a  certain  type  of  simple  equivalent  pressure 
distribution.  One  might  try  also  to  classify  the  coefficients  of  the  formula, 
so  as  .o  obtain  empirical  expressions  f«*r  them  in  relation  to  the  form  of 
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the  model.  The  latter  is  frequently  specified  by  various  coefficients  of 
fineness,  which  of  course  give  only  an  approximate  estimate  of  form,  and 
in  any  case  do  not  make  a  set  of  independent  variables  ;  no  attempt  is 
made  here  beyond  giving  all  the  available  data  for  each  model.  With  the 
results  given  above  and  in  the  previous  paper,  one  can  find  an  approximate 
estimate  of  the  leading  coefficient  /?,  at  least  for  forms  similar  to  those  already 
examined.  It  was  noticed  that,  other  things  being  equal,  /?  was  proportional 
to  the  displacement-length  coefficient;  also  for  given  values  of  the  latter 
(5  appears  to  be  approximately  proportional  to  the  ratio  of  beam  to  draft. 
This  seems  reasonable,  since  wave-making  is  largely  a  surface  effect ;  that  is, 
for  a  disturbance  travelling  below  the  surface  the  wave-making  falls  off 
rapidly  with  its  depth.  In  several  of  the  cases  already  examined,  it 
happens  that  is  numerically  only  slightly  larger  than  the  product  of  the 
two  ratios  mentioned,  that  is,  /S  is  a  little  greater  than  (B/H)x  D/(L/100):1, 
with  all  the  quantities  in  the  units  specified  above.  This  result  is  used  now 
to  make  an  approximate  estimate  of  total  effective  horse-power  for  a 
certain  ship,  as  it  affords  opportunity  for  introducing  other  points  of 
interest.  The  data  for  the  ship  are  those  of  the  “  Turbinia,”  as  far  as 
they  are  available  from  the  published  record  of  trials.* 

Turbinia. — Displacement  =  44J  tons  ;  length  =  100  feet ;  beam  =  9  feet ; 
draft  =  3  feet;  cylindrical  coefficient  =  0  66  ;  speed  =  31  knots. 

The  displacement-length  coefficient  is  44*5,  while  the  ratio  of  beam  to 
draft  is  3;  since  the  cylindrical  coefficient  is  less  than  those  already 
examined,  we  take  0  as  about  5  per  cent,  greater  than  t  he  product  of  these 
two  ratios,  that  is,  /3  =  140.  Following  out  the  indications  of  the  previous 
eases,  m  should  be  nearly  3 ;  as  we  shall  calculate  quantities  for  c  =  31 
the  exponential  c"'"/*2  only  varies  slowly  with  ?»,  so  that  m  =  3,  with  suffi¬ 
cient  approximation.  Under  the  same  conditions  we  take  n/c 3  =  60°  and 
7  =  015,  also  »  =  2.  Calculating  from  formula  (2)  with  these  values,  we 
obtain  an  estimate  of  410  for  the  effective  horse-power  of  the  ship  at  31  knots 
due  to  wave-making,  with  the  possibility  of  this  being  slightly  in  defect ; 
any  of  the  usual  approximate  formula*,  with  simple  powers  of  the  speed,  when 
extended  to  this  high  value  of  c  give  possibly  twice  this  estimate,  a  result 
which  is  much  too  high.  If  we  take  the  area  of  wetted  surface  (!S)  as 
970  square  feet  and  the  frictional  coefficient  (/)  as  0  0095,  wo  may  calculate 
the  frictional  effective  horse-power  from  the  expression  0')0307/8V2'8'' ;  it  is 
470  at  31  knots.  We  obtain  thus  an  approximate  estimate  of  880  for  the 
total  effective  horse-power  of  the  ship  at  31  knots.  It  is  stated  in  the  record 
re'-rred  to  above  that  tho  total  effective  horse-power  at  31  knots  is  946, 
*  C.  A.  I’itrsous,  *  Trails.  lust.  Nuv.  Arcb.,’  181)7,  voJ.  38,  j»,  232, 
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obtained  by  Fronde’s  method  from  tank  experiments  on  a  model  of  the  ship; 
no  details  of  the  calculation  are  given.  Although  the  estimate  above  is  only 
approximate,  another  possible  factor  should  be  noted;  this  is  the  influence  of 
the  finite  depth  of  the  tank,  it  has  been  stated  that,  from  recorded  experi¬ 
mental  data,  this  effect  becomes  appreciable  when  the  length  of  the  waves 
exceeds  twice  the  depth;  this  means  approximately  when  c>l‘9/i/L,  h  being 
the  depth  of  water  and  L  the  length  of  the  model.  This  appears  to  agree 
with  the  curves  of  fig.  11  of  my  previous  paper,  which  were  obtained  from 
theoretical  considerations.  The  effect  of  shallow  water  is  an  excessive 
increase  in  the  resistance  for  a  considerable  range,  but  if  the  speed  is  made 
high  enough  the  resistance  may  become  even  less  than  in  deep  water  at  the 
same  speed.  It  seems  possible  that  the  tank  experiments  quoted  above  come 
within  the  range  of  excess  of  transverse  wave-making  resistance.  It  is  stated 
that,  assuming  a  propulsive  coefficient  of  CO  per  cent.,  the  value  of  94G  means 
a  corresponding  indicated  horse-power  of  157C;  it  maybe  noted  that  the 
estimate  of  880  corresponds  to  the  same  indicated  horse-power  with  an  efficiency 
of  about  50  per  cent.  In  this  connection  the  following  remark  may  be  quoted 
from  a  recent  discussion :  “  Is  it  possible  that  this  is  one  contributing  cause 
to  the  large  propulsive  coefficients  obtained  by  torpedo  craft  compared  with 
those  obtained  in  full-sized  vessels,  viz.,  that  the  tank  effective  horse-power  of 
torpedo  craft  models  is  over-rated,  because  of  excessive  transverse  wave¬ 
making  resistance  in  the  ‘  shoal  water  ’  of  the  tank  ”  ?* 

6.  It  must  be  noted  that  all  the  preceding  calculations  refer  to  rather  full- 
ended  models,  that  is,  with  a  cylindrical  coefficient  of  about  0G8  and 
upwards.  It  was  upon  such  a  type  that  the  original  experiments  of  Fronde 
were  performed,  and  it  seems  that  the  characteristic  interference  effects  occur 
specially  in  such  vessels  ;  the  latter  are  associated  with  the  idea  of  two  fairly 
distinct  systems  of  pressure  disturbance  at  how  and  stern  respectively.  Now 
if  the  ends  are  made  finer  it  is  reasonable  to  imagine  the  two  systems 
coalescing  into  what  could  be  more  accurately  interpreted  as  one  pressure 
.  vstem.  This  would  he  more  diffused  over  the  length  of  the  ship,  so  the 
equivalent  index  v<  should  he  larger;  further,  since  for  constant  displace¬ 
ment  finer  ends  mean  larger  beam  and  draft,  the  limiting  coefficient  /d  should 
he  larger.  Consequently,  for  doeieasing  cylindrical  coefficient,  at  constant 
displacement,  the  curves  of  residuary  resistance  should  be  intersecting  curves, 
lower  at  low  speeds  ami  then  ultimately  higher.  This  is  illustrated  in  the 
curves  in  fig.  4,  which  have  been  superposed  to  show  the  point  in  question. 
The  curves  are  taken  from  a  series  of  iO00-lb.  models  by  1>.  \V.  Taylor,  of 

*  K.  Wilding,  ‘Ti  ois  ln>t.  \av.  Aivli.,’  It«m,  \ol.  f,|,  j»,  |So. 
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constant  midship-section  coefficient  0-926,  and  with  the  ratio  of  beam  to  draft 
2-923  ;  the  cylindrical  coefficients  are  068,  0‘60,  and  0-48. 


The  curve  with  a  coefficient  of  0  08  is  represented  quite  well  by  formula  (2) 
with  a  =  2,  ft  =  155,  7  =  0'14,  m  —  2  9,  n  =  584;  the  circles  represent 
calculated  points.  The  typical  oscillations  are  clearly  visible  in  this  curve 
but  they  appear  to  be  absent  altogether  from  the  other  two  curves;  the 
general  character  of  the  latter  curves  is  in  accordance  with  the  remarks  made 
above.  One  may  even  obtain  some  numerical  agreement  with  y  zero  and 
larger  values  of  ft  and  m,  but  it  is  unsatisfactory  without  a  further  examina¬ 
tion  of  intermediate  st  ges  and  their  equivalent  pressure  distributions; 
another  point  is  that  with  a  larger  value  of  m  the  first  term  in  the  formula, 
which  represents  the  diverging  waves,  becomes  more  important,  and  adds 
another  reason  for  deferring  the  study  ot  liner-ended  models. 


Uakhisos  anu  Sons,  i'rimrr*  m  Ordinary  t>.  Hi*  late  Mij.-aly,  Si.  M'lrliti'*  Ijinr, 
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( Excerr<t  from  the  Proceedings  of  the 
UniversU,  of  Durham  Philosophical  Society, 
Vol.  IV.,  Part  2.) 


The  Displacement  of  the  Particles  in  a  Case 
of  Fllii>  Motion. 

liy  T.  JL  Havelock,  M.A. ,  D.Sc. 

[Read  March  3rd,  191  l.j 

The  leading  features  of  the  motion  induced  by  the  passage 
of  a  cylinder  through  a  perfect  fluid  are  well  known,  but 
certain  aspects  of  tlie  permanent  displacement  of  the  fluid 
particles  are  less  familiar.  The  following  notes  on  these 
were,  suggested  b}-  an  unexplained  paradox  which  is  men¬ 
tioned  in  recent  treatises,  such  as  Lanchester’s  Aero-dynamics 
and  Taylor’s  Speed  and  Power  of  Ships;  it  was  found  later 
that  the  same  difficulty  is  mentioned  by  Maxwell  in  a  paper 
on  the  paths  of  the  particles.  The  present  remarks  are 
arranged  as  follows : 

1.  From  the  ordinary  theory  of  the  fluid  motion  is 

deduced  a  simple  proof  of  ltankine’s  formula  for  the 
radius  of  curvature  of  the  path  of  a  particle,  and  the 
solution  is  then  completed  in  terms  of  elliptic 
functions. 

2.  After  drawing  paths  of  particles,  curves  are  obtained 

for  the  subsequent  positions  of  lines  of  particles 
which  were  abreast  of  the  cylinder  at  certain  times. 

3.  A  graphical  study  of  the  deformation  of  a  group  of 

particles  as  it  passes  near  the  cylinder  suggests  a 
difference  between  the  behaviour  of  an  ideally  con¬ 
tinuous  fluid  and  one  which  is  molecular. 
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A  discussion  of  t lie  paradox  that  the  fluid  appears  to 
have  a  permanent  forward  displacement  ultimately. 
The  difficulty  is  shown  to  arise  from  the  introduction 
of  infinities  without  precise  definition  of  conditions. 
Analytically  the  ambiguity  occurs  in  the  form  of  a 
double  integral  whose  value  depends  upon  the  order 
of  performing  the  integrations. 

1. — A  circular  cylinder  of  radius  a  and  of  infinite  length 
moves  through  an  infinite  fluid  with  uniform  velocity  v  at 
right  angles  to  its  axis.  The  fluid  is  assumed  to  he  perfectly 
continuous,  frictionless,  and  incompressible;  and  under 
these  conditions  a  certain  continuous  motion  is  determined 
in  the  fluid.  Let  the  diagram  in  Fig.  1  represent  a  section 
at  right  angles  to  the  axis  of  the  cylinder,  the  circle  with 
centre  0  being  a  section  of  the  cylinder  at  any  instant. 


The  fluid  at  any  point  P(r,0)  is  moving  with  velocity 
m2!r3  in  a  direction  making  an  angle  20  with  Ox,  that  is 
tangentially  to  a  circle  through  P  touching  the  axis  of  x  at 
().  Thus  the  fluid  at  points  on  a  circle  such  as  OPA  is 
moving  tangentially  to  the  circle  at  each  point  at  a  given 
instant.  This  solution  gives  the  actual  velocity  of  the  fluid 
at  any  point  at  any  time;  it  does  not  follow  the  motion  of  a 
given  particle  of  the  fluid.  If  we  fix  attention  upon  a  fluid 
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particle  at  P  in  Fig.  1,  we  could  trace  its  path  relatively  to 
the  cylinder  by  superposing  on  its  actual  motion  a  backward 
velocity  it  parallel  to  0..”  It  can  be  shown  that  this  relative 
path  is  a  curve  PBC  wh  ;e  equation  in  terms  of  y  and  r  is 

y{  =  . (*> 

where  b  is  the  distance  of  the  particle  from  the  axis  O.r  when 
at  an  infinite  distance  before  or  behind  the  cylinder.  These 
curves,  given  by  different  values  of  b,  would  he  the  actual 
paths  of  the  fluid  particles  if  the  cylinder  were  at  rest  and 
the  fluid  were  streaming  past  it.  In  the  case  under  con¬ 
sideration  the  cylinder  is  moving  and  the  fluid  is  at  rest  at 
infinity  ;  hence  the  actual  path  of  a  particle  may  be  imagined 
as  the  path  in  (1)  referred  to  axes  moving  with  uniform 
velocity  w.  The  equation  of  the  path  was  first  obtained  by 
Rankine1  in  the  form  of  a  relation  between  the  ordinate  y 
and  the  radius  of  curvature  p.  It  can  be  deduced  from 
Fig.  1. 

We  have  pd{26)l<it  =  velocity  of  particle  at  P  =  wa2/r2. 
By  writing  down  the  velocity  of  P  relative  to  O  in  a  direc¬ 
tion  at  right  angles  to  OP  we  have 

.  m-  •  a 
r-j-  =  u  sin  8  +  — r  sin  8. 
at  r2 

From  these  two  equations,  with  y  for  r  sin  6,  we  obtain 
2p.y(l  +  a2Jr-)~a-.  But  relatively  to  the  cylinder  the 
particle  lies  on  the  curve  given  by  equation  (1)  above  ;  hence, 
substituting  for  a2|r2  we  find  the  result 

\  =  . <*> 

As  Rankine  pointed  out,  this  represents  in  general  a  case  of 
the  ‘elastic  curve’;  and,  in  fact,  the  path  of  a  particle  is  one 
loop  of  a  coiled  elastica.  We  can  complete  now  the  solution 
of  (2).  For  any  given  particle,  fixed  by  the  value  of  b,  if  0 

1  W.  J.  M.  Rankine,  /Vo'/.  Tran*.  A.,  vol.  154,  p.  369,  1864.  The 
result  i*  erroneously  attributed  to  Maxwell  in  the  article  on  hydromechanics 
in  the  Encyclopedia  liritannica,  11th  til. 
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ie  the  angle  between  the  tangent  to  the  path  and  the  axis 
Ox,  we  have  on  integrating  (2) 

y  =  +  (1  !>-  +  hn'2  +  i«2  cos  6)*  (3) 

We  choose  the  axis  0 y  so  that  x  is  zero  when  y  is  a  maximum, 
and  measure  the  arc  s  from  this  point.  Then 


»-**+>©!  (4> 


where  the  modulus  of  the  elliptic  functions  is  k=(l  +  b2/4as)~i. 

In  terms  of  elliptic  integrals  which  are  usually  tabulated, 
namely  F(/r,  </>)  and  E (&,<£)  and  the  corresponding  complete 
integrals  K  and  E,  we  find  the  following  results :  the  letters 
refer  to  the  sy  mmeirical  curve  in  fig.  2. 

(i)  At  the  point  B.  y  —  \b  +  a/k ;  p  =  JAn. 


(ii)  At  C,  the  widest  part  of  the  loop.  y=|A+-v'(l  —  k2) ; 

Ik/ 

x  *  ±ka  {  (l  -  Jr)F(*,  45°)  +  pE {k,  45°)  }  ; 
p-Jfcl/V'U-***). 

(iii)  At  an  end  point  A.  y=  b;  x  =  ycaj^l  —  p^K+pEj  ; 
P  =  a2 12b. 


These  data  are  generally  sufficient  for  drawing  the  curve 
with  considerable  accuracy.  From  the  periodicity  of  the 
elliptic  function?  we  can  also  write  down  the  total  length  of 
the  path  ABC!) ;  it  is  equal  to  kKu.  As  a  numerical 
example,  one  finds  that  the  total  distance  covered  by  a 
particle  initially  at  a  distance  «  from  the  axis,  as  the  cylinder 
moves  from  an  infinite  distance  behind  to  an  infinite  distance 
in  front  of  the  particle,  is  approximately  2 o;  this  is  the 
curve  denoted  by  TO  in  Tig.  2.  It  need  hardly  be  pointed 
out  that  although  the  limiting  length  of  path  is  finite,  the 
time  involved  becomes  infinite. 

In  Fig.  2,  some  curves  are  drawn  for  various  values  of  the 
ratio  of  b  to  a;  except  in  one  case,  only  half  of  each  complete 
path  is  shown.  For  b  zero,  the  path  is  infinite  in  length  and 
is  given  by 

x  —  a  tan  h(2i'/a)  —  * ;  y  =  a  sec  b(2 »ja). 
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The  cross-marks  on  the  curves  indicate  the  spaces  covered  in 
successive  equal  intervals  of'  time  by  particles  which  were 
simultaneously  at  similar  points  (It)  of  their  paths. 

2. — it h  the  help  of  these  curves  we  can  trace  the 
changes  in  any  line  containing  always  the  same  particles. 
For  this  purpose  we  draw  the  relative  stream  lines  given  by 
(1),  for  the  same  values  of  bin  as  are  shown  in  Fig.  2.  We 

superpose  this  diagram  on 
Fig.  2,  with  the  axes  of  x 
coinciding,  and  draw  a  curve 
through  the  intersections  of 
corresponding  actual  and  rela¬ 
tive  paths ;  displacing  one 
diagram  parallel  to  the  direc¬ 
tion  of  motion,  we  mark  again 
the  intersections  and  obtain 
the  displaced  position  of  the 
same  set  of  particles.  For 
instance,  with  the  actual 
paths  as  in  Fig.  2,  we  obtain 
by  this  method  the  successive 
positions  of  a  line  of  par¬ 
ticles  which  at  some  instant 
formed  a  straight  line  abreast 
of  the  cylinder;  these  curves  are  shown  for  one  quadrant  in 
Fig.  3. 

The  diagram  can  also  be  described  in  another  manner. 
The  cylinder  moves  from  left  to  right.  At  the  instant  repre¬ 
sented  in  Fig.  3,  AB  is  a  line  of'  particles  abreast  of  the 
cylinder;  the  successive  curves  to  the  left  are  the  present 
positions  of  particles  which  were  abreast  of  the  cylinder  at 
certain  equal  intervals  of  time  previously.  The  unit  of  time 
T  is  that  taken  by  the  cylinder  to  move  through  one-quarter 
of  its  diameter.  Thus  the  curve  C'D’E1  represents  the 
present  position  of  particles  which  were  abreast  of  the 
cylinder  at  CDE  at  a  time  5T  previously.  It  may  be 
noticed  that  the  circumference  of  the  cylinder  forms  part. 
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in  the  limit,  of  one  of  the  relative  stream  lines;  so  that  the 
same  particles  are  always  in  contact  with  the  cylinder,  us 
the  ordinary  ideal  theory  requires. 

■  5.  -To  trace  out  the  deformation  of  other  lines  of 
particles,  it  is  necessary  to  adjust  first  the  curves  in  Fig.  2. 
For  instance,  to  obtain  curves  which  have  been  drawn  by 
Maxwell,  we  arrange  the  paths  in  Fig.  so  that  the  initial 
points  (A)  lie  in  a  straight  line  perpendicular  to  O.r;  then 
by  the  same  process  as  before,  we  obtain  the  successive  forms 
of  a  line  of  particles  which  lay  in  a  straight  line  initially 


wlien  at  a  great  distance  in  front  of  the  cylinder.  We  could 
trace  similarly  the  deformation  of  groups  of  particles. 

Fig.  4  was  obtained  by  this  method;  it  illustrates  the 
extreme  deformation  which  occurs  near  the  cylinder.  Con¬ 
sider  for  a  moment  that  the  cylinder  is  at  rest  and  the  fluid 
streams  past  it  from  left  to  right.  The  three  enclosed  areas, 
equal  in  magnitude,  are  successive  positions  of  the  same 
group  of  particles. 

It  has  been  mentioned  already  that  the  ordinary  solution 
of  this  problem  assumes  that  the  fluid  is  infinitely  divisible 
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into  ports  retaining  tin*  characteristic  properties  of  a  fluid. 
We  introduce  other  limitations  when  we  regard  the  fluid  as 
made  up  of  a  large,  hut  finite,  number  of  particles  or  mole¬ 
cules  which  retain  their  identity  during  the  motion.  For 
such  a  molecular  fluid,  it  is  known  that  solutions  obtained 
by  continuous  analysis  imply  that  the  molecules  move  in 
s.n  it  a  way  that  their  order  of  arrangement  does  not  alter. 
Also  if  we  consider  a  group  of  molecules  forming  an  element 
of  volume  round  some  point  at  any  time,  the  same  molecules 
will  form  an  element  of  volume  in  the  neighbourhood  of  some 
other  point  at  any  subsequent  time;  that  is,  the  deformation 
of  an  element  of  volume  must  be  infinitesimal.  An  inspec¬ 
tion  of  Fig.  4  shows  that  this  condition  is  not  fulfilled  in  the 


vicinity  of  the  cylinder.  One  can  imagine  a  curve  drawn 
round  the  cylinder,  not  symmetrical  fore  and  aft,  within 
which  the  conditions  are  certainly  .not  satisfied.  These 
considerations  may  help  to  remove  an  apparent  absurdity. 
If  we  examine  curves,  as  Maxwell’s,  showing  the  successive 
forms  of  lines  of  particles  originally  straight  in  advance  of 
the  cylinder,  we  notice  that  the  cylinder  never  penetrates 
through  any  such  line,  all  of  them  bping  looped  always  round 
the  cylinder.  Quite  apart  from  other  considerations  which 
enter  in  the  case  of  an  actual  fluid,  we  are  relieved  from  this 
conclusion  by  remembering  that,  on  account  of  molecular 
constitution  alone,  there  is  a  region  round  the  cylinder 
within  which  the  solution  obtained  by  rontinuous  analysis 
does  not  represent  the  true  state  of  motion. 
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4. — We  consider  now  the  paradox  to  which  reference  has 
been  made  above,  returning  to  the  solution  of  the  first  two 
sections.  If  we  imagine  the  fluid  to  be  contained  within  a 
fixed  vessel  it  is  clear  that,  as  the  cylinder  is  moved  forward, 
an  equal  volume  of  fluid  must  be  displaced  backwards.  The 
same  argument  should  hold  continuously  as  we  suppose  the 
containing  vessel  increased  indefinitely,  and  hence  in  the 
limit,  when  we  consider  motion  in  an  infinite  fluid  subject  to 
its  l>eing  at  rest  at  infinity.  Thus  there  should  be  a  per¬ 
manent  displacement  of  the  fluid  backwards  on  the  whole. 
Rut,  according  to  the  paths  drawn  in  Fig.  2,  we  find  that 
every  particle  comes  to  rest  ultimately  at  some  point  1)  in 
advance  of  its  initial  position  A  ;  so  that  there  appears  to  be  a 
displacement  of  the  liquid  forwards.  The  interest  of  this 
paradox  lies  partly  in  its  recurrence  in  various  writings. 
Lanchester1  states  the  difficulty  and  leaves  it  with  the 
remark  :  “  it  is  evident  that  some  subtle  error  must  exist  in 
Rankine’s  argument,  the  exact  nature  of  which  it  is  difficult 
to  ascertain.”  Taylor2  points  out  how  with  a  finite  displace¬ 
ment  of  the  cylinder  it  can  be  verified  that  the  fluid  is  dis¬ 
placed  backwards,  but  with  an  infinite  displacement  one  has 
the  curious  result  of  a  permanent  forward  displacement. 
Maxwell3  raised  the  same  problem  many  years  ago;  he 
admits  it  as  a  real  difficulty  and  disposes  of  it  thus  :  “  It 
appears  that  the  final  displacement  of  every  particle  is  in  the 
forward  direction.  It  follows  from  this  that  the  condition 
fulfilled  by  the  fluid  at  a  .  infinite  distance  is  not  that  of 
being  contained  in  a  fixed  vessel;  for  in  that  case  there 
would  have  been,  on  the  whole,  a  displacement  backwards 
equal  to  that  of  the  cylinder  forwards.  The  problem  actually 
solved  differs  from  this  only  by  the  application  of  an 
infinitely  small  forward  velocity  to  the  infinite  mass  of  fluid 
such  as  to  generate  a  finite  momentum.” 

The  difficulty  arises  chiefly  from  a  loose  use  of  the  idea  of 

'f.W.  Lanchester,  Aerodynamics,  vol.  1,  Aerodonetics ,  p.  20,  1909. 

D.W.  Taylor,  Speed  and  Power  of  Ships,  p.  10,  1910. 

3J.C.  Maxwell,  Scientific  Pipers,  vol.  i i . ,  p.  210,  1870. 
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infinity  as  if  if  implied  a  definite  state  or  time,  rather  than 
tiie  limiting  value  of  a  proeess  which  must  bP  defined 
precisely  in  each  case;  unless  this  is  done  the  problem  is 
really  indeterminate.  From  this  point  of  view.  Maxwell's 
statement  seems  inadequate,  in  that  it  accepts  the  forward 
displacement  as  definitely  proved;  on  the  other  hand  it 

points  to  a  root  of  the  matter, 
namely,  the  conditions  at  infinity. 
Leaving  this  till  later,  we  discuss 
the  previous  solution  as  it  stands, 
first  stating  the  possibilities  in 
general  terms  and  then  treating 
them  analytically. 

In  Fig.  5,  O  is  the  centre  of  the 
cylinder ;  the  curved  line  represents 
the  particles  which  were  abreast  of 
the  cylinder  when  the  centre  was 
at  O'.  The  How  of  fluid  backwards 
is  given  by  the  difference  between 
the  areas  behind  and  in  front  of  tln- 
line  AO'B.  As  O'O  increases,  the 
points  ('  move  outwards  along  the 
line  AO'B :  the  dotted  curve, 
which  is  entirely  in  front  of  AO’B, 
shows  the  ultimate  position  of  the  same  particles,  according 
to  the  paths  in  Fig.  4,  when  O'O  becomes  infinite. 

(A)  Let  ,r,  y  be  co-ordinates  of  any  poim  P  on  the  line 
AO'B  referred  to  the  centre  0.  If  we  fix  any  value  of  y, 
however  large,  we  can  make  P  he  within  the  range  O'C  by 
making  r  large  enough.  This  is  the  argument  which  leads 
to  a  permanent  forward  displacement.  It  clearly  lays  more 
stress  on  the  infinity  of  extent  of  liquid  fore  and  aft  of  the 
cylin  der. 

(B)  On  the  other  hand,  if  we  fix  .r,  no  matter  how  large, 
we  eon  make  the  point  P  he  beyond  ('  on  the  line  O'A  by 
making  »/  large  enough.  By  giving  more  weight  to  the 
infinity  of  liquid  abreast  of  the  cylinder,  this  argument 
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denies  that  the  limit  of'  the  dotted  curve  in  Fig.  •">  can  ever  he 
attained.  These  two  arguments  can,  of  course,  be  stated 
simply  in  terms  of  the  flow  of  liquid  at  any  instant  across  a 
line  behind  the  cylinder.  If  we  draw  lines  OQ,  OR  at  4-">°  to 
the  line  OO1,  then  at  any  time  the  flow’  across  AO‘E  is 
forwards  in  the  range  QO’R  and  backwards  beyond  Q  and 
R.  According  to  (A),  the  range  QCMR  can  be  made  infinite 
by  taking  ,r  large  enough ;  while  the  argument  (B)  points  to 
the  region  within  lines  at  45°  and  90°  to  the  axis  OO1. 

Analytically,  the  matter  reduces  to  the  evaluation  of  a 
doubie  integral  which  gives  different  values  according  to  the 
order  in  which  the  integrations  are  performed.  We  can  see 
this  by  writing  down  an  expression  for  the  total  momentum 
of  the  whole  liquid  in  the  direction  of  motion  of  the  cylinder. 

Referring  to  Fig.  1,  we  have  m*r~*  cos  2d  for  the  component 
fluid  velocity  at  any  point,  or  tta-(x'J  —  y*)!(x-  h-  in  terms 
of  rectangular  coordinates.  Thus  with  s  for  the  density  of 
the  fluid,  the  total  momentum  forward  is  given  by 


M  =  ua-s ff-j-.i - Kr^dxdy, 

(X->  +  y-y  J' 


where  the  integration  extends  throughout  the  fluid. 

We  divide  the  integration  into  two  parts,  writing  /  for 
(x*  —  if-)l(x-  +  !/-)*.  First,  the  region  abreast  of  the  cylinder, 
extending  to  infinity  in  both  directions,  gives  without 
ambiguity 

M ,  =  4  ua*s J tlx f fdy  —  — rtxa'-u . 

°  v'o?  Tji 


For  the  rest  of  (he  fluid,  fore  and  aft  of  the  cylinder,  we 
have 


Ma  =  Awt-s JJfdxdy, 


where  x  ranges  from  n  to  oc ,  and  y  from  0  to  co . 

The  integral  M.,  has  different  values  according  to  the 
order  in  which  the  integrations  are  performed.  We  have 

M2  =4  ua-sj  dy  Jfdx  —  2vS(t*u. 
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This  evidently  corresponds  with  argument  (A)  above. 
Adding  M,  and  Ma,  we  have  a  total  momentum  forwards  of 
nitn-X^  and  this  agrees  with  the  permanent  forward  displace¬ 
ment. 

On  the  other  hand,  we  have 

M.  =  4  ua-s dr  J' fihj  =  0. 

This  is  the  argument  (B),  and  it  gives  a  total  momentum 
of  backwards. 

We  may  write  the  integral  Ms  as  a  limit  in  the  form 

Mo  =  Lim  4?ci-.s  C dr  ffdy. 

In  th  is  integral  with  b ,  c  finite  and  a  not  zero,  the  order  of 
integration  may  be  inverted  without  changing  the  value:  we 
have  in  either  case 

M2  =  4«fl2.s  Lim  ftan  —  tan  *-\ 

This  form  brings  out  the  indeterminateness  of  the  prob¬ 
lem.  for  the  limit  can  have  any  value  we  please  between 
rr/2  and  0  according  to  the  limiting  value  of  the  ratio  b'e. 
The  argument  (A)  above  supposes  that  b  and  c  are  both 
infinite  in  such  a  way  that  b  is  infinitely  greater  than  r; 
while  we  obtain  the  result  of  argument  (B)  by  supposing 
e/b  infinite  in  the  limit.  Another  special  case  would  be  to 
suppose  h  and  c  to  become  indefinite  in  a  ratio  of  equality. 
Then  is  ir*a-u  and  the  total  momentum  of  the  fluid  is 
zero.  In  this  case  we  picture  the  fluid  as  of  equally  infinite 
extent  in  and  at  right  angles  to  t lie  line  of  motion  T’p  to 
the  present  we  have  taken  the  solution  of  the  fluid  motion 
without  considering  the  conditions  under  which  it  was 
obtained.  These  included  the  condition  that  the  fluid  should 
he  at  rest  at  infinity,  that  is,  the  velocity  should  become 
infinitesimal  as  the  distance  from  the  cylinder  increased 
indefinitely.  If  we  could  imagine  the  fluid  to  be  contained 
in  a  fixed  boundary  at  infinity,  the  condition  to  be  satisfied 
there  would  be  the  vanishing  of  the  normal  component  of 
velocity.  At  first  sight,  there  would  not  seem  to  be  much 
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difference  between  the  two  cases,  the  latter  being  included 
in  the  former.  But  we  have  seen  that  it  is  necessary  to 
define  conditions  more  precisely  in  order  to  avoid  ambiguity. 
We  may  illustrate  this  by  a  definite  problem  in  initial 
motion  for  which  the  solution  is  known. 

Let  the  fluid  be  contained  within  a  fixed  concentric 
cylinder  of  radius  c,  and  let  the  inner  cylinder  be  suddenly 
started  with  velocity  u.  If  <f>  is  the  velocity  potential  of 
the  initial  fluid  motion,  the  boundary  condition  at  the  outer 
cylinder  is  that  d<f>/dr  should  be  zero.  The  value  of  <f>  is 
i ui2  /  r2\ 

+  =  ^—aAr  +  7>os  *• 

The  second  part  of  represents  the  fluid  motion  already 
studied,  with  an  additional  factor  c2l(c2  —  a2).  Superposed 
on  this  there  b  a  uniform  flew  backwards  of  amount 
ua2l(e2  —  a2).  The  total  momentum  can  be  found  by  integ¬ 
rating  throughout  the  liquid  as  before.  In  this  case  there  is 
no  ambiguity  and  it.  is  easily  shown  that  the  second  term  in  </> 
contributes  nothing  to  the  momentum.  Adding  the  part  due 
to  the  uniform  flow,  we  find  the  total  fluid  momentum  to  be 
irsa3u  backwards;  this  result  is  independent  of  the  radius 
of  the  outer  cylinder,  and,  of  course,  agrees  with  elementary 
considerations. 

Now  suppose  the  radius  c  to  become  infinite.  The  fluid 
motion  then  differs  from  that  studied  in  the  previous  sections 
only  by  a  superposed  uniform  flow  backwards  of  infinitesimal 
magnitude;  but  when  integrated  through  the  infinite  extent 
of  liquid  it  gives  use  to  a  finite  momentum  irsepu  backwards. 
Further,  in  any  finite  time  the  additional  term  makes  no 
more  than  an  infinitesimal  difference  to  the  paths  of  the 
particles;  but  if  we  attempted  to  extend  the  solution  to 
“  infinite  ”  time  we  should  be  faced  with  various  ambiguities 
in  making  any  allowance  for  the  extra  term. 

The  velocity  potential  <t>  for  a  finite  extent  of  fluid  is 
determinate  when  the  values  of  <f>  or  Stfr/Sn  are  given  over 
all  the  boundaries.  If  the  outer  boundary  becomes  infinite 
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and  <t>  is  said  In  vanish  at  infinity,  the  solution  is  indeter¬ 
minate  hy  an  infinitesimal  amount .  Consequently  the  total 
momentum  or  How  may  Ire  indeterminate  to  a  finite  amount. 
On  tlie  other  hand,  the  total  kinetic  energy  of  the  fluid 
motion,  involving  a  summation  of  the  square  of  the  velocity, 
is  only  indeterminate  to  an  infinitesimal  extent. 

In  conclusion,  it  appeals  that  the  problem  is  indeter¬ 
minate  unless  the  infinite*  boundary  of  fluid  can  be  defined 
as  the  limit  of  some  particular  form,  and  fuither  in  that 
ease  the  conditions  satisfied  at  the  boundary  must  also  lx* 
considered.  At  the  best  th"  question  of’  wluu  happens  in  an 
infinite  fluid  after  an  infinitet  ime  leads  to  unreal  difficulties ; 
the  above  discussion  may  serve  to  show  in  what  way  these 
arise  when  we  attempt  to  force  to  this  extent  ordinary  solu¬ 
tions  which  give  consistent  results  when  treated  in  a 
legitimate  manner. 


[Rtprinhd  from  the  Proceedings  of  the  Royal  Society,  A.  Vo!.  89] 


Ship  Resistance:  The  Wave-making  Properties  of  Certain 
Travelling  Pressure  Disturbances. 

P*y  T.  H.  Havelock,  M.A.,  D.Sc.,  Armstrong  College,  Newcastle-on-Tyne. 

(Communicated  by  Sir  J.  I. armor,  F.R.S.  Received  October  7, — Read 

November  27,  1913.) 

1.  In  previous  papers*  I  have  investigated  the  wave-making  resistance 
of  a  ship  by  comparing  it  with  a  certain  simple  type  of  pressure  disturbance 
travelling  over  the  surface  of  the  water.  In  a  recent  paperf  on  the  effect 
of  form  and  size  on  the  resistance  of  ships,  by  Messrs.  Baker  and  Kent  of  the 
National  Physical  Laboratory,  reference  is  made  to  this  point  of  view.  The 
main  work  of  these  authors  consists  iu  the  examination  of  model  results  and 
the  deduction  of  empirical  formula*  of  practical  value.  In  addition,  they 
connect  the  wave-making  properties  with  the  pressure  distribution  and  have 
obtained  graphs  of  the  latter  for  various  ship  forms  under  certain  conditions ; 
these  curves  show  a  range  of  negative  pressure,  or  defect  of  pressure,  between 
the  positive  humps  of  excess  pressure  corresponding  to  the  bew  and  stern. 
The  authoi.,  remark  that  this  will  have  an  effect  upon  the  wave-making,  but 
conclude  that  it  is  sufficient  for  their  purpose  to  be  able  to  state  that  such 
pressure  disturbances,  as  they  have  shown  to  exist  when  a  ship  is  in  motion, 
will  produce  waves  which  will  vary  more  or  less  in  accordance  with  the  theory 
referred  to  above. 

Under  the  circumstances  it  seems  advisable  to  extend  the  mathematical 

*  ‘  Roy.  Soc.  Proc.,’  1909,  A,  vol.  82,  p.  276  ;  alto  1910,  A,  vol.  84,  p.  197  ;  alto  1  Proe. 
Univ.  Durh.  Phil.  Soc.,’  1910,  vol.  3,  p.  215. 

t  G.S.  Baker  and  J.  L.  Kent,  Trans.  Inst.  Nav.  Arch. ,  vol.55(ii),  p.  37 
(1913). 
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theory  by  working  out  the  wave-making  properties  of  other  distributions  of 
pressure.  Although  no  attempt  has  been  made  to  connect  the  distribution 
directly  with  ship  form,  the  following  examples  have  been  chosen  with  a  view 
to  general  inferences  which  can  be  drawn  in  this  respect.  In  particular,  the 
distributions  graphed  by  linker  and  Kent  can  be  represented,  in  type  at  least, 
by  a  mathematical  expression  for  which  the  corresponding  Fourier  integral 
can  be  evaluated,  so  that  one  can  compare  the  result  with  that  obtained  from 
simpler  forms.  Although  the  expression  for  the  wave-making  resistance 
becomes  more  complicated,  it  is  not  essentially  different  from  that  obtained 
previously ;  it  appears  in  general  to  be  built  up  of  terms  involving  the  same 
type  of  exponential  e-®/*’*,  together  with  oscillating  factors  representing  inter¬ 
ference  effects  between  prominent  features  of  the  pressure  distribution. 

2.  We  confine  our  attention  to  two-dimensional  fluid  motion.  We  may 
imagine  it  to  be  produced  in  a  deep  canal  of  unit  breadth,  with  vertical  sides, 
by  the  horizontal  motion  of  a  floating  pontoon  with  plane  sides  fitting  closely 
to  the  walls  of  the  canal  but  without  friction.  We  assume  that,  as  regards 
transverse  wave-making,  this  is  effectively  equivalent  to  some  travelling 
distribution  of  pressure  impressed  upon  the  surface  of  the  water. 

Let  0«  be  in  the  direction  of  motion  of  the  disturbance,  and  let  y  be  the 
surface  elevation  of  the  water.  Suppose  the  distribution  of  pressure  to  be 
given  by 

p  =/04  (i) 

For  a  line  distribution  we  may  suppose  the  disturbance  to  be  inappreciable 
except  near  the  origin  and  to  be  concentrated  there  in  such  a  manner  that  the 
integral  pressure  P  is  finite,  where 


When  this  disturbance  moves  along  thu  surface  of  water,  of  density  p,  with 
velocity  v,  the  main  part  of  the  surface  disturbance  consists  of  a  regular  train 
of  waves  in  the  rear  given  by 

gpy  =  —2 /cl'  sin  k.‘,  (3) 

where  the  length  A  of  the  waves  is 

\  27r  _  27 rr2 

K  (J 

We  can  generalise  this  result  for  any  form  of  pressure  distribution  f  (a), 
which  is  likely  to  ocour,  by  the  Fourier  method.  We  have  in  general 


9p;t  =  —  2/t  [/(£)  sill /c  or— £)</£ 

J  —  00 

(4) 

sb  —  2  /c(<£  sin  K.v—yfr  cos  «/), 

(5) 
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where  <f>  =  [/(f)cos  *f  tff,  y/r  =  f/(f)  sin/ef  rff.  (6) 

The  mean  energy  per  unit  area  of  the  wave  motion  given  by  (5)  is 
%Ks((f>2  +  yfr^/t/p.  Now  the  head  of  the  disturbance  advances  with  velocity  v, 
while  the  rate  of  flow  of  energy  in  the  train  of  waves  is  the  group  velocity  ; 
hence  the  net  rate  of  gain  of  energy  per  unit  area  is  \v  times  the  above 
expression  for  the  energy.  If  we  equate  this  product  to  Re,  then  It  may  be 
called  the  wave-making  resistance  per  unit  breadth  ;  and  we  have 

R  -  K\tf  +  ^)l<jp.  (7) 

We  have  in  each  case  to  evaluate  the  complex  integral 

X  =  <f>  +  =  [  /(f)  d%.  (8) 

J  —to 

In  the  examples  which  follow,  the  integral  has  a  finite,  definite  value 
which  can  be  obtained  in  Cauchy’s  manner  by  integrating  round  a  closed 
simple  contour  in  the  plane  of  the  complex  var  hie  f.  The  function /(f) 
is  such  that  (i)  it  has  no  critical  points  other  than  simple  poles  in  the 
semi-infinite  plane  situated  above  the  real  axis  for  f ;  (ii)  it  has  no  critical 
points  on  the  real  axis ;  and  (iii)  its  value  tends  to  zero  as  f  becomes  infinite. 
Further,  the  quantity  k.  is  restricted  to  real,  positive  values.  Under  these 
conditions  it  can  be  shown*  that 


f  /(fK‘^f  =  2vtS.k, 

where  %A  is  the  sum  of  the  residues  of  the  integrand  at  the  poles  of /(f) 
situated  above  the  real  axis.  If  a  is  a  pole,  A  is  given  by  the  value  of 
(f — a)/(f)«<ltf  when  f  =  a.  Alternatively,  in  the  following  examples  /(f)  is 
of  the  form  F(f)/G(f),  none  of  the  zeros  of  G(f)  coinciding  with  those  of 
F(f),  and  A  is  given  by  F(a)e’*“/G '(«). 

3.  For  the  sake  of  comparison  the  results  which  have  been  obtained 
previously  may  be  repeated  briefly.  If 

P=A  f)  =  f4p.  <»> 


the  poles  arc  at  f  =  +  fa,  of  winch  the  positive  one  alone  concerns  us. 
Hence  we  have 


Hence  from  (7) 


\TTl 


ypor 


A  ciK* 
f  +  iet 

=  2^*  «.-*•/*  t 

pa^V*  f 


=  -  A e~ 


(=io 


(10) 

(U) 


•Jordan.  ‘Cours  d’Analyse,’  vol.  2,  §  270. 
t  Cf.  Lamb,  ‘Hydrodynamics,’  1902  edn.  p.  415. 
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If  A  is  a  constant  and  independent  of  the  speed  v,  the  graph  of  1»  as  a 
function  of  v  rises  t<)  a  maximum  and  then  falls  slowly  lmt  continually  to 
zero  as  v  increases  indefinitely.  Thus,  for  an  assigned  pressure  disturbance 
of  this  type  whose  magnitude  is  independent  of  the  speed,  there  is  si  certain 
speed  beyond  which  the  resistance  R  continually  decreases. 

On  the  other  hand,  if  the  pressure  disturbance  is  that  produced  by  tne 
motion  of  a  floating,  or  submerged,  body,  it  is  clear  that  it  will  depend  upon 
the  speed.  Since  we  may  suppose  the  pressures  in  question  to  be  the  excess 
or  defect  of  pressure  due  to  the  speed,  it  seems  a  plausible  first  approxima¬ 
tion  to  assume  that  the  distribution  is  not  altered  appreciably  in  type  and 
that  the  magnitude  is  proportional  to  v2.  Thus  if  in  (11)  we  make  A  pro¬ 
portional  to  v2  we  obtain 

It  =  const,  x  e~^v\  (12) 

The  value  of  R  now  tends  to  a  finite  limiting  value  as  v  increases 
indefinitely. 

If  the  quantity’  A,  specifying  the  magnitude  of  the  pressure  disturbance, 
varies  as  vn,  then  the  graph  of  R  rises  to  a  maximum  for  some  finite  value 
of  v,  provided  n  is  positive  and  less  than  2 ;  the  nearer  •>  is  to  2  the  higher 
is  the  speed  at  which  the  maximum  occurs.  For  the  present  we  assume 
that  n  is  equal  to  2 ;  in  any  case  it  does  not  affect  the  results  of  a  qualitative 
comparison  of  different  types  of  distribution. 

The  scope  of  the  assumption  may  be  illustrated  by  a  certain  case. 
Prof.  Lamb*  has  worked  out  directly  the  wave-making  resistance  R  due  to 
a  circular  cylinder  of  small  radius  a,  submerged  with  its  centre  at  a  constant 
depth  /,  and  moving  with  uniform  velocity  v ;  he  finds  that  R  varies  with 
the  speed  according  to  the  law  v~*e~3^1*.  If  we  attempt  to  represent  the 
disturbance  approximately  by  some  equivalent  surface  pressure  distribution, 
the  type  which  suggests  itself  naturally  is 

p  =  A  (/*— aJ,)/(/2  +  «2)a. 

It  can  be  shownf  that  this  distribution,  together  with  the  assumption  that 
A  is  proportional  to  v'2,  leads  to  the  same  law  of  variation  of  resistance  with 
speed. 

4.  In  a  certain  sense  the  generalisation  from  a  line  disturbance  to  any 
diffused  distribution  of  pressure  may  be  regarded  analytically  as  a  case  of 
interference ;  the  final  result  is  due  to  the  mutual  interference  of  the  line 
elements  into  which  we  may  analyse  the  given  distribution.  However,  the 
idea  of  interference  in  ship  waves  has  usually  been  associated,  after  the  work 

*  H.  Lamb,  ‘Ann.  di  Matematiea.,’  vol.  21,  Ser.  3,  p.  237. 
t  ‘Ro>,  Soc.  Froc.,’  A,  vol.  82,  p  300. 
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of  W.  Froudc,  with  the  superposition  of  how  and  stern  wave-systems,  that 
is,  when  the  whole  system  may  be  separated  into  two  fairly  distinct,  parts. 
I  have  represented  this  previously  by  a  positive  pressure  system  of  type  (9) 
associated  with  the  bow,  followed  by  a  similar  negative  system  associated 
with  the  middle  of  the  run.  Thus  if  l  is  the  distance  between  the  centres  of 
the  two  systems  we  have  in  the  present  notation 

n  =  ^  .....  ^ 

p  (f+*0a+«2’  ^  ' 

Substituting  in  (8)  and  evaluating  the  integrals  we  find 

<f>  =  (Ai  — Ai)  e~aK  cosh  tel,  yfr  =  (Ai  +  A2)c-B*  sin  \kI. 

Hence  from  (7) 

gpY\.  =  *2  (A!2  +  A22-  2  AiA2  cos  Kl)  (14) 

The  graph  of  R  is  a  mean  curve  similar  to  (12)  with  oscillations  super¬ 
posed  upon  it,  humps  and  hollows  corresponding  to  minima  and  maxima  of 
cos  kI  or  cos  ( gl/v 2). 

It  is  of  interest  to  note  that  if  A\  and  A2  are  equal,  we  have 

R  =  const,  x  e~2“  sin2  (15) 

Thus,  in  a  hollow,  R  would  be  actually  zero  if  the  two  pressure  systems 
were  equal  in  magnitude.  This,  of  course,  follows  at  once  from  general 
principles ;  if  we  have  a  pressure  system  followed  at  a  fixed  distance  by  an 
equal  and  similar  system,  then  there  are  certain  wave-lengths  and  corre¬ 
sponding  speeds  for  which  the  main  regular  waves  due  to  the  two  systems 
cancel  each  other  out  exactly.  A  moving  body  which  would  produce  such 
a  state  of  affairs  would  be,  in  Lord  Kelvin’s  phrase,  a  waveless  pontoon. 
Of  course,  this  does  not  occur  in  ship  forms,  and  there  are  several  reasons 
why  it  could  not  be  expected  to  do  so.  In  fact  we  have  in  general  to  suppose 
Aa  much  less  than  Ai  in  (13).  However,  it  is  conceivable  that  some  change 
of  form  might  give  more  effective  interference  effects  of  this  kind  and  so 
deepen  the  hollows  in  the  resistance  curve,  though  possibly  as  a  practical 
suggestion  it  may  be  subject  to  the  same  limitation  as  in  other  cases,  namely, 
even  if  the  wave-making  resistance  were  lessened  in  this  way  probably  the 
alterations  would  so  increase  frictional  and  other  resistances  that  there  might 
be  no  gain  on  the  whole. 

5.  Baker  and  Kent  have  pointed  out  that  in  certain  cases  the  pressure 
distribution  at  the  entrance  of  a  sliip  form  is  not  simply  a  hump  of  excess 
pressure,  but  is  a  hump  followed  by  a  hollow  of  negative  pressure.  They 
assign  to  the  interference  of  these  two  parts  a  certain  subsidiary  interference 
effect  in  the  resistance  which  may  become  important  when  it  coincides  with 
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one  flue  to  the  bow  and  stern  systems.  This  follows  on  general  grounds,  and 
might  be  represented  analytically  as  in  §4,  but  it  is  worth  while  examining 
other  distributions  with  this  character. 


In  the  first  place  consider  one  which  doer  not  give  the  desired  interference 
effect,  namely, 

V  —  — .  (16) 

P  f  +  V  ' 


The  graph  has  been  drawn  for  certain  numerical  values  of  the  constants 
and  is  curve  A  in  fig.  1. 


We  have 


=  r  m.ie = , 


/£  =  iw  Ae~ 


Hence,  from  (7)  and  (8), 

<f>  =  0  ;  yfr  =  rAc"" ; 

ffpR  =  irVAV-2". 


We  have  here  the  same  form  for  R  as  a  function  of  v  as  in  (11)  for  the  single 
hump  of  positive  pressure ;  we  do  not  get  the  interference  effect  which  might 
have  been  expected.  This  may  be  explained  by  remarking  that  the  pressure 
falls  away  from  the  maximum  only  slowly ;  in  other  words,  the  hump  and 
hollow  are  not  sufficiently  pronounced  for  their  individuality  to  show 
directly  in  the  final  formula.  In  the  previous  section,  where  the  distribu¬ 
tion  is  l/(£ *  +«*)  instead  of  £/(£*  +  **)>  the  maximum  and  minimum  are  more 
pronounced  and  we  get  a  typical  oscillating  term  in  the  final  result.  This 
view  may  be  confirmed  by  another  example. 

6.  Consider 


(18) 


This  distribution  is  graphed  in  curve  B  of  fig.  1 ,  arranged  so  as  to  have  the 
same  minimum  and  maximum  as  for  (16) ;  the  curves  A  and  B  illustrate 
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clearly  the  difference  in  question.  Numerically,  if  £u  is  the  position  of 
the  maximum,  at  3£0  the  value  of  p  from  (16)  has  fallen  to  3/5  of  the 
maximum,  while  from  (18)  it  has  fallen  to  1/7  of  the  same  value. 

The  poles  of  the  function  in  (18)  are  ±(l  +  i)a  ;  thus  from  (8)  we  have 


X  —  27 ri 
+  2t ri 


J£± 


{?+«(i -i)}  {f4-«(i+;)}  {£-«(i-i)} 
{£-«(!  4-i)}  {£  +  «(! +i)}  {£-«(!-*)} 


‘(1+0 


-•(1-0 


ITT  . 

=  — „  e  “  sin  ate. 
ter 


The  wave-making  resistance,  R,  is  given  by 

4  gpot*R  =  a^t^A2*-3**  si  -ac.  (19) 


We  have  now  the  oscillating  factor  sin2*/e.  There  will  be,  for  instance,  a 
hurnn  on  the  resistance  curve  when  2a*  =  tt,  that  is,  when  the  half  wave¬ 
length  is  equal  to  2a.  It  may  be  noticed  that  this  is  nearly,  but  not  exactly, 
the  distance  between  the  maximum  and  minimum  of  p  ,  from  (18)  it  follows 
that  the  latter  distance  is  2a£/(4/3),  or  approximately  2-16a. 

We  also  have  R  exactly  zero  in  the  hollows  in  the  resistance  curve,  a  result 
which  follows  from  the  numerical  equality  of  the  positive  and  negative 
pressures  at  equal  distances  from  the  origin.  We  can  make  the  negative 
pressures  less  by  considering  an  unBymmetrical  distribution. 

7.  Let  the  pressure  be 


P  = 


_ t _ . 

£4-/S£4-4«4 


(20) 


In  this  case  the  graph  would  be  as  in  fig.  1,  with  the  curve  B  for  positive  £ 
and  the  curve  C  for  negative  values. 

If  the  poles  of  (20)  are  a\+iby  and  a3  ±  ib%,  we  have 


ai  +  a*  =  0, 

ffli* 4- W  •+•  a32  4-  +  41X10*  =  0, 

2  («a2  4  V)  +  o3  (a,2  +  6,2)}  =  £,  (21) 

(ax2  +  &i2)  (a32  + V)  =  4  a4.  _ 

In  forming  the  function  x  .by  the  previous  method  we  have  two  parts. 
The  part  for  the  pole  <*i  + tbi  is 


2rri 


_ £e“* _  I 

tii)}  {£-(a34-«63)}  {£_(rt3-ii3)}  |a|+rt 

_  t r  (aj  4-  ib\)  ei*a'e-*i> 

b\  *  (at  —  as)3— (6X2  —  ia2)+  2i63(«j  —  o3) ' 


(22) 
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There  is  also  a  similar  expression  correspond i no  to  the  pole  from 

(21)  we  see  that  the  result  can  be  written  in  the  form 

X  =  (Ai  -t-  <  B,)  —  ( As  +  . 

Hence  for  the  resistance  we  have,  from  (  7), 

!/PU/k-  =  (Ai2  +  B,2)  +  (Aa2  +  lia2) 

-2  {(AiA.+  BlB2)cos2^*-(A:dh-A1I5,)sin2//1K}  e-'S  +  'O*.  (22) 

We  notice  how  the  presence  of  the  smaller  negative  pressure  complicates 
the  mathematical  expressions.  On  the  other  hand,  all  the  terms  are  of  the 
same  type  as  in  simpler  cast's;  we  have  three  terms  involving  the  same 
exponential  function,  the  third  having  an  oscillating  factor  ms(2/ir«i  +  e), 
where 

tan  e  —  { Aaih ~ Ail>y)/( A) A^  +  B1B2).  (2d) 

The  humps  and  hollows  on  the  curve  for  It  will  not  coincide  exactly  with 
those  obtained  by  graphing 

c-2«(*,+m  cos(2ai*  + e),  with  k  —  <// c3, 
but  the  agreement  will  be  sufficiently  close  for  present  purposes. 

Accordingly,  the  maxima  for  R  will  Ik-  near  speeds  for  which 

2«i/c  +  e  =  err ;  n  =  1,  2,  5,  ... . 

The  corresponding  speeds  and  wave-lengths  are  given  by 

\  =  (2h 

717T  —  e  nv  —  e 


In  the  previous  case  of  symmetry,  with  the  result  in  (19),  the  humps 
occur  at  wave-lengths  -ia/n,  that  is  when  the  wave-length  is  equal  to  or  an 
odd  sub-multiple  of  a  certain  length  ;  a  similar  statement  in  terms  of  velocity 
brings  in  the  series  1,  l/y/3,  l/y/5,  etc.  In  the  present  ease  we  see  from 
(24)  that  this  arrangement  is  somewhat  disturbed  by  tin*  presence  of  the  phase 
e,  a  quantity  which  may  possibly  be  small  compared  with  it.  A  complete 
algebraical  study  might  he  made,  hut  possibly  a  simpler  way  would  be  to 
start  from  a  graph  of  the  pressure  curve  and  carry  out  the  integrations 
involved  in  (8)  by  graphical  methods.  We  can  also  obtain  information  by 
working  out  some  numerical  examples  ;  one  may  sulHco  at  present  namely, 

P  ~  f4  — 180  f +  24 19 1  ('"G> 

The  pressure  curve  is  of  the  form  BC,  shown  in  tig.  I,  with 
/»/H*  0-541:  /  =  10  00. 

Further  with  the  previous  notation, 

i'i  =  — <<2  —  5,  l>  j  =  4,  —  y/34. 
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Working  out  the  numerical  values  from  (22)  we  obtain  for  the  resistance, 
omitting  a  constant  factor, 

li  =  516«-8“  +  353«-,1-8fi*-857cos(10*c-e)/;-9^,  v27) 

with  k  =  (j/v2.  tan  e  =  0  017. 

We  verity  that  in  this  case  e  is,  in  fact,  very  small,  consequently  the  simple 
relation  between  speeds  at  which  there  are  humps  is  not  appreciably  altered. 
The  absolute  position  of  these  humps  on  the  K,r;  curve  may  be  Blightly  dis¬ 
placed.  For  instance,  the  final  hump  occurs  when  10 k  is  equal  to  rr,  that  is 
when  the  half  wave-length  is  equal  to  10 ;  on  the  other  hand,  the  distance  I 
between  the  maximum  and  minimum  on  the  pressure  curve  is  10  66  units. 

8.  We  turn  now  to  more  complicated  distributions  of  pressure  similar  to 
those  obtained  by  Baker  and  Kent,  to  which  reference  has  already  been  made. 
We  can  build  up  a  rational  algebraic  fraction  which  has  at  least  the  salient 
features  of  these  curves ;  for  instance,  the  graph  of  tig.  2  is  represented  by 

2P-X2-m3 

where  X  and  /a  are  constants.  We  have,  on  the  curve, 

OA  =  X,  OB  =  +  /**)].  00  =  (i,  AE  =  CD  =  2/(/a2-X11), 

OF  =  2(X2qV)/(X«dV). 


With  different  values  of  X  and  fi,  one  could  obtain  variations  in  the 
relative  prominence  of  OF  compared  with  CD,  and  in  other  features. 

If  the  roots  of  the  denominator  in  (28)  are  +  (a±ib),  we  have 


2  (a*-b3)  =  Xs  +  p\ 
2  (a3  +  lP)3z=  + 


Using  these  relations  in  evaluating  the  integral  we  obtain 


X  ~  2vi 
•f  27T! 


_ +  _ I 

(t — f + (rt + i^))  {f+(« — ift)}  !«+•* 

_ 2(?-a*  +  V) _ I 

{£ —  (^  +  i6))  {f — (a  —  ib))  j  £  +  (a  4-  d>)) 


(29) 
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On  simplification  this  leads  to 

X  =  2irc~bt  (h  cos  tea  —  a  sin  /ca)/(n3 -f  ft3). 

Hence  from  (7)  the  corresponding  resistance  is  given  by 

{a2 +  b2)  ypli  =  47^2K2^.’-2,*  sin 2(ku  —  e),  (30) 

with  tane  ^  If  a. 

We  have  in  (30)  a  form  very  similar  to  those  we  have  already  studied. 
The  phase  e  means  a  bodily  displacement  of  the  ser  ies  of  humps  and  hollows  ; 
but,  again,  €  is  small  under  the  usual  circumstances,  when  the  difference 
between  p  and  X  is  small  compared  with  either. 

Further,  because  of  the  symmetry  of  the  distribution  fore  and  aft,  there  are 
values  of  k,  with  corresponding  speeds,  for  which  It  is  zero ;  we  have  seen 
that  to  avoid  this  result  vve  must  suppose  the  magnitude  of  the  pressure  p  to 
be  less  in  the  vicinity  of  the  run  than  at  the  entrance.  We  could  introduce 
this  want  of  symmetry  by  considering 


f2-'2 


In  the  expression  for  the  integral  %  we  should  have  a  part  corresponding 
to  each  of  the  poles  ui  -(-  ibv  and  «•>  +  /X, ;  in  consequence,  the  resistance  It 
would  lie  similar  in  form  to  the  expression  in  (23). 

From  (30)  we  notice  that  the  wave-lengths  corresponding  to  humps  on  the 
resistance  curve  are  submultiples  of  2a  ;  also  when  X  and  p  are  nearly  equal, 
2 a  is  of  the  order  2 p,  the  distance  between  the  two  positive  pressure  humps. 
The  typical  interference  effects  in  this  example  arc  due  to  the  interference  of 
the  bow  and  stern  systems ;  in  order  to  get  a  secondary  interference  effect 
between  the  positive  and  negative  parts  at  the  bow  these  must  have  separate 
individuality  to  a  greater  degree,  as  we  saw  in  §  f>.  For  instance,  we  could 
consider  two  distributions  like  (20),  one  associated  with  the  entrance,  the 
other  reversed  and  associated  with  the  run  ;  we  should  then  have  a  very 
general  type  of  distribution  represented  by 


=  Al(g-U) _ A,(g+.U) 

'  (£--J04-M£-i0  +  -i*,4  (f+aw+fttf+jo+w 


1 1  is  unnecessary  to  graph  this  or  to  put  down  expressions  for  ^  and  R. 
We  should  obtain  a  sum  of  expressions  like  (23)  involving  sines  and  cosines 
of  2 K(i\  and  of  2 xa^,  and,  in  addition,  of  k/.  There  would  he  in  general 
various  possibilities  of  subsidiary  interference  effects  ;  the  main  one  would  he 
the  how  and  stern  into!  ference  represented  by  if/,  and  the  next  in  importance 
that  between  the  positive  and  negative  parts  at  the  bow  represented  by  2 K'q. 
There  would  also  lx-  the  possibility  of  these  two  effects  adding  together  at 
certain  sj*ecds. 
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9.  Oue  could  obtain  more  maxima,  or  increased  waviness,  in  the  pressure 
curve  by  introducing  higher  powers  of  f  into  the  fractions  we  have  used. 
With  the  same  general  method  for  evaluating  the  integral  y  it  follows  that 
we  should  obtain  expressions  of  the  same  type,  01.^  more  complicated 
in  form. 

The  various  examples  which  have  been  studied  cover  a  wide  range  of 
distributions  of  the  type  which  one  would  expect  to  be  associated  with  the 
motion  of  a  ship,  in  respect  to  the  formation  of  transverse  waves.  It  may  be 
said  that  the  corresponding  resistance  curves  do  not  differ  essentially  from 
those  obtained  from  a  simple  distribution,  oidy  with  the  introduction  of 
additional  coefficients  there  is  possible  a  wider  range  of  variation. 


IIakhison  ani>  Sun:<,  I ‘ri  liter*  in  Orlinury  to  Hi*  Majofty,  St.  Marlin'*  Lane, 
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The  Initial  Wave  Resistance  of  a  Moving  Surface  Pressure. 

By  T.  H.  Havelock,  F.R.S.,  Professor  of  Applied  Mathematics 
in  the  University  of  Durham. 

(Received  January  18,  1917.) 

1.  The  study  of  the  water  waves  produced  by  the  motion  of  an  assigned 
pressure  distribution  over  the  surface  has  hitherto  been  limited  to  the  steady 
state  attained  when  the  system  has  been  moving  with  uniform  velocity  for  a 
very  long  time.  In  his  latest  series  of  papers  on  water  waves,  Lord  Kelvin* 
made  an  elaborate  graphical  and  numerical  study  of  cognate  problems,  and 
expressed  the  hope  of  applying  his  methods  to  calculate  the  initiation  and 
continued  growth  of  canal  ship-waves  due  to  the  sudden  commencement  and 
continued  application  of  a  moving,  steady  surface  pressure. 

In  the  following  paper,  I  have  not  attempted  any  analysis  of  the  surface 
elevation  itself,  but  I  have  proceeded  directly  to  the  calculation  of  the  corre¬ 
sponding  wave  resistance.  At  present  the  wave  resistance  is  known  only 
for  the  steady  state  for  certain  localised  pressure  systems  in  uniform  motion, 
and  it  seems  desirable  to  attempt  some  estimate  of  the  time  taken  to  attain 
this  state  when  we  take  into  account  the  beginnings  of  the  motion.  One 
might  examine  the  effect  of  initial  acceleration,  but  I  have  limited  the 
problem  by  considering  only  the  case  of  a  system  which  is  suddenly 
established,  and  is  at  the  same  instant  set  in  motion  with  uniform  velocity. 

*  KelviD,  ‘  Math,  and  PhyB.  Papers,’  vol.  4,  p.  456  (1906). 
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The  work  is  arranged  in  the  following  order :  a  general  expression  for  the 
wave  resistance  as  a  function  of  the  time,  an  exact  solution  for  a  certain 
waveless  system,  a  comparison  of  this  solution  and  the  group  approximation, 
and  an  approximate  solution  for  certain  systems  which  leave  regular  waves 
in  their  rear. 

2.  Consider,  first,  the  effect  of  a  single  impulse  applied  to  the  surface  of 
deep  water,  with  no  initial  displacement  of  the  surface.  Take  the  axis  of  y 
vertically  upwards,  the  axis  of  x  horizontal,  and  the  origin  in  the  undisturbed 
surface.  If  the  impulse  is  given  by  F(x),  and  if  the  Fourier  method  is 
applicable,  the  elevation  at  any  time  t  is  given  by 


—rujp  y  - 


/cV  sin  (jc\t)dic  F  ( oi)e'*<‘x~a)du , 


(1) 


where  V  =  (<//*)*,  and  the  real  part  of  the  integral  is  to  be  taken.  The 
effect  of  a  pressure  system,  whether  stationary  or  moving,  can  be  obtained  by 
integrating  (1)  suitably  with  respect  to  the  time.  For  the  pressure  system 
may  be  considered  as  a  succession  of  impulses ;  to  each  impulse  there 
corresponds  a  fluid  motion  with  definite  velocity  potential,  and  the  velocity 
potential  of  the  fluid  motion  at  any  instant  is  the  sum  of  the  velocity 
potentials  due  to  all  the  previous  impulses.  Similarly,  the  corresponding 
surface  elevations  are  simply  superposed,  and  we  obtain  the  required  solution 
by  an  integration. 

For  a  pressure  system  moving  with  uniform  velocity  c,  we  have  to 
substitute  x  +  ct  for  x  in  (1)  and  then  integrate  with  respect  to  t  between 
the  limits  0  and  t.  But  the  solution  so  obtained  is  indeterminate  to  a 
certain  extent,  for  we  can  superpose  on  it  any  infinite  train  of  waves  of 
wave  velocity  c.  The  so-called  practical  solution  is  found  by  choosing  the 
amplitude  of  this  train  so  as  to  annul  the  main  regular  waves  in  front  of 
the  travelling  system.  The  integrals  are,  in  fact,  indeterminate,  and  are 
evaluated  by  taking  their  principal  value,  in  Cauchy’s  sense  of  the  term. 
Another  way  of  avoiding  this  difficulty  is  to  introduce  small  frictional  terms 
proportional  to  the  velocity.  The  integrals  are  then  determinate,  though 
more  complicated  in  form  ;  however,  the  final  results,  after  the  analysis  is 
completed,  can  be  simplified  by  taking  the  frictional  coefficient  as  small  as 
we  please.  We  shall  use  this  method,  and  it  is  sufficient  for  our  purpose  to 
write,  instead  of  (1), 

—ngpy=-\  e~hCtK\  ain  (k~V  t)  Uk  j  F(a)e,*<J-*'u';«,  (2) 

Jl/  J  -06 


where,  ultimately,  y  is  to  be  considered  small.* 

•Compare  Lamb,  ‘Hydrodynamics,’  1932  edn.  p.  348. 
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Consider,  then,  a  pressure  system 

p-~-  F  (.r),  (3) 

which  is  suddenly  established,  and  is  at  the  same  instant  set  in  motion  with 
uniform  velocity  c  along  the  axis  of  x. 

Putting  x  —  ns  +  ct,  the  surface  elevation  at  any  time  t  after  the  start  is 
given  by 

—  irfj py  —  j*  c~,lC“i/n  j*  «:V(',,t(®+c“>sin  (*Vm)<//c  j"  F (4) 


For  simplicity,  we  shall  confine  ourselves  to  pressure  systems  which  are 
symmetrical  with  respect  to  the  origin  ;  so  that 

<£>(ie)  =  j"  Y  (a.')e~'Kadz  =  2  |  F  (a)  COS  ku  da.  (5) 

Also  we  shall  use  only  localised  distributions  tor  which  the  integrals  are 
finite  and  determinate ;  the  systems  will  be  finite  and  continuous  and  such 

that  the  integral  pressure  is  finite,  that  is,  the  integral  j"  F  (al  da 

convergent.  Carrying  out  the  integration  with  respect  to  u,  we  obtain 


—  2t rgpy  =  (*)  c’«® 


1 


+ 


1 


(  V  +  r)  4-  i^ic  ^  k  (V  —  c)  —  ific  j* 


—  e-MCt  [  /cV  (x)  c1*®  -j  — 
Jo  Lx 


(V  +  e  ■  t 


+ 


(V  4 -c)  +  ifJLT  K  (V --(•)  —  i fj.r 


\k  {V-r it  ‘'J 

— lac  J 


die.  (0) 


The  first  integral  represents  the  steady  state,  while  the  second  gives  the 
deviation  from  it  when  we  take  into  account  the  beginning  of  the  motion. 

3.  From  the  first  integral  in  (6)  we  have,  with  k0  —  y/c 2, 


—i rgpy  —  *o  Turn 


m  f 

o  Jo 


K<f>(ic)  e'*m(hc 
K  (x0  —  *)  +  /i3—  2p.tCl 


(7) 


The  integral  is  to  be  evaluated  first,  before  we  make  y.  zpro,  otherwise  it  is 
indeterminate.  The  interpretation  for  certain  types  of  localised  pressure 
system  is  well  known ;  in  such  cases  the  solution  takes  the  form 

y  =/(®).  ®>o, 

y  —  —  —  <f>(x0)  sin  Korn  -F/(  — ra),  m  <  0.  (8) 

9P 

This  solution  represents  an  infinite  train  of  regular  waves  in  the  rear 
of  the  moving  system,  together  with  a  disturbance  symmetrical  fore  and  aft 
which  becomes  negligible  at  a  distance  depending  upon  the  concentration  and 
the  velocity.  For  our  present  purpose,  all  the  examples  we  use  are  included 
uuder  the  case 

«f>(«)  =  Knc~at,  v  >  0,  a  >  0.  (9) 
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To  verify  the  solution  (8)  in  this  ease,  regard  k  in  (7  )  as  a  complex  variable 

TV19. 

For  m  positive,  integrate  round  a  sector  of  radius  It  b  ninded  by  the  lines 
0=0  and  C  =  0  (0</3<£tt).  Under  the  specified  conditions,  it  can  be 
shown  that  the  integral  along  the  arc  r  =  K  tends  to  zero  as  It  is  made 
infinite.  In  this  way  the  integral  (7)  is  transformed  into  an  integral,  along 
the  line  0  =  /3,  in  which  we  can  make  /r  zero. 

For  ra  negative,  integrate  round  a  sector  of  radius  It  bounded  by  the  lines 
0  =  0  and  0  =  ) 3,  with  —  —  hir.  We  get  a  similar  result, 

except  that  the  integrand  has  now  a  simple  pole  within  the  sector  at  the 
point  Ku—2fii  approximately.  The  residue  at  this  pole  gives  the  term  in  (8) 
which  represents  the  regular  train  of  waves  in  the  rear  of  the  system.  It  can 
also  be  verified  that  in  this  case  y  and  0i//5ft  are  finite  and  continuous 
throughout. 

Returning  to  the  general  expression  (6),  the  second  integral  represents  the 
deviation  from  the  steady  state,  ft  contains  exp  {i*  (ft  +  rf)  f  as  a  factor,  and 
we  sec  from  its  form  that  it  represents  the  effect  at  time  t  of  a  certain  initial 
distribution  of  velocity  and  displacement.  To  illustrate  this  point,  consider 
a  stationary  pressure  system  which  is  suddenly  established  at  a  given  instant 
and  maintained  constant.  The  effect  is  the  same  as  if  there  had  been  in 
existence  up  to  the  given  instant  two  equal  ami  opposite  systems  with  ‘■heir 
ultimate  static  effect  upon  the  water  surface  fully  established,  the  negative 
system  being  then  suddenly  annulled.  Thus  the  subsequent  effect  is  the 
steady  state  of  the  positive  system  combined  with  the  effect  of  an  initial 
displacement  equal  to  the  steady  state  of  an  equal  negative  system.  In  the 
same  way,  for  a  pressure  system  which  is  suddenly  established  and  started  in 
uniform  motion,  the  effect  is  the  superposition  of  the  steady  state  of  this 
system  and  the  disturbance  due  to  initial  conditions  given  by  the  steady  state 
of  an  equal  negative  system  in  uniform  motion.  We  shall  find  this  principle 
of  use  in  a  later  section. 

4.  The  wave  resistance  T«’i  in  the  steady  state  is  usually  obtained  from 
energy  principles  applied  to  the  regular  waves.  The  front  of  the  train 
advances  with  velocity  <•,  while  the  rate  of  flow  of  energy  across  any  fixed 
vertical  plane  in  the  rear  is  the  corresponding  group  velocity  Jr;  from  the 
amplitude  of  the  regular  waves  in  (8),  by  equating  the  net  rate  of  gain  of 
Huid  energy  to  IV,  it  follows  that 

U\  =  tco3{4>{Ko)}3/up.  (10) 

Some  consideration  is  necessary  before  we  can  apply  this  method  to  the 
motion  before  the  steady  state  has  been  attained. 
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Begin  witli  a  case  in  which  there  is  no  ambiguity,  namely,  when  the  wave- 
are  produced  by  a  rigid  hotly  moving  horizontally  through  the  liquid.  We 
can  apply  the  general  hydrodynamic al  principle  that,  the  rate  of  increase  of 
total  energy  of  the  fluitl  is  equal  to  the  activity  of  the  pressure  taken  over  all 
the  hounding  surfac.es.  If  we  equate  the  rate  of  increase  ■  f  energy  to  the 
product  of  a  force  It  and  the  velocity  of  the  rigid  hodv,  it  follows  that  If  is 
simplj'the  total  fluid  pressure  on  the  moving  body  resolved  horizontally.  This 
result  can  easily  he  verified  hy  direct  calculation  for  the  steady  state,  whether 
the  waves  arc  produced  hy  the  motion  of  a  rigid  body  or  by  the  motion  of  an 
assigned  surface  pressure;  in  fact,  the  two  rises  are  identical  in  the  steady 
state,  ter  we  can  imagine  the  surface  pressure  to  be  applied  by  a  rigid  cover 
which  fits  the  water  surface  everywhere. 

Consider  now  the  problem  before  the  steady  stale  has  been  established.  Jf 
tin*  waves  are  caused  hy  a  moving  rigid  body,  we  can  use  either  definition  for 
the  wave  resislam  ,  we  can  calculate  it  from  the  rate  of  increase  of  fluid 
energy  or  from  the  total  horizontal  pressure  on  the  body.  We  are  not 
discussing  this  ease,  simply  because  so  far  the  analysis  has  proved  too 
complicated  to  allow  of  suitable  reduction.  We  replace  this  problem  by  that 
of  the  motion  of  an  assigned  surface  pressure.  Now  we  can  calculate  the  rate 
of  increase  of  the  total  energy  of  the  lluid  when  the  pressure  system  h  in 
motion.  But  it  would  not  be  satisfactory  to  divide  thin  quantity  by  the 
velocity  of  the  pressure  system  and  define  the  quotient  as  the  wave  resistance, 
for  part  of  the  increase  of  fluid  energy  is  independent  of  the  motion  of  the 
pressure  system.  For  instance,  if  a  stationary  pressure  system  is  suddenly 
established  and  maintained  steady,  the  activity  of  the  surface  pressure  is  not  zero 
immediately  after  the  initial  instant ;  there  is  a  subsequent  flow  of  energy, 
whose  rate  ultimately  subsides  to  zero.  From  these  considerations  it  seems 
that  we  should  get  results  more  comparable  with  the  wave  resistance  of  a 
rigid  body  by  adopting  the  alternative  method  of  calculation.  In  what 
follows  we  shall  therefore  calculate  for  any  instant  the  total  horizontal 
component  of  the  surface  pressure  regarded  as  applied  normally  to  the  surface 
of  the  water ;  and  we  shall  define  this  to  be  the  wave  resistance. 

With  the  usual  limitation  that  the  dope  of  the  surface  is  everywhere 
small,  we  have  from  this  definition 

R  =  —  j°°  (11) 

We  can  verify  that  this  gives  the  same  result  (10)  for  the  steady  state. 
For  instance,  taking  the  expressions  in  (8),  the  part  which  is  symmetrical 
with  respect  to  the  origin  gives  uo  contribution  to  K,  and  we  obtain 
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<7p  Ri  =  2  f  F  (ai)  .  acu2<£  (/Co)  cos  K0tn  dvs  =  *02{<£  (*o)  }2, 

J-® 

or  if  we  work  directly  from  the  integral  (7),  we  have 

-r,  t  .  iKa{<f>(ic)}adK 

irgplh  =  *0  Lim  ~7— 1 ^ „ 


M_,0  Jo  K  (k0  —  k)  +  p.a—  2 fiici' 


(12) 


where  the  real  part  is  to  be  taken.  Under  the  general  conditions  specified 
for  <p  (*),  or,  in  particular,  for  the  case  given  in  (9),  it  can  be  shown  that  this 
leads  to  the  same  expression  (10).  The  wave  resistance  in  general  is  the 
sum  of  two  parts,  the  steady  value  Ri,  as  given  by  (10),  and  the  deviation  Ra. 

Using  the  definition  (11)  with  the  second  integral  in  (6),  we  find 


r  „-i*  (V-c)  (  M«(V  +  c)t 

■2^Ra  =  Lhi,«--  j^V  W«)}»[t(V_e)_>|d  + 


(13) 

5.  Consider  first  a  special  case  in  which  the  pressure  system  is  such  that 
there  are  no  regular  waves  left  in  the  rear,  a  type  which  Kelvin  called  a 
waveless  system.  It  follows  from  (10),  (12),  and  (13),  that  this  is  the  case 
when  the  system  is  such  that  (/>(*)  is  of  the  form  (<c  —  /e0)  ^  (*),  where  ^(k) 
remains  finite.  We  have  then 


F(w)cos  Km  dm  =  $(*)  =  (*  —  Kq)  yjr  (k).  (14) 

If  this  system  is  made  to  travel  with  the  velocity  c,  for  which  2tt/k0  is  the 
free  wave-length,  there  will  be  no  regular  train  of  waves  in  the  rear.  The 
integrals  (12)  and  (13)  now  remain  finite  and  determinate  with  p,  zero;  we 
can  thus  simplify  the  expressions  by  making  p.  zero.  The  integral  (12) 
vanishes,  as  does  also  the  equivalent  expression  (10).  Then,  taking  the  real 
part  of  (13),  we  find  for  the  total  wave  resistance  of  this  system  at  any 
time  t 

— -n-gpH  =  *(*— *'o){''K*)}a 

x{**  3in  KVt  cos  Kct—K0 *  cos  «V7  sin  ted}  die.  (15) 

It  is  of  interest  to  examine  this  solution  when  the  integral  can  be  evaluated 
exactly  in  finite  terms.  Burnside*  suggested  some  years  ago  a  method  of 
building  up  exact  solutions  of  certain  wave  problems,  and  similar  forms 
have  been  analysed  in  detail  by  Kelvin,  after  obtaining  the  solutions  by  a 
different  method.  The  cases  in  which  we  can  carry  out  the  integrations  in 
(15)  lead  to  similar  functions;  we  obtain  them  by  taking 

yfr(ie)  =  K^e~rt,  i •>  0.  (16) 

*  W.  Burnside,  ‘  Proc.  Lond.  Math.  Soc.,’  vol.  20,  p,  31  (1888). 


110 


The  Initial  Wave  Resistance  of  a  Mornuj  S>/ rf  ae>-  Rr<  sane-  240 

This  case  is  the  simplest  of  the  type  which  allows  of  exact  evaluation  of  (15), 
and  for  which  the  integral  pressure  's  Unite.  To  derive  the  corresponding 
pressure  system,  we  make  use  of  Euler’s  integrals  of  the  form 

j  Kn~ 1  •  cos  (X/c  sin  at)  i/k  =  A.-*  r  (a)  cos  /fat,  ( 1  <  ) 

X.  ]>  0,  »  >■  0,  -iff<  St  <  It. 

Using  the  Fourier  integral  theorem,  oomiui.  1  with  (l(i)aud  (  IT),  we  find 


wF  (.<•)  =  |  (k  —  xtl)/clc  r«  COS  K.r  sin 


-  F  (£)  (r3  +a-»)-Ws cos  ( J  tan" '  i'j /•) — /(„  V  ( ; )  {r  +  x2y^  cos  ( ;  tan -'r/n 

(18) 

The  two  terms  of  tliis  expression  are  easily  graphed  when  expressed  in 
terms  of  the  augle  tan-1  (.//>•);  two  numerical  cases  are  shown  later. 

We  can  now  and  the  resistance  It  for  the  system  (IS),  travelling  with  velocity 
c  =  v^j/ko).  Substituting  (17)  in  (15),  and  writing  k  =  a2,  ;/*/  =  q,  rt  =  p. 
ve  have 

C  *> 

—  A  vqp It  =  —at,,  |  («H— kuk') 2n‘-  sin  pv? cos  q>> 

J  D 

+  *■„*[  (if7  —  «o'/'s) c~2rH* eos />//-  tsiii  i/v  dx.  (19) 
J  0 

The  integrals  involved  can  all  he  derived,  by  differentiation  with  respect  to 
the  parameters,  fron 

f  g-(o-'^u’cos qudu  =  ^[Trf(p—ip)]'!i  ri*(i>-i\  (20) 

JO 


Carry'ng  out  these  operations,  we  obtain  finally 

—rr^gpV,  -  kT2  (4  r2  +  V«  c-^- <I(*> 

x  [Koi  { -  i*-  A  sin  ($0~«#>)  +  |f//A2  sin  (30-  0)-  :'f:l  q*  A8  sin  (ty-6- $) 

+  (.V A4  sin  (V- #  —  <£)}  +  *o3/a  { J  sin  (| 0  —  <f>)  —  J //A  sin  ({0  — <£) 

+  tV?<A2  sin  ($0-<J,)}+-V£?A2cos(<'  d-ty-yfafA'cosWd-t) 

+ ?SA4  cos  (-'/  0  +  $)  -  Tfb  ??  A5  cos  ( y,  d  _  </,) 

+  «o  {  - htqA  cos  (10 -  <£)  +  f  ?3A2  cos  (3  0  -  <£) -  /  A8  o ,s  (V  0  -  0) }  ], 

(21) 

where 

^  ;  A  =  (4r2  +  c2i2)~l  ;  0  =  tan~l(rt/2r) ;  <p  =  z*3  +e2/2). 

6.  Before  working  out  numerical  examples,  it  is  convenient  to  record  the 
asymptotic  expansion  suitable  for  large  values  of  dj'Ir.  From  (21),  by 


111 


247 


Prof.  T.  H.  Havelock. 


writing  0  =  £77  — tan  1  (1 Lrjct),  ami  expanding  the  various  terms,  wo  get,  up 
to  and  including  terms  in  {2r/rly'/i. 

—  7 rl/2ypl\  —  cos  (jtjii:  +  J  77) 

+  A  9*c-  WH-W  { ;;7  +  /8  (18/8-  75)  p-o  cos  (!,?  /4c  - 1 77),  (22) 


where  =  27 re*/'/  and  yS  =  ttc/X,,.  !f  the  pressure  system  has  moved 
through  «.  wave-lengths,  we  have  <•/  =  w\„,  and  .lie  ratio  of  the  amplitudes 
of  the  two  terms  in  (22)  is 


1  j  i  iri':  IS7rr 

9  77«  \  '  r  X,,'1  Xo 


'J' 


(23) 


an  expression  which  gives  smiie  estimate  of  the  approximation  obtained  by 
U3iug  only  the  first  term  of  (22).  It  depends  not  only  upon  the  distance 
travelled,  but  also  upon  the  ratio  of  the  effective  breadth  of  the  system  to 
the  free  wave-length  for  the  assigned  velocity. 

Compare  this  approximation  with  that  obtained  by  applying  Kelvins 
group  method  directly  to  the  integral  expression  for  the  wave  resistance. 

Under  certain  conditions,*  an  approximate  value  of  an  integral  of  the  form 

f  F(*)e^«rf# 


is  given  by 


\/  7 r  l1  (g)  ,q  r(g)±w  a 
V7  !*/"(*)  I 


(34) 


the  upper  or  lower  sign  being  taken  in  the  exponential  according  as/  "(a)  is 
positive  or  negative,  and  a.  being  a  root  of/' (a)  =  0.  It  is  assumed  that  the 
circular  function  in  the  integral  goes  through  a  large  number  of  periods 
within  the  range  of  integration,  while  F(«)  changes  comparatively  slowly  ;  in 
addition,  the  quotient/'"  (»)/{/"  (a)Y'IJ  must  be  small. 

Apply  this  to  the  form  for  F  given  in  (13).  The  second  term  within  the 
square  brackets  contributes  nothing  to  the  approximation ;  from  the  first 
term  we  have,  with  rt  —  tiK^, 


Hence 


/(*)  =  —  *(V  —  r)t  =  — 17* /**-)-  die. 


«  =  !J/^2  ;  r  («)  =  2 rh/n  ;  /'"(«)/{/"(«)}»  -  S/vAtth). 

From  (13)  and  (24)  the  group  value  of  R  is 


K  =  — 


1 


him  c~M'‘ 


*  /  III )  ^1/3£VUiifiUi'  C  <?</*- nit)'  (  25  ) 

»  \cV  '  //,4'a1/-J — ra  —  ifii' 


277/p  M  _u 

Taking  the  real  part  of  this  expression  and  putting  p,  zero,  we  obtain 

R  =  -~4 <26' 


•  Lamb,  ‘Hydrodynamics,’  1932  edn.  p.  395. 
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It  should  bo  noted  that  for  a  pressure  system  which  leaves  regular  waves 
in  its  rear,  we  cannot  take  (20)  as  an  approximation  for  the  limiting  value 
of  (13)  when  ji-Q,  except  under  certain  further  limitations.  For  the 
present  this  difficulty  does  not  arise,  as  we  are  considering  a  waveless  system 
with  cf>  (k)  of  the  form  (*  —  *„)  yjr  (k)  :  we  have  seen  that  in  this  case  the 
integrals  (12) and  (13)  remain  iinite  and  determinate  with  ^  zero. 

In  particular,  for  the  forms  (10)  and  (18),  the  group  formula  (20) 
reduces  to 

—v'^gplt  —  j  sir  '■’A«eos(;y//4o+  |ir).  (27) 

which,  from  (22),  agrees  with  the  first  term  in  the  asymptotic  expansion  of 
the  exact  solution  for  this  case. 

Instead  of  expressing  R  as  a  function  of  the  time  t,  we  can  use  the 
distance  travelled,  or  again  the  number  /<  of  free  wave-lengths  through 
which  the  system  has  moved  ;  in  the  last  case  the  circular  function  in  (27) 
becomes  cos  ^(2/i-f  1)  it.  The  form  of  (27)  agrees  with  the  definition  of  the 
wave  resistance  as  the  resolved  total  pressure.  For  after  a  sufficient  time, 
the  surface  in  the  neighbourhood  of  the  moving  origin  consists  chiefly  of  the 
simple  waves  whose  group  velocity  is  the  velocity  c  of  the  pressure  system  ; 
thus  the  wave-length  there  is  4\o. 

7.  Consider  now  two  numerical  examples  of  the  exact  solution  (21)  with 
different  values  of  the  ratio  r/X <,. 

In  the  first  place,  we  shall  adopt  units  used  by  Kelvin,  for  comparison  and 
for  simplicity  of  calculation. 

Case  i :  g  —  4  ;  r  =  1  ;  =  2  ;  *0  =  v  ;  c  =  2/  ^/tt. 

From  (18)  the  pressure  system  F  (x)  can  be  obtained  by  graphing 
4-7T  cos  0  cos  $  0  —  5  cob  6/4  0  cos  f  0, 

where  0  —  tan  ~l  (xfr).  The  graph  is  shown  in  curve  (1)  of  fig.  1,  the 
curve  has  maxima  near  x  =  +  O' 2,  though  they  are  almost  inappreciable  on 
the  diagram. 

It  is  convenient  to  graph  the  resistance  curve  upon  a  base  £  =  d/2r ;  in 
this  particular  case  f  is  also  the  number  of  wave  lengths  Xo  through  which 
the  system  has  moved.  The  angles  of  the  formula  (21)  are  now 

0  =  tan_i£ ;  4>  -  7rf3/2(l  +  £a). 

It  is  unnecessary  to  repeat  the  expression  (21)  with  these  values  ;  each  of 
the  14  terms  can  be  easily  calculated  for  any  given  value  of  £.  The  results 
are  shown  in  curve  (l)of  fig.  2  ;  to  obtain  the  curve  15  points  were  calculated 
by  the  formula  (21). 

The  wave  resistance  decreases  ultimately  to  zero,  as  it  should  for  a  waveless 
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system,  but  it  approaches  the  steady  state  very  slowly.  This  is  explained 
when  we  examine  the  graph  of  the  pressure  system  in  this  case.  Ihe 


waveless  character  is  due  to  the  mutual  interference  effects  produced  by 
the  peaks  of  the  pressure  graph,  and  fig.  1  shows  how  inappreciable  the  peaks 
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diu  iu  i)iia  oast:.  Heuoe  the  hiownesa  with  which  the  steady  state  is  attained 
and  the  probable  lack  ot  stability  of  th°  steady  state. 

To  compare  the  group  approximation  with  the  exact  solution,  we  have 
from  (27) 

-Tr^gplX  =  9  x  2" i/af- » 2 cos  ^(2n  +  1  )*.  (28; 

The  following  is  a  comparison  of  the  values  of  10v7rtypl\ .  as  given  by  (28) 

I 

and  the  exact  formula  (21): 


n. 

Gnmp. 

Kiar  L 

9 

1 

*3 

C* 

-i 

-26-45 

If. 

+  17.7 

+  16  -04 

26 

-  14-21 

- 14  93 

100 

+  7  11 

+  6-94 

Case  ii. — As  a  second  numerical  example,  we  take  one  which  might 
correspond  more  to  practical  conditions,  in  that  the  pressure  system  is 
similar  to  that  associated  with  the  motion  of  a  ship  model  in  an  experimental 
tank.  Using  foot-second  units,  we  take 

g  —  32 ;  r  =  2  ;  c  =  20  ;  «.0  =  0  08  ;  Xo  =  25w. 

The  pressure  system  is  graphed  in  curve  (2)  of  fig.  1,  from  the  expression 
8  cos'V4  0  cos  £0—125  cos^4  0  cos  £0.  We  notice  the  contrast  between  this  and 
the  previous  case.  We  should  now  expect  the  steady  state  to  be  attained 
quickly  and  to  be  much  more  stable.  This  is  brought  out  very  dearly  by 
the  resistance  curve,  which  has  been  graphed  from  (21),  and  is  shown  in 
curve  (2)  of  fig.  2;  after  the  initial  peak,  the  subsequent  oscillations  can 
scarcely  be  shown  on  the  scale  of  the  diagram. 

A  comparison  of  the  exact  formula  and  the  group  approximation  gives 
similar  results  to  the  previous  case,  for  in  both  the  numerical  value  of  the 
ratio  (23)  is  of  the  order  1/n,  in  spite  of  the  difference  in  the  values  of  r/Ao 
for  the  two  cases. 

It  should  be  remarked  that  the  two  cases  cannot  be  compared  as  regards 
absolute  values  from  the  curves  shown,  because  the  scale  for  the  ordinates 
has  been  chosen  arbitrarily  in  each  case.  The  maximum  value  of  R,  that  is, 
the  value  at  the  prominent  peak  on  curve  (2),  is  given  by  <7/»R  =  7x  10-3. 
We  can  obtain  some  idea  of  the  magnitude  by  the  following  comparison : 
We  have  chosen  the  pressure  system  so  that  it  is  waveless  at  a  particular 
velocity,  namely,  20  feet  per  second.  Now,  imagine  the  same  system  to  be 
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driven  at  any  oilier  steady  velocity  ;  it  will  have  a  steady  resistance,  which 
we  can  calculate  from  the  formula  (10);  in  this  case  it  is 

1/pJi  =  **'2O~0-08)2<’“4'1  *  =  ,?/V2.  (29) 

This  steady  wave  resistance  has  a  maximum  at  a  velocity  of  about 
525  ft. /sec.,  and  the  value  of  </pl{  is  then  lG4x  10~3.  Hence  the  maximum 
resistance  due  to  the  sudden  starting  of  the  system  at  its  waveless  speed  is 
about  one-half  the  maximum  steady  resistance  at  any  uniform  speed. 

8.  We  have  been  able  to  obtain  an  exact  solution  for  a  special  type  of 
waveless  system  ;  we  leave  this  now  to  consider  more  generally  a  symmetrical 
localised  pressure  system,  which  is  suddenly  established  and  set  in  motion. 

We  have  seen  that  the  surface  elevation  at  any  time  is  found  by  super¬ 
posing  the  steady  state  of  the  system  and  the  effect  due  to  initial  conditions 
given  by  the  steady  state  of  an  equal  negative  system  in  uniform  motion. 
Apply  this  to  a  case  in  which  the  steady  state  consists  of  an  infinite  train  of 
regular  waves  in  rear  of  the  system,  together  with  a  localised  displacement 
symmetrical  with  respect  to  the  moving  origin.  Let  0  be  the  fixed  origin 
and  starting  point,  and  C  the  position  at  time  t.  The  deviation  from  the 
ultimate  steady  state  consists  of  the  effect  due  to  a  certain  initial  distribution 
of  displacement  and  velocity  localised  round  0.  together  with  the  subsequent 
state  of  a  semi-infinite  train  of  regular  waves,  which  at  the  initial  instant 
had  a  definite  front  at  the  point  O.  We  may  describe  the  latter  part  in 
general  terms  as  a  regular  train  with  a  front,  more  or  less  definite  according 
to  the  time,  at  a  point  C»  corresponding  to  the  group  velocity,  and  in 
advance  of  G  a  disturbance  which  may  be  called  the  forerunner.  If  OC  is 
sufficiently  large,  and  if  we  require  the  surface  elevation  only  at.  points 
sufficiently  far  in  advance  of  (?,  the  forerunner  is  given  with  considerable 
accuracy  by  Keb’in’s  group  method  of  approximation.  The  argument  is 
represented  diagrammatically  in  fig.  3,  the  continuous  line  showing  the 
elevation  and  the  dotted  line  the  travelling  pressure  system. 


The  wave  resistance  being  defined  as  the  total  horizontal  component  of  the 
pressure  system,  we  divide  it  into  two  parts.  The  first  part  is  the  final 
steady  value  *oa{$(*o)}a/'7p  as  giveu  in  (10),  and  the  second  is  the  deviation 
given  by  ixie  integral  in  (13).  The  latter  represents  the  resolved  pressure 
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system  as  if  the  surface  elevation  were  that  due  to  the  stoppage  of  a  negative 
system,  as  represented  in  fig.  2. 

For  a  concentrated  pressure  system,  the  value  of  the  integral  (1 2)  will  he 
given  approximately  by  the  Kelvin  group  method,  if  the  time  is  sullieient ly 
large;  that  is,  if  0  is  sutlieiently  far  in  advance  of  <;  for  us  to  neglect  tin; 
contribution  of  the  applied  pressure  acting  on  the  surface  to  the  rear  of  if. 

Without  attempting  to  specify  these  conditions  more  precisely,  we  shall 
apply  the  method  to  the  type  of  system  used  in  the  previous  sections  ;  from 
the  previous  exact  solution  we  have  been  able  to  estimate  somewhat  the 
degree  of  accuracy  of  the  group  approximation. 

The  group  value  of  (13)  is  given  in  (20).  Hence  the  wave  resistance,  for 
sufficiently  large  values  of  t,  is  given  by 

K  »  <30) 

y.  Apply  this  to  the  pressure  distribution 

tt!  (,/  )  r(^)(/"  +  .'-riV8oos  {-*  tan-1  (.»//•)},  (31) 

foi’  which  ~  with  k  =;//c2.  The  graph  of  this  distribution  is 

shown  in  curve  (3)  of  tig.  1. 

We  have 


pK  (32) 

The  va'ue  of  R  oscillates  about  the  final  steady  value.  The  relative 
deviation  is  given  by  the  ratio  of  the  two  terms,  namely, 

2-15/27r-1/l-1/2e3!tiM0cOS  J  (2n.-f-  1)7T, 

where  Ao  is  the  wave-length  of  the  regular  train  and  d  =  \Qn .  We  may 
obtain  numerical  values  by  using  the  two  cases  of  the  previous  sections. 

For  Case  i  we  have  r  =  1,  Ao  =  2,  and  we  find  the  following  comparison 
between  ltj,  the  tinal  steady  resistance,  and  li2,  the  deviation  given  by  the 
second  term  of  (32): — 


n. 

0 

+  0  040 

10 

-0  035 

26 

+  0  • 027 

100 

-0  014 

Hence,  after  the  system  has  moved  through  nine  wave-lengths,  the  devia¬ 
tion  is  less  than  5  per  cent. 
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In  Case  ii,  r  =  2  and  Ao  =  257T.  We  find  that  when  u  =  9,  the  deviation 
is  already  less  than  006  per  cent. 

10.  Consider  now  a  simpler  type  of  localised  pressure  distribution,  namely, 

ttF  (r)  =  rf(i*+a?).  (33) 


This  type  leads  to  a  steady  wave  resistance  whose  variation  with  the 
velocity  is  more  like  that  of  a  ship  model.  We  have  <£(*)  =  e~  rK,  and  (30) 
gives 

^  WO' +  jTT).  (34) 


The  relative  deviation  is  now  32  times  as  large  as  in  the  previous  case,  since 


^3ffr/An 


cos  \(2n+  l)7r. 


With  r  =  1,  A0  =  2,  the  value  of  W/W  is  about  0*5  for  n  =  100.  We 
should  have  to  take  n  of  the  order  10,000  before  bringing  the  deviation  from 
the  steady  value  below  5  per  cent. 

On  the  other  hand,  with  r  =  2,  Ao  =  25tt,  the  deviation  is  under  2  per  cent, 
when  «  =  9,  or  at  about  35  seconds  after  the  beginning  of  the  motion ;  it  is 
less  than  2  per  cent,  when  n  =  4,  or  after  a  travel  of  rather  more  than 
300  feet. 

11.  The  waves  produced  by  the  horizontal  motion  of  a  circular  cylinder  of 
small  radius  travelling  at  a  considerable  depth  A  below  the  surface  may  be 
compared  with  t  ose  produced  by  the  surface  pressure 

7rF  (a1)  =  Ac2(h2—x2)/(h2+x2)2  (35) 

We  assume  that  the  intensity  of  the  system  is  proportional  to  the  square 
of  the  velocity.  It  appears  that  the  steady  wave  resistance  is  then  the 
same  function  of  the  velocity  as  in  the  motion  of  the  cylinder  ;*  for  we  have 

4>{k)  =  A('2/ce_'\ 

and  hence 


1,  Ay  . 
pH  =  -T-C 


29hl‘-  ~  c~9hw  cos  W4c  +  *  7r>* 


(30) 


As  a  numerical  example,  take  the  case  when  the  velocity  is  such  that 
the  steady  resistance  lti  has  its  maximum  value ;  that  is,  when  c'~  — •  <jh. 
Then  we  have 


Ih 

ih 


,.V2 


2l3/27T7 t1'2 


cos  \  (2n+  1)  7 r. 


(37) 


The  value  of  the  ratio  means  a  deviation  front  the  steady  value  of  about 
0*8  per  cent,  when  n  =  2>\,  that  is,  when  the  system  has  travelled  through  a 
dib  ance  7 irh. 

*  Lamb,  ‘Hydrodynamics,*  1932  edn.  p.  410. 
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Some  Cases  of  Wave  Motion  due  to  a  Submerged  Obstacle. 

By  T.  H.  Havelock,  F.E.S. 

(Received  May  14,  1917.) 

1.  As  far  as  I  am  aware,  only  one  case  of  wave  motion  caused  by  a 
submerged  obstacle  has  been  worked  out  in  any  detail,  namely  the  two- 
dimensional  motion  due  to  a  circular  cylinder ;  for  this  case,  Prof.  Lamb  has 
given  a  solution  applicable  when  the  cylinder  is  of  small  radius  and  is  at  a 
considerable  depth.*  The  method  can  be  extended  to  bodies  of  different 
shape,  and  my  object  in  this  paper  is  to  work  out  the  simplest  three- 
dimensional  case,  the  motion  of  a  submerged  sphere. 

The  problem  I  have  considered  specially  is  the  wave  resistance  of  the 
submerged  body.  In  the  two-dimensional  case,  this  is  calculated  by  considera¬ 
tions  of  energy  and  work  applied  to  the  train  of  regular  waves.  But  for  a 
moving  sphere  the  wave  system  is  more  complicated,  like  the  well-known 
wave  pattern  for  a  moving  point  disturbance,  and  similar  methods  are  not  so 
easily  applied ;  I  have  therefore  calculated  directly  the  horizontal  resultant 
of  the  fluid  pressure  on  the  sphere.  Before  working  out  this  case,  the 
analysis  for  the  circular  cylinder  is  repeated,  because  it  is  necessary  to  carry 
the  approximation  a  stage  further  than  in  Prof.  Lamb’s  solution  in  order  to 
verify  that  the  resultant  horizontal  pressure  on  the  cylinder  is  the  same  as 
the  wave  resistance  obtained  by  the  method  of  energy. 

The  stages  in  approximating  to  the  velocity  potential  may  be  described  in 
terms  of  successive  images ;  the  first  stage  <f> i  is  the  image  of  a  uniform 
stream  in  the  submerged  body,  the  second  stage  fa  is  the  image  of  fa  in  the 
free  surface,  the  third  fa  is  the  image  of  fa  in  the  submerged  body,  and  so 
on.  In  order  to  keep  the  integrals  convergent,  a  small  frictional  coefficient  is 
introduced  in  the  usual  manner ;  after  the  calculations  have  been  carried  out, 
the  coefficient  is  made  zero.  Further,  the  solution  for  uniform  motion  is 
built  up  so  that  expressions  can  be  found  for  the  velocity  potential  at  any 
time  after  the  starting  of  the  motion,  although  only  the  final  steady  state  has 
been  studied  in  detail.  The  wave  resistance  of  a  sphere  is  found  to  have  the 
form  const. x Wi, i (a),  in  which  a.  is  2 with  /the  depth  of  the 
sphere  and  c  its  velocity;  W*, i(«)  is  a  confluent  hypergeometric  function. 
In  order  to  graph  the  wave  resistance  as  a  function  of  the  velocity, 
expansions  have  been  found  for  this  particular  variety  of  tho  function 

*  H.  Lamb,  ‘Ann.  di  Matematica,’  vol.  21,  p.  237;  also  ‘Hydrodynamics,’ 
6th  edn.  (1932)  p.  410. 
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W*,  m(«) ;  it  belongs  to  the  logarithmic  case  for  which  a  general  expansion  is 
not  available. 

In  general  form  the  graph  of  the  resistance  is  very  similar  to  that  of  the 
circular  cylindei. 

Circular  Cylinder. 

2.  The  steady  state  for  uniform  motion  of  the  cylinder  may  be  attacked 
directly,  as  in  Prof.  Lamb’s  solution,  but  we  shall  adopt  his  suggestion  of 
building  it  up  from  simple  oscillations.  Take  the  axis  of  x  in  the  free 
surface  of  the  water,  and  the  axis  of  y  vertically  upwards.  A  circular 
cylinder,  of  radius  a,  is  making  small  oscillations  parallel  to  Ox  with  velocity 
c  cos  at,  the  axis  of  the  cylinder  being  horizontal  and  perpendicular  to  Ox, 
and  the  mean  position  of  the  centre  being  the  point  (0,  — /).  A  first 
nppproximation  when  the  depth  /  is  sufficiently  large  is  found  by  ignoring 
the  surface  effect  altogether  and  putting 

<j>  =  ca3  (x/r2)  e'*1 ;  r2  =  x?  +  (y+ff.  (1) 

This  satisfies  the  boundary  condition  at  the  surface  of  the  cylinder.  For  the  * 
next  step,  add  a  term  Xi  to  the  velocity  potential  so  as  to  satisfy  the  **  * 
conditions  at  the  free  surface,  but  ignoring  meantime  the  disturbance 
produced  thereby  at  the  surface  of  the  cylinder.  The  term  Xi  must  be  a 
potential  function  and  it  must  satisfy  the  condition  for  deep  watefi,  namely, 

9Xi  jdy  —  0  for  y  —  —  oo  ;  these  conditions  are  fulfilled  by 

rao 

Xi  =  e,V£  J  a  (k)  ck'J  sin  kx  die,  (2) 

where  a  is  a  function  of  k  to  be  determined.  This  form  is  chosen  because  we 
can  satisfy  the  conditions  at  the  free  surface  by  using  an  equivalent  form 
for  (1),  since 

x/r*  =  |  sin  nxdic ;  y+f>  0.  (3) 

The  surface  elevation  is  expressed  similarly  by 


t]  =  eiat  f  ^  ( k )  sin  kx  dK. 
Jo 


(4) 


In  order  to  keep  the  various  integrals  convergent,  we  assume  that  the 
liquid  has  a  slight  amount  of  friction  proportional  to  velocity ;  in  the  sequel 
the  results  are  simplified  by  making  the  frictional  coefficient  n  tend  to  zero. 
In  these  circumstances  the  pressure  equation  is 

p/p  =  const.  +  q2'  (5) 

Hence  the  conditions  at  the  free  surface  are,  neglecting  the  square  of  the 
velocity, 

B4>/dt  —  gy+  p0  =  const.;  —d<f>/dy  =  dr)/dt. 
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Here  <f>  is  the  velocity  potential  after  (2)  has  been  added  to  (1)  ;  thus  the 
equations  for  <x  and  /3  are 

ca?x  — Ka.  =  i<j\ 3 

iaca?e~*f  +  iact  —yfi  +  fica2c~*f  +  /xa  =  0 


From  these  we  obtain  the  expressions  for  Xi  and  rj,  namely 


Xi  =  cn?e'at 

r  +  sin 

o  gx—a*  +  ifia 

0) 

7)  =  ca?tiat 

r  2*^j,+  4?)  c-'f Bin  KxdK. 

|0  Qk  —  o^+ifia 

(8) 

The  expression  for  Xi  can 

Xx  —  —  ca?eiat  f 

Jo 

be  divided  into  two  parts 

,  .  ,  ■  o  ■  ,  f“  qxe~K^~!l)  sin  tcxdn 

sm  kx  dx  —  2ca?exai  1  — — -3 — . - . 

Jo  a*  —  ifia — (jx 

(9) 

If  we  regard  Xi  as  the  image  of  the  oscillating  cylinder  in  the  free 
surface,  we  see  from  the  form  of  the  first  integral  in  (9)  that  part  of-  the 
image  is  a  negative  doublet  at  the  image  point  (0,/).  We  obtain  next  the 
velocity  potential  of  the  motion  produced  by  a  sudden  small  displacement  of 
the  cylinder,  and  we  take  this  to  be  equivalent  to  a  momentary  doublet  of 
constant  strength.  Suppose  then  that  at  a  time  t  a  doublet  is  suddenly 
created,  maintained  constant  for  a  time  ?t,  and  then  annihilated.  The 
velocity  potential  at  any  subsequent  time  t  is  given  by  a  Fourier  synthesis  of 
the  preceding  results  for  an  oscillating  cylinder,  and  we  have 

(io) 

ir  Jo 


where  [</>]  is  the  sum  of  (1)  and  (9),  omitting  the  factor  eiat. 

Carrying  out  this  integration  for  the  value  of  <j>  in  (1)  and  for  the  first  part 
of  (0)  gives  simply  the  momentary  doublet  at  the  centre  of  the  cylinder  and 
the  -negative  doublet  at  the  image  point.  These  doublets  last  for  a  short 
time  St  ;  the  subsequent  fluid  motion  is  contributed  by  the  second  part  of 
vko-V  (9).  For  this  we  have  to  evaluate  the  real  part  of 


eia  (t-T) 


Jo  cra—ifi<7—gic 


da ; 


t— T>0. 


(11) 


We  obtain  the  value  by  contour  integration ;  further  we  simplify  the 
result  by  neglecting  /a2  We  shall  make  n  zero  ultimately,  but  we  must 
retain  it  sufficiently  to  keep  the  integrals  convergent ;  however,  at  one  or 
two  stages,  superfluous  terms  may  be  omitted  when  it  is  clear  that  the  final 
limiting  values  will  not  be  affected.  We  find  for  (11)  the  value 
— tt  gjn  jKY(<_r)j  kV 
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writing  V  for  -v/^/*)  whenever  it  serves  to  simplify  the  notation.  Hence 
the  velocity  potential  of  the  subsequent  fluid  motion  after  the  cylinder  has 
been  given  a  small  displacement  at  time  t  is 


Finally  we  obtain  the  velocity  potential  for  a  cylinder  in  uniform  motion 
by  substituting  x+c(t  —  t)  for  x.  noting  that  hereafter  x  will  refer  to  a 
moviug  origin  immediately  over  the  centre  of  the  cylinder ;  we  then 
integrate  with  respect  to  t  from  the  start  of  the  motion  up  to  the  instant  in 
question.  We  could  in  this  way  obtain  results  for  any  stage  of  the  motion, 
but  we  limit  the  discussion  to  the  final  steady  state  ;  for  this  we  take  —  oo  as 
the  lower  limit  in  integrating  with  respect  to  t.  Before  writing  down  the 
result,  we  must  remember  to  introduce  the  integrated  effect  of  the  original 
momentary  doublet  iu  (1)  and  its  negative  image,  which  were  not  included  in 
(11)  ;  these  clearly  add  up  to  steady  doublets.  Hence  ve  find  for  the  steady 
stare 

d>  =  D— Di  +  2ca3  f  e_*(/~3'>(Asin/cr  +  Bcos*a;)d/ic,  (13) 


where  D  represents  the  doublet  ca?xjr 2  at  the  point  (0,  — ■/),  Dj  an  equal 
doublet  at  the  point  (0,/),  and 

oa  _  **V(V+c)  ,  *2 V(V-c) 

+  +  *2(V_c)2  +  2/i2> 

4B  =  - £^X - - .  (14) 

^(Y-cy  +  i^  *2(y  +  c)a  +  i/t2-  C*) 


3.  Before  proceeding  further  we  may  obtain  the  surface  elevation  from  (13) 
for  comparison.  The  surface  condition  is  now 

—3(f>/dy  =  drj/dt  —  —cdrj/dx. 

Hence  we  have 

t]  =  2a?f/(sp2+fi)—2a2  f  (Acosta— B sin **) (15) 


in  which  /c0  =  gj<?-  Further,  since  /x  is  to  be  small,  we  may  omit  irrelevant 
terms  and  put 


A  =  —  k*(k  —  kq)/ {K—(K0  +  ifi/c)}  {k— (ko— ifi/c)}, 
B  =  k0((j./c)/{k— (ico  +  ifi/c)}  {k— (*o— r/t/c)}. 

The  integral  in  (15)  can  then  be  written  as 

ei*i 


f*  f _ e-"‘x 

Jo  L *-  to—i, 


■fl/c  K  —  Ko  +  ifl/c 


y 


!(U. 


(16) 

(17) 
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We  transform  these  integrals  by  contour  integration  in  the  plane  of  a 
complex  variable  k,  treating  separately  the  cases  of  x  positive  and  x  negative  ; 
after  making  p,  zero  in  the  final  results  we  obtain 


2a? f  ,  .  „  .  .  ,  .  „  f“mcosm/— «0sin?a/  , 

ij  =  -3—^3  +  ~ina?Ko e ~ **f  sin  kox  +  2c?  k0 - -2  —  2 - - emx dm  ; 

xr  +/  jo  m  -f-  Kq 

v  =  .  2 a?K,  f"  m  003  mf~~  *0  sin  mfc-mx  . 

V  x?+f2  +  l *°]0  m2  -f  k2  ’ 


x>0. 


x  <  0, 
(18) 


These  agree  with  Lamb’s  results  for  the  circular  cylinder  in  a  uniform  stream. 

The  wave  resistance  R  is  derived  from  the  regular  waves  in  the  rear,  by 
considering  the  rate  of  increase  of  energy  and  taking  into  account  the 
propagation  of  energy  in  a  regular  train  ;  we  have 

R  =  \gp  (amplitude)2  =  ^ir>ypaiKfi2e~2'1 ?.  (19) 

4.  We  have  now  to  obtain  the  resistance  R  by  direct  summation  of  the 
horizontal  component  of  fluid  pressure  on  the  cylinder.  It  is  clearly 
necessary  to  proceed  to  a  further  stage  with  the  velocity  potential,  Bince  we 
have  assumed  so  far  that  the  surface  effect  is  negligible  in  the  neighbourhood 
of  the  cylinder.  If  we  write  (13)  as 

«#,=D  +  X1)  (20) 

the  doublet  I)  is  the  first  approximation,  satisfying  the  boundary  conditions 
on  the  cylinder ;  Xt  is  the  image  of  the  doublet  in  the  free  surface,  found  by 
satisfying  the  conditions  there.  The  next  step  is  to  find  X2,  the  image  of  Xi 
in  the  cylinder,  ignoring  then  the  effect  of  X2  at  the  free  surface.  It  follows 
that  X2  is  the  image  of  Xi  in  the  cylinder,  foimd  as  if  the  cylinder  were  at 
rest  in  a  field  defined  by  Xi.  Taking  polar  co-ordinates  with  the  origin  at  the 
centre  of  the  circular  section  of  the  cylinder,  we  have 

x  —  r  cos#;  y+f—r  sin  9;  (21) 

also  the  conditions  for  X2  are  that  it  should  be  a  potential  function,  the 
components  of  velocity  must  vanish  as  r  becomes  infinite,  and 

9(Xi  +  Xa)/3r  =  0,  for  r  =  a.  (22) 

But  from  (13),  Xi  consists  of  a  summation  of  terms  of  the  form 


cos 

sin 


KX. 


We  obtain  X2  by  replacing  each  term  by  the  expressions 


e-nf  g*as  liu  #/r  CQg  Qjr^ 

and  the  above  conditions  for  Xa  are  then  satisfied.  This  process  amounts 
simply  to  inversion ;  we  may  think  of  Xi  as  due  to  a  line  distribution  of 
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sources  and  X2  is  then  a  circle  of  sources  on  the  inverse  of  this  line  with 
respect  to  the  cylinder.  We  have  now  for  the  velocity  potential  to  this  stage 

<f>  =  D  +  2 ca2  f  e~ *  {  (A  —  £)  sin  kx  +  B  cos  kx)  dtc 

Jo 

-4-2eu2J  1  (A  —  ^ )  sin  (>ca2xjr2)  +  B  cos  (iea2xfi'2) }  (Ik.  (23) 


We  have  put  A  —  |  for  A  so  as  to  include  under  the  integral  sign  the 
doublet  previously  denoted  by  Dj. 

The  method  could  theoretically  be  carried  on  step  by  step ;  however,  we 
stop  at  this  stage  because  it  is  sufficient  for  obtaining  the  wave  resistance 
R  from  the  pressure  equation  to  the  same  approximation  as  by  the  energy 
method. 


We  have 


/*2fr 

R  =  ap  cos  8  d6 ; 

Jo 


(24) 


p/p  —  —cdtp/dx-gy+fMf.—bq3.  (25) 

If  we  write  (23)  as  <f>  =  D  +  Xi  +  X2,  and  omit  terms  which  obviously 
contribute  nothing  to  the  value  of  R,  we  have,  when  r  =  a, 

£ _  d  /v  ^  y  /y  y  \  4  3D  3(Xi  +  Xg) 

n - cs-(X1  +  Xa)+/i,(X1  +  Xa)-ra  ^ 


=  (2  c/a)  sin  6  0  (Xj  +  Xa)/d0  +  p  (Xx  +  X2),  (26) 
where  we  have  used  (22)  and  the  value  of  D.  From  (23),  omitting  the 
doublets  D  and  Dj,  which  will  from  symmetry  give  no  contribution  to  R  when 
yt i  is  zero,  we  have 

p  =  4c«3  e-2*/+*,*»in®  { 2/cc  A  sin  0  sin  (<£— 0)  -f/i  A  sin  <f> 

+  2*cB  sin  0  cos  (cjf>  —  #)  +  yaB  cos  <f>}  die,  (27) 
where  ef>  =  <a  cos  6.  Substituting  in  (24)  we  have  an  expression  for  R.  We 
may  now  change  the  order  of  integration  and.  take  first  that  with  respect 
to  6 ;  we  can  carry  this  out,  after  some  transformation,  by  means  of  the 
integrals 

j^eAcu5<’co8(A.sin0— nd)d0  =  7rA"/T(n+l), 

|  ca  cos «  Cos  ( A  sin  +  nd)  d$  =  0,  (28) 

where  n  is  a  positive,  odd  integer.  In  fact  the  integration  with  respect  to  6 
gives  simply  irxa  (*cB  +  pA) ;  hence  we  have 


R 


*  (kcB  +  pA)  e~ W  die, 


(29) 
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whore  A  and  B  are  given  by  (14),  or  by  (16)  since  wo  suppose  /x  small.  Thus  . 
wo  have 

,,  .  4  t  •  f*  (ttca3icc~s*f  (Ik 

—  Trpca  {K—(jca  +  ip.lc)\ {K'-(Kv'—iplc)} 

=  47rpca4  Lim  fA{2rrriicl?e-'-*»f  /  (/a/ c) -f- Unite  quantity} 

=  4  Tftfptfc-'c-W*,  (30) 

which  is  the  same  as  the  previous  expression  (19). 


Spliert. 

5.  A  sphere  of  radius  a  is  at  depth  /  below  the'  surface  and  is  moving  with 
uniform  velocity  c  parallel  to  the  axis  of  x.  The  origin  is  in  the  free  surface, 
the  axis  of  z  being  drawn  vertically  upwards.  As  before,  the  first  approxi¬ 
mation  is  a  doublet  D  given  by 

<j}  —  ca3a:/2r3;  r2  =  rj?  +  y2  -f  (z  +/)a.  (31) 

For  the  purpose  of  satisfying  the  conditions  at  the  free  surface  we  have 

<f>  =  D  =  — £ca3  Jo{*\/ 0?+y2)}dK)  z+f>  0.  (32) 

This  suggests  at  once  suitable  forms  for  the  next  approximation  and  for  the 
free  surface ;  the  equations  are  similar  to  (6)  of  the  previous  case,  ard  we 
obtain  in  the  same  way 

<p  =  T)— Di  +  X,,  (33) 

where  Di  is  a  doublet  at  the  image  point  (0,  0,  /)  and 

Xi  =  ~ caZ  Jj;  Jo  V (9 K) c ~ '* </_ :)  (Ik  I  e~^J0[ Ky/ { (x  +  cuf  +  y2}  ]  sin  (*  V u) du. 

(34) 

The  corresponding  surface  elevation  is 
7]  =  a3 1  e-^Jo {ny/'O? -^v*)} k<Ik 

—  a3 1  v/(y/f)e_x/«(Z*|  Jn[Vcv/{(a;-(-c?<)3-|-y3}]sin(«Va)ff((.  (35) 

The  first  term  represents  the  effect  of  the  doublets  D  and  Dj.  It  can  be 
verified  by  approximate  methods  that  the  second  term  includes  a  main  part 
like  the  well-known  wave  pattern  for  ship  waves.  Since  the  expression  in 
(35)  gives  finite  and  continuous  values  for  the  surface  elevation,  it  might  be 
of  interest  to  examine  some  points  in  detail ;  for  instance,  the  elevation  near 
the  lines  corresponding  to  the  lines  of  cusps  for  a  moving  point  disturbance. 
However,  we  pass  now  to  the  calculation  of  the  resultant  horizontal  pressure 
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on  the  sphere.  We  have  to  find  X2  the  imago  of  Xi  in  the  sphere  ;  for  this 
we  first  put  Xi  into  a  different  form  by  using 

7r<Jo[*  {(^  +  c?t)3  +  7/2}i]  =  |  cos  {«:(£  + cm)  eo9  0}  cos  (/ey  sin  </>)  (36) 

From  (36)  and  (34),  after  carrying  out  the  integration  with  respect  to  u, 
we  obtain 

7rXj  =  ca?  j"  KfiK  j"  {Asin(/eaicos<£)-f-Bcos(/ra;cos$)} 

x  cos  (kij  sin  <j>)  cos  cj>  dtf>,  (37) 

where  A  and  B  are  given  by  (14)  after  writing  c  cos  <p  for  c. 

For  convenience  in  the  following  analysis,  we  transfer  the  origin  to  the 
centre  of  the  sphere,  noting  that  in  (37)  we  shall  have  exp.  (  —  2 k/+kz)  in 
place  of  exp.  (—  k/  +kz).  Also  we  use  polar  co-ordinates 

x  =  r  cos  a  ;  y  =  r  sin  «  cos  /3 ;  z  =■  r  sin  «  sin  /9. 

The  conditions  for  X2  are  that  it  must  be  a  potential  function,  the 
disturbance  due  to  it  must  ultimately  vanish  as  we  recede  from  the  sphere, 
and  on  the  sphere 

3(Xi  + X2)/9r  =  0.  (38) 

To  avoid  repetition  of  expressions  like  (37),  we  take  out  of  it  a  typical  term 
and  write 

Xi  =*  cKZ  sin  ( kx  cos  $)  cos  (k.>j  sin  <£).  (39) 

We  know  that  the  function 

j.-igwA/w  sju  (^Ka2x  cos  (fjjr2)  cos  {na2y  sin  <j>/r2)  (40) 

satisfies  the  first  two  conditions  for  X2,  but  we  find  it  does  not  fulfil  (38). 
An  additional  term  is  required,  and  it  can  be  found  in  the  following  way. 
Suppose  that  on  the  sphere  we  have 

«"*  sin  ( kx  cos  <p)  cos  ( :iy  sin  <£)  =  2  AmYm  (*,  0),  (41) 

where  the  right-hand  side  is  an  expansion  in  surface  spherical  harmonics. 
Then  for  the  term  (39),  all  the  conditions  for  X2  are  satisfied  by 

sin  (kcl2x  cos  <f>/i'2)  cos  («atay  sin  <f>/r2)— 2am+1  AmYm/(?a-f  l)rm+l. 

(42) 

Suppose,  similarly,  that  on  the  sphere  we  have 

cos  (kx  cos  <f>)  cos  (*y  sin  <f>)  =  2  BmYm  («,  0).  (43) 
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Then  the  complete  expression  for  X3  is 

ttX2  =  cor3 1  c-'1”’  kAk  I  ar~ 1  c,u’*7r’  cos  (m2y  sin  (fa/r2)  cos  <f> 

x  {A  sin  (/ca2x  cos  <j>/r2)-\-  B  cos  (k.o?x  cos  <f)/r2)}d<f> 

—co?  [  e~2Kf  K(in  (  X(AAm-{-BBm)(w-f  l)“1(^1^/r)m+,  Ymcos  (f>d<p. 

J0  J  0  m 

(44) 

We  have  now 

cj>  =  D-Di  +  Xi  +  X,  =  D  +  X,  (45) 

and  tho  pressure  equation  is 

p/p  =  —cd<t>/dx—gz  +  n<p  —  lq2.  (46) 

The  wave  resistance,  or  the  resultant  horizontal  pressure  on  the  sphere,  is 

fir  p2rr 

R  =  da\  a2p  sin  a.  cos  a  dfi.  (47) 

Jo  Jo 

Omitting  terms  which,  from  symmetry,  will  give  no  contribution  to  R,  we 
have 

£  =  x  ®3x_i®3x — i_apax  (48 

p  iSz  dr  dr  r 2  dot  da.  r3  sin3  a  d/3  B/3 


But  when  r  =  a,  we  have 

0D/9/3  =  0  ;  Bl) /da  =  —)} ca  sin  a;  BX/Br  —  0, 
hence  p/p  =  (3c/2a)  sin  «8X/3a4-/tX.  ^49) 

We  must  now  substitute  (49)  in  (47)  and  use  the  value  of  X  given  by  the 
sum  of  (37)  and  (44)  on  the  sphere  ;  it  is  clear  that  we  may  omit  the  doublet 
Di  as  it  will  not  affect  the  limiting  value  of  R  when  p  is  zero. 

6.  Consider,  in  the  first  place,  the  contribution  of  the  first  term  in  the 
value  of  p  given  in  (49).  In  the  repeated  integrals  which  are  obtained,  we 
may  change  the  order  of  integration,  and  we  shall  ca  jry  out  first  the  summa¬ 
tion  over  the  surface  of  the  sphere.  We  notice  that,  when  r  =  a,  the  first 
term  in  the  value  of  X2  in  (44)  is  equal  to  the  value  of  Xi ;  the  additional 
part  of  X3  is  the  term  involving  the  expansions  in  spherical  surface 
harmouics.  Choose  a  typical  terra  from  the  latter  part,  and  we  find  we  have 
to  evaluate 

||8in«cos«O^m/0st)rfS,  (50) 

taken  over  the  surface  of  unit  sphere. 

But  this  integral  is  equal  to 

—  3fPj(cos «)  Yw(a, /9)tfS.  (51) 

Hence,  the  only  term  which  has  a  value  different  from  zero  is  the  term  in 
Y2,  the  surface  harmonic  of  the  second  order.  From  the  manner  in  which 
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the  expansions  were  introduced,  in  (41)  and  (43),  it  follows  that  the  contri¬ 
bution  of  the  second  term  in  (44)  is  one-third  of  that  of  the  first  term  ; 
hence,  summing  up  the  result  so  far  as  the  first  term  of  (49)  is  concerned,  we 
have 

7rll'  =  —5 c2a4p  f  tcd/c  [  cos  f  d{3  (  sin  «Pa(cosa)c*IlsiUaBin^ 

Jo  Jo  Jo  Jo 

x  cos  ( kcl  sin  a  cos  /3  sin  cf> ) 

x  {  A  sin  (kci  cos  a  cos  <f>)  -f  13  cos  {tea  cos  a  cos  <£) }  da.  (52) 
Taking  the  integration  with  respect  to  6,  we  find  it  is  equal  to 

2j  c««ainac°s/jeos(/tasin  a  sin  </>  sin  /3)  dft  =  27rl0(/ca  sin  acos  <£),  (53) 

Jo 

where  Io(£k)  is  the  Bessel  function  a  result  which  may  be  obtained  by 

direct  expansion  and  integration  term  by  term.  For  the  integration  with 
respect  to  a.  the  term  in  A  in  (52)  obviously  gives  zero,  and  we  are  left  with 

27r  I  To  (ica  cos  <f)  sin  a)  cos  (/ m  cos  <f>  cos  a)  P2  (cos  a)  sin  a  da.  (54) 

Jo 

Here  also  we  may  expand  in  powers  of  n.a  and  integrate  term  by  term  ; 
it  can  be  shown  that  the  integral  of  the  coefficient  of  (««)"  vanishes  except 
for  the  single  term  *2a2 ;  thus  we  find  that  (54)  reduces  to 

— (27r/5)K2a2cosa<f>. 

7.  We  have  new  to  consider  the  term  /*X  in  the  value  for  ])  in  (49).  We 
might  omit  this  term,  on  general  grounds,  as  giving  no  contribution  to  It 
ultimately  when  /a  vanishes ;  for  X  is  the  velocity  potential  for  a  sphere  at 
rest  in  a  given  field  Xj.  However,  it  may  be  left  in,  and  we  have  a  similar 
calculation.  Taking  the  second  integral  in  (44),  we  find  it  is  now  only  the 
term  in  Yj  which  counts ;  hence  the  contribution  of  this  part  is  one-half  of 
that  of  the  first  integral  in  (44).  Further,  it  is  the  term  involving  A  which 
gives  a  value  different  from  zero  when  integrating  with  respect  to  «,  and 
instead  of  (54)  wo  have 

27r  I  Io  (tea  cos  $  sin  a)  sin  (tai  cos  <f>  cos  «)  Pi  (cos  «)  sin  a  da, 

which  reduces  to  (47t/3)/cg  cos  <f>. 

8.  Collecting  the  various  results,  we  have  now 

K=  2c«flpj'  c~2*f  *?dK  |  (kc  li  cos  <f>  +  /uA)  cos2  tf>  d<f>,  (55) 

a  form  which  may  be  compared  with  the  corresponding  expression  for  the 
cylinder  in  (29). 
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A  and  B  are  given  by  (14)  when  we  replace  c  by  ccos<£;  putting  these 
values  in  (55),  we  see  that  we  may  change  the  order  of  integration.  Further, 
as  we  make  p.  vanish  ultimately,  we  may  use  simplified  forms  of  A  and  B 
corresponding  to  (16).  These  give 


rir/2  j*» i 

R  =  4:Kaaca6pfi  sec 2<f>  d<f>  - 

Jo  Ju  ^ 


2/>— i 


K*C 


Wd/c 


Ju  (*— K(,sec2<j>)2 +  (/xJc)2 sec.2  <f) 


To  obtain  the  limiting  value  for  p  zero  we  may  treat  this  like  the  similar 
expressions  in  (30);  or,  alternatively,  we  may  put  (p/c)  sec  <f>  =  1/n,  and  use 
the  general  result 


nf(x)  dx 
+  )d(x — odf 


{/(*“•  0)  +/(  a  +  0)  } . 


The  apparent  difficulty  with  regard  to  values  of  (f>  near  7r/2  is  overcome  by 
noticing  that  with  the  particular  functions  involved  in  R  no  extra  contribu¬ 
tion  arises  from  such  terms  near  the  upper  limits  of  the  variables.  Carrying 
out  the  integration  in  k  in  this  way,  and  changing  the  remaining  variable  by 
putting  tan  cf>  =  t,  we  obtain 

R  =  47rff4pn6c~6c~ 2^ci  J"(l  +  dt.  (56) 


The  remaining  integral  can  be  expressed  in  terms  of  known  functions. 
Possibly  the  simplest  method  is  to  use  the  confluent  hypergeometric 
function*  defined,  for  real  positive  values  of  «  and  for  real  values  of  k  and  m 
for  which  k— m  —  £  ^0,  by 

p-a/2  „k  r*> 

W*,w(«)  ==  T(h-k  + m)  ]  o  +  tt/ du.  (57) 


We  have  now  the  wave  resistance  of  the  sphere  given  by 

R.  =  tvW!jpa6f--'a:«*c-d*Whl  (a) ;  a  =  2/jf/c2.  (58) 

8.  For  purposes  of  calculation,  we  require  expansions  of  Wi,i(a).  This 
function  belongs  to  the  logarithmic  type  of  confluent  hypergeometric  function, 
and  general  expansions  are  not  available  in  this  ease  ;  however,  they  can  be 
obtained  without  difficulty  for  Wi,i.  In  the  first  place,  the  differential 
equation  satisfied  by  WM  is 


d'J!/ 

da2 


I +  i_jn 

4  a  4a*/ 


!/  =  0. 


(59) 


We  use  the  ordinary  methods  for  solving  by  means  of  power  series.  The 
roots  of  the  iudicial  equatiou  are  |  and  —  $  ;  hence  one  of  the  fundamental 

*  E.  T.  Whittaker,  ‘Bull.  Aruer.  Math,  Soc.,’  vol.  10,  p.  125  ;  also  Whittaker  and 
Watson,  ‘  Modern  Analysis,’  Chap.  XVI. 
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solutions  will  contain  logarithms.  Calculating  the  coefficients  step  by  Btep, 
we  obtain  as  a  fundamental  system 

ys  =  yilog«f«"3/2(— f  —  $a  +  |a3— - j4fj«4+, 

We  know  that  Wm  is  a  linear  function  of  y\  and  ?/a ;  however,  it  is  simpler  to 
obtain  an  expansion  directly  and  use  (60)  to  verify  it.  For  this  purpose  we 
use  the  equivalent  contour  integral  for  the  confluent  hypergeometric  function, 


(60) 


W*,m  = 


_  ake~^2  f®*  r(a)r(-s-fc-m  +  nr(-s-A;  +  m  +  i) 

~  27TI  J 


a'ds,  (61) 


r(—k—m  +  ^)r(—k  +  m  +  ^) 

where  the  contour  has  loops  if  necessary,  so  that  the  poles  of  T(s)  and  those 
of  r (— s— k— m+ £)T (— s— &  +  m  +  £)  are  on  opposite  sides  of  it.  The 
integral  can  be  evaluated  by  the  method  of  residues.  When  k  ==  m  =  1,  the 
poles  at  which  the  residues  have  to  be  found  are  simple  poles  at  s  =  —  £,  —  f, 
together  with  double  poles  at  s  =  J,  f,  ....  The  latter  series  gives  rise  to 
logarithmic  residues.  Carrying  out  the  calculation,  we  obtain 


.^(7-21og2-D+|^|r-(-^f^+-3)}. 


(62) 


where  y  is  Euler’s  constant  C'5772....  The  coefficients  may  be  put  into 
alternative  forms  more  suited  for  calculation  ;  for  instance 

d  T(p  +  h) 
dp  r(_p+i)r(^+3) 

_  1.3.5...(2^-l)7r*  f 

"  2P.  p\(p  +  2)\  V 

For  numerical  calculation  we  have 

W.,.  =  -  7 T-WoWe-d*  /  JL+4  +  3  A  «+II  «3  +  _l_«3+...~l 
1,1  8  13«*  «  2  36  384  1280  J 

—  (7  + log  \  *)(l  +  s*  +  ^a2+f5o0£3'f  •••  )•  (63) 


•2  log  2  pS n(2n—\) 


.jrn. 

1  n  J 
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The  expansion  may  be  confirmed  by  comparison  with  the  fundamental 
solutions  of  the  differential  equation  given  in  (60) ;  we  find  that 

(8/3)tt*Wi,i  =  (2  log  2— 7— t)yi-y» 

For  large  values  of  *  the  general  asymptotic  expansion  of  W*,m  is  available; 
and  in  this  case  we  have 


(64) 
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9.  With  (63)  and  (64)  we  can  now  calculate  the  resistance  R  from  (58). 
For  a  given  depth  /,  the  variation  of  the  resistance  with  the  velocity  is  shown 
in  the  following  curve,  for  which  R  has  been  calculated  for  various  values  of 

c/\/  (sf)- 


The  curve  is  very  similar  in  form  to  the  two-dimensional  case  of  a  circular 
cylinder.  For  small  velocities,  that  is  «  large,  if  we  take  the  first  term  of  the 
asymptotic  expansion  (64),  we  have 

R  =  v/(2t rV//)  •  pa*c-*e-W« 

which  may  be  compared  with  (30)  for  the  cylinder.  It  is  of  interest  to 
notice  the  similar  law  of  variation  of  wave  resistance  with  speed  for  the  few 
cases  of  rigid  bodies  which  have  been  worked  out.  The  method  adopted  here 
can  be  applied  to  bodies  of  different  forms,  and  it  is  hoped  to  illustrate  later 
some  interference  effects. 


[Reprinted  from  the  Proceedings  of  the  Royal  Society,  A.  Yol.  95] 


Periodic  Irrotational  Waves  of  Finite  Height. 

By  T.  H.  Havelock,  F.R.S. 

(Received  May  21,  1918.) 

1.  The  method  of  Stokes  for  waves  of  finite  height  on  deep  water  consists  in 
working  upwards  by  successive  steps  from  the  infinitesimal  wave  towards  the 
highest  possible  wave.  Although  lacking  formal  proof  of  convergence,  it  is 
generally  accepted  that  the  method  is  valid,  but  that  it  does  not  include  the 
highest  possible  wave  when  the  crests  form  wedges  of  120°. 

For  the  higheet  wave  itself  we  have  Michell’s  analysis  by  a  distinct  method, 
also  involving  an  infinite  series  whose  convergence  has  to  be  assumed.* 

The  theoretical  position  of  Stokes’  method  has  been  stated  concisely  by 
Prof.  Burnside  in  a  recent  criticism! : — 

“  The  complete  result  would  be  to  express  the  co-ordinates  x  and  y  in  terms 
of  <f>  and  yfr  in  the  form 

x  =  —<f>  +  be*  sin  <j>+?>,b*'Pn(b)en'1'  sin  n<j>, 

2 

y—  —  -f  cos  $  +  2  Q»  ( J)  en+  cos  wf>,  (1) 

a 

where  P,  (i),  Q„  ( b )  are  power  series  in  6. 

“  These  results  have  a  meaning  and  can  be  used  for  actual  approximate 
calculation  only,  if  P„  Q„  are  convergent  power  series  when  b  does  not  exceed 
some  value,  say  ba,  while  for  suitable  values  of  b  and  for  real  negative  values 
of  yfr,  the  series  for  x  and  y  are  convergent. 

“  Until  the  form  of  the  power  series  P„  and  Q„  have  been  determined,  it  is 
impossible  to  deal  with  their  convergence.  Assuming  that  they  are 
convergent,  it  is  clear  from  physical  considerations  that  there  must  l>e  an 

♦  J.  H.  Michell,  ‘  Phil.  Mag.,'  Ser.  5,  v)l,  36,  p.  430  (1693). 
t  W.  Burnside,  ‘Lond.  Math.  Soc.  Prcc.,’  Ser,  2,  vol.  16,  p.  26  (1916). 
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upper  limit  V  for  b  in  order  that  the  series  'for  x  and  y  may  be  convergent  for 
negative  values  of  yfr,  and  there  are  no  means  of  determining  b'.” 

Prof.  Burnside  concludes  that  Stokes’  method  cannot  be  used  for  numerical 
calculation  as  it  is  not  known  whether  the  corresponding  value  of  b  is  less 
than  the  above  value  b\ 

In  the  '  ilowing  notes  a  general  method  is  suggested,  which  includes  waves 
of  all  possible  heights,  ranging  from  the  highest  wave  down  to  the  simple 
infinitesimal  wave.  The  method  consists  of  a  simple  and  direct  extension  of 
Michell’s  analysis  for  the  highest  wave.  The  advantage  is  a  theoretical  one 
which  may  be  expressed  in  this  form :  the  parameter  does  not  have,  as  in 
Stokes’  series,  an  undetermined  upper  limit,  but  it  enters  in  the  form 
c~2a,  where  a  may  have  any  positive  value,  including  zero. 

It  should  be  stated  that  here,  again,  we  have  infinite  processes  for  which  no 
formal  proof  of  convergence  is  given  :  we  have  to  rely  meantime  upon  a 
numerical  study  of  the  series.  However,  in  addition,  we  can  compare  the 
method  with  that  of  Stokes  for  waves  short  of  the  highest ;  in  this  case 
numerical  results  obtained  by  the  two  methods  are  the  same,  as  might  be 
expected. 

Extending  this  comparison  to  the  highest  possible  wave,  we  get  a  value  for 
the  quantity  b'  referred  to  previously,  that  is,  the  value  of  the  parameter  for 
which  Stokes’  series  for  the  elevation  become  divergent.  We  obtain  b’  as 
2>i,  where  h  has  the  value  0  0414  approximately,  or  we  have  b'  =  0-291..., 
the  value  for  bi  being  slightly  less  than  the  true  value. 

The  discussion  is  arranged  in  the  following  order :  MicheU’s  form  for  the 
highest  wave,  its  generalisation  by  means  of  the  surface  condition,  method  of 
approximation  for  the  coefficients,  calculation  for  the  highest  wave,  the  values 
when  e~2*  =  comparison  with  Stokes’ series,  determination  of  b',  further 
numerical  examples  and  remarks  upon  the  values  of  the  coefficients. 

2.  It  was  shown  by  Stokes  that  the  highest  possible  wave,  under  constant 
pressure  at  the  free  surface,  has  crests  in  the  form  of  wedges  of  120°.  It 
follows  directly  from  his  argument,  as  a  simple  extension,  that  the  crests 
will  meet  at  the  same  angle  for  the  highest  possible  wave  under  any  assigned 
surface  pressure  provided  the  pressure  is  stationary  in  value  over  the  crests. 

Consider  any  assigned  surface  pressure  of  this  character  which  is  finite, 
continuous  and  periodic.  To  determine  the  form  of  the  highest  possible 
periodic  wave,  we  may  follow  Miohell’s  analysis  for  the  case  of  constant 
pressure  up  to  the  stage  at  which  the  coefficients  are  determined  from  the 
given  surface  condition. 

We  might  then  begin  with  the  form  given  in  (5)  below,  but  we  may 
recall  briefly  Michell’s  argument.  Take  Ox  horizontal,  0 y  vertical  and 
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downwards,  with  0  at  a  crest.  Let  the  successive  crests  be  given  by 
<p  =  +717T,  n  integral;  and  let  the  upper  surface  be  yfr  —  0.  If  6  be  the 
inclination  of  the  wave  line  to  the  horizontal  at  a  point  <p,  assume 

B8 


d<p 


=  ctp  +  «i  cos  2  <p  +  a2  cos  4  <p  +  .... 


(2) 


This  is  equivalent  to  assuming  that  under  the  given  conditions  for  the  surface 
pressure,  the  ratio  of  the  curvature  of  the  wave  line  to  the  velocity  is  finite 
and  continuous  throughout  a  wave-length ;  in  that  case  Bd/B<p  can  be  expanded 
in  a  uniformly  convergent  Fourier  series.  In  the  numerical  calculations 
which  ate  needed  later,  the  practical  success  of  the  method  of  approximation 

depends  upon  a\,  a-j . being  small  compared  with  do,  and,  in  fact,  upon  the 

series  converging  rapidly. 

With  the  notation,  w  —  <p  +  iyfr,  z  =  x  +  iy,U  =  log  (dz/dw),  Michell  showed 
that 


~  —i(a0  +  aiei'w  +  a2ei'w+...), 


(3) 


is  a  function  which  is  real  over  the  surface  yjr  —  0,  and  possesses  only 
simple  poles,  which  are  at  the  wave  crests. 

Suppose  that  near  a  crest,  say  w  =  0,  we  have  dz/dw  =  Awn,  then 
q2  =  const,  x  r_2"/<"+1>,  where  q  is  fluid  velocity  and  r  is  distance  from  the 
summit.  But,  since  the  pressure  is  constant  in  the  neighbourhood  of  the 
crests,  we  have  q1  =  2 gy,  and  hence  n  ~  It  follows  that  the  function 

(3)  differs  by  only  a  constant  from  the  quantity  —  (w—  Hence, 

after  adjusting  the  constants  and  integrating,  we  find  for  dz/dw  the  form 


—  =  (— isinw)"V3e~*“’/3(l-|-ciea’M'  +  C2e4',i’+...), 


(4) 


the  real  root  of  (  —  ism  w)~W  being  taken  along  <p  =  0.  The  units  are  such 
that  the  wave  velocity  Y,  or  the  velocity  at  yjr  =  <x> ,  and  the  wave-length  L 
are  given  by 

V  =  2~V3 ;  L  =  7r/v  =  21'V. 

It  is  convenient  to  invert  (4)  and  write 


dw 

dz 


=  (  —  i  sin  w)l'3eiw/3  (1  +  e*"  +  &3e4*u’ + +...). 


(5) 


3.  The  coefficients  b\,  fa,  ...,  are  now  to  be  determined  by  the  pressure 
condition  at  the  free  surface.  So  far,  we  have  stipulated  only  that  the 
pressure  at  y/r  =  0  shall  be  finite,  continuous,  periodic,  and  stationary  at  the 
points  <p  =  nir.  For  our  present  purpose  we  shall  leave  this  pressure 
distribution  undetermined,  except  for  these  conditions.  We  shall  assume 
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that  it  is  possible  for  some  assigned  stream-line  below  the  surface,  say  the 
line  yfr  =  «,  to  be  a  line  of  constant  pressure.  Thus  we  shall  determine 
hi,  b2,  ....  directly  by  applying  the  condition  for  constant  pressure  to  (5)  when 
yfr  =  «.  The  surface  ifr  =  a  will  then  be  a  possible  free  wave  surface,  and 
free  waves  will  be  given  by  assigning  any  value  to  a  in  the  range  zero  to 
infinity ;  thus,  by  working  down  from  the  highest  possible  wave,  we  include 
in  one  scheme  free  waves  of  any  permissible  height. 

The  condition  that  the  pressure  is  constant  for  -ft  =  «  is 

q2  =  2gy  +  constant.  (6) 

It  is  convenient  to  use  an  equivalent  form  obtained  by  differentiating  (6) 
with  respect  to  <j),  namely 

<7> 

This  has  to  be  used  when 

~  =  { -  r  sin  (<£  +  ;«)}  + “>'3  ( 1  +  /3i  e21*  +  &  e4*  +  ...),  (8) 

az 

where  /3a  =  b2e~ia,  .... 

Multiplying  by  the  conjugate  complex  and  squaring,  we  obtain 

q*  =  e-4a/3  (sinh3  a  +  sin2  (D0  +  2D,  cos  2  <f>  +  2Da  cos  4  <£+...),  (9) 

where 

Do  =  1  +  4/3,2 + (2/3a  +  /3i2)2  +  (2/33  4-  2/3i/9a)3  + . . . , 

Di  =  2/3,  +  2/3,  (2/Sa  +  /3,2)  +  (2/Sa  +  ${*) (2/33  -f  Wife)  +  .••> 

Da  =  2 /3a  +  /3,2  +  2/3,  (2/33  +  2/3,/3a)  +  (2/3a  +  /3i3)  (2/3<  +  /3a2  +  2/3,/33)  + . . ., 

D3  =  2/33 + 2£,$a  -f  2$,  (2/9i  +  #a2  +  2/9i#3)  -f . . ., 


Differentiating  (9)  with  respect  to  <f>,  v>e  can  take  out  a  factor 
(sinh2a  +  sin2^)-1'’3,  and  can  collect  the  other  terms  into  a  sine  series  in 
even  multiples  of  <f>.  However,  we  take  out  also  the  common  factor  sin  </>, 
because  we  then  have  dq*/ 3$  in  a  form  which  reduces  directly  to  the  proper 
form  for  the  highest  wave  (a  =  0),  and,  in  addition,  we  find  that  the 
numerical  calculations  converge  more  rapidly.  After  some  reduction,  we 
obtain  in  this  way 

^  =  4e"4a/38in^(sinha*-}-8in2<|>)_1/3(AiCos<^  +  A8Cos30+ ...),  (10) 
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where 

Ai  =  Po-t-  &Pi  4*  6P2  +  3  (3P3  +  4P4  +  3  (Pi  +  2Pa  +  3P3+ . . .)  cosh  2  a, 

A3  =  ^-Pi  +  4Pj  +  3  (3D3  +  4P4  + . . ,)  —  3  (2P2  +  3P3  + . . . )  cosh  2a, 

A5  =  4P2  +  -'-^-1)3  H-  3  (4P4  +■  5Pj  -)- . . .) — 3  (3P3  4- 4P4  4"  •  •  •)  cosh  2a, 

A7  =  V-I>3  4-7P4-l-3(5P5  4-...)-3(4P44-...)cosh2aJ 


For  the  other  side  of  equation  (7),  using  I  to  denote  the  imaginary  part  Q 
of  a  complex  quantity  Pq-iQ,  we  have 

^  =  —  I  e~al3  (sinh3  a  4-  sin3  -*)'/«<,- i(«-*)/3  £  ^2 n*  (11) 

°y 

where  Ee*s  =  cos  <f>  sinh  a — i  sin  <f>  cosh  a. 

To  expand  this  in  a  form  similar  to  (10),  we  notice  that 

0-«(»-*)/3  _  (l_g-2ae2i$)l/6(l_£-2ag— 2t*)— 1/6( 

(sinh2  a  4-  sin2  (f>)l/2  —  %ea(l—e~2a  c2'*)1!2  ( 1  —  c~2ac~  W)1!2. 

Hence  we  have 

^  =  —  I  J e2°/3 (sinh2  a 4- sin2 <f>)~',s  1  /3r(l -e-2*c**fl2(\-e-2*e-2i*yi*c2ri*. 
oy  r  =  0 

(12) 

We  now  expand  the  two  binomial  factors  after  the  sign  of  summation  in 
series  valid  for  the  whole  range  of  <f>  and  for  all  positive  values  of  a.  We 
can  then  write  down  the  coefficient  of  e2m*,  and  so  obtain  r )<b/dy,  involving  a 
series  of  sines  of  e  /en  multiples  of  <f> ;  as  before,  we  take  out  a  common 
factor  sin  <j>,  and  obtain  the  result 

^  sin  <fi  (sinh2  a  4-  sin2  <f>)~i,z  (Bi  cos  <f>  4-  B3  cos  3<f>  4- . . .),  (13) 

where  the  B’s  are  linear  functions  of  the  /9’s,  with  coefficients  which  are 
functions  of  e~2a.  In  practice,  these  can  be  obtained  directly  from  (12)  to 
any  required  degree  of  approximation ;  general  expressions  can  be  put  in  the 
following  exact  forms 

Bjn+i  =  Bo,2x+i4-^iBi,2R+i4-,..4-/3rBr,an+i4-...) 

Br,2n+1  =  £  C— 2,—  £  Ca», 

tsn+r+1  1  =  n-r+1 

c*  =  3  e-2<*-».F ( - 1  -  f  4- «,« 4- 1, «“«•), 

C0  =  3e**F(— J-,— J,l,c-4*), 
where  F  represents  the  hypergeometric  series. 


(14) 
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We  can  now  apply  the  surface  condition  (7)  by  substituting  the  expansions 
(10)  and  (13)  and  equating  coefficients  of  cos<f>,  cos  3 <f>,  .... 

We  obtain,  as  in  Stokes’  method,  an  infinite  series  of  equations  of  the 
form  A2»+i  =  ^Bsn+i,  from  which  the  quantities  g,  fix,  /9a,  fia,  ...,  are  to  be 
obtained  in  practice  by  successive  approximation  from  the  equations  taken  in 
order. 

Up  to  te.ms  of  the  third  order  the  equations  are 

1  +  5ft  + 12&+  lOfr2  +  28/3,/92  +  5/913  +  18/93 

—  6  {fix  +  2 /9j  +  fix2  +  5/9i/92  +  /9i3  4-  ‘ifia)  cosh  2« 
=  ^  (Boi  +  /3iBn  +  9aBsi  +  fiaBax), 

5A  +  8/92 + 49i2 + 28/9i/9a  +  5/9i3  +  18/93-6(2/9a  +  fr8  +  3/9i/9a  +  3/93)  cosh  2  a 
=  0  (Bo3  +  /9iBi3  +  /SaBas  4-  fiaQza), 

8/9a  +  4/9i2+  ll/9iy9a  +  llyS3 — 18  (/9i$a  +  /93)  cosh  2a 
=  9  (Bo5+/9iBi5  +  /3aBas  +  fia&ai), 

ll/93+ll/9i^9a  =  5,(Bo7+£iBi7  +  £aBa7  +  £3B37).  (15) 

It  might  appear,  from  the  quantity  cosh  2a  on  the  left,  and  from  the 
factor  e?a  in  the  expressions  for  the  B’s  in  (14),  that  there  are  terms  in  these 
equations  which  become  infinitely  large  as  a  increases  indefinitely.  But  we 
have  fix  =  b1e~3a,  fi3  =  &a«-w,  fia  =  V-8*,  •••>  therefore,  if  we  write  the 
equations  (15)  as  a  set  of  equations  for  the  coefficients  61,  b2,  ....  this 
difficulty  disappears.  In  this  connection  we  may  recall  the  initial  assump¬ 
tion  that  the  series  in  (5),  namely,  1  +  61e2,‘"  +  ^"£’4- ....  is  absolutely 
convergent,  otherwise  the  analysis  has  no  meaning. 

The  infinite  set  of  equations,  given  to  the  third  order  in  (15),  has  to  be 
treated  by  Stokes’  method ;  that  is,  assuming  the  process  to  be  convergent, 
the  equations  taken  in  succession  yield  approximations  to  g,  fix,  fit, ....  for  any 
assigned  numerical  value  of  «.  But  there  is  a  difference  between  these 
equations  and  the  corresponding  set  in  Stokes’  analysis.  In  the  latter,  the 
first  coefficient,  say  b,  is  arbitrary,  and  the  successive  equations  have  their 
lowest  terms  of  order  zero,  one,  two,  and  so  on,  respectively  ;  thus  y  and  the 
remaining  coefficients  are  found  as  power  series  in  b.  But  in  (15),  we  have 
a  term  independent  of  the  fi'a  on  the  right-hand  side  of  each  equation  ;  thus 
the  solution,  if  practicable,  leads  to  a  set  of  numerical  values  of  g,  fix,  fi%,.,. 
for  a  definite  numerical  value  of  a.  We  may  notice,  in  passing,  that  for  a  first 
rough  approximation  3B01  =  1 ;  and  as  Bui  does  not  differ  much  from  unity 
for  any  value  of  a,  the  coefficients  fix,  fix, ...,  are  of  the  order  of  magnitude  of 
Bo3i  Boi . respectively. 

4.  The  method  of  approximation  used  in  the  following  calculations  nmy 
be  described  by  considering  first  the  simplest  form  of  the  equations,  namely, 
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when  a  =  0.  The  hypergeometric  series  in  (14)  can  be  summed  in  this  ease 
and  we  find 

18^/3  6r+ 1 


B„ 


2n+l 


(16) 


7 r  9(2«,+ l)a— (6r+ l)a 

The  equations  (16)  reduce  to 

1— -ft  +  4fta— 2ftft— ft3  =  k  (  g-  fti — j1 jij  ft2  -jxrft)* 

5/3i — 4ft —  2fta  + 1  Oft  ft  +  5ft3  =  MA+^ft-Mft-^ft). 

8ft  +  4fta-7ftft-7ft  =  + 

llftft  +  llft  —  MTTx  +  -J^“?ft +  T7Tftd'¥'S'ft)>  (17) 

with  &  =  18^^/3/tt. 

These  are  Michell’s  equations  for  the  highest  wave.  Without  specifying 
any  definite  method  of  approximation,  Michell  states  that  sufficiently  close 
values  are  given  by 

9  =  0-832,  ft  =  0-0397,  ft  =  0-0094,  ft  =  0002.  (18) 

In  order  to  compare  results  for  different  values  of  a,  it  is  desirable  to  adopt 
some  consistent  scheme  of  approximation. 

In  general,  in  the  equations  (15),  we  substitute 

yBoi  =  1  +  I'ift +A?2fti2  +  I'3/8i3+ ..., 
ft  —  bafiia  +  ba@i3+ ..., 

Pa  —  ca0is+ci0ii+..., 


.  (19) 

For  a  first  approximation,  write  down  the  first  two  equations  up  to  terms 
in  ft,,  and  we  get  two  equations  from  which  to  determine  ki  and  ft.  The 
first  of  these  equations  is,  in  fact,  independent  of  ft,  on  account  of  the  form 
of  (19). 

For  a  second  approximation,  retain  the  value  of  ki  so  determined,  and 
write  down  the  first  three  equations  of  (15)  up  to  the  terms  in  ft3,  the  first 
of  the  three  being  again  independent  of  ft ;  from  these,  we  determine 
/i-j,  ft,  and  a  second  approximation  to  ft.  For  the  third  stage,  using  the 
values  of  kit  k3,  and  b3  already  found,  and  writing  down  the  first  four  equa> 
tions  of  (15)  up  to  tho  terms  in  ft3,  we  determine  k3,  b3,  c3,  aud  a  third 
approximation  to  ft.  Using  (19)  we  obtain  the  corresponding  values  of 
•J,  ft,  ft,  ....  at  any  stage.  The  nth  approximation  to  ft  is  given  by  an 
equation  of  the  nth  degree  in  ft ;  but  there  is  no  difficulty  in  practice  as  to 
the  particular  root  since  we  follow  it  through  from  the  first  approximation. 

The  method  is  simple  in  plan,  if  somewhat  tedious  in  practice ;  so  it  is 
not  uecessary  to  give  the  details  of  tho  following  calculations. 


138 


45 


Prof.  T.  If.  Havelock. 


Taking  the  particular  case  (17),  we  may  write  down  one  set  of  equa¬ 
tions  to  illustrate  the  type.  After  the  first  two  stages,  we  obtain 
h  =  0-4,  ka  =  7’6,  ba  —  4-67 :  using  these  values  we  find  for  the  next  stage 
the  equations 

h-  0-65&3— 0-432c3  =  1-18  ' 

/Si3  (0T/e3+  2-82^3— 0‘543c3— 44-25)-f  17‘745^i2— 3-21/3i  +  0-l  =  0 
fix2  (0-036/c3— 6-1463  +  5-88c3  +  4T68)  —  34'68/3i2  +  0‘332/Si  —  0'036  =  0 

/8i8  (0-018*3+  0-38i3-91c3-53,77)  +  2T5/S12  +  0-15/3i-i-0'018  =  0 

(20) 

Eliminating  k3,  b3,  c3,  we  get  a  cubic  for  fix,  of  which  the  required  root  is 
0‘0407,  the  previous  stages  having  given  the  values  0-0311,  0-039.  Also 
from  (20)  we  find  k3  =  30,  b3  =  35,  c3  =  40.  Collecting  the  results  to  this 
stage,  we  find 

g  =  0-833,  fix  =  0-0407,  fia  =  0-0106,  fi3  =  0-0027.  (21) 

These  values  are  rather  higher  than  those  given  by  Michell  (18).  In 
order  to  determine  fix  more  closely,  the  approximation  has  been  carried  to 
the  fourth  stage,  with  the  result 

g  =  0-833,  fix  =  0-0414,  fia  =  00114,  fi3  =  0-0042,  fit  =  00014.  (22) 

With  these  values,  the  ratio  of  h,  the  height  of  the  wave,  to  L,  the  wave¬ 
length,  is  given  by 

hj L  =  (velocity  at  trough)2/ 2yL 

=  (l-fix+fi2-fi3+ A)2/?4/ V  =  0-1418.  (23) 

An  interesting  point  about  the  series  1  +  fii  e2'*  +  fia^  + . . .  for  the  highest 
wave  is  the  smallness  of  all  the  coefficients  fix,  fia,  •  *.,  compared  with  the 
first  term,  namely,  unity ,  on  the  other  hand,  the  numerical  values  obtained 
do  not  suggest  a  rapid  convergence  of  the  series  after  the  first  term.  It 
appears,  from  the  method  of  approximation,  and  from  the  fact  that  all  the 
quantities  B„i,  B03, . . .,  are  positive,  that  successive  approximations  will  increase 
the  values  of  the  coefficients.  A  test  for  the  sum  of  the  scries,  compared 
with  the  value  of  g,  is  obtained  by  considering  the  velocity  near  a  crest. 

Near  <f>  =  0,  we  have  dw/dz  —  <f>ll3c~in/6(l+ fix  + fia+ 

Therefore  (f  =  ^(l  +  A  +  jSa +  ...)*  and  z  =  ^<f>2,3eini'6/(l  + fix  + fi2  + ...) ; 

and  since  rfi  =  2 gy,  it  follows  that  we  should  have  (1  +fii  +  fia+ ...)’’/'/  =  T5. 
But  with  the  values  given  in  (22),  this  expression  has  the  value  142.  This 
is  perhaps  a  severe  test ;  a  simpler  criterion  is  to  write  down  the  successive 
convergents  to  any  one  coefficient ;  for  example,  these  for  the  leading 
coefficient  fix  are  0  0311,  0-0390,  0-0407,  and  0-0414. 
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o.  Returning  to  the  general  equations  (15),  we  consider  a  wave  short 
of  the  highest  and  we  select  the  case  e-2a  =  £.  We  shall  find  that  this 
corresponds  to  a  value  of  about  ^  for  Stokes’  parameter  b. 

The  coefficients  Br,2n+i  have  to  be  calculated  from  the  relations  (14) ; 
the  hypergeometric  series  are,  of  course,  convergent,  and  the  values  can 
be  obtained  to  any  required  degree  of  accuracy.  Substituting  the  numerical 
values  in  (15)  we  obtain  the  equations 

i-1-250i-O-502  +  3-750i2-3-250,02- 1-2500-0-7503 

=  g  (1-081  -  25840,  - 1*530,  -  T2810s), 

60i  -4-502  -  2-2500  +  9-250i03  +  500  -  O-7503 

=  g  (00166  +  2-1330!  -  2*3220a-  l*4290s), 
803+400-7-750,03-7-7503  =  0(-O*O157  +  O*27670,  +  2*2370,-2*27403) 

1103+110102  =  g(  00125 +  0-08650, +  0-324302+ 2-25403). 

(24) 

We  carry  out  now  the  successive  approximations  described  in  the  previous 
section.  At  the  third  stage,  we  find 

g  =  0-9246,  0,  -  ''•00273,  02  =  -00034,  03  =  -0  0013.  (25) 

Comparing  these  values  with  those  for  the  highest  wave  given  in  (21). 
we  see  that  the  0’s  are  much  smaller;  on  the  other  hand,  there  may  be 
greater  difficulty  in  obtaining  their  values  accurately,  because  of  the  later 
stage  at  which  the  0’s  begin  to  diminish  steadily  in  absolute  value.  We 
shall  find  this  impression  confirmed  later  when  we  try  smaller  values 
of  e~2a. 

To  find  the  ratio  ,7t/L  for  this  wave,  we  have 

(velocity  at  crest)2  =  2-2/3(l— c~2a)2/3(l  +  0,  +  02  +  03+...)2, 
(velocity  at  trough)2  =  2“2''3(1 +c~2a)2/3(l—  0,  +  02— 03+  ...)2. 

Taking  the  difference,  and  dividing  by  2 g.  we  find  h ;  and  since  L  =  2’/37r, 
we  have  hf  L  =  0  0898.  Stokes’  parameter  b  is,  to  a  first  approximation, 
7rA/L;  hence  this  wave  corresponds  to  b  equal  to  £  nearly. 

6.  We  have  now  two  methods  for  a  wave  of  finite  height,  namely,  that 
described  above  and  Stokes’  method.  The  two  can  be  shown  to  be  in 
agreement  in  any  particular  case. 

From  (8),  we  have,  on  the  wave  surface  yfr  =  a, 

=  (l-e-2»«^)-V3(l  +  0,e^  +  0ae^+. ..)-i.  (26) 

For  any  wave  below  the  highest  possible,  that  is  provided  a  is  not  zero, 
the  first  factor  on  the  right  of  (26)  can  be  expanded  in  a  series  valid  for 
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all  values  of  <f> ;  hence,  under  these  conditions,  we  have  on  the  surface  yjr  —  a, 
2-»/3 ^  _  l4.A1e2i«  +  A2e4‘>  +  A3e6,*+...)  (27) 

where 

Ai  =  4-e-2— £i, 

As  =  |e-^-i/31e'-2“-(/92-Aa). 

As  =  i4e-e--|(8ie-^_^(/8a-/312)e-2-‘-(i93-2^2  +  /913)> 


Now  Stokes’  method  gives  a,  and  dz/dw,  in  the  form  of  a  series  like  (27)  ; 
write  this  as 

cz  —  1  +  Cie3i*  +  C2e4i*  +  C3e6<*  +  ....  (28) 

From  Stokes’  equations,  C2,  C3, ....  are  obtained  as  power  series  in  Ci ; 
these  have  been  carried  up  to  the  tenth  order  by  Wilton ,*  whose  results 
we  quote  now — in  so  far  as  they  are  needed  here — 

— Cj  =  6, 

Ca  =  6® +  0-56«  + 2-4176®+ 15-5976®+ 64-08610 
-C3  =  1563  + 1-5836®  + 8-2156* +  55-016®, 

C4  =  2-6676* +  4-3476®  + 24-016* +  1662610, 

-C8  =  520865  + 11-5367  -f  67*406  9 , 


=  l  +  6a  +  3-56*  +  19-086«+154-T68+1297610.  (29) 

g\ 

With  the  units  adopted  hero,  the  last  expression  corresponds  to  1  jg. 
Further,  in  Stokes’  investigations  the  wave-length  was  taken  as  2tt,  while 
in  the  above  work  we  have  used  v ;  the  result  is  that  in  comparing  the  two 
methods  by  means  of  (27)  and  (29),  Ci,  Ca,  C3,  C4. ...,  correspond  respectively 
to  Ai,  £A2i  £A3,  JA« . 

For  the  numerical  calculations  in  the  case  e~2a  —  f,  we  use  the  values  of 
0u  03,  and  03  given  in  (25) ;  then  from  (27)  we  obtain 

A!  =  0-24727  ;  i  Aa  =  0-06385 ;  }A3  =  0  0249  ; 

*A4  =  0-0115 ;  *A8  =  0-0058 ;  .  (30) 

On  the  other  hand,  if  we  take  5  equal  to  Ai,  we  get  from  this  series 
in  (29) 

-Ci  =  0-24727  ;  Ca  =  0-06382  ;  -Cs  =  0-0248 ; 

C4  =  00114;  —  C8  -=  C  0058 ;  .  (31) 

*  J.  R  Wilton, 1  Phil.  Mag.,’  Sor.  6,  vol.  27,  p.  385  (1914). 
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It  is  unnecessary  to  carry  the  calculation  further  to  show  the  numerical 
agreement  between  the  two  methods  for  waves  short  of  the  highest.  It 
may  be  noticed  that  in  the  above  comparison  we  have  gone  up  to  the 
coefficient  /9a  of  the  present  method ;  to  obtain  the  agreement  shown  above, 
we  have  had  to  use  the  Stokes’  series  as  far  as  the  tenth  order  in  the 
parameter. 

7.  From  the  comparison  between  (27)  and  (28),  we  see  that,  for  waves 
lower  than  the  highest,  we  are  in  effect  dealing  with  a  Stokes’  series  whose 
parameter  has  the  value  -^~2a — £lt  If  we  applied  Stokes’  method  directly 
to  (27),  we  should  obtain  Aa,  A3, ...,  in  the  usual  way  as  power  series  in  this 
parameter,  and  the  quantity  e~2a  would  be  a  superfluous  arbitrary  parameter. 
On  the  other  hand,  the  present  method  gives  a  definite  value  of  /9j  for  an 
assigned  value  of  a,  or  theoretically  gives  a  functional  relation  between 
/?  1  and  a.  The  method  definitely  connects  a  wave  of  any  height  with  the 
highest  possible  wave,  and  any  possible  wave-form  is  given  as  one  of  a  family 
whose  limiting  curve  has  crests  consisting  of  wedges  of  120°. 

Consider  the  expansion  from  the  form  (26)  to  the  corresponding  Stokes’ 
form  (27)  or  (28).  Assuming  the  convergence  of  the  series  with  the 
/9-coefficients,  the  expansion  is  valid  over  the  whole  range  of  </>  for  all 
positive  values  of  u,  excluding  zero ;  it  is  also  valid  for  a  zero,  with  the 
exception  of  the  points  <f>  =  nnr,  n  integral.  In  other  words,  the  comparison 
confirms  the  view  that  Stokes’  series  for  the  elevation  is  valid  throughout, 
with  the  exception  of  the  actual  crests  of  the  highest  possible  wave. 

We  can  now  estimate  the  limiting  value  of  the  Stokes’  parameter  b  for 
convergence  at  the  crests.  To  do  this,  we  compare  the  series  (27)  for  the 
highest  wave  with  a  Stokes’  series,  for  points  other  than  the  crests. 

For  the  highest  wavo  a  —  0,  vve  found 

/9i  =  0-0414,  /9a  =  0-0114,  £,  =  0-0042,  /9«  =  0’0014. 

Hence  the  expansion  should  be  a  Stokes’  series  with  the  parameter 
^—0  0414,  or  say  0'2919.  Making  the  comparison  between  (27)  and  (29) 
with  these  values,  we  find 

^  =  0-2919  ;  JAS  =  0-0993  ;  |A3  =  0  0523  ; 

-C!  =  0-2919  ;  Ca  =  0-0914  ;  -C3  =•  0-0429.  (32) 

The  agreement  is  sufficient  to  justify  the  comparison,  when  we  remember 
that  the  /9-coefficients  have  only  been  determined  to  the  fourth  stage,  and 
further,  that  the  Stokes’  series  (29)  for  the  C-coefficients  presumably  converge 
slowly  in  this  extreme  case. 

It  should  be  remarked  that  we  do  not  gain  information  from  this  com¬ 
parison  about  the  convergence  of  the  Stokes'  series  for  the  separate  coefficients 
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for  higher  values  of  the  parameter ;  the  result  concerns  the  series  for  the 
elevation.  We  find  that  Stokes’  series  for  the  elevation  becomes  divergent 
at  the  crests  when  the  parameter  lias  the  value  0291.. so  far  as  the 
numerical  calculation  has  been  carried. 

In  this  connection  reference  may  be  made  to  Wilton,*  who  concluded  that 
the  Stokes’  series  certainly  diverge  for  a  parameter  greater  than  1  / c,  and 
who  estimated  the  limiting  value  to  be  in  the  neighbourhood  of 

Wilton  works  out  in  detail  a  numerical  example  with  the  parameter 
b  =  0’316,  for  comparison  with  the  highest  wave.  According  to  the  present 
analysis,  this  is  beyond  the  limiting  value  for  b ;  the  series  should  be 
divergent  at  the  crest.  This  may  well  be  the  case,  notwithstanding  that  the 
coefficients  0,  as  calculated  by  Wilton,  diminish  steadily  as  far  as  the  order 
shown  ;  since  the  series  is  supposed  to  be  divergent  only  at  the  crests,  one 
might  expect  the  divergence  to  become  evident  numerically  only  after 
calculating  a  large  number  of  terms.  The  example  may  serve  as  an  illustra¬ 
tion  of  Prof.  Burnside’s  criticism,  that  it  is  necessary  to  know  the  limiting 
value  of  b  before  Stokes’  series  can  be  used  with  confidence  for  numerical 
calculation. 

8.  We  may  examine  briefly  the  present  method  for  waves  of  small  height. 
It  is  of  interest  first  to  consider  the  exact  expression 

~  =  2"1'3(1— e**0)'/3.  (33) 

We  can  integrate  dz/dw  and  so  obtain  the  equation  of  the  stream-lines 
in  finite  form,  and  also  exact  expressions  for  the  variations  of  pressure  along 
any  stream-line.  To  find  how  far  (33)  satisfies  the  condition  for  a  free  wave 
under  constant  pressure  at  a  stream  line  yfr  =  a,  it  is  simpler  to  expand  first 
before  integrating ;  we  can  then  express  <f  and  y  as  cosine  series.  In  this 
way  we  find  at  the  wave  surface  yft  =  a,  writing  down  the  variable  part  only, 

Const.  x(q*—2gy)  =  {$ge~*— Q e~3a— 7'rC-0“-T|ff c"8*  —  ...)}cos 2<f> 

+  4  !Je~  u  -  (Jr 4*  -  dhr  c"8*  ~  ) }  cob  4<J> 

+  { rrs  tVV  c_  1(,‘~  •  •  -)}cos  G<j> 

+ . 

(34) 

Hence,  if  we  take  .7-1  =  1  +^c"4“,  the  pressure  is  constant  up  to, 
and  including,  terms  in  c-4a;  and  the  next  term  is  the  small  quantity 
— yf-j-  c~6*  cos  6 <f>.  This  value  for  1  jg  is  Stokes’  expression  1  +&*,  the 


*  J.  R.  Wilton,  loc  cit.  ante. 
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parameter  b  having  the  value  to  this  order.  It  is,  of  course,  impossible 
to  make  the  right-hand  side  of  (34)  zero  for  all  values  of  <f>  merely  by 
choosing  g  a  suitable  function  of  a.  However,  the  fact  that  (33)  satisfies 
approximately,  to  the  order  shown  above,  the  conditions  for  a  free  wave  of 
any  height,  explains  the  smallness  of  the  coefficients  /3U  fa,--,  even  for  the 
highest  wave  when  «  is  zero. 

Returning  to  the  general  equations  (15),  for  a  numerical  example  of  a 
wave  of  moderate  height  wo  take  e~3a  =  3/10.  In  this  case  we  shall  only 
carry  the  approximation  to  the  second  stage,  to  illustrate  the  character  of 
tiie  coefficients.  We  have  the  following  numerical  values  : 

Boi  =  1-008  ;  B„  =  -8-24  ;  B21  =  -7-336 ; 

B0l,  =  -  0-002  ;  B13  =  2-056  ;  B23  =  -8  3  ; 

B05  =  -0-004  ;  B15  =  0-082  ;  B25  =  2*1. 

From  these  we  obtain  $i  =  —0  0018 ;  /32  = — 0  00066.  Making  the  com¬ 
parison  with  a  Stokes’  series,  as  in  (he  previous  sections,  we  find 

Ai  =  — Cx  =  01018,  |A2  =  C2  =  00104,  AA3  =  -C3  =  00016. 

The  numerical  values  confirm  the  impression  that,  while  the  /3-coefficients 
diminish  indefinitely  as  the  height  of  the  wave  becomes  smaller,  it  is  more 
difficult  to  obtain  their  values  by  the  method  of  successive  approximation 
used  in  dealing  with  the  infinite  set  of  equations  for  them. 

The  behaviour  of  the  /3-coefficients  is  made  clearer  by  studying  the  leading 
terms  B0i,  Bu3,  ....  on  the  right-hand  side  of  equations  (15).  Over  the  whole 
range  for  «,  from  zero  to  infinity,  B0i  only  varies  from  about  1-24  to  1 ; 
consequently,  from  the  first  equation,  g  is  never  much  different  from  unity. 
From  the  remaining  equations,  we  see  that  j3\,  /32,  /33,  ...,  form  a  parallel 
series  to  B03i  B05,  B07,  ...,  taken  in  order. 

It  is  only  for  the  highest  wave  (a  =  0)  that  all  the  terms  of  the  latter  series 
are  positive  and  decrease  steadily  to  zero  from  the  first  term ;  for  other 
values,  the  series  is  not  quite  so  simple  in  form,  although  in  all  cases  the 
terms  converge  ultimately  to  zero.  The  character  of  these  terms  is  best 
illustrated  by  numerical  examples,  such  as  are  given  in  the  following  Table  : 


Bin- 

Bin. 

B*. 

B07. 

Bo,- 

1-0 

1-2405 

0  124 

0-0443 

0-0225 

0-0130 

0  9 

i  -m 

0  -083 

-0  -007 

-0  013 

-0  010 

0  75 

1 -0806 

-0-0107 

-0  0167 

-0  0120 

-O  -0071 

0  3 

1  -008 

-0-0022 

-0-0042 

-O  0013 

-O  -11004 
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The  quantities  B,i)2n+i,  and,  in  fact,  all  the  coefficients  Br,2„+j,  can  be 
studied  algebraically  from  the  relations  (14).  The  algebraic  solution  of 
equations  (15),  together  with  a  formal  study  of  convergence,  would  be  of 
great  interest ;  meantime  the  numerical  illustrations  given  in  the  foregoing 
discussion  may  serve  to  show  the  possibility  of  a  general  scheme  which 
includes  waves  of  any  permissible  height. 


UaiutiaoN  and  Son*,  Printer*  in  Ordinary  to  Hi*  Majesty,  St.  Martin’*  Lane. 
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Wave  Resistance :  Some  Cases  of  Three-dimensional  Fluid 

Motion. 

By  T.  H.  Havelock,  F.R.S. 

(Received  November  27,  1918.) 

1.  Calculations  of  wave  resistance,  corresponding  to  a  pressure  system 
travelling  over  the  surface,  have  hitherto  been  limited  to  two-dimensional 
fluid  motion ;  in  those  cases,  the  distribution  of  pressure  on  the  surface  is 
one-dimensional,  and  the  regular  waves  produced  have  straight,  parallel 
crests.  The  object  of  the  following  paper  is  to  work  out  some  cases  when 
the  surface  pressure  is  two-dimensional  and  the  wave  pattern  is  like  that 
produced  by  a  ship.  A  certain  pressure  cystem  symmetrical  about  a  point  is 
first  examined,  and  more  general  distributions  are  obtained  by  superposition. 
By  combining  two  simple  systems  of  equal  magnitude,  one  in  rear  of  the 
other,  we  obtain  results  which  show  interesting  interference  effects.  In 
similar  calculations  with  line  pressure  systems,  at  certain  speeds  the  waves 
due  to  one  system  cancel  out  those  due  to  the  other,  and  the  wave  resistance 
is  zero ;  the  corresponding  ideal  form  of  ship  has  been  called  a  wave-free 
pontoon.  Such  cases  of  perfect  interference  do  not  occur  in  three-dimensional 
problems ;  the  graph  showing  the  variation  of  wave  resistance  with  velocity 
has  the  humps  and  hollows  which  are  characteristic  of  the  resistance  curves 
of  ship  models. 

Although  the  main  object  is  to  show  how  to  calculate  the  wave  resistance 
for  assigned  surface  pressures  of  considerable  generality,  it  is  of  interest  to 
interpret  some  of  the  results  in  terms  of  a  certain  related  problem.  With 
certain  limitations,  the  waves  produced  by  a  travelling  surface  pressure  are 
such  as  would  be  caused  by  a  submerged  body  of  suitable  form.  The  expres¬ 
sion  for  the  wave  resistance  of  a  submerged  sphere,  given  in  a  previous 
paper,  is  confirmed  by  the  following  analysis.  It  is  also  shown  how  to  extend 
the  method  to  a  submerged  body  whose  form  is  derived  from  stream  lines 
obtained  by  combining  sources  and  sinks  with  a  uniform  stream;  in  par¬ 
ticular,  an  expression  is  given  for  the.  wave  resistance  of  a  prolate  spheroid 
moving  in  the  direction  of  its  axis. 

2.  Take  axes  0*  and  0 y  in  the  undisturbed  horizontal  surface  of  deep 
water,  and  0*  vertically  upwards,  and  let  f  be  the  surface  elevation.  For  an 
initial  impulse  symmetrical  about  the  origin,  that  is  for  initial  data 

p<f> o  =  F(®);  C  —  0  ; 
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where  ro3  =  xa  +  y3,  the  velocity  potential  of  the  subsequent  fluid  motion,  and 
the  surface  elevation  are  given  by* 

1  f°° 

<f>  =  -  I  f(ic)e*' Jo(«gi) cos (*V<) tcdtc,  (1) 

P  Jo 

f  =  — —  f  /(k)  J0 (kgs) sin (icYt) tc?V (Ik,  (2) 

ffP  Jo 

where  V3  =  g/tc,  and 

/(*)  =  F(a)  J0 (*«)« da.  (3) 

We  have  assumed  that  it  is  permissible  to  use  the  integral  theorem 

F (ra)  =  J  Jo(Kra)*rf*j'  F  («) Jo(tfa) ad*.  (4) 

We  obtain  the  effect  of  a  pressure  system  moving  over  the  surface  with 
uniform  velocity  c  in  the  direction  ~x  by  integrating  (1)  and  (2)  after 
suitable  modifications.  We  replace  t  by  t  —  t  and  x  by  x—ct,  and  integrate 
with  respect  to  t  over  the  time  during  which  the  system  has  been  in  motion. 
We  shall  limit  the  present  discussion  to  the  case  when  the  system  has  been 
in  motion  for  a  long  time,  so  that  if  we  take  an  origin  moving  with  the 
system  a  steady  relative  condition  has  been  attained.  In  this  case,  with  a 
moving  origin  O,  we  replace  x  by  x  +  cu  and  t  by  u  in  (1)  and  (2),  and  obtain 
the  required  resultsf 

p4>  =  j  e-l^du  J  f(ic)e'‘zJo[Ky/{(x  +  cuy+y2}]cos(KYu)KdK,  (5) 
gp£  =  —  |  du  |  /(*)  Jo  [>cy/  {{x+mf  +  y2}  ]  sin(/eVa)  kWcUc,  (6) 

where /(*)  is  obtained  from  the  assigned  pressure  distribution  p  =  F(m)  by 
means  of  (3). 

The  introduction  of  the  factor  txp(—fiu/2)  is  familiar  in  these  problems 
and  needs  only  a  brief  explanation.  It  may  be  regarded  as  an  artifice  to 
keep  the  integrals  determinate,  it  being  understood  that  ultimately  p  is  to  be 
made  infinitesimal.  Or,  again,  it  ensures  that  the  solution  is  the  fluid  motion 
which  would  establish  itself  eventually  under  the  action  of  dissipative  forces, 
however  small. 

In  the  steady  motion  with  which  we  are  concerned,  we  may  imagine  a 
rigid  cover  fitting  the  water  surface  everywhere  and  moving  forward  with 
uniform  velocity  c.  The  assigned  pressure  system  F(w)  is  applied  to  the 

*  Lamb,  'Hydrodynamics,*  Cth  edn.  (1932),  p.  432. 
t'Roy.  Soc.  Proc.,*  A,  vol.  81,  p.  417  (1908). 
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water  surface  by  means  of  this  cover ;  hence  the  corresponding  wave  resist¬ 
ance  is  simply  the  total  resolved  pressure  in  the  direction  Ox.*  With  the 
nsual  limitation  that  the  slope  of  the  surface  is  everywhere  small,  this  leads 
to 


taken  over  the  whole  surface. 

The  evaluation  of  the  steady  wave  resistance  for  an  assigned  pressure 
F  (h)  is  to  be  carried  out  by  means  of  (3),  (5),  (6),  and  (7).  However,  we 
may  obtain  simpler  expressions  before  applying  them  to  particular  cases. 

3.  For  this  purpose  we  analyse  the  wave  disturbance  (5)  into  simple  con¬ 
stituents,  in  fact  into  one-dimensional  disturbances  ranged  at  all  possible 
angles  round  Ox,  the  line  of  advance.  We  have 

7r  Jo  [/({(x  +  cw^  +  y3}1/*]  =  |  e«(*+c«)cos*  cos  (k>j  sin  (8) 

Substitute  in  (6)  and  we  can  now  carry  out  the  integration  with  respect  to  u\ 
for  we  have 

2  j*  e~*»*u  e‘««coe*  sjn  (*yM)  du 

=  (kc  cos  <f>  +  kY  +  i/ti)-1  — (xccos<f>~xV  +  £/*i)-1.  (9) 

We  simplify  this  expression  further  by  using  the  fact  that  was 
introduced  only  to  keep  the  integrals  determinate,  and  is  eventually  to  be 
mads  infinitesimal ;  we  can  therefore  reject  terms  in  ft  which  are  super¬ 
fluous  for  this  purpose.  The  process  receives  its  justification  in  the  course  of 
the  analysis.  This  being  understood,  we  can  use,  instead  of  the  right-hand 
side  of  (9),  the  expression 

—  2  (V/c?)$eea<f>/{ic— Koaec*  <f>  +  i((i/c)sec<f>},  (10) 

where  k0  =  g/<?-  Using  these  results  in  (8),  and  making  a  slight  trans¬ 
formation,  we  can  express  the  surface  elevation  in  the  form 

gi«(ioo»*+y  lint) 

k—ko  sec8  +  see  <j> 

c— u(*co*$+ytlii4>) 

*— #o  sec8  sec  $ 

In  (11)  we  have  the  surface  elevation  analysed  into  plane  wave  con¬ 
stituents,  each  element  moving  in  a  line  making  an  angle  with  Ox.  Carry¬ 
ing  out  the  integration  with  respect  to  k,  we  can  express  each  constituent 

*  ‘  Roy.  Soo.  Proc.,'  A,  vol.  03,  p.  244  (1917). 


}<*«•  (11) 


*/<*){ 
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in  terms  of  a  simple  harmonic  wave  in  rear  of  the  line  a"  cos  <j>  +  y  sin  <f>  =  0, 
together  with  a  disturbance  symmetrical  with  respect  to  this  line.  We 
might  continue  the  discussion  for  general  types  of  pressure  distribution, 
provided  the  functions  are  such  that  certain  transformations  may  be  used ; 
however,  it  is  simpler  to  study  in  detail  a  few  cases  for  which  the  conditions 
are  all  satisfied. 

4.  At  this  stage  it  is  convenient  to  specify  the  system 

p  =  F  (o)  =  Af/(f2+m2)3t2,  (12) 

where  A  and  /  are  constants.  Using  (3)  for  this  case,  we  have /  ( k )  =  Ae 
Returning  to  the  expression  (11)  for  the  elevation,  we  consider  the  element 
making  an  angle  <f>  with  0.r.  We  change  to  axes  Ox',  0 y'  given  by 
x‘  =  x  cos  <f>  +  y  sin  <p,  y'  =  y  cos  <f>—x  sin  (f>.  The  integral  with  respect  to  k 
then  becomes 


ai**1 


/r0  sec2  <f)  -f 1  (fi/c)  sec  <f>  k  —  k0  sec2  <f>—i(ji/c)&ec<f> 


} 


dK.  (13) 


This  integral  can  be  transformed  by  contour  integration ;  as  it  is  of  a 
type  familiar  in  plane  wave  problems*  we  write  down  the  results  when  these 
have  been  simplified  by  making  p  zero  after  the  transformation  has  been 
carried  out.  We  have  for  the  value  of  (13). 


47t*oA  bgc3  sin  (ictf:1  sec2  <p) 

-u  9  A  f *  *° sec*  ^  COhfm  +  s'n fm 

Jo  ma  +  *0a  sec*  <f> 

(*"*<>  8e°a  cos/w  4-  wt  sin  fm 
Jo  ?n2  +  k/  sec4  <f> 


e^rndm,  for  x'  <  0  ; 
e~mz‘nidut,  for  x  >  0. 


(14) 


From  (11)  and  (14)  we  could  now  write  down  the  elevation  f  as  the  sum 
of  the  constituents  for  all  values  of  <f>  in  the  range  from  — 7r/2  to  tt/2.  The 
first  term  in  (14)  represents  simple  waves  in  the  rear  of  the  corresponding 
wave  front  x  cos  <f>  +  y  sin  <p  =  0;  hence  the  integration  of  this  term 
would  only  extend  over  elements  for  which  the  assigned  point  (x,  y)  was  in 
the  rear  of  the  wave  front.  The  other  terms  in  (14)  represent  a  disturbance 
symmetrical  with  respect  to  the  wave  front,  and  diminishing  with  increasing 
distance  from  it.  We  shall  not  write  down  the  expressions,  as  we  do  not 
intend  to  examine  the  wave  pattern  in  detail.  From  the  definition  in  (7X 
it  follows  that  we  can  evaluate  the  wave  resistance  II  by  considering  first  a 
simple  constituent  of  the  elevation  and  then  summing  with  respect  to  $>. 

Since  the  pressure  system  is  symmetrical  with  respect  to  the  origin,  the 
symmetrical  local  disturbance  in  (14)  gives  no  resultant  contribution  to  K; 

*  Compare,  for  example,  ‘  Roy.  Soc.  Proc.,'  A,  vol,  93,  p.  584  (1917). 
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also  the  part  due  to  the  regular  waves  in  rear  of  the  wave  front 
x  cos  (f>  +  y  sin  <f>  =  0  is  given  by 


4ir*0*A  sec3  (fre-'oS**0"  t 


A /  cos  sec2  4>)j  , 

(x‘*  +  y'»+f2fl~(X 


=  47r2A2«(,a  sec3  <£e_2,t|>-'80cJ'h  (15) 
Collecting  these  results  we  have,  from  (11)  and  (15), 


R  --  (4:Tr/gp)  A2/cu3  j"  sec5  d<f>. 


(16) 


We  may  express  R  in  terms  of  known  functions  in  two  convenient  forma, 
If  W*,w(«)  is  the  confluent  hypergeometric  function  defined,  under  certain 
conditions,  by* 

p-a/2„k  f* 

W*,ra(«)=F7I — j— — -  »-*+«-»(i  +  u/ct)k+m-le-u(?u,  (17) 

and  if  K„(a)  is  the  Bessel  function  for  whichf 

Kn(«)  =  (  —  1)*  |  « «>8h  *  cosh  nyfrdifr,  (18) 

we  find,  after  some  reduction,  that 

It  =  (srV»/4W/»)  AW-^W,, ,  (*)  (19) 

=  (Tr/Sypf)  AVr-/^K„(a/2)-(l  + 1/*)  K,  («/2)},  (20) 

where  *  =  2  —  2gJl<?- 

In  a  previous  paper, J  the  same  function  of  velocity,  except  for  the  con¬ 
stant  factors,  was  found  for  the  wave  resistance  of  a  submerged  sphere  ;  the 
result  was  given  in  the  form  (19),  and  a  graph  was  drawn  to  show  R  as  a 
function  of  c.  The  resistance  rises  to  a  maximum  in  the  neighbourhood  of 
c  =  \/(g /),  and  then  falls  asymptotically  to  zero. 

Although  there  are  few  tables  available  for  the  functions  K*  in  general, *  K„ 
ami  Ki  are  given  in  ‘  Fuuktionentafeln  ’  (Jahnkc  u.  Euule)  under  the  form  of 
(iv/2)  Hi>(,)(i.r)  and  (ir/2)Hi(,)(u’)  resjiectivcly. 

5.  Reference  has  been  made  to  the  wave  resistance  of  a  sphere  submerged 
at  a  depth /,  large  compared  with  the  radius  «  ;  this  was  calculated  directly 
as  the  resultant  horizontal  pressure  on  the  sphere.  The  connection  with  the 
present  analysis  is  easily  shown. 

In  the  paper  referred  to,  the  approximate  solution  for  a  submerged  body 
was  found  directly,  following  Prof.  Lamb’s  method  for  a  cylinder.  It  is  oon- 


*  Whittaker  and  Watson,  ‘  Modern  Analysis,’  p.  334. 
t  Grey  and  Mathews,  ‘Bessel  Functions,’  p.  00. 

I  ‘  Hoy.  Soe.  Proc.,'  A,  vol.  93,  p.  530  (1017). 

(Note  by  Editor:  These  functions  have  now  been  tabulated  in  G.  N.  Watson, 
Theoiy  of  Hessel  Functions  (pub,  C.l'.P.,  1922). 
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venient  to  repeat  here  the  expressions  for  the  velocity  potential  and  surface 
elevation  due  to  a  cylinder  and  to  a  sphere,  putting  them  into  the  same 
notation  for  purposes  of  comparison.  We  have,  for  a  cylinder 

,  _  ca2x _ na2x 

~  a?  +  (s  -f  0a  'd  +  (c  +/)2 

r  oo 

+  2ra2J  e~>l'll2du  !  *  (-'—=)  sin  k  (.c-}-c?()  sin  (kXu)  k\  die,  (21) 

£  —  2a2//(xs+f2)— 2a2 J  j"  g-«/COs *(&•  +  «/.) sin (22) 

and  for  a  sphere 

±  _  ca3x  ca3x 

9  -  2{^+l 2(^  +  ?/  +  (2~77}^ 

— <:~*'l,2du  j"  <•-«<./-*)  J0[/ev/{(^  +  m)24-y2}]sin(/cV?<)/eYrf/r,  (23) 
£  =  difl{x2  +  y2+f2fl2 

— asf  du^  c_'trJo[*v/{("c  +  cw)2+ya}]s*n (k~Vu) dK.  (24) 

These  expressions  satisfy  the  conditions  at  the  free  surface,  namely, 
cd<j>/dx+g%  =  0  and  d<j>/dz  =  c3f/Sr,  when  p.  is  made  infinitesimal.  Oppor¬ 
tunity  has  been  taken  to  correct  an  obvious  mistake  in  sign  in  the  expres¬ 
sions  for  the  sphere  ;  in  the  former  paper,  the  last  terms  in  (23)  and  (24) 
were  given  as  positive  instead  of  negative. 

Returning  to  the  comparison  with  §  4,  consider  the  expression  (24)  for  the 
surface  elevation  due  to  a  submerged  sphere.  The  first  part  represents  a 
disturbance  symmetrical  about  the  origin,  due  to  a  doublet  at  the  centre  of 
the  sphere,  together  with  an  equal  opposite  doublet  at  a  point  a  height  / 
above  the  free  surface.  Compare  now  the  second  term  in  (24)  with  the 
surface  elevation  given  by  (6)  when  the  pressure  system  is  (12),  so  that 
/(*)  =  Ac~‘f.  The  two  expressions  are  identical,  with  a  suitable  relation 
between  the  constants;  we  must  have  a3  =  A/gp,  or  the  corresponding 
moment  of  the  doublet  is  Ac/2gp.  We  have  then  two  related  problems. 
For  the  submerged  sphere  the  pressure  is  constant  at  the  free  surface,  and 
the  surface  elevation  consists  of  the  two  parts  in  (24) ;  the  wave  resistance 
depends  upon  the  supply  of  energy  needed  to  maintain  the  waves  contained 
in  the  second  part  of  (24),  and  this  energy  is  supplied  through  the  work  of 
the  pressure  at  the  surface  of  the  sphere.  On  the  other  hand,  for  the  travel¬ 
ling  surface  pressure, 

p  =  gpaVliP+m2)3^,  (25) 
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the  surface  elevation  is  the  same  as  the  second  part  of  (24) ;  hence  the  same 
supply  of  energy  is  needed,  and  is  obtained  in  this  case  from  the  work  of  the 
applied  pressure.  Thus  we  may  assume  that  the  wave  resistance  is  the  same 
in  the  two  problems. 

From  (19)  and  (25)  we  have 

R  =  i  nr^gpf-h^e-^  W,, !  (a),  (26) 

which  agrees  with  the  value  for  the  sphere  given  in  the  previous  paper.  The 
connection  between  the  wave  patterns  of  a  submerged  body  and  ot‘  a  certain 
surface  pressure  has  been  pointed  out  by  Dr.  G.  Green  in  a  recent  paper,*  in 
which  the  correspondence  is  developed  from  a  different  point  of  view.  In  the 
following  analysis  we  deal  only  with  combinations  of  simple  pressure  systems 
{12),  and  the  corresponding  submerged  body  can  be  found  from  a  similar 
combination  of  doublets,  as  in  the  preceding  case. 

6.  The  foregoing  results  can  be  generalised  for  other  symmetrical  forms  of 
local  pressure  distribution,  provided  transformations  such  as  are  used  in  (4) 
and  (14)  are  applicable.  Assuming  this,  it  appears,  from  the  analysis  of  §  3 
and  §  4,  that  for  a  pressure  system  p  =  F  (w)  we  have 

R  =  f4ir/(/p)  f  sec5  <*}  {/('Co  sec2  <f>)  }2  clfp,  (27) 

Jo 

where /(*)  is  given  by  (3). 

7.  Some  points  of  interest  in  the  theory  of  wave  resistance  can  be 
illustrated  by  combinations  of  the  simple  type  (12).  We  consider  first  two 
equal  systems,  at  a  distance  2  h  apart,  and  advanc’ng  in  the  direction  of  the 
line  of  centres ;  that  is, 

P  =  A//(/2+  «*»)#*  + A fi(f»+  mW,  (28) 

where  rai3  =  (x— hf  +  ij*  and  era2  =  (y:  +  h)2 +■ y2. 

Writing,  for  the  moment,  pi  and  pa  for  the  two  component  systems,  and 
fj,  for  the  surface  elevations  "’kick  v/onld  be  caused  by  these  systems 
acting  separately,  the  waves  dim  to  the  combination  are  given  by  since 

we  neglect,  as  usual,  the  squares  of  the  fluid  velocities.  It  follows  from  the 
definition  in  (7)  that  the  wave  resistance  is  the  sum  of  four  parts,  l.tj,  II2,  Ri2, 
and  Rai.  Here  Rj  is  the  resistance  due  to  the  pressure  p\  acting  on  the  waves 
produced  by  ph  Ri2  is  that  due  to  pi  operating  on  the  waves  caused  by  pa,  and 
similarly  for  R2  and  RSi. 

It  follows  from  §  4,  that 

Rj  =  K2  =  (4 7 r/ffp)  AW  sec5  <f>e~ d<f>,  (29) 

*  Q.  Greeu,  •  Phil.  Mag.,’  ^ol.  36,  p.  48  (1918). 
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The  terms  Im 2  and  R2i  represent  the  interference  effects.  Let  Bi  and  B2 
be  the  centres  of  the  two  systems  p\  and  p%.  To  calculate  Rai,  consider  a 
constituent  plane  wave-front  through  Bi  ;  take  this  line  as  a  new  axis  O'?/', 
and  a  perpendicular  line  through  B2  for  the  axis  OV,  as  in  fig.  1. 


Then,  corresponding  to  the  expression  (15)  in  §  4,  we  have  as  an  element  of 
R2i  the  quantity 


(80) 


The  similar  element  in  the  value  of  Rj2  is  the  expression  (30)  when  we 
have  replaced  x'  +  2hcos(j)  by  :c  —2h cos <f>.  Adding  the  two  elements  and 
carrying  out  the  integration  with  respect  to  y\  we  have,  as  an  element  of 


Rl2  +  R2l> 

87 r/ /co2 A2  sec3  <j)e  ~  <f>  j 


cos  (acq.?/  sec2  <j>)  dx' 
(x'  +  2  h  cos  <f>)2  +  f 


—  8 7t2/C()2A2  sec3 cos  (2/t0/?  sec  <f>).  (31) 


Replacing  from  (11)  the  proper  factor  and  integrating  with  lespect  to  </>, 
we  have 

Ria  +  Ru  —  (87 r/gp)  /c0s  A2  j  sec5  <£t-2*o/M?c2*  cos  (2  Koh  sec  <f>)  d<f>.  (32) 

Finally,  from  (29)  and  (32),  the  total  wave  resistance  R  is  given  by 

j-ir/2 

R  =  (16 7 rfgp)  A3#03  sec5  *  cos2  (kJi  sec  4>)  d<j>.  (33 ) 


We  can  express  R  in  series  of  known  functions  by  expanding  cos(2/co^  sec  d>) 
either  in  powers  of  /c0A,  or  in  Bessel  functions  Jw  (2  *r0A > ;  however,  as  these 
series  involve  either  W*,m  (2  #5/)  or  K»(xo/V  they  are  of  no  use  for  numerical 
calculations. 

It  is  not  difficult  to  calculate  numerical  values  directly  from  the  integral 
(33)  for  given  values  of  the  constants.  To  obtain  a  graph  showing  the 

t  See  note  by  Editor  on  page  150. 
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variation  of  the  resistance  U  with  the  velocity  c,  the  following  method  is 
sufficiently  accurate,  at  least  for  illustrating  the  main  features. 

Take  as  a  definite  examp’e,  k  =  2/;  then,  writing  «  for  2 nf/c2,  we  require 

Cnl' 

to  calculate  the  value  of  a3  sec3  ^e-®6*0*'*’ cos2  (a  sec  <f>)d<j>  for  various  values 
of  a. 

The  integrand  can  be  obtained  without  much  trouble,  and  it  was  found 
sufficient  to  calculate  its  value  at  intervals  of  10°  throughout  the  range  from 
0  to  7r/2  ;  the  mean  value  was  found  from  half  the  sum  of  the  initial  and 
final  values  together  with  the  sum  of  the  intermediate  ones.  In  the  course  of 
these  calculations,  we  have  material  for  obtaining  the  value  of 


by  the  same  method  ;  but  this  integral  is  equal  to 

i«3c-^{K0(«/2)-(l  +  l/*)K1(*/2)}, 

and  we  can  find  its  value  also  from  the  tables  of  K0  and  Ki  mentioned  in  §  4. 
By  comparing  results  we  obtain  some  idea  of  the  accuracy  of  this  method  of 
numerical  integration.  The  calculations  can  be  lightened  for  present 
purposes  by  choosing,  from  general  principles,  values  of  a  which  correspond 
to  important  points  on  the  graph. 

By  this  method  we  obtain  values  of  R  for  different  values  of  c,  for  this 
particular  case.  The  result  is  shown  in  the  full  curve  in  fig.  2 ;  the  scale  for 
R  is  arbitrary,  the  unit  for  c  is  the  velocity  s/  (fff).  The  dotted  curve  is  a 
mean  curve,  and  is  equal  to  Rj  +  R2  in  the  notation  of  this  section  ;  that  is 
it  represents  the  sum  of  the  resistances  due  to  the  two  systems,  ignoring  any 
interference  effects. 


The  graph  is  of  interest  in  its  exhibition  of  the  typical  humps  and 
hollows,  occurring  in  general  when  2irca/g  is  a  sub-multiple  of  2 h.  The 
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prominence  of  the  interference  effects  depends  upon  the  relative  magnitudes 
of  the  constants /and /(  ;  the  example  we  have  chosen  shows  a  pronounced 
effect  due  to  the  final  maximum  of  interference  being  near  the  maximum  of 
the  mean  curve. 

8.  We  may  note  briefly  the  interpretation  in  terms  of  a  submerged  body 
The  surface  of  the  body  is  one  formed  of  stream-lines  due  to  the  two  equal 
doublets  in  a  uniform  stream ;  the  axes  of  the  doublets  are  in  the  same 
horizontal  line  at  a  depth  /,  which  must  be  large  compared  with,  at  least 
the  vertical  dimensions  of  the  body.  For  instance,  with  suitable  relations 
between  the  constants,  the  result  would  give  the  wave  resistance  of  two 
small  bodies,  of  nearly  spherical  shape,  one  behind  the  other  at  a  distance 
large  compared  with  their  dimensions. 

9.  By  combining  simple  symmetrical  pressure  systems,  we  may  generalise 
the  previous  results ;  this  seems  an  easier  process  than  the  direct  discussion 
of  unsymmetrical  systems.  We  shall  assume  that  the  component  simple 
systems  are  all  of  the  type  (12)  and  have  the  constant  /  of  the  same  value, 
and  that  the  centres  of  the  systems  all  lie  on  the  axis  Ox. 

In  the  first  place  we  must  extend  the  analysis  of  §8  to  two  components  of 
unequal  magnitudes  A  and  B,  with  their  centres  at  the  point3  (h,  0)  and 
(/•,  0)  respectively.  From  the  argument  expressed  in  (29)-(32),  it  is  easily 
shown  that  the  value  (33)  for  the  wave  resistance  must  be  altered  by  replacing 
A3  cos2  («0 h  sec  <f>)  by 

$  [A2  +  Bs+ 2ABcos  {K0{h—k)sec<f>}].  (34) 


Suppose  further  that  the  pressure  system  is  given  as  a  continuous  line 
distribution  of  components  along  Or  in  a  range  from  /ti  to  h2,  the  magnitude 
of  the  element  with  its  centre  at  (x,  0)  being  proportional  to  some  function 
•\]r  (x) ;  in  other  words,  suppose  the  surface  pressure  is  given  by 

V-  Af  jr(h)dh  (3) 

the  function  \fr  (h)  being  such  that  the  transformations  used  in  the  preceding 
analysis  are  permissible.  For  the  system  (35)  we  have  to  sum  (34)  for  all 
possible  pairs  of  elements ;  this  is  performed  by  taking  the  double  summation 

i  J  ^ (7') dh  j  //r(A:)cos  {K0(h— &)  sec  <j>}  dk.  (36) 


The  wave  resistance  for  the  system  (32)  can  be  completed  now  from  (33) 
and  (36) ;  we  have 

R  =  (4  v/gp)  k03A3 

f  ylr(h)dk[  dr (/.) dk (  secfi0e~2*'J*ec;‘*  cos  {Ki)(h~-/:)sec<p}  d<f>.  (37) 

JA,  J  A,  JO 
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10.  Consider  as  an  example  the  case  when  ■vjr  (It)  is  constant,  so  that  the 
surface  pressure  is 

dh 

PlV-]  +/>}** 

x—h  ,  X  h 

=  ”  (/* +/*)  {<* ' -  W  +  y»  +/*}  V*  +  (y2  +P)  W+Kf  +  y*  +.niJ* 

This  may  be  regarded  as  the  combination  of  two  equal  systems  of  opposite 
sign,  with  their  centres  at  the  points  (h,  0)  and  (—h,  0)  but  not  symmetrical 
round  these  points. 

In  this  case,  after  carrying  out  the  integrations  with  respect  to  h  and  k 
(37)  gives 

R  =  (16tr/gp)  A2*0  [  sec3  <f>e-2*<‘S*ec'1,l‘ sin2 (noli  sec  (39) 


The  integral  may  be  treated  similarly  to  (33).  One  of  the  main  differences 
lies  in  the  factor  sin2  (Kohsectf))  instead  of  cos2 (kJi  sec  <£) ;  this  is  because 
we  have  now  two  equal  positive  and  negative  systems  instead  of  two  positive 
systems,  and  in  consequence  the  series  of  humps  and  hollows  on  the  resistance 
curve  will  be  interchanged. 

We  have  chosen  this  case  partly  because  of  the  corresponding  problem  in 
the  motion  of  a  submerged  body  at  depth  /.  Integrating  a  line  of  doublets 
of  constant  strength  results  in  a  simple  source  at  one  end  of  the  line  and  an 
equal  sink  at  the  other.  Hence,  the  submerged  body  is  one  of  the  oval¬ 
shaped  surfaces  of  revolution  formed  by  combining  a  source  and  sink  with  a 
uniform  stream;  it  follows  that,  as  in  §5,  the  strength  of  the  source  is 
Ac/2gp.  It  may  be  noted  that  the  coefficient  A  in  (39)  has  different 
dimensions  from  that  in  (33),  agreeing  with  its  introduction  in  (38).  By 
making  h  small  in  (39)  we  regain  the  former  result  for  a  sphere. 

11.  If  a  prolate  spheroid  of  semi-axis  a  and  eccentricity  e  is  moving  in  an 
infinite  liquid  with  velocity  c  in  the  direction  of  its  axis  of  symmetry,  it  can 
be  shown  that  the  velocity  potential  may  be  written  in  the  form 


CM  (ah* — h 2)  (x — h)  dh 

J  -ae{(v-hY+ya+z2}3l3’ 


(40) 


where  A  =  l/[4e/(l— e2)— 2  log  {(1  +  e)/(l— c)}],  and  where  we  have,  for  the 
momeut,  taken  Ox  along  the  axis  of  symmetry  of  the  spheroid.  This 
expresses  <f>  as  due  to  a  line  of  doublets  ranged  along  the  axis  between  the  two 
foci.  Hence  the  surface  pressure  corresponding  to  the  motion  of  the  spheroid 
with  its  axis  at  depth /is 


(a2e2—h2)  dh 
{(x-hy+yt+j2}*’ 


(41) 


156 


Wave  Resistance :  Cases  of  Three-dimensional  Fluid  Motion.  365 

reverting  to  axes  with  the  origin  in  the  free  surface.  It  should  be  noticed 
that,  as  in  §  5,  the  surface  pressure  (41)  does  not  give  the  same  surface 
elevation  as  the  moving  spheroid ;  the  surface  condition  in  the  latter  case  is 
that  the  pressure  should  be  constant  at  the  free  surface.  But  (41)  does  give 
the  same  wave  formation  as  the  spheroid,  and  that  is  the  part  of  the  surface 
effect  upon  which  the  wave  resistance  depends.  The  complete  surface  eleva¬ 
tion  can  be  easily  written  down  by  direct  methods  as  in  the  case  of  the 
submerged  sphere. 

Using  (41)  now  as  an  example  of  (35),  we  find  the  wave  resistance  of  the 
spheroid  from  (37) ;  after  integrating  with  respect  to  h  and  k,  the  result  is 

B  =  128ir*<7/»a3e*AaJ  sec3  { J3/a  (ic0ne  sec  <fi)  (42) 

It  can  be  verified  that  this  gives  the  result  for  the  sphere  by  making  e  zero. 

For  a  given  relation  between  /  and  at,  the  value  of  B  can  be  obtained 
approximately  by  the  numerical  methods  used  in  the  previous  examples  ; 
judging  from  rough  calculations,  it  appears  that  the  resistance  curve  does  not 
show  prominent  humps  and  hollows.  This  might  be  anticipated  from  the 
surface  pressure  (41),  which  can  be  evaluated  in  simple  form ;  if  we  repre¬ 
sent  the  pressure  distribution  by  a  surface  with  p,  x,  and  y  as  co-ordinates, 
then  (41)  gives  a  single  oval-shaped  peak  with  its  longer  axis  in  the  direction 
Ox.  On  the  other  hand,  the  pressure  distribution  (28)  represents  two 
distinct  peaks.  We  may  compare  in  this  respect  the  behaviour  of  ships’ 
models;  it  depends  upon  the  shape  of  bow  and  stem,  and  the  relation 
between  them,  whether  the  resistance  curve  has  marked  interference  effects 
or  is  a  continuously  ascending  curve. 

12.  We  have  limited  the  previous  cases  to  combinations  of  simple  pressure 
systems  ranged  along  the  axis  Ox.  The  method  can  obviously  be  extended 
to  systems  with  their  centres  on  0 y ;  or  again,  for  systems  situated  in  the 
plane  xy,  a  four-fold  summation  in  the  manner  of  (36)  would  give  further 
generality.  For  the  corresponding  problem  of  the  motion  of  a  submerged 
body,  one  could  obtain  the  wave  resistance  of  any  body  whose  surface  is 
formed  of  stream  lines  due  to  the  combination  of  sources  and  sinks  with  a 
uniform  stream. 
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Introduction. 

1.  It  is  generally  admitted  that  our  knowledge  of  the  laws  of  skin  friction  for  a 
solid  moving  through  a  fluid  is  not  very  satisfactory.  This  may  be  ascribed  to  two  main 
reasons:  in  the  first  place  the  inherent  difficulties  of  the  theory  of  turbulent  fluid  motion  are 
great  even  in  the  simplest  cases,  and  in  the  second  place  most  of  the  experimental  data 
which  are  available  have  been  gathered,  not  with  the  primary  object  of  building  up  a 
consistent  theory,  but  with  more  immediately  practical  aims  in  view. 

Although  no  general  investigation  is  attempted  in  the  following  notes,  it  is  hoped  that 
they  may  be  of  interest  as  a  critical  discussion  of  certain  aspects  of  the  problem.  The 
work  may  be  summarized  briefly  as  follows  : — 

(1)  An  examination  of  experimental  results  with  a  view  to  defining  or  estimating  the 

(apparent)  velocity  of  slip  of  a  fluid  in  turbulent  motion  past  a  solid. 

(2)  The  expression  of  the  frictional  force  per  unit  area  at  any  poin  of  a  plane  surface 

in  the  form  k  p  v~ ,  where  v  is  the  relative  velocity  at  the  point  :  determination 

of  the  value  of  k  from  experimental  results. 

(3)  The  calculation  of  the  total  frictional  resistance  in  the  case  of  a  plank  for  which 

the  distribution  of  velocity  is  known  :  remarks  on  the  distribution  of  velocity 
for  a  long  plank. 

(4)  Two  numerical  calculations  to  illustrate  the  assumptions  involved  in  applying  a 

similar  method  to  curved  surfaces. 

(5)  Connection  with  the  law  of  similarity  :  the  effect  of  the  ratio  of  breadth  to  length 

in  the  case  of  planks  ;  remarks  on  the  extension  to  long  planks  and  high 

velocities  ;  general  problem  of  ship  resistance. 

Relative  Surface  Velocity. 

2.  When  a  liquid  flows  in  steady  turbulent  motion  through  a  pipe  it  is  usual  to 
express  the  resistance  of  the  wall  in  terms  of  the  mean  velocity  over  the  cross-section, 
because  it  can  be  defined  precisely  and  measured  accurately.  Further,  in  any  theoretical 
study  of  the  motion,  it  seems  necessary  to  assume  that  the  fluid  velocity  at  the  wall 
is  zero,  there  being  no  slipping  of  the  layer  actually  in  contact  with  the  wall.  However, 
in  many  eases  it  is  found  that  the  velocity  varies  little  over  a  large  part  of  the  cross- 
section  and  is  an  appreciable  fraction  of  the  mean  velocity  at  points  very  near  the  wall  ; 
this  occurs  when  the  turbulent  regime  is  well  established,  either  because  of  high  velocities 
or  of  large  diameter  of  the  pipe.  It  may  be  then,  for  some  purposes,  a  matter  of  prac¬ 
tical  convenience  to  treat  the  motion  as  if  there  were  a  velocity  of  slip  at  the  wall.  The 
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magnitudes  involved  may  be  illustrated  by  some  numerical  cases.  Taking  indirect  calcula¬ 
tions  first,  we  may  quote  an  instance  from  Lamb’s  Hydrodynamics  (6th  edn.,  p.  666). 
Assume  that  the  resistance  per  unit  area  of  the  wall  of  the  pipe  is  given  by 
where  p  is  the  density  and  v0  the  mean  velocity  of  the  liquid.  Also  suppose  the  velocity 
to  be  approximately  v0  over  the  cross-section,  except  in  a  thin  layer  of  thickness  l 
in  which  there  is  laminar  flow.  In  order  to  obtain  the  same  resistance  per  unit  area, 
we  must  have  p  vjl  =  k  p  vf,  or  l  =  v/k  v0,  where  p  is  the  viscosity  and  v  the  kine- 
matical  viscosity.  For  water  moving  with  a  mean  velocity  of  300  cm. /sec.,  this  gives 
l  =  0-024  cm. 

For  the  cognate  problem  of  the  motion  of  a  solid  through  a  liquid,  take  an  example 
from  Froude’s  data  for  planks.  The  resistance  of  a  2-ft.  plank  at  600  ft. /min.  is  given 
as  0-41  lb.  per  sq.  ft.  ;  the  thickness  of  the  equivalent  layer  for  laminar  motion  giving 
the  same  resistance  is  found  from  pv/l  —  0-41,  or  l  —  0-007  in.,  approximately. 

But  these  are  indirect  estimates,  and  we  turn  now-  to  experimental  determinations 
of  the  velocity.  Here  the  velocity  is  obtained  by  means  of  a  Pitot  tube,  and  it  is  obvious 
that  the  nearest  point  to  the  wall  at  which  an  experimental  value  can  be  found  depends 
upon  the  dimensions  of  the  Pitot  tube.  For  the  motion  of  a  plank  through  water  we 
have  Calvert’s  measurements  of  frictional  wake.*  In  this  case  the  Pitot  tube  was  one-eighth  of 
an  inch  in  diameter.  It  w?.:.  found  that  the  relative  velocity  at  the  surface  of  the  plank 
decreased  from  full  speed  at  the  front  end  to  about  half  that  speed  at  the  aft  end  of 
a  28-ft.  plank  moving  at  about  400  ft. /min.  For  turbulent  flow  through  pipes,  passing 
over  the  earlier  w-ork  of  Bazin  and  others,  we  may  take  an  example  from  measurements 
by  Stanton. t  The  Pitot  tube  was  of  rectangular  section,  the  external  dimension  in  the 
direction  of  the  radius  of  the  pipe  being  0-33  mm.  With  a  smooth  pipe  of  2  465  cm. 
radius,  the  velocity  at  the  axis  being  1,525  cm. /sec.,  the  velocity  at  0  025  cm.  from  the 
wall  is  given  as  592  cm. /sec.  Further,  the  mean  velocity  is  about  0-81  of  the  velocity 
at  the  axis.J  Hence  we  may  deduce  that  the  (apparent)  velocity  at  the  wall  is  0  475  of 
the  mean  velocity.  A  similar  result  is  obtained  from  other  cases  given  in  the  papers 
quoted,  the  value  of  V  d/v  being  in  the  neighbourhood  of  50,000. 

We  shall  assume  that  we  can  refer  to  a  relative  surface  velocity  which  is  sufficient  in¬ 
definite  for  certain  purposes,  the  limitations  being  indicated  by  the  numerical  examples 
which  have  been  given. 

Plane  Surfaces. 

3.  We  wish  to  see  if  the  frictional  force  per  unit  area  on  any  plane  element  of  surface 
can  be  expressed  by  k  p  v2,  where  v  is  the  relative  velocity  of  the  fluid  and  wall  at  the 
point,  p  is  the  density  of  the  fluid,  and  *  is  a  non-dimensional  coefficient  of  roughness. 
One  of  the  earliest  attempts  to  analyse  turbulent  fluid  motion,  by  Boussinesq,  involved 
a  surface  friction  of  this  kind,  together  with  a  constant  effective  coefficient  of  eddy 
viscosity,  or  of  mechanical  viscosity  as  it  was  called  bv  Osborne  Reynolds.  Experimental 
results  on  flow  through  pipes  can  be  fitted  more  or  less  by  a  scheme  of  this  kind,  hut 
it  is  generally  recognized  now  as  only  an  approximate  statement.  In  the  first  place  the 
mean  friction  on  the  walls  is  not  simply  proportional  to  (velocity)-,  but  depends  also  on 
the  diameter  ;  so  that  the  friction  on  an  element  of  the  wall  may  include  a  term  involving 
its  curvature.  Further,  the  effective  eddy  viscosity  is  not  found  to  be  constant  over  the 
cross-section,  though  it  varies  little  except  near  the  walls.  A  similar  theory  has  been 
applied  recently  by  G.  I.  Taylor  to  the  turbulent  motion  of  the  atmosphere  and  the  skin 
friction  of  the  wind  on  the  earth’s  surface. 

Rankine,  in  his  method  of  augmented  surface,  assumed  a  skin  friction  proportional 

*  C.  A.  Calvert,  Trans  I  N  A  ,  Vol  XXXIV,  p  «1,  1U1»3. 
f  T.  E.  Stanton,  Proc.  Roy  Soc.,  A,  #5,  p.  366,  1911 
1  Stanton  and  PanneO,  Phil.  Trana..  K,  214,  p.  205,  1914. 
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to  (velocity)2 ;  but  the  working  out  of  the  idea  involved  various  assumptions  which 
are  no  longer  regarded  as  legitimate. 

In  these  notes,  the  scope  is  much  more  limited.  The  method  is  applied,  in  the  first 
instance,  only  to  plane  surfaces  ;  and,  without  further  theoretical  elaboration,  some  experi¬ 
mental  results  are  examined  from  this  point  of  view 

To  obtain  a  value  of  the  coefficient  k  for  smooth  surfaces,  take  first  some  of  the 
earlier  data  :  Bazin’s  results  for  water  flowing  in  open  smooth  canals  of  great  breadth 
compared  with  the  depth.  These  have  been  expressed  in  various  empirical  formulae;  we 
shall  quote  one  numerical  case.*  If  R  is  the  skin  friction  per  unit  area.  V  the  mean 
velocity,  vm  the  velocity  at  the  open  surface  and  v  the  (apparent)  velocity  at  the  bottom 
of  the  canal,  we  are  given 

®.  =  V(1+1*8V{);  v  =  V(1  -3-62V0 

where  £  -  2  R jp  V2.  With  a  mean  velocity  V  —  142-9  cm. /sec.,  and  £  --  0-0044,  this  gives 

R  =  0-0022  p  V2  =  0-0038  p  v2 

However,  we  have  a  more  accurate  expression  of  recent  work  in  Lees’  formula  for  turbulent  flow 
in  smooth  pipes, f  namely  : — 

R  =  p  V2{  0-0009  +  0-0765  (v/V  d)0  35} 

This  formula  includes  the  results  of  Stanton  and  Pannell  quoted  in  the  previous  section  ; 
we  may  therefore  use  for  the  relation  between  the  velocity  v  at  the  wall  and  the  mean 
velocity  V  the  equation  v  --  0-475  V.  Further,  if  we  assume  the  formula  to  hold  when 

the  diameter  d  of  the  pipe  is  made  very  large,  we  deduce  an  expression  for  a  plane 

surface  in  the  required  form,  namely  : — 

R  =  0  ‘  004  p  v2 

We  shall  use  this  expression  to  estimate  the  frictional  resistance  of  a  smooth  plane  surface,  v 
being  the  relative  velocity  at  the  suiface. 

4.  In  order  to  apply  this  method,  it  is  necessary  to  know  the  distribution  of  velocity 
over  the  surface.  Unfortunately  there  are  very  few  determinations  available  for  this 
purpose,  although  no  doubt  others  may  have  been  made  in  recent  years.  The  only 
direct  observations  which  have  been  published  appear  to  be  those  of  Calvert,  given  in 
his  paper  on  the  measurement  of  wake  currents  to  which  reference  has  already  been  made. 

A  plank,  28  ft.  long  and  coated  with  black  varnish,  was  drawn  along  the  surface 

of  water  and  measurements  were  made  with  (Pitot)  tubes  projecting  beneath  the  underside 
of  the  plank.  “The  speeds  recorded  at  distances  of  1  ft..  7  ft.,  14  ft.,  21  ft.,  and  28  ft. 
from  the  leading  end  were  respectively  16  per  cent.,  37  per  cent.,  45  per  cent.,  48  per 
cent.,  and  50  per  cent,  of  the  velocity  of  the  plank  ;  and  these  proportions  appear  to  be 
maintained  at  all  speeds  between  200  and  400  ft.  per  minute,  the  latter  being  the  highest 
speed  that  the  arrangements  would  allow." 

The  relative  velocities  at  these  points  are  thus,  respectively,  0-84,  0-63,  0-55,  0-52,  and 
0-5  of  the  velocity  of  the  plank.  The  width  of  the  plank  is  not  stated,  and  we  must 
assume  the  effect  of  the  finite  width  upon  the  distribution  of  velocity  to  be  small. 
Summing  up  the  friction  along  the  plank,  supposed  of  unit  width,  we  have; — 

Total  skin  friction  •-  0  •  004  pv*dl 

Jo 

From  Calvert's  observations  we  may  draw  a  fair  curve  showing  the  variation  of  v*/V* 
along  the  plank,  where  V  is  the  velocity  of  the  plank  ;  it  is  shown  in  curve  A  of  Fig.  1. 

•Data  from  Von  Mises,  Elam.  dtr  Tech.  Hydromaoh.,  tail  t,  p.  97. 
tc.H.  Lees,  Proc.  Roy,  Soc.,  A,  91,  p.  49,  1914. 
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The  integral  can  now  be  evaluated  approximately  from  the  graph  :  applying  Simpson’s 

rule  with  intervals  of  I  ft.,  the  integral  of  n2/V2  along  the  plank  comes  to  10' 2.  With 

a  velocity  V  —  400  ft. /min.  this  gives  a  total  resistance  of  3-51  lb. 

The  resistance  of  the  plank  was  not  measured  by  Calvert.  Hcw-evcr,  we  may  obtain 
another  estimate  from  W.  Froude’s  results  (Brit.  Assoc.  Reports  1874).  Using  Plate  II. 

of  that  report,  we  can  read  off  from  the  curves  the  resistance  of  a  28-ft.  varnished 
plank  at  400  ft. /min.  ;  it  is  3. 51  lb.,  as  nearly  as  can  be  estimated.  Naturally  one 

need  attach  no  importance  to  the  coincidence  ;  except  that  with  a  constant  coefficient 
K  —  0-004  and  taking  account  of  the  actual  distribution  of  surface  velocity,  the  value 
of  the  total  friction  is  in  agreement  with  direct  measurements  in  similar  cases. 

5.  It  must  not  be  supposed  that  this  method  means  that  the  total  skin  friction  is 

proportional  to  the  square  of  the  velocity  V  of  the  body.  From  the  theory  of  physical 
dimensions  applied  to  similar  bodies  we  have  ; — 

R  -  pV*f(  Vi/v) 

On  the  present  statement,  the  only  difference  is  that  it  is  the  relative  surface  velocity 

which  is  some  undetermined  function  ;  for  instance,  in  the  graph  of  Fig.  1,  if  *  is  the 
distance  from  the  leading  end  the  graph  must  satisfy  an  equation  of  the  form  : — 

v2yV2  =  F  (x/l>  y  i/y) 

After  integrating  along  the  plank,  we  obtain  then  R  in  the  general  functional  form  given 
above. 

6.  Assuming  the  value  0  004  for  k  for  smooth  planks  we  may  deduce  some  informa¬ 
tion  as  to  the  fall  of  surface  velocity,  for  the  mean  resistance  per  unit  area  divided  by 
k  p  gives  the  average  value  of  v2  over  the  surface. 

Taking  Zahm’s  experiments  *  on  varnished  planks  in  air,  using  a  suitable  value  of 

p  and  taking  the  results  as  they  are  given  in  the  table  for  the  resistance  of  planks  of 
various  lengths  at  10  ft. /sec.,  we  obtain  the  following  : — 

Length  ..  ..  ..2  4  8  12  16 

Average  v2/V2  .  .  ..  0  674  0  543  0  516  0  497  0  49 

From  the  similar  tables  of  W.  Froude  for  planks  in  water  at  10  ft. /sec.,  we  find — 

Length  ......  2  8  20  50 

Average  t-2/V2  ..  ..  0  529  0  419  0  359  0-316 

There  is  a  much  quicker  fall  in  water  than  in  air,  but  of  course  the  V  7/v  values  do  not 
correspond  in  the  two  sets.  Froude  gives  a  column  which  is  said  to  be  the  resistance 
per  square  foot  of  the  last  foot  of  plank ;  this  is,  one  may  suppose,  obtained  as  the 
difference  in  resistance  of  two  planks  differing  in  length  by  1  ft.,  and  it  obviously 

assumes  that  the  addition  of  1  ft.  to  the  rear  of  a  plank  doe-*  not  alter  appreciably 

the  distribution  of  velocity  over  the  rest  of  the  plank.  Taking  the  figures  as  they  stand, 
we  may  deduce  the  average  value  of  v'1  over  the  last  foot  of  plank  for  various  lengths  ; 
they  give 


Length 

2 

8 

20 

50 

Average 

0  •  503 

0-340 

0-309 

0-291 

the  second  row  being  the 

average  value  of  es/V2 

over  the  last  foot. 

Taking  the  square 

root,  we  may  estimate  the  relative  velocity  at  the  end  of  a  50-ft.  plank  moving  at  10 
ft. /sec.  as  About  O’ 54  of  the  velocity  of  the  plank;  and  this  estimate  will  be  on  the  high 
aide.  It  may  be  compared  with  the  value  0-475  which  we  found  for  the  similar  ratio 
in  flow  through  pipes  when  the  steady  state  has  been  reached. 

*  A  F,  Zahni,  Phil  Mag  ,  8,  p  58,  1904. 
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Curved  Surfaces. 

7.  If  a  body  is  moving  through  a  liquid  we  may  suppose  the  force  on  an  element 
d  S  of  the  surface  to  be  resolved  into  a  normal  pressure  ant'  a  frictional  force  R  d  S  ; 
the  latter  will  be  in  a  direction  opposite  to  the  relative  velocity  and,  if  we  suppose  it 
to  make  an  angle  6  with  the  direction  of  motion  of  the  body,  we  may  define  the  skin 
friction  as  JR  d  S  cos  0,  taken  over  the  wetted  surface. 

For  plane  surfaces  we  have  shown  that  there  is  some  justification  for  taking  R  equal 
to  Kpv1,  where  v  is  the  relative  velocity;  in  the  general  case  one  would  urobably  have 
an  additional  term  involving  the  curvature  of  each  point.  Consider  first  the  case  of  “two- 
dimensional  ”  How,  when  the  longitudinal  cross-section  of  the  body  is  of  ship-shape  form. 
Here  each  element  is  curved  in  the  line  of  motion,  and  if  the  curvature  is  small  and  we 
assume  R  —  k  p  v2,  the  effect  of  the  curvature  is  to  be  found  in  the  distribution  of  velocity. 
The  effect  of  this  kind  of  curvature  has  been  discussed  by  Mr.  G.  S.  Raker  by  estimating 


the  distribution  of  velocity  in  stream-line  motion.  It  should  be  noted  that  it  is  not  the 
same  as  the  effect  of  the  shape  of  midship  section,  for  there  the  curvature  is  at  right 
angles  to  the  line  of  flow.  Naturally  in  three-dimensional  flow  both  effects  are  superposed, 
and  cannot  be  disentangled.  No  experimental  determinations  of  surface  velocity  appear  to 
have  been  published,  at  least  for  ship  forms  in  water  The  extension  from  plane  to 
curved  surfaces  is  thus  to  a  large  extent  speculative  .  however,  as  the  extension  has  been 
made  already  in  other  methods,  two  numerical  examples  are  given  here  to  illustrate  the 
various  assumptions. 

8.  For  two-dimensional  motion,  suppose  that  the  model  is  .18  ft.  long,  as  for  Calvert’s 
plank,  with  a  longitudinal  section  shown,  as  to  the  upper  half  only,  in  model  C  of  Fig.  1. 
This  is  a  form  for  which  Raker  and  Kent  *  have  calculated  the  pressure  distribution  in 
stream  line  motion  ;  from  the  curves  given  in  that  paper  we  can  draw  a  curve  of  the 
distribution  of  r-  V-  in  stream-line  motion,  v  being  the  relative  surface  velocity  and  V 
the  velocity  of  the  model.  Now.  as  an  arbitrary  assumption,  suppose  that  in  turbulent 
flow  v~  diminishes  for  the  model  according  to  the  same  law  as  for  the  28-ft.  plank  ; 
that  is,  wc  take  a  reduction  factor  at  each  point  from  the  curve  A  of  Fig.  1.  We  obtain 
thus  the  curve  ('  of  Fig.  I  as  an  estimated  distribution  'if  relative  velocity,  or  *ather  it 

*  G.  S  Baker  and  J.  L.  Kent,  Trans.  I  N  A  ,  Vo).  L.,  Pt.  II.,  p  37,  19)3 
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shows  the  values  of  «2/V8  for  tne  model.  Also  the  total  skin  friction,  per  unit  breadth 

=  fR  d  S  cos  6  =  \k  p  v2  d  l  y 

taken  along  the  straight  axis  of  the  model.  Estimating  the  area  under  the  curve  C,  and 
the  curved  length  of  Model  C',  we  can  calculate  the  mean  resistance  per  unit  area.  It 
appears  that  the  model  has  a  mean  resistance  per  unit  area  about  1 1  per  cent,  greater  than  that 
of  a  plank  of  the  same  length. 

9.  For  a  three-dimensional  case  we  take  similar  preliminary  data  from  a  paper  by 
Mr.  D.  W.  Taylor  *  on  solid  stream  forms.  We  carry  out  the  same  process  as  in  the 
previous  section,  and  it  is  unnecessary  to  reproduce  the  corresponding  curves.  The  only 
difference  arises  from  the  fact  that  the  solid  is  one  of  revolution  with  pointed  ends  ;  con¬ 
sequently  the  element  of  area  approaches  zero  at  the  two  ends.  If  y  is  the  ordinate  of 
the  *hip  form  at  any  point  on  the  axis,  we  have  to  graph  the  values  of  y  v2  on  the 
straight  axis  of  symmetry  as  a  base,  instead  of  simply  v2  as  in  the  two-dimensional 
problem.  As  far  as  the  numerical  approximation  has  been  carried,  it  appears  that  the 
mean  resistance  per  unit  area  for  this  model  is  about  equal  to,  or  slightly  less  than,  that, 
of  a  plank  of  the  same  length. 

10.  The  resistance  of  a  small  appendage  on  the  surface  of  a  ship  must  depend  chiefly  upon 
the  relative  surface  velocity  in  its  neighbourhood.  It  is  appropriate  to  refer  here  to  some 
experiments  by  Mr.  Baker  f  to  determine  the  added  resistance  due  to  local  roughness 
of  a  model.  If  the  rough  area  were  small  enough  relatively  so  as  not  to  affect  appreci¬ 
ably  the  flow  over  the  rest  of  the  model,  and  if  the  slope  of  the  surface  and  the  direction 
of  flow  were  known,  it  might  be  possible  to  deduce  information  about  the  velocity  distri¬ 
bution  ;  however,  one  cannot  analyse  in  this  way  the  results  to  which  reference  has  been 
made. 

In  regard  to  skin  friction  for  curved  surfaces  especially,  one  may  venture  to  quote 
and  endorse  a  remark  made  by  Professor  Lees  J  :  “It  is  of  prime  importance  that  further 
measurements  should  be  made  on  bodies  which  lend  themselves  to  simple  theoretical 
treatment  in  order  to  build  up  a  satisfacto  j  theory.” 


Law  of  Similarity  for  Planks. 

11.  The  law  of  similarity  in  its  usual  form: — 

R  -  p  V2/  (V  Ijv) 

applies  to  bodies  which  are  geometrically  similar  in  form,  and  are  similar  as  regards 
scale  of  roughness.  In  experiments  with  planks  we  may  perhaps  neglect  the  thickness 
and  suppose  the  motion  to  be  in  two  dimensions  only  ;  but  the  planks  will  not  be  similar 
unless  the  ratio  of  breadth  to  length  is  constant.  In  other  w'ords,  the  general  formula 
from  physical  dimensions  is  : — 

R  =  P  V2  /  (b/l,  VI/V) 

where  the  undetermined  function  depends  upon  two  quantities,  the  ratios  b/l  and  V  Ijv. 

In  most  experiments  the  ratio  b/l  has  not  been  kept  constant,  but  the  planks  have 
been  of  constant  breadth  and  varying  length.  Consider,  for  example,  Zahm’s  results, § 
which  he  expressed  in  the  empirical  formula  : — 

R  =  jfc  I-0  07  V185 

*  D.  W.  Taylor,  Tram.  IN.A..  Vol.  XXXVI..  p  234,  1895. 
t  G.  S  Baker,  Trans.  North-East  Coast  Inst.,  Vol.  XXXII.,  p,  50,  1915. 

I  C.  H.  Lees,  Trans  IN.A,  Vol.  LVIII.,  p  64,  1916 
§  Zahxn,  loc  cit. 
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It  is  usual,  following  Lord  Rayleigh,  to  correct  this  to  satisfy  the  law  of  similarity 
and  to  write  : — 

R  =  Const,  x  p  V2  (v/V  I)015 

It  is  probably  true  that  the  experiments  are  not  sufficient  to  decide  between  these  two 
forms.  The  present  point  is  that  without  altering  the  empirical  law  as  regards  l  and  V, 
the  formula  can  be  made  to  satisfy  the  dimensional  equation  by  writing  it,  for  instance, 
in  the  form  : — 

R  ■=  Const,  x  p  V2  x  (W08  X  (v/V/)° 15 

Similar  remarks  may  be  applied  to  Froude’s  experiments  with  planks  in  water.  For  instance, 
with  planks  coated  with  fine,  medium,  or  coarse  sand  the  resistance  is  proportional  to  the 
square  of  the  speed.  Hence  in  these  cases  the  quantity  R/p  V2  is  a  function  of  the  ratio 
b/l  and  of  the  coefficient  k,  which  may  be  called  the  ratio  of  roughness  ;  but  it  is  not 
possible  to  separate  the  two  effects  in  the  results. 

12.  Consider  the  distribution  of  relative  surface  velocity  from  front  to  rear  of  a  long 
plank.  Neglecting  the  disturbance  of  the  edges,  we  may  divide  the  distribution  roughly 
into  three  stages  ;  firstly,  one  in  which  the 
velocity  falls  rather  rapidly,  then  a  long 
stretch  in  which  it  is  practically  constant, 
and  finally  a  relatively  short  stage  in  which 
the  influence  of  the  end  is  appreciable.  For 
a  very  long  plank  in  which  the  middle 
stage  predominates,  the  mean  resistance  per 
unit  area  will  approximate  to  k  p  v2,  where 
v  is  the  steady  value  of  the  surface 
velocity  On  the  other  hand,  for  shorter 
planks  a  two-term  formula  may  be 
sufficient,  which  may  possibly  be  of  the  type 
p  V2{A  -f-  B  (v/V  l)n}. 

Again,  if  the  breadth  is  taken  into  account  such  a  formula  would  be  incomplete. 

Here  in  the  extreme  case  of  a  long  plank  of  finite  breadth,  the  analogy  of  steady  flow 

through  a  pipe  is  suggested  ;  and  the  mean  resistance  should  approximate  to  a  two-term 

formula  of  the  type  just  given,  with  the  length  l  replaced  by  the  breadth  d.  This  is 
the  argument  which  has  been  worked  out  by  Professor  Lees  in  the  paper  *  already  quoted  ; 
in  that  analysis  d  is  taken  as  the  diameter  of  an  equivalent  circular  cylinder  and  deduced 
by  a  certain  method  from  the  dimensions  of  the  plank. 

13.  On  the  analogy  of  the  law  of  similarity  for  flow  in  pipes,  Mr.  Baker  f  has  collected 

results  on  planks  and  models  into  one  diagram  in  which  R/p  V2  is  graphed  on  a  base 
V  Ijv.  We  have  seen  that  certain  reservations  are  necessary  in  grouping  the  data  from 

planks  in  this  way  ;  but  the  general  trend  of  the  cuives  obtained  is  very  suggestive  Fig.  2 
show's  the  main  points  in  a  diagrammatic  sketch,  not  draw'll  to  scale,  but  based  on  the 
paper  quoted. 

The  stage  A  B  represents  simple  viscous  fluid  motion  when  R  is  proportional  to  V. 
BC  is  an  unstable  condition  when  the  flow  may  be  partly  simple  and  partly  turbulent; 
after  C  the  latter  regime  becomes  permanently  established.  If  '.he  resistance  R  is  repre¬ 
sented  by  a  single-term  formula  /V",  it  is  clear  that  the  best  single  power  is  V2  in  the 
neighbourhood  of  the  points  B  and  C.  It  may  be  noted  that  Froude  gives  V2  for  short 
smooth  planks  of  2  ft.  in  length,  and  it  may  be  presumed  that  the  region  near  C  was 
then  under  observation.  As  the  length  is  increased,  the  best  single  power  decreases  to,  say, 
Vl8?  near  D,  if  we  take  this  point  to  represent  the  limit  of  available  data.  Froude’s 

*  C.  H.  Leee,  loc.  cit. 

t  G.  S.  Baker,  Trans.  North-Fast  Coast  Inst.,  loc.  cit. 
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extension  to  very  long  planks  is  equivalent  to  extending  the  curve  beyond  D  so  that 
it  approaches  the  base-line  ultimately.  On  the  other  hand,  the  analogy  with  the  problem 
of  flow  through  pipes  suggests  that  the  curve  approximates  ultimately  to  a  line  at  a 
finite  distance  above  the  base-line.  In  the  latter  ease,  the  best  single  power  must 

increase  again  at  some  stage  and  ultimately  approach  V-  again.  However,  it  is  generally 

recognized  that  all  that  can  be  said  is  that  any  reasonable  extension  of  the  curve  beyond 
D  must  lie  within  certain  limits,  that  in  fact  being  the  statement  made  by  W.  Froude* 
in  this  respect  ;  we  are  not  able  yet  to  decide  between  alternative  methods. 

14.  In  conclusion  a  few  remarks  may  be  made  on  the  general  problem  of  ship  resist¬ 
ance.  It  is  usual  to  divide  up  the  total  resistance  into  three  parts  :  frictional,  eddv- 

making,  and  wave-making  resistance.  An  alternative  method  is  to  think  of  the  direct 

action  upon  each  element  of  fhe  wetted  surface  ;  this  action  may  be  resolved  into  a 
normal  pressure  p  and  a  tangential  force  R  at  each  point.  The  integrated  effect  of  R 
gives  the  total  skin  friction,  while  the  resultant  of  the  pressure  distribution  may  be  called 

the  body  or  form  resistance.  In  the  sh'p  problem  it  is  assumed  that  the  latter  corre¬ 
sponds  in  the  main  to  the  wave  resistance,  together  with  that  due  to  eddy-making  of 

the  more  obvious  kind  ;  however,  in  general,  the  distribution  of  normal  pressure  and  of 

tangential  force  will  be  interdependent  and  will  each  be  affected  by  all  the  circumstances 
of  the  motion.  It  would  be  of  interest  to  have  some  case  analysed  in  this  way,  with  the 
pressure  distribution  determined  experimentally.  This  method  has  been  adopted  in  the 
corresponding  problem  in  aeronautics,  which  is  simpler  in  some  respects.  For  an  airship 
envelope,  in  the  form  of  a  surface  of  revolution,  the  pressure  distribution  can  be  found 
experimentally  ;  the  difference  between  the  resultant  and  the  total  resistance  then  gives 
the  skin  friction. f  If  there  were,  for  the  same  case,  experimental  determinations  of  the 
distribution  of  velocity  over  the  envelope,  it  would  be  possible  to  compare  the  total  skin 
friction  with  the  resultant  of  a  distribution  of  tangential  force  kpv~  taken  over  the  surface. 
Results  for  submerged  bodies  in  water  might  be  deduced  from  those  in  air  by  the  law 
of  similarity  ;  but  it  would  be  preferable  if  direct  results  could  be  obtained,  experimentally, 
for  the  distributions  of  normal  pressure  and  of  velocity  for  simple  forms  intermediate 
between  the  plank  and  the  ordinary  type  of  ship  model. 

*  W.  Froude,  Brit.  Assoc.  Reports,  1874,  p.  255. 

+  Cf.  L.  Bairstow,  Applied  Aerodynamics,  p.  357. 
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The  Stability  of  Fluid  Motion. 

By  T.  II.  Havelock,  F.RS. 

(Received  January  31,  1921.) 


1.  The  following  notes  on  the  stability  of  fluid  motion  arose  from  a  desire 
to  use  the  energy  method,  introduced  by  Reynolds  and  modified  by  Orr,  as  a 
measure  of  the  comparative,  degree  of  stability  of  various  types  of  flow  under 
different  boundary  conditions.  A  few  examples  are  worked  out  to  illustrate 
this  point  of  view :  in  §  5  a  case  which  resembles  the  flow  of  a  stream  with  a 
free  surface ;  in  §  7  flow  which  approximates  to  a  uniform  stream  between 
fixed  walls  without  slipping  at  the  walls ;  in  §§  6,  8  motion  with  other 
boundary  conditions.  Before  proceeding  to  these,  it  seems  desirable  to  give  a 
short  account  of  the  method  in  the  form  in  which  it  is  used  later,  together 
with  some  remarks  on  its  relation  to  the  classical  melhod  of  small  vibrations. 

2.  We  shall  consider  only  two-dimensional  motion  of  an  incompressible 
viscous  fluid  limited  by  the  planes  y  =  ±a.  Let  the  steady  state  under  an 
assigned  forcive  and  given  boundary  conditions  be  specified  by  a  velocity,  U, 
parallel  to  the  axis  of  x.  Let  the  disturbed  state  have  velocity  components 
(U  +  u,  v )  and  let  the  additional  pressure  be  /;.  Then,  by  taking  the  difference 
of  the  two  sets  of  hydrodynamical  equations  for  the  two  states  and  neglecting 
squares  and  products  of  the  additional  velocities,  we  have 


3m  TT  3m  ,  3U 


=  --  ir+tt  v’». 

p  dc  p 


—  -t 

dt  dx  p  3 y  p 


V2*’> 


(1) 


together  with  the  equation  of  continuity. 

It  is  convenient  to  introduce  non-dimensional  variables  given  by 


x  —  ag ; 


V  =  ay  ; 


ar  =  Vt  ; 


where  U  is  the  mean  velocity  over  the  cross-section  in  the  steady  state. 
Further,  we  write  UU  instead  of  U,  and  take  the  current  function  of  the 
additional  velocity  to  be  Ua^.  Eliminating/;  from  the  two  equations  (1),  we 
obtain 


It 


(2) 


where  U"  is  written  for  d?\J j <ltf,  and  R  is  Reynolds’  number  2aXJ/v.  There 
are  in  addition  the  appropriate  boundary  conditions  for  the  disturbing 
function,  *fr.  The  classical  method  of  examining  the  stability  of  a  given 
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distribution  U  consists  in  assuming  a  solution  of  (2)  of  the  form 
exp.  {t (jit  )}/«(»?).  For  any  arbitrary  real  value  of  p,  the  corresponding 

possible  forms  of  fr.(v)  ond  values  of  n  are  found  from  (2)  together  with  the 
boundary  conditions.  The  distribution  U  may  be  said  to  be  thoroughly 
stable  if  every  possible  value  of  n  has  a  positive  imaginary  part,  and  if  this 
holds  for  all  positive  values  of  It. 

The  usual  boundary  conditions,  which  we  shall  assume  in  the  first  place, 
are  u  =  0,  v  —  0,  or 


=  0  ;  d\frfch)  =  0  :  r)  —  +1,  (3) 

From  the  work  of  Kelvin,  Rayleigh,  Orr,  Hopf,  and  others,  it  may  be  taken 
that  the  simple  shearing  motion,  U  =  1  +tj,  is  thoroughly  stable  in  this  sense  ; 
and  probably  a  similar  conclusion  holds  for  motion  under  a  constant  force  or 
pressure  gradient,  namely  U  =  ^(1  —  t?2). 

There  are  various  possible  explanations  of  the  well-known  divergence 
between  these  results  and  trie  behaviour  of  actual  fluids.  In  the  first  place,  it 
is  obvious  that  the  physical  properties,  whether  of  the  fluid  or  of  the  walls,  are 
inadequately  specified  in  the  mathematical  statement  of  the  problem.  Hut, 
apart  from  this,  the  disturbances  have  been  supposed  small,  and  second  order 
terms  neglected.  Again,  in  a  system  of  this  type,  a  disturbance  may  be 
small  initially  and  may  converge  ultimately  to  zero,  but  may  be  very  large  at 
intermediate  times,  and  may  thus  give  rise  to  practical  instability. 

The  energy  method  of  Reynolds  is  in  a  different  category  from  these  in 
that  it  takes  the  mathematical  problem  as  it  stands  and  does  not  necessarily 
involve  the  actual  magnitude  of  the  disturbance ;  in  fact,  it  forms  a  new 
criterion  or  measure  of  degree  of  stability.  The  energy  of  the  disturbance 


being  defined  by 


E  =  ipa2U3 


M 


+('?£*}  WV, 


fy: 


(4) 


we  have  from  (2)  and  (3),  after  integrating  by  parts, 


Here  dE/dl  means  the  rate  of  increase  of  E  in  a  region  whose  end  boundaries 
move  with  the  steady  velocity  U.  We  may  replace  this  by  for  a  region 

with  fixed  ends,  and  we  shall  then  have  additional  terms  on  the  right  of  (5) 
denoting  flux  of  energy  across  these  ends.  The  latter  terms  may  be  omitted 
under  conditions  which  cover  the  usual  cases:  namely,  either  the  disturbance 
is  periodic  in  f,  or  it  is  limited  or  localised  so  that  yfr  and  its  derivatives 
converge  sufficiently  rapidly  to  zero  for  f  =  +oc.  We  shall  assume  such 
conditions  to  hold  in  what  follows,  and  references  to  boundary  conditions 
mean  those  which  hold  au  the  planes  rj  =  +1. 
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Reynolds’  method  of  using  (5)  to  determine  a  criterion  of  stability 
consisted  in  assuming  a  suitable  form  for  \jr  and  finding  the  least  value  of  It 
for  which  the  right-hand  side  of  (5)  is  zero.  It  is  usually  stated  that  this 
method  assumes  turbulent  motion  to  be  already  in  existence,  and  it  then 
gives  a  criterion  to  show  whether  the  turbulence  is  increasing  or  decreasing 
momentarily ;  but  this  is  somewhat  misleading  without  defining  what  is 
meant  by  turbulent  motion.  Equation  (5),  a r,  stated  above,  applies  to  any 
small  arbitrary  disturbance,  neglecting  terms  of  the  second  order,  as  in  the 
ordinary  method  of  small  vibrations ;  further,  U  is  a  laminar  fluid  motion 
satisfying  the  usual  hydrodynamieal  equations  under  the  given  conditions. 

On  the  other  hand,  Reynolds  defined  U  as  the  mean  velocity  at  each 
point,  taken  over  a  small  region  or  during  a  short  time,  and  this  principal  or 
mean  motion  need  not  satisfy  the  ordinary  equations.  The  extra  velocities 
u  and  v  then  play  a  double  part,  in  that  they  specify  the  disturbance,  and  at 
the  same  time  give  a  measure  of  the  turbulence  ;  they  must  satisfy  certain 
conditions  as  to  their  mean  values,  and  then  equation  (5)  holds  in  the  same 
form  when  mean  values  are  used.  However,  in  applying  it  to  find  the 
criterion  for  flow  under  a  constant  pressure  gradient,  Reynolds,  and  Sharpe 
following  him,  did,  in  fact,  take  U  to  be  the  usual  form,  C  (a2— y2),  for  steady' 
laminar  How.  But  in  turbulent  flow,  although  the  variations  of  velocity  at 
any  point  are  small,  yet  they  may  cause  the  gradient  of  the  mean  velocity  to 
differ  appreciably  from  its  value  in  laminar  flow,  as  is  obvious  from  a  com¬ 
parison  of  the  curves  of  distribution  of  velocity  across  a  pipe  in  regular  and 
in  turbulent  flow. 


However,  it  is  unnecessary  to  dwell  on  this  distinction,  as  it  has  been 
pointed  out  clearly  by  Lorentz*  and  other  writers :  further,  we  shall 
consider  here  only  small  disturbances. 

3.  Under  these  circumstances,  the  energy  method  has  been  given  a  precise 
and  definite  meaning  by  Orrf  from  the  following  considerations  : — 

If  the  right-hand  side  of  (5)  is  positive,  the  energy  of  the  disturbance  is 
momentarily  increasing.  But,  for  a  given  velocity  distribution,  U,  it  may  be 
impossible  to  find  any  function,  satisfying  the  boundary  conditions,  such 
that  that  expression  is  positive,  unless  R  exceeds  a  certain  value.  If  such  be 
the  case,  this  least \  .due  of  R  is  a  critical  value  of  definite  significance.  The 
corresponding  critical  disturbance  is  found  by  taking  the  variation  of  the 


equation 


K  iju'  %  %  f  j  (v2r/J =  o, 


subject  to  6R  =  0. 


*  H.  A.  Lorentz,  ‘  Ahbumllungeii  iiber  Them.  1‘liys.,1  vol.  ],  p.  13. 
t  \V.  MeF.  Orr,  ‘  1’roo.  Hoy.  Irish  Acad.,’  vul.  27,  p.  !t (1007). 
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Carrying  out  the  variation,  and  using  the  boundary  conditions  (3),  we 
obtain 


4  yS/r  +  2RU' 


,  j>TT"  ^  _ 

3?  ~ 


o. 


(7) 


To  find  the  critical  value  of  It,  we  assume  first  that  f  occurs  in  ^  as  a 
factor  exp.  ip g,  and  then  solve  (7);  using  the  boundary  conditions,  we  have 
an  equation  from  which  we  can  find  the  least  value  of  11  for  a  given  value 
of  p,  and  finally  we  take  the  minimum  value  of  It  with  respect  to  p. 

The  process  has  been  expressed  in  a  different  form  by  Hamel.*  Using  the 
corresponding  Green's  function  for  the  equation  ySJr  =  0,  the  equation  (7) 
may  be  replaced  by  a  linear  integral  equation  for  of  which  the  required 
value  of  It  is  the  lowest  characteristic  number. 

Returning  to  equation  (5),  if  dE/dt  is  positive  for  any  assigned  initial 
disturbance,  it  does  not  follow  that  the  motion  is  unstable  in  the  ordinary 
sense.  But,  if  there  exists  an  absolute  minimum  for  R  in  the  manner 
explained  above,  it  follows  that,  when  R  is  less  than  this  value,  dE/dt  is 
negative  for  every  initial  disturbance,  and  must  always  remain  negative. 
Thus  the  system  has  at  least  a  much  higher  degree  of  stability  for  such 
values  of  R  compared  with  those  greater  than  the  critical  minimum. 
Obviously,  this  method  does  not  produce  any  new  information  which  is 
not  implicit  in  the  ordinary  equations,  such  as  equations  (2)  and  (3);  but  it 
presents  part  of  that  information  in  a  different  form,  so  that  the  critical 
minimum  of  R  may  be  used  as  a  measure  of  the  degree  of  stability  of  various 
distributions  of  velocity  under  different  boundary  conditions. 

4.  It  is  convenient  to  classify  the  boundary  conditions  under  which  the 
energy  equation  (5)  is  valid.  For  this  purpose  we  use  an  alternative  form 
derived  directly  from  equations  (1),  with  the  ordinary  notation 


pn  = 


— p  +  2  p 


Bit 

a* ; 


We  have 


(8) 


,IE 

dt 


—  j  {»<  (lpzz+MPiy)+  v  (Ipiy  +  MPw)}  ds  —  pJJ  U  V  dx  d)J 


+ 


1K"4 


or 


!/  <xt  ) 


h-  dp,  (9) 


where  ds  is  a  line  element  of  the  boundary  and  (l,  m)  the  normal. 

We  have  specified  the  conditions  at  the  end  boundaries,  and  we  are  con¬ 
cerned  now  with  the  planes  y  =  +a.  It  follows  that  we  get  the  energy 


*  Ci.  Hamel,  ‘Gott.  Nadir.,  Math.  Phys.  Klasso,’  1911,  j>.  2G1. 
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equation  (5),  without  any  surface  integrals  expressing  transfer  of  energy  across 
the  boundaries,  with  the  following  combinations: 

(i)  u  =  0,  v  —  0  ;  (ii)  u  =  0,  pyy  —  0  ;  (iii)  v  =  0,  =  0  ;  (iv)  piy  =  0,  pyy  =  0. 

We  may  also  verify  that,  under  these  conditions,  the  variation  of  (6)  leads 
to  the  same  differential  equation  (7). 

5.  Most  of  the  fluid  motions  whose  stability  has  been  examined,  come  under 
case  (i)  of  the  above.  A  different  case  of  special  interest  is  a  stream  with  a 
free  upper  surface,  the  conditions  at  the  upper  surface  being  as  in  (iv).  These 
conditions,  however,  do  not  lead  to  simple  expressions  in  terms  of  the 
disturbing  function,  i (r ;  moreover  it  is  not  permissible  to  regard  the  upper 
free  surface  as  rigorously  plane.  We  therefore,  following  Kelvin,*  replace 
the  problem  by  one  which  is  very  nearly  the  same  but  is  more  easily 
specified ;  it  may  be  described  as  a  broad  river  flowing  over  a  perfectly 
smooth  inclined  plane  bed,  the  upper  surface  being  fitted  by  a  parallel  plane 
cover  moving  with  the  water  in  contact  with  it.  The  conditions  at  the 
upper  surface  then  come  under  case  (iii)  of  the  previous  section. 

We  take  the  origin  in  the  upper  surface  in  this  case,  so  that  a  is  the  depth 
of  the  stream  and  R  is  dU/v.  The  steady  state  is  given  by 

U  =  f  (1— >?2).  (10) 

Using  this  in  (7)  and  assuming  yjr  to  be  proportional  to  e'Pf,  the  differential 
equation  becomes 


where  a  =  prj,  and  k  =  3  iR/2p3. 

The  boundary  conditions  are  u  —  0,  v  =  0  at  the  bed  of  the  stream,  and 
v  =  0,  =  0  et  the  upper  surface ;  these  reduce  to 

yfr  =  0,  d3ylr/dot 3  =  0  ;  a  =  0  ; 

=  0,  (lyfr/d»  =  0  J  a  =  p.  (12) 

Equation  (11)  was  solved  by  Orr  for  flow  between  two  fixed  planes  with  u 
and  v  zero  at  both  boundaries,  and  it  was  found  necessary  to  consider  only 
solutions  in  even  powers  of  *.  We  shall  require  here  the  corresponding 
solutions  in  odd  powers.  Writing  a  solution  in  the  form 

=  S  A, ,otn/n  ! 

we  have  the  sequence  relation 

AB+4— 2Ai«+j+ {l—(2»  +  l)&} A,  =  0.  .  (13) 

*  Kelvin,  ‘  Math,  and  PhyH.  Papers,’  vol.  4,  |>.  330, 
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Denoting  by  yp- 0,  yfrj,  yp2,  yp-3  the  solutions  beginning  with  1,  a,  **,  ** 
respectively,  it  follows  from  (12)  that  the  boundary  conditions  lead  to 

■'l'vty'3 /</* —  =  0  (14) 

where  a.  has  to  be  replaced  by  p. 

Calculating  the  coellicients  far  enough  to  give  suflicient  accuracy  for  our 
piypose,  we.  have 

yjri  =  «+2«*/3!  +  (3  +  3Z)aft/5!  +  (4+20Z)«7/7! 

+  (5  +  70/  +  33Z2)  a»/9  !  +  (6  +  180Z  +  366/*)  *"/ll ! 

+  (7  +  385/c  +  2029Z*  +  627Z3) «13/ 1 3 !  +  (8  +  728/  +  7832Z*  +  9672/ ')  d4/ 1 5 : 
+  (9  +  1260/-  +  24030Z*  +  73500Z3  +  1 6929/  4) « 17/ 1 7  !  +  . . . , 
yfr3  =  «3/ 3  !  +  2«75  !  +  (3  +  7/)  a;/7  !  +  (4  +  36/)  a*/9  : 

+  (5  +  110/  + 105/2)  a11/ 1 1  !  +  ( 0  +  260/  +  S94Z*)  *>3/ 1 3  ! 

+  (7  +  525/  +  42 1 3/2  +  2415Z3)  a'4/ 15  !  +  (8  +  952/  +  14552Z* 

+  28968Z3)  al7/17  !  +  . . . 

Forming  equation  (14)  we  have 
2/3  !  +  8//75!  +  32^/7!+128//79:  +  (512  + 192Z2) Z/ll  ! 

+  (2048  + 2244/2) p10/ 13  ! +  (8192  + 19456/*) />**/ 15  ! 

+  (32768  + 139264/2)  ;>14/17 !  +  (131072  +  901120/-* 

+  129024/4)pI6/19  !+  ...  =  0.  (15) 


Only  even  powers  of  Z  appear  in  this  equation,  thus  giving  a  check  upon 
the  arithmetic ;  further,  the  terms  independent  of  Z  may  be  summed.  Taking 
the  least  root  of  (15)  as  an  equation  for  /*,  we  have  approximately 


R»  = 


9p» 


192 

11!' 


_ sinh  'Ip  —  2/> 

2244;;*  19456/;4  139204;>M  ~ 
13!  15!  +  17!  + 


901120;/* 

19! 


(16) 


Instead  of  forming  an  equation  for  the  minimum  value  of  K,  it  is  simpler 
to  find  it  by  trial.  We  find,  with  sulli.  ient  accuracy,  that  it  occurs  near 
;;*  =  11,  and  then,  approximately, 

11  =  96.  (17) 

The  corresponding  value,  found  by  Oir,  for  How  under  similar  conditions 
hut  with  a  fixed  plane  at  the  upper  surface,  is  117.  We  conclude  then  that 
(low  in  an  open  canal  has  a  lower  degree  <*f  stability  than  How  between  fixed 
planes. 

Turning  to  experimental  results,  the  number  usually  quoted  for  tlow 
through  a  tube  is  2000  approximately.  This  was  obtained  chieth  from 
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experiments  with  smooth  glass  tubes  ;  a  much  lower  number,  of  the  order  of 
400,  has  been  found  from  metal  tubes.  The  only  available  direct  results  for 
flow  in  an  open  stream  appear  to.  be  those  given  by  Hopf,*  who  found  It  to 
be  of  the  order  of  300.  These  results  agree  in  character  with  the  theoretical 
calculations,  which  is  all  that  could  be  expected. 

It  is  of  interest  to  note  that  this  appears  to  contradict  a  statement  by 
Ileynoldsf  in  one  of  his  earlier  papers.  He  classes  separately  circumstances 
conducive  to  steady  motiui  and  those  conducive  to  unsteady  motion  :  among 
the  former  a  free  surface,  and  in  the  latter  solid  bounding  walls.  However, 
this  opinion  seems  to  be  based  on  visual  observation  of  eddies  caused  by  the 
wind  beneath  the  oiled  surface  of  water.  “At  a  suflicient  distance  from 
the  windward  edge  ot  an  oil-calmed  surface  there  are  always  eddies  beneath 
the  surface,  even  when  the  wind  is  light.  .  .  .  Without  oil  I  was  unable 

to  perceive  any  indication  of  eddies.” 

This  introduces  a  different  property  of  a  boundary  surface,  namely,  that  of 
initiating  disturbances.  The  mathematical  statement  ignores  this  property 
and  specifies  only  control  of  the  velocity  functions:  the  disturbances  are 
supposed  to  be  initiated  by  some  extraneous  agency,  and  it  is  tacitly  assumed 
that  all  types  of  disturbance  are  equally  probable.  It  may  he,  for  instance, 
that  the  theoretical  results  for  flow  through  pipes  should  l>c  compared  with 
experiments  on  rough  pipes  rather  than  those  whit  perfectly  smooth  walls. 
However,  we  may  conclude  that  a  solid  boundary  is  conducive  to  stability  in 
so  far  as  it  ensures  that  there  is  no  slipping  of  the  fluid  in  contact  with  it. 

6.  In  determining  the  minimum  value  of  11  from  the  differential  equation  (7), 
there  are  only  two  factors:  the  distribution  of  steady  velocity,  U,  and  the 
boundary  conditions  for  the  disturbance.  The  comparison  in  the  previous 
section,  between  an  open  stream  and  How  between  fixed  walls,  involved 
changes  in  both  these  factors.  We  may  separate  the  effect  of  the  boundary 
conditions  by  assuming  the  same  value  of  U  as  in  (10),  hut  expressing  the 
property  of  the  supposed  moving  plane  in  contact  with  the  upper  surface  by 
«  =  0,  v  =  0,  instead  of  by  >•  =  0,  =  0.  'To  anticipate  the  argument  of 

the  next  sections,  we  should  expect  a  value  of  11  intermediate  between  96 
and  117. 

We  have  the  same  equation  (11)  for  x^-,  together  with  =  0,  r/x/r/t/at  —  0 
at  a  =  0,  and  a.  =  p.  It  follows  that  only  the  solutions  yfrt  and  arc 
involved,  and  we  have 

x/r*  d'l's/d*  —  =  0,  (IN) 

*  L.  Ilopf.  ‘  Ann.  der  l'hya.,'  vol.  32,  p.  777  (1010). 

+  O.  Reynolds,  ‘Scientific  Taper*,’  vol.  2,  j>p.  57,  5«.  See  also  A.  H.  Uibeon,  ‘Phil. 
Mug.,'  vol,  ‘>5,  p.  81  (1913). 
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when  a  =  j).  Tlie  series  for  ^3  is  given  in  §5 ;  also  we  have 

=  «2/2 !  +  2«4/ 4 !  +  (3  +  5A)  «8/ 6 !  -f  (4  +  28k)  «8/8  ! 

+  (5  +  90*  +  G5P)  a10/ 1 0  !  +  (6  +  220/;  +  606A-2)  a12/ 1 2  ! 

+  (7  +  455*  r  3037A-3  + 1365P)  au/14  !  +  (8  +  840*  + 10968*2 

+  17880P)  «w/i.6 !  +  .... 

The  boundary  equation  (18)  leads  to 
2/4  !  +  8p2/ 6  !  +  32/>4/8  !  +  1 28^/10 :  +  (5 12  +  280**)  ff  12 ! 

+  (2048  +  3136A2)  pw/ 14 !  +  (8 1 92  +  25216A2)  p12/16  ! 

+  (32768  +  174080Jfc*)2>14/18!  +  ...  =  0.  (19) 

The  minimum  value  of  R  seems  to  occur  for  about  p2  =  12,  though  it  is 
not  a  sharply  defined  minimum ;  however,  with  a  similar  approximation  as 
in  previous  cases,  we  find  the  critical  minimum  of  R  to  be  110. 

7.  It  is  well  known  that,  when  fluid  motion  through  a  tube  has  changed 
from  laminar  to  turbulent  flow,  the  distribution  of  mean  velocity  over  the 
cross-section  alters  so  that  the  velocity  becomes  more  nearly  uniform  over 
the  greater  part  of  the  section,  while  falling  to  zero  at  the  walls.  This 
suggests  a  study  of  the  comparative  stability  when  the  distribution  of 
velocity  alters  in  this  manner,  the  boundary  conditions  being  unchanged. 

However,  it  must  be  noted  that  we  assume  the  distribution  to  be  a  steady 
state  which  has  been  acquired  under  a.  law  of  force,  which  may  be  deter¬ 
mined  from  the  hydrodynamical  equations,  so  as  to  give  the  required  form 
for  U. 

A  simple  form,  which  illustrates  the  points  in  question,  is 

U  =  (1  +  1/2»)(1— 172*).  (20) 

As  n  is  made  larger,  the  velocity  approximates  more  closely  to  the  mean 
velocity,  U,  over  the  greater  part  of  the  cross-section,  while  remaining  zero  at 
the  walls.  The  corresponding  law  of  force  is,  in  the  usual  notation, 

X  =  i>(4»*—  l)(U/ui)yllH~9.  (21) 

The  greater  the  value  of  n,  the  more  is  the  field  of  force  concentrated  near 
the  walls,  quite  apart  from  tho  value  of  the  viscosity.  The  flow  approxi¬ 
mates  to  a  uniform  stream,  but  retaining  the  condition  of  zero  velocity  at 
the  walls. 

The  usual  case  of  flow  uuder  a  uniform  field  of  force  is  given  by  «  =  1. 
It  is  sufficient  for  comparison  to  work  out  another  numerical  case,  say  71  =  2. 
We  have  then 

U  =  |(1— »?4)-  (22) 
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Equation  (7)  becomes 


where  *  =  5iR/8»5. 

The  boundary  conditions  are 

i|r  =  0  ;  (Jyff/da.  =  0  ;  a.  —  +  p. 

Solving  (23)  by  a  power  series  SA „«"/■« !,  we  have. 

A„+«  =  2An+4  —  A„+a  ■+■  2k  (?t  + 1)  (n  -t-  2)  (2?i  +  3)  A„.  (24) 

As  in  the  simpler  cases,  it  is  sufficient  to  choose  fundamental  solutions 
involving  only  even  powers  of  a ;  denoting  these  by  \fr0  and  we  have 
fo  =  1  +  a2/2  !  +  a4/4  !  +  (l  +  12*)  a8/6  !  +  (l  +  192*)  a8/8  ! 

+  (1  + 1032/,:)  a1"/ 10  !  +  (1  +3552/,'  +  20 1  GO/,2)  a12/ 1 2  !  +  (1  +  9492* 

+  696960*2)  *'*/ 14  !  +  ( 1  +  21504/,-  +  8162256*2)  a18/ 1 G  !  +  . . . 
f,  =  a2/2  !  +  2a4/ 4  !  +  3a8/6  !  +  (4  +  168/,')«8/8  !  +  (5  +  1656*)  «10/10  ! 

+  (G  +  8184*)  a12/ 12  !  +  (7  +  28392* a.  5745G0*2)  a14/ 14 ! 

+  (8  +  78960/,'  +  11 2043 5 2A-2)  a18/ 1 G  :  +  (9  +  188496* 

+ 102266496*2)  *18/18!+.... 

From  the  boundary  condition 

(tya/da  —  yfrattyofiloi  =  0, 

we  obtain  the  equation 

p  +  2p*l$  1  +  8//5  1  +  32//7  !  +  128//9  !  +  512^"/ll ! 

+  (2048+  1 29024/e3) p'*/ 13 !  +  (8192  +  3280896**) puf 15  ! 

+  (32768  + 775329G*2)  p17/ 17!+...  =  0.  (25) 

Using  this  as  an  equation  for  R,  v/e  find  by  trial  that  the  minimum  value 
occurs  nearp2  =  3  ;  and  the  critical  minimum  value  of  R  is  230  approximately. 

The  corresponding  value  for  the  ordinary  parabolic  distribution  (n  =  1)  is 
117.  Thus,  the  critical  value  of  It  increases  as  the  flow  approximates  more 
closely  to  a  uniform  stream,  without  slipping  at  the  walls;  and,  in  this  sense, 
the  motion  becomes  increasingly  stable. 

8.  It  has  been  staled  that,  under  the  boundary  conditions  a  =  0,  r  =  0, 
there  is  thorough  ''ability,  in  the  ordinary  sense,  for  simple  shearing  motion 
and  probably  also  for  laminar  How  between  fixed  planes.  In  view  of  the 
behaviour  of  actual  fluids  in  similar  conditions,  another  suggestion  has  been 
put  forward  by  Hopf.*  He  proposes  to  express  the  influence  of  a  wall  by 
making  the  extra  normal  pressure,  due  to  the  disturbance,  constant  at  the 
*  L.  Hopf,  '  Ann.  »U*»  Phya.,’  vol.  M,  p.  f>38  (1910). 
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wall,  together  with  no  tangential  slipping;  in  fact,  his  boundary  conditions 
come  under  case  (ii)  of  §  4,  namely  u  =  0,  pyy  =  0.  With  these  assumptions, 
he  applies  the  method  of  small  vibrations  to  simple  shearing  motion  between 
a  fixed  plane  and  a  parallel  moving  plane.  It  appears  that  the  motion  is 
unstable  for  disturbances  whose  wave-length  exceeds  a  certain  value;  for 
smaller  wave-lengths  it  is  stable  or  unstable  according  to  the  value  of  I?. 
Thus  the  motion  is  not  thor  aghly  stable.  Without  discussing  bow  far  these 
assumptions  express  the  behaviour  of  actual  fluids  and  boundaries,  we  may 
see  how  they  affect  the  energy  method. 

We  shall  take  the  case  of  laminar  flow  between  fixed  planes,  for  which  the 
previous  calculations  are  available. 

The  stream  function  satisfies  equation  (11),  and  the  boundary  conditions 
are 

u  =  0;  —  p+  =  0. 

From  the  equations  (1),  these  are  equivalent  to 

u  =  0;  pvdU /ily—jicPu/dy*  =  0, 

or,  in  the  present  notation, 

d-^r/det  =  0  ;  /ded  —  2ktx\Jr  =  0;  a.  —  +P ■  (26) 

Using  the  solutions  yjr0  and  >fr2,  these  give 

yfro'(‘'(ra,"—2k/)>(ra)—y(ra/(ylro"/  —  2kp\lro)  =  0,  (27) 

where  accents  denote  differentiation  with  respect  to  «. 

From  the  previous  work,  this  equation  involves  odd  powers  of  Jc.  But  k  is 
3?'R/4/>3  and  we  have  to  determine  R  in  terms  of  p  from  (27).  It  follows  that 
in  this  case  there  is  no  real  solution  of  the  problem  of  finding  the  critical 
minimum  of  R. 

It  seems  probable  that  it  is  only  those  motions  which  are  completely  stable 
in  the  ordinary  theory  which  lead  also  to  a  real  minimum  for  R.  The  suggestion 
may  be  stated  in  this  manner:  if  a  fluid  motion  is  thoroughly  stable  when 
considered  by  the  method  of  small  vibrations  applied  to  equation  (2)  and  the 
boundary  conditions,  then  it  dso  possesses  a  real  minimum  value  of  R  found 
from  equation  (7)  and  the  boundary  conditions.  It  has  been  pointed  out 
that  the  latter  equation  is  derived  directly  from  the  former,  and  it  may  be 
presumed  that  the  minimum  value  of  R  depends  in  some  manner  upon  the 
rates  of  decay  of  elementary  vibrations  and  so  may  be  used  as  a  measure  of 
the  degree  of  stability  of  the  system. 


HakEison  AHD  Sous,  Ltd.,  Printer*  in  Ordinary  to  Hi*  Majesty,  St.  Martin’*  Lane. 


175 


From  the  Philosophic, w,  Mahazimh,  vol.  xlii.  Xovrinhcr  iy;M. 


7'he  Solution  of  tin  Tnlee/ral  E'/witton  occurring  in  certain 
Problems  ot  J  aeons  Fluid  Hot  ion*  Py  T.  II.  IIavklock, 

F.R.S. 

1.  ri^IIEHE  are  a  few  well-known  solutions  of  problems  of 
A  viscous  fluid  motion  in  which  a  solid  body  starts 
from  rest  and  moves  through  (ho  fluid  under  the  action  of 
given  forces  :  for  example,  the  fall  of  a  sphere  under  gravity 
when  the  square  of  the  fluid  velocity  is  neglected,  or  the 
corresponding  simplified  problem  of  the  fall  of  a  plane  in 
which  this  limitation  does  not  arise.  These  problems  lead 
to  integral  equations  which  have  been  solved  by  an  applica¬ 
tion  of  Abel’s  theorem  J.  In  these  cases  the  fluid  was 

t  Bogyio,  limn!,  d.  Aeeud.  it.  Lined,  xvi.  pp.  013,  7 30  (100?) ;  Basset, 
Quart.  Join'll,  of  Math.  \li.  )>.  tiO'J  (1910)  ;  Hujleigh,  l'hil.  Mag. 

]>.  697  (.1911). 
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supposed  to  be  of  infinite  extent,  and  it  seemed  to  he  of 
interest  to  solve  similar  eases  of  motion  when  tlio  fluid  lias 
a  fixed  outer  boundary.  In  the  following  paper  considera¬ 
tion  has  been  limited  to  the  motion  of  a  plane  between  fixed 
parallel  pianos  and  to  similar  problems  with  cylinders,  the 
ordinary  hydrodynamical  equations  for  non-turbulent  motion 
not  involving  terms  of  the  second  order  in  such  conditions. 
The  results  are  perhaps  not  of  practical  importance,  but, 
apart  from  the  particular  problems,  the  method  of  solution 
may  bo  of  interest.  Stating  tlio  problem  as  in  the  cases  to 
which  reference  has  been  made,  we  are  led  to  an  integral 
equation  of  Poisson’s  type  in  which  the  nucleus  is  an  infinite 
series  of  exponentials.  This  equation  can  bo  solved  by  fol¬ 
lowing  a  method  suggested  by  Whittaker*;  the  solving 
function  is  obtained  as  an  infinite  series  of  exponentials,  the 
exponents  being  the  roots  of  a  certain  equation.  It  seems 
that  examples  of  this  method  have  not  been  given  hitherto, 
though  equations  of  this  type  should  arise  naturally  in 
various  physical  problems.  The  particular  cases  worked 
out  in  detail  are  the  fall  of  a  thin  material  plane  in  a  liquid 
hounded  by  two  fixed  parallel  walls,  ami  tlm  motion  of  a 
cylindrical  shell  filled  with  liquid  and  acted  on  hv  a  constant 
couple.  The  same  method  gives  the  solution  when  the  force 
is  an  assigned  function  of  the  time,  for  instance  an  alter¬ 
nating  force  which  is  suddenly  applied.  Motion  in  an 
infinite  fluid  may  he  included  in  the  scheme  by  replacing 
the  infinite  series  of  exponentials  by  corresponding  infinite 
integrals.  The  case  of  systems  with  a  natural  period  of 
oscillation  will  he  considered  in  a  subsequent  paper. 

It  will  ho  clear,  from  the  examples,  that  the  method  of 
solution  could  he  formulated  in  general  rules  for  obtaining 
the  solving  function.  This  has  not  been  attempted  here,  as 
an  examination  of  convergence  would  he  necessary  to  estab¬ 
lish  any  general  theorem.  A  knowledge  of  the  differential 
equations  and  the  boundary  and  initial  conditions  enables  us 
to  verify  the  results  which  are  given  ;  in  these  circumstances, 
of  course,  they  can  he  obtained  by  other  methods  without 
difficulty.  However,  ihero  are  probably  other  physical 
problems,  in  which  the  conditions  are  not  so  completely 
known,  whose  statement  leads  to  an  integral  equation  of 
the  same  type,  and  its  solution  can  bo  obtained  in  the  same 
ma  nner. 

2.  Consider  laminar  fluid  motion  between  two  fixed  planes 
j!=+/i,  the  fluid  velocity  being  parallel  to  Oy.  Let  the 

*  K.T.  Whittaker,  Proc.  Royal  Socy.  A,  vol.  94  (1918),  p.  367. 
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plane  of  ;/z  lio  a  thin  rigid  hai  rier  which  i-,  made  to  move 
parallel  to  ()//  with  a  velocity  X Kt). 

Since  the  eqm  tion  of  fluid  motion  is 


(1) 


with  the  boundary  conditions  r  —  0  for  .<■  —  h  and  r—X(l)  for 
.e  =  0,  we  may  write  down  the  solution  as  in  a  similar  problem 
in  the  conduction  of  heat ;  we  have,  for  .r>0  and  t  >0, 


pf  V(t)<> 
'  Jo 


"2‘  t  h-  (/t. 


The  frictional  force,  per  uiiit.  area,  on  tho  plane  of  yz  is 
the  value  oi'  for  .r  =  0,  counting  both  sides  of  tho 

p'ane  :  if  we  suppose  the  p'ano  to  start  from  rest,  so  that 
V (0)  —  0,  this  gives,  after  integrating  by  parts, 


(•WO  jVV'(r){l  +  2L 


r)  h-  . 


In  the  class  of  problems  we  tire  considering,  V (/)  is  the 
function  to  bo  determined  and  it  is  the  forces  on  the  plane 
which  tire  given.  As  ti  first  example,  consider  motion  under 
gravity.  vSuppo.se  that  the  plane  of//*  is  vertical  and  that  it 
has  a  mass  a  per  unit  area  ;  we  require  the  motion  of  the 
plane  a>  it  falls  under  gravity,  starting  from  rest  and  having 
lived  parallel  walls  at  a  distance  h  on  cither  side.  Using  (.'5), 
the  equation  of  motion  of  the  plane  can  be  put  at  once  into 
tiic  form 

X\t)  +  (2/x/a/d  f  V  ’(r)  {l  +  2le- ^ (4) 

Jn  i 

This  is  an  integral  equation  of  Poisson’s  type,  which  can  he 
solved  for  V'(t)  in  the  following  manner. 

3.  In  the  paper  already  quoted,  Whittaker  considers  an 
equation 

0(.c)+f  <f>(.'j/c(:r-Ts)(/s  =  /'(.c),  .  .  .  (5) 

J» 

in  which  tho  nucleus  is  tho  sum  of /t  exponentials,  or 

*(#)  =  l’<»ur+Q<>*'+ - +V>".  .  .  .  (0) 

Tho  solution  is  obtained  as 

J  ./’('"■)  K(.r— ,c)7s,  .  .  .  (7) 

where  the  solving  function  is  also  a  sum  of  g.  exponentials,  oi 

h’(/)*Ae'f4  B^+ _ +NVr.  ...  (8) 
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Ii  is  shown  (hat  </>(.»■)=  K(.r)  and  fi.r)  —tc(.r)  satisfy  (h): 
hence  by  substituting  and  equating  coefficients  of  similar 
exponentia  Is,  it  is  found  that  a,  ft,  y,  . . .  v  art)  the  roots  of  the 
algebraic  equation 


P  ,  Q  V 

- 1_  - - p  _j - 1- 1  =() 

}>  JC — <J  ’ 

while  (lie  coefficients  in  K (r)  satisfy  (ho  etjnntions 

A  ,  n  ,  n  ,  , 

+  y - 4-  — -  +  1  =0 

a  —  p  fi  —  p  y— y, 


O') 


A  B  NT 

b  ~a -  +..••+  - —  -(-1  =  0 

a.  —  v  f3  —  V  v  —  V 


>■ 


(10) 


Tho  solution  of  (10)  leads  to 

K Or)  =  -  O-.fOO— y)  •••(«- v) 
(“— £)(*— y) v) 


— 


(v  — ;>)(y— y)...Q-r) 

—«)(»'— £)•••  O'-/*) 


Before  proceeding,  we  may  note  alternative  forms  of  these 
results  which  are  of  use  later.  If  wo  write 


F(.r)  =  {x—  ]>)v{.c  —  (.r  —  r)v,  .  .  (12) 

tho  equation  for  the  new  exponents  a,  ft,  y ...  is 

F'(#)  +F(j:)  =0 . (13) 

Further,  if  wo  put 

/(.i')  =  (x— a) (x—@)  ...  (x  —  v) 

and  (pl.r)  =(.r— ]>){x  —  q)  ...  (.r  — r), 

the  coefficients  in  (11)  are  -  <£(*)/./  '(*)>  whore  a  is  a  root 

of  ( 13). 

Whittaker  remarks  that  if  the  number  of  exponential 
terms  in  (0)  is  supposed  to  increase  indefinitely,  a  theorem 
appeals  to  ho  indicated,  namely,  that  in  the  solution  of  a 
Poisson’s  integral  equation  whose  nucleus  is  expressible  as 
a  Diriehlot.  series,  the  solving  function  is  also  expressible 
as  a  Diriehlot  series,  hut  with  a  different  sot  of  exponents 
for  the  exponentials. 

4.  Returning  now  to  equation  (4),  we  see  that  it  is  an 
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example  of  such  a  theorem;  without  attempting  any  discus- 
sou  of  i1k>  general  tlieor  nn,  \v«  proceed  to  solve  (4)  directly 
on  the  lines  indicated  in  equations  ('.))— 1 13).  In  the  nota¬ 
tion  of  these  equations,  we  have  from  ( 4) 

p  —  0,  (/■=  —n'vjlr,  /•=  —  227r2i>//t*,  ...  ; 

I*=2  fijcr/t,  Q  =  ll=....=4  pfah. 


Equation  (0)  hecomes  a  transcendental  equation,  namely 

9n  /( 

—j-x  cotli  —  +1  =  0 . (14) 

ov*,r  v* 


The  roots  of  thi.-  equation  are  negative,  and  it  is  convenient 
to  write  ,r=  —  v\"/lr,  then  the  values  of  X  are  the  positive 
roots  of  t ho  equation 

X  tan  2 pit/ <r . (15) 


Using  A,.  A,,  ..  for  the  coefficients  of  the  solving  function, 
equations  (10)  become 


Ai  i  A2  ,  A 3  v  _A 

Xj — tdtt1  X2 — ?i“7r*  X2 —  nir"  U-  ' 

where  »=0, 1,2,  ...  and  Xi,X2)...  are  the  positive  roots 

Assuming  that  a  function  fix')  can  be  expanded,  in  the 
range  —  lc.r<l,  in  a  series 


we  have 


C( _ 


fix)  =  2  ( J  cos  X.r, 

X 


X-f  sin  XcosX 


/•+. 

- -I  fix)cos\xdx,  .  .  (17) 

COS  \  )  _  J  ’ 


where  X  is  a  root  of  (15).  Taking  /(.c)  =  cos  ?i7rar,  we  obtain 
the  set  of  expansions 


.  _>>v  X* sin  XcosX 

(X  +  sin  X  cos  X)(X*—  mV)  ’ 


Hence  the  solution  of  the  set  of  equations  in  (1(5)  is 

A  _  2a>X,s  sin  XreosXr  4p  Xr!  /-tox 

A'~  A^xT+siiTx",  cosXr)  “  Til  \* •+/(.!  +  /  ) *  ( 


where  k  =  '2phjcr.  These  results  can  also  be  derived  directly 
by  extending  the  forms  (12)  and  (13)  to  include  infinite 
products. 


X 


3 
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•  .(21) 


It  can  he  verified  by  summation  tliat  the  limiting  steady 
velocity  lias  the  value  tiahj'Ifi.  The  Huid  velocity  at  any 
point  can  l»e  obtained  hv  substituting  V  from  (21)  in  (2) 
and  reducing  the  expressions,  but  it  is.  of  course,  simpler  to 
insert  suitable  functions  of  x  directly  in  (21)  ;  we  obtain 


oitA  /  .A  Aoph3  v  sin  { \(  1  —  xfh ) }  e~ vk'1  hi 
-H  \  h)  av  ~  +  /•(!  +  /•)}  sin  X  ’ 


In  this  particular  problem  the  result  can  also  lie  obtained 
from  the  differential  equation  together  with  the  bonndarv 
and  initial  conditions,  bv  assuming  the  existence  of  a 
limiting  steady  state.  In  tho  preceding  analysis  the 
existence  of  a  final  steady  state  is  associated  with  tint  occur¬ 
rence  of  zero  as  one  of  the  exponents  in  the  nucleus  of  the 
integral  equation  (-1). 

5.  It  is  interesting  to  deduce  the  motion  in  an  infinite 
fluid  from  these  results.  In  solving  this  case  directly, 
Huyleigh  obtains  the  equation  of  motion  as 


(l\  2/31/*  |  (  \\r)dr 

(It 


(23) 


Applying  Abel's  theorem,  this  is  reduced  to  an  ordinary 
differential  equation  whose  solution  is  given  as 

47Tjg/>V/ ffcr  =  4pvitt—7rio,-i-  2<Te||>,‘,'  0,3  1  e~u'‘dtt.  (24) 

l  2 pvHif<r 

We  obtain  (23)  from  (4)  by  giving  the  nucleus  its  limiting 
value,  since" 

Litn  (2fijali)  S  '-t)/*1  =  (2pid/tr7r)  |  d*. 

A  >x  —  *<  .  /  -  x 
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Tn  tli«  same  wav,  the  solving  function  has  a  limiting  form 
which  follows  directly  from  (15)  and  (111),  namely 

2pii 
air 

Using  this  value  ns  before,  we  obtain  the  same  result  (24). 

b.  It  is  clear  that  the  same  procedure  is  sufficient  when 
the  applied  force  is  any  assigned  function  of  the  time. 
For  example,  if  the  accelerative  force  is  acospt  and  the 
motion  starts  from  rest,  we  have 


I 


— a-(/  —  t) 

a-  +  4p'2i>i(T: 


dot. 


dV  C 1 

—  =a  cos pt  —  l  a  cos  pr  .  2  dr,  .  (25) 

at  Jo 

where  the  summation  extends  over  the  roots  of  the  samo 
equation  (15),  and  the  coefficients  are  given  by  (11*)  The 
solution  follows  on  completing  the  integrations  ;  it  consists 
of  a  periodic  motion  in  different,  phase  from  the  applied 
force,  together  with  the  disturbance  due  to  taking  into 
account  the  initial  conditions. 

7.  A  final  example  may  ho  taken  from  cylindrical  motion 
when  there  is  no  limiting  steady  velocity.  Suppose  the 
motion  to  he  symmetrical  round  an  axis;  then  if  r  is  dis¬ 
tance  from  the  axis  and  v  is  the  fluid  velocity,  supposed 
perpendicular  to  the  radius  vector,  we  have 


dr  __  /B^r  1  Be  _  v  \ 
bt  ~V  \B»'2  r  Br  r‘}‘ 


(2C) 


Consider  the  motion  of  a  hollow  cylinder,  of  radius  <i,  filled 
with  the  liipiid.  Supposo  the  motion  to  start  from  rest  and 
let  the  velocity  of  the  cylinder  be  12(f).  Then  it  may  he 
shown  that  the  angular  velocity  of  the  fluid  at  any  time  is 
given  by 

« =„C  n'M  { 1 + s  -  #$75  -}  *•  w 

where  the  summation  extends  over  fho  positive  roots  of 

J|(/>)  =  P- 

Let  the  cylindrical  shell  start  from  rest  under  the  action 
of  a  constant  couple  N,  and  let  1  be  its  moment  of  inertia, 
both  quantities  being  for  unit  length  along  the  axis.  The 
retarding  couple  due  to  iluid  friction  is  the  value  of 
2n rgCB'^/Br  when  r=-a.  lienee  the  equation  of  motion 
of  the  o>  Under  iy 

P/ 

I)'(f )  -t  (47Tgl(2/  1 ,)  1  12  ,s«/tsbN/I,  (2tS) 


in  certain  Problems  of  Viscous  Fluid  Motion.  f!2 7 
where  the  summation  extends  over  fin'  positive  roots  of 

-  .!,(/.)  =  <) . (29) 

r 

The  equation  for  tin*  exponents  of  the  solving  function  is 

I  V.r.r+i'/',  u'.r  - i  I 

Writing  ./■=  —  vX'-’/a*,  equation  (30)  reduces  to 

/■J,(X)+XJ,(X)  =  0 . (31) 


where  k  —  '2irpul :  I.  The  equation  can  he  deduced  from  (29), 
bv  logarithmic  differentiation,  as  indicated  in  (12)  and  (Id). 

The  equations  for  the  coefficients  of  the  sol  vine  function 
become 


+  C-7^  .,  +  ,,  =  0  ! 


-".  =  ,,1 


cis) 


ir  — /;r  Xj“  —  />[' 

^1  ,  , _ _  , 

V-/v  x/ 


where  /q,  ytn,  ...  are  the  roots  of  (29),  and  X  ,  X.,.  ...  the  roots 

of  (di). 

To  solve  these  equations,  wo  may  adopt  the  same  plan  its 
before.  Assuming  t ha t  a  function  f(r)  can  he  expanded,  in 
the  range  0<r<  1,  in  the  series 

/(r)=VB,|,(Xr), 

the  Summation  extending  over  the  positive  roots  of  (31) 
we  have 

B-  •  ‘“-1 

Now  take  /’(r)  =  d2( /<?•),  where  p  is  u  positive  root  of  (29)  ; 
after  obtaining  the  expansion  and  putting  r  =  l,  we  arrive  at 
the  result 

T{xs+x-a-+4)K\*-y<8)’  '  •  ‘  w 

p  being  any  one  root  of  (29)  and  the  summation  being  with 
respect  to  the  roots  of  (31). 
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Comparing  with  (32)  it  follows  that 


A,=2.b\//«2{V,a  +  *(*  +  4)}.  .  .  .  (35) 


With  this  expression  for  the  solving  function,  (28) 

dll  _  N  2AvN  v  Xs 

ilt  I  a*I  J0  ZX«  +  ifc(A  +  4)  dT-  • 


gives 


(36) 


lly  expanding  r 2  by  (33)  and  putting  r  =  l,  it  can  be 
shown  that 

2(4  +  4) 

*\*+k(k+ 4)‘ 

Carrying  out  the  integration  in  (36)  and  using  (37),  we 
find 

dO.  _  N  ,  24NV  e-*™ 

dt  I  +  4irpa4+  I  ~  X*  +  4(4  +■  4)  *  '  '  (  ' 

The  angular  acceleration  has  a  finite  limiting  value  in  this 
case,  the  same  as  if  the  cylinder  and  enclosed  liquid  were 
rotating  like  a  rigid  body.  We  notice  that  in  this  case  zero 
is  excluded  from  the  roots  of  the  equation  (29)  for  the 
exponents  of  the  nucleus. 

Integrating  (38)  we  obtain  the  angular  velocity  of  the 
cylinder  at  any  time  ;  then,  using  the  differential  equation 
(26),  we  may  complete  the  solution  by  writing  down  the 
angular  velocity  of  the  liquid.  It  is  found  to  be  given  by 


-  N  r,  .  r»  £+6  T 

W  I  +  8v  12(4  + 4)  J 

_  ^  a3J,(Xr/a)g-^'/“J 

I  rrX*{X2+ 4(4 +  4)}J,(X)  ‘ 
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(hi  the  I'teeiti /  of  Oscillation  of  a  Solid  lloch/  in  a  I  'i  scons 
Flail/'.  By  T.  II.  IIAVKI-UCK,  F.R.S. 


1.  rpnE  decay  of  rotational  oscillation  of  a  cylinder 
1  or  a  sphere  in  a  viscous  liquid  is  a  well-known 
problem  in  Hydrodynamics  ;  amone  more  recent  researches, 
reference  may  bo  made  to  the  work  of  VersolwIVelt  f, 
Poster  J,  and  others.  In  those  papers  it  is  remarked  that 

1  (i.  K.  Versrluitl’elt.  Amsterdam  1‘roc.  xvi;i.  p,  s|0  (l!*]K;;  also 
Couiui.  Leiden,  el i.  tln!7). 

J  I).  Co.«ter,  Phil.  Mag.  x.\.v\ii.  p.  5t>7  (I'.UtU. 
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tlio  ordinary  solution  of  a  damped  harmonic  vibration  requires 
modificatic  i  when  the  initial  conditions  are  taken  into 
account,  hut  no  explicit  solution  of  this  nature  seems  to  have 
been  given  ;  in  certain  experimental  refinements,  the  dis¬ 
turbance  may  be  of  some  importance.  In  the  following 
notes,  I  have  worked  out  in  detail  first  the  simpler  case  of  a 
plane  oscillating  between  two  fixed  planes.  The  problem 
can  be  solved  by  various  methods  :  by  normal  functions,  or, 
more  readily,  by  operational  methods.  I  have  chosen  to  use 
it  as  an  example  of  a  typo  of  integral  equation,  for  which 
reference  may  be  made  to  a  previous  paper*.  In  this  case 
the  equation  of  motion  is  an  integro-differential  equation  of 
Volterra’s  type,  and  it  can  be  solved  by  a  repeated  appli¬ 
cation  of  Whittaker’s  method  which  was  used  in  the  simpler 
cases;  the  solution  may  be  of  interest  apart  from  the  parti¬ 
cular  problem.  'The  results  are  then  verified  by  using 
ISrotmvieh’s  method  of  eomplex  integration.  Finally,  the 
solution  is  indicated  for  a  sphere  oscillating  within  a  fixed 
outer  sphere,  and  the  results  are  discussed  in  connexion 
with  the  experiments  to  which  reference  has  already  been 
made. 

2.  Suppose  that  a  viscous  liquid  can  move  in  laminar 
motion  between  two  fixed  planes  x  —  +h.  Let  the  plane  of 
hz  be  a  thin  rigid  barrier  of  mass  <r  per  unit  area,  and  let  it 
he  acted  oil  by  an  elastic  force  parallel  to  Oy  such  that,  if  the 
liquid  were  absent,  the  plane  would  vibrate  with  a  natural 
period  2 ■*//>.  Further,  suppose  the  motion  starts  from  rest, 
with  the  plane  displaced  a  distance  a  from  its  equilibrium 
position.  The  equation  of  motion  of  tho  plane  is 

. » 

whore  v  is  the  fluid  velocity. 

Now  i?  Lie  plane  of  yz  has  a  velocity  V(<),  the  fluid 
velocity  may  be  wmion  in  the  form 


Taking  the  value  of  ’dv/’dx  for  .r=0,  integrating  by  pa-  is 
and  noting  that  in  this  problem  V(0)  =  0,  equation  (1)  gives 


tPy 

UP 


V| 

a/tj 


'  «!*// 
o  dr* 


|l  +  2*ie-n'-w- 


dT  -p  j, 


O' 


A). 


(3) 


*  Supra,  j).  Ii20. 
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C’on-i'J-'r  lli«  i n t r:i  1  r»( j u:i  1  i<>n 

+  j  »/>(  t)v(/  —  t)i/t~  /'{/  1 . 
where  the  nucleus  is  th<‘  Mini  of  n  exponent  inis 

=  £{’,. A' . ( *)  > 

Whittaker’s  solution*  is  given  as 

${>)  —J  (0  —  j  /< t)  l\(  t  —  7  )i/t.  .  .  .  (ti) 

c  u 

•  ho  sol  vino  f  unction  being  also  the  sum  of  n  exponentials 

K(/)=£  A  . (7) 

] 

'Hut  indices  u  are  the  roots  of  tlm  equation 

j>  i>  i> 

- 1 -  +  — +  .  .  .  +  +1=0.  .  .  (X) 

— /'i  •‘■  —  pi  •'■—}•„ 

Eurlhor,  if  we  form  the  functions 


.  .  C*.) 


it.  may  he  shown  that  the  coefficients  of  the  solving  function 
are  given  hy 

a=(p’ +... +l^-iyl^w/^(-),  •  (io) 

\p i  pi  / 

where  a  is  a  root  of  (X).  It  should  he  noted  that  if  yq  is 
zero,  and  wo  write  s/r(.r)  =  .r(  1  —  x  j>.,)  .  .  .  (1  —  j'/y>„),  then 

A=-s|r(aj/P,6f'(a) . Ul) 

AVe  si.all  assume  that  these  results  hold  in  the  limit  when 
tin*  number  of  exponential  terms  becomes  infinite,  Equation 
( d)  then  comes  under  this  form,  except  that  it  is  an  integro- 
ditl’orenthil  equation.  Equation  (8)  for  the  exponents  of  the 
solving  function  gives,  on  summation, 


^  eoth^  +1  =  0. 

(TV*#  VJ 


.  (12) 


Also  we  hay 


^r(j’)  =  (r-,i’?7 7i)  sinh  (li.r'-j r‘), 

0(s)  =cosli  (ha. '  i>!-)  +  sinh  (Iis'/v*) 

*  Iv  T.  Whituhcr,  Free.  Rev.  Xu-.  A,  xciv.  j>.  .Wf  (+.11XJ 
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Tim  method  of  formation  of  d(.r)  is  clear  from  the  equa¬ 
tions  for  a  finite  number  of  terms  ;  multiply  the  lef Miami 
side  of  (1*2)  by  -fr(x)  and  a  factor  to  make  the  value  unity 
for  ,v  zero.  From  (1.1)  and  (12),  we  have 


A  =-*l 


2fi/h2  ah 
ah\2v  +  4/a 


ofhf*\ 

V  / 


03) 


Writing  the  roots  of  (12)  as  «=— vV//r  and  collecting 
the  results  from  (6),  (12),  and  (13),  the  first  step  in  the 
solution  of  (3)  gives 

dh,  8  Wf'  .-XV'**«-r>/*' ,  /,  j\ 

~d  ■  (U) 

where  the  summation  extends  over  the  positive  roots  of 

Xtun  \  =  2ph/a  =  k . (IS) 

Following  the  method  of  reduction  for  this  type  of  equa¬ 
tion*,  integrate  (14)  with  respect  to  t  from  0  to  6 ,  using 
Dirichlet’s  formula  to  transform  the  order  of  integration 
of  the  last  term.  Since  the  initial  value  of  dy/dt  is  zero,  this 
leads  to 


dy(B)  __  4g;;2/t 


dd 


av 


X2  +  4(1  +  4) 


dt. 


(16) 


Integrate  (16),  in  the  same  manner,  with  respect  to  B 
from  0  to  T ;  finally,  for  convenience,  replace  T  by  t  and 
<  bv  t,  respectively,  in  the  result.  Then  we  obtain 

■ (,7) 

The  solution  of  (17)  can  he  comjdeted  bj*  means  of  (6), 
(8),  and  (11).  Thu  nesv  exponents  are  given  by 

afh  4W>»A8S _ 1  4-1-0  (181 

x  tr,2  *  X2  { A2  +  4(1  +  4) }  (x  +  »X*/A*)  v  ' 

Resolving  the  summation  into  one  of  simple  partial  frac¬ 
tions  and  using  the  properties  of  the  roots  of  (15),  this 
equation  can  be  reduced  to 


2  2 pi  hr?  ,  h,0  2  rt 

-  cotll — _  4  jp  ss  0. 

a  1 


(19) 


•  Voltorra,  1 1.eyons  sur  les  liquations  rntegralus,’  ]>.  140. 
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of  a  Soliil  flody  in  a  F?.< irons  Fluid. 
r n  t ho  previous  notation,  wo  have 

vi  r 


,  .  .  /  ,  /(.('&  Ol'i.l'i  .  .  /l.i’i 

=  cosh-jj-  4-  — —  si nh 


2/a 


+  . v 


hA  2  u,x  , 

4 - 57  cosh  - 

op  n  v 


hxt 


(20) 


tho  formation  of  the  latter  lining  dearly  indicated  in  I  ho 
reduction  from  (18)  to  (ID).  Tho  coefficients  of  the  solving 
function  can  now  bo  formed  by  (11).  Finally,  substituting 
in  ((!)  and  currying  out  the  integration,  wo  arrive  at  tho 
result 


y- 


i/xp-a , 
ah 


ae' 


tat 


"  a*  —  (2/x/o7i)  1.1  4-  'Iph'crjA  +  2jt  do?  +  0pp2u/aft  +  yd  ’ 

...  (21) 

the  summation  extending  over  the  roots  of  (19). 

•3.  We  may  verify  the  result  by  other  methods  which  are 
available  in  this  case.  We  choose  Bromwich’s  method  of 
complex  integration*,  referring  to  his  paper  for  the  general 
principles,  and  writing  down  the  results  briefly  for  tho 
present  problem. 

Suppose  the  fluid  velocity  and  the  displacement  of  the 
plane  to  be  given  by 

v=  ~-^ueal  da  ;  y  —  ^t)eat  da  ;  .  .  (22) 

where  u  and  p  are  functions  of  a,  and  the  paths  of  integration 
are  in  the  plane  of  a  complex  variable  «  and  enclose  all  the 
poles  of  these  functions.  The  differential  equation  of  fluid 
motion,  ^v/^t  =  vB2r/B.r3,  with  the  conditions  ?<  =  0  for  x  —  h 
and  u  =  cF)/dt  for  .r  =  0,  gives  the  solution,  for  x  positive, 


_  di;  sinh{at(/i —  x)/v*} 
dt  sinh(od/t/id) 


(23) 


From  the  boundary  condition  (1),  after  introducing  terms 
due  to  the  initial  conditions  y=a  and  dy/dt= 0  for  t  —  0,  and 
using  (23),  we  obtain 

,  2  pal  ,  Ah  /  2  uA  ,.  a  ih\  /n . 

0*1)  4 - -J- t)  coth  — j  4-  Op2 1)  —  I  a  a  4-  eoth  — la.  (24) 

Hence  we  have 

_  _1_  Ca (at  4-  (2 fixl/ov*)  coth  (ha,i/yi)\enl  dot  . 

^  2vij  a2  4-(2/x*5/(ryi)ct)th  (UAIA)  +p2  ’  \  ) 

Forming  the  residues  of  the  integrand  at  the  zeros  of  the 
*  T.  J,  I’ A.  Bromwich,  Proc.  Loud.  Math.  Soc.  xv.  p.  401  (1910). 
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denominator,  we  obtain  the  .same  solution  (2 1).  The  com¬ 
parison  brings  out  tlio  connexion  between  (he  method  of 
solution  of  the  particular  form  of  integral  equation  and  the 
use  of  normal  functions  in  dynamical  problems.  The  latter 
methods  would  not  bo  available  if  wo  had  not  a  complete 
knowledge  of  the  differential  equations  of  the  problem  :  for 
instance,  if  it  were  stated  directly  as  an  integro-difforeutial 
equation  like  (3)  in  some  problem  of  *  heredity/ 

4.  The  nature  of  the  roots  of  (19)  may  be  studied  most 
easily  by  graphical  methods,  or  by  using  the  form  (18)  or 
equivalent  expansions.  It  appears  that,  leaving  aside  the 
possibility  of  multiple  roofs,  there  is  an  infinite  series  of 
real  negative  roots  and,  in  addition,  a  pair  of  roots  which 
may  be  complex,  or  real  and  negative.  In  the  latter  case 
the  motion  is  aperiodic  ;  in  the  former,  the  two  complex 
roots  give  the  damped  harmonic  vibration  while  the  re¬ 
maining  roots  complete  the  solution  according  to  (21)  for 
the  given  initial  conditions.  In  the  theory  of  determinations 
of  viscosity  by  oscillating  cylinders  or  spheres  it  is  usual  to 
assume  a  damped  harmonic  vibration,  neglecting  all  the  other 
terms. 

Verschaffelt  remarks  that  for  a  motion  that  is  not  purely 
damped  harmonic,  the  proportionality  of  the  resistance  to 
the  velocity  no  longer  exists,  and  that  it  would  then  probably 
he  impossible  to  establish  a  general  differential  equation  for 
the  motion.  We  have  seen,  however,  that  it  may  be  ex¬ 
pressed  by  an  integro-differential  equation  as  in  (3).  It 
seems  that  in  experiments  under  usual  conditions,  the  final 
state  of  a  damped  harmonic  motion  is  practically  reached 
after  a  comparatively  short  time  (a  few  minutes). 

With  numerical  values  of  the  usual  order,  it  is  easy  to  see 
that  the  lowest  real  negative  root  of  (191  is  much  larger 
numerically  than  the  real  (negative)  part  of  the  complex 
roots.  The  matter  w'ould  require  closer  examination  if  the 
motion  were  ent  rely  aperiodic,*  as  in  some  experiments. 
In  the  case  of  a  sphere  making  oscillations  of  finite  ampli¬ 
tude,  Verschaffelt  has  studied  small  damping  effects  due  to 
approximations  involving  the  quadratic  terms  in  the  hydro- 
dynamical  equations  ;  this  introduces  damping  coefficients 
of  three  or  five  times  the  first  approximation,  and  it  may  he 
that  in  such  cases  the  purely  aperiodic  terms  in  the  solution 
should  also  be  taken  into  account. 

5.  It  may  he  of  interest  to  record  the  complete  solution, 
neglecting  quadratic  terms,  for  a  sphere  oscillating  in  a 
liquid  enclosed  within  a  fixed  concentric  shell. 

Lot  w  bo  the  angular  velocity  in  the  liquid,  0  the  angular 
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il isjfluonmont  of  1,1m  sphere,  a  its  radius  and  I  its  moment 
of  inertia  ;  and  let  b  he  the  radius  of  the  fixed  outer  sphere. 
Then  the  equation  of  motion  of  the  rotating  sphere  is 

1SS#-|'"r“‘(^).+^w“0’  '  •  •  t21''1 

with  0  =  0ti  and  d0/dt—Q  for  <=0. 

In  the  fluid  we  lmvo 


d®  _  f'd‘0)  4  d&>\ 

"dt  V  V  ~dr-  r  ~dr  /’ 


.  .  .  (27) 


with  a>  =  0  /•  =  /),  and  6 irzdO/dt  for  »•=«. 

Using  the  method  of  §  3,  wo  write 

w=2^jw<,a'</a  ;  0=2^Sv';a><lit-  •  '  (2,S) 

Then  equation  (27)  gives  the  solution 
_(FiW  k'b-r )  cosh  f /,(/,- r) }  +  (/;*/,,. -1)  sinh  { X- (A  —  »■) > 
r3  It  k{b— a)  cosh  {k(b  — a)}  +  ( AJ/*«  —  1)  sinh  {k{l/—a) }  ’ 

• . (29) 

where  k  —  ufvK 

Modifying  (2(j)  so  as  to  take  account  of  the  initial  con¬ 
ditions,  we  have  for  rj  the  equation 

Vf(a)  =  /(«),  . (30) 

where 

/'(«)  =  la2  -f  S/jL-rra 3  a  -f- Ip2  -f  ^TrpiVa2 

bk  cosh  k(b—  a)  —  sinh  k(l> — a) 


k{b—a)  cosh  k(b—a)- f  (k-ub—  1)  sinh  k{b—u) 


F(«)  =  la  +  Sfnra.3  -p  §7 rp«5« 

bk  cosli  k(b-~a)  —sinh  k{b—a ) 

X  k  (h  —  a)  cosh  k{b—a)  +  (tfab—  1)  sinh  k(b  —  a)  ‘ 
T1k5  angular  displacement  of  the  sphere  is  then 


0  —  —  [  eat  dot  =  0kS  - eat 

ff  2ni  )/(*)*  °A«)  ’ 


where  the  summation  extends  over  the  roots  of /(«)  =  0,  and 
it  is  assumed  that  these  are  all  simple  roots. 

In  practice  wo  may  usually  separate  the  roots  into  two 
classes  :  first  a  pair  of  roots  wh'ch  may  be  either  complex  or 
real  and  negative,  then  a  series  of  real  negative  roots  in  the 
neighbourhood  of  —  7r 2v/(b  —  a)3,  —  in-v/(b  —  a)2  and  so  on. 
In  deducing  the  form  of  (31)  for  a  sphere  in  an  infinite 
liquid  the  sum  of  the  terms  from  the  latter  series  of  roots 
must  bo  replaced  by  a  corresponding  infinite  integral. 
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The  Effect  of  Shallow  Water  on  Wave  Resistance , 

By  T.  H.  Havelock,  F.R.S, 

(Received  October  28,  1921.) 

1.  Thu  general  character  of  experimental  results  dealing  with  the  effect  of 
shallow  water  on  ship  resistance  maybe  stated  briefly  as  follows: — At  low 
velocities  the  resistance  in  shallow  water  is  greater  than  in  deep  water,  the 
speed  at  which  the  excess  is  first  appreciable  varying  with  the  type  of  vessel. 
As  the  speed  increases,  tire  excess  resistance  increases  up  to  a  maximum  at  a 
certain  critical  velocity,  and  then  diminishes.  With  still  further  increase  of 
speed,  the  resistance  in  shallow  water  ultimately  becomes,  and  remains,  less 
than  that  in  deep  water  at  the  same  speed.  The  maximum  effect  is  the  more 
pronounced  the  shallower  the  water.  For  further  details  and  references  one 
may  refer  to  standard  treatises,  but  one  quotation  may  be  made  in  regard  to 
the  critical  velocity :  “  This  maximum  appears  to  be  at  about  a  speed  such 
that  a  trochoidal  wave  travelling  at  this  speed  in  water  of  the  same  depth  is 
about  1J  times  as  long  as  the  vessel.  ...  It  was  at  one  time  supposed 
that  the  speed  for  maximum  increase  in  resistance  was  that  of  the  wave  of 
translation.  This,  however,  holds  only  for  water  whose  depth  is  less  than 
0-2  times  the  length  of  the  vessel.  For  greater  depths  the  speed  of  the 
wave  of  translation  rapidly  becomes  greater  than  the  speed  of  maximum 
increase  of  resistance.”*  In  a  recent  analysis  of  the  data,  H.  M.  Weitbrechtf 
expresses  a  similar  conclusion  by  stating  that  for  each  depth  of  water  there  is 
a  critical  velocity,  but  that  the  critical  velocity  does  not  vary  as  the  square 
root  of  the  corresponding  depth. 

It  should  be  noted  that  experimental  results  are  for  the  total  resistance. 
If  we  assume  that  this  can  be  separated  into  three  terms,  which  aie  simply 
additive,  namely,  eddy,  frictional,  and  wave-making  resistance,  it  must  be 
admitted  that  probably  all  are  affected  by  limited  depth  of  water.  However, 
the  main  differences  are  due  to  the  altered  wave-making,  and  the  general 
explanation  is  to  be  found  in  the  fact  that  there  is  a  limiting  velocity,  \Z(yh ) 
for  simple  straight-crested  waves  on  water  of  depth  h. 

Leaving  aside  the  difficult  problem  of  a  solid  body  towed  or  driven  through 
the  water,  we  may  study  the  allied  problem  of  a  given  distribution  of  surface 
pressure  and  the  associated  wave  resistance.  Previous  calculations  of  wave 
resistance  have  been  limited  to  a  line  distribution  of  pressure,  involving 

*D.W.  Taylor,  'Speed  and  Power  of  Ships,*  vol.  1,  p.  114;  also  G.S.  Baker, 
‘Ship  Form,  Resistance  and  Screw  Propulsion,’  p.  134. 
t  H.  M.  Weitbreoht,  ‘  Jahrbuch  d.  Schiffbautech.  Gesell.,*  vol.  22,  p.  122  (1921). 
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therefore,  only  straight-created  parallel  waves  and  so  emphasising  the  connec¬ 
tion  between  the  critical  velocity  and  that  of  the  wave  of  translation.  In 
the  present  paper  I  obtain  an  expression  for  the  wave  resistance  of  a  surface 
pressure  symmetrical  about  a  point,  and  moving  over  water  of  finite  depth. 
The  result  is  in  the  form  of  a  definite  integral,  which  has  been  evaluated  by 
numerical  and  graphical  methods  so  as  to  give  graphs  of  tire  variation  of 
wave  resistance  with  speed  for  different  values  of  the  ratio  of  the  depth  of 
water  to  the  length  associated  with  the  pressure  distribution.  The  graphs 
are  of  special  interest  in  the  cases  intermediate  between  the  two  extremes  of 
deep  water  and  shallow  water.  They  show  the  double  effect  of  limited 
depth,  in  lowering  the  normal  wave-making  speed  of  the  ship  and  in 
increasing  the  magnitude  of  the  effect  as  the  speed  approaches  that  of  the 
wave  of  translation.  The  results  are  discussed  in  their  bearing  upon  the 
experimental  results  which  have  just  been  described. 

2.  In  a  previous  paper*  I  worked  out  the  case  of  a  symmetrical  surface 
pressure  moving  over  deep  water.  The  present  analysis  is  on  exactly  similar 
lines,  except  for  suitable  changes  in  the  expressions ;  it  may  be  sufficient, 
therefore,  to  set  forth  the  calculation  briefly,  referring  to  the  previous  paper 
for  further  detail  in  the  argument. 

Take  axes  Ox,  O y  in  the  undisturbed  horizontal  surface  of  water  of  depth  h 
and  0 z  vertically  upwards.  For  an  initial  impulse  symmetrical  about  the 
origin,  that  is  if  the  initial  data  are 

p$ o  =  F(w),  ?  =  0,  (1) 

where  m 2  =  ar'+y2,  the  velocity  potential  and  surface  elevation  in  the 
subsequent  fluid  motion  are  given  by 

p<b  =  [  /  ( k )  cosh  K(z  +  h)  sech  kJi  J0 (icw)  cos  (xYt)  k  die, 

Jo 

gpt  =  -  J°/  O)  Jo  (/cw)  sin  (*Vt)  K*VdK,  (2) 

where  V3  =  (g/ic)  tanh  kJi, 

f  (*c)  =  |  F  («)  Jo(*a)  a  da.  (3) 

We  obtain  the  effect  of  a  travelling  pressure  system  by  integrating  with 
respect  to  the  time.  We  shall  suppose  that  the  system  has  been  moving  for 
a  long  time  with  uniform  velocity,  c,  in  the  direction  of  Ox.  Transferring 
to  a  moving  origin  at  the  centre  of  the  system,  we  replace  x  in  (2)  by  x+ ct, 
and  we  find  for  the  surface  elevation 

gp%—  —  |  |  /(*)  Jo [* { (*  +  eO’  +  y3}1*]  sin («Y<) Yd*,  (4) 

*  ‘  Roy.  Soc.  Proc.,'  A,  vol.  95,  p.  354  (1919). 
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where /(«)  is  found  from  the  assigned  pressure  distribution,  p  =  F  (bt),  by 
means  of  (3).  The  factor  exp.  (  — £yui)  serves  to  keep  the  integrals  deter¬ 
minate,  so  that  they  give  a  solution  which  corresponds  to  the  main  part  of  the 
surface  waves  trailing  aft  from  the  moving  disturbance.  It  is  to  be  noted 
that  ultimately  /a  is  made  zero  in  the  final  results,  and  it  is  only  retained  in 
the  intermediate  analysis  to  a  degree  sufficient  to  attain  its  chief  purpose.  It 
should  be  stated  also  that  all  the  analysis  is  subject  to  the  usual  limitation 
that  the  slope  of  the  surface  is  supposed  to  be  always  small. 

We  take  the  wave  resistance  to  be  the  resolved  part  of  the  pressure  system 
in  the  direction  of  motion,  or 


taken  over  the  whole  surface. 

The  disturbance  (4)  may  be  analysed  into  plane  waves  ranged  at  all 
possible  angles  to  Ox.  Substituting 


7r  J0  [«:  {  (x -f- cif  +  y2}1/2]  =  j*  c«'* <*+<•«) •-■os*  cos  (Ky  sjn  ^  ^  (6) 

we  can  integrate  with  respect  to  t,  and  obtain,  after  rejecting  superfluous 
terms  in  /*, 


C  c-i/;w  ci*a  cos  *  sin  (/cVA  ^  = - - -  y  sec2  (ft - - -  (7) 

Jo  tcc/—g  sec-*  <p  tanh  ich  +  iac  sec  d> 


Using  this  in  (4),  the  surface  elevation  can  bo  expressed  in  the  form 


27 rpf  =  j"  seca<jf xltfi  [  «/(«)tanhAf/i 

J  —  tt/2  Jo 


I 


pin(r  cos  (£+//  sin  tf>) 


+ 


\kx?—(j  sec2  $  tanh  ieh  +  ipc  sec  <f> 

t k(s  cos<£+y  sin  </>) 


kc2—()  sec2  (f>  tanh  leh-i/ic  sec  cf> 


} 


die  (8) 


3.  We  simplify  the  calculations  by  specifying  the  surface  distribution  of 
pressure  as 

p  =  F(*r)=  AI/(P  +  m*yi»,  (9) 


where  a  and  l  are  constants.  It  follows  from  (3)  that  /(*)  =  A c~k1.  Now 

in  (8)  consider  an  element  making  an  angle  (f>  with  the  axis  Ox.  Change  to 

axes  0*',  Oy',  given  by  x'  =  x  cos  ef>  +  y  sin  <f>,  y'  =  y  cos  (f>—x  sin  <j>.  Then  the 

integral  with  respect  to  k  becomes 

r«°  f  piKx' 

kc~k1  tanh  teh  ■<  —5 - 5— — — — - - : - 

Jo  L*c'— g  sec2  <p  tanh  ieh  +  t/aesec  <f> 


+ 


p~uz' 


xc2—g  sec8  <f>  tanh  ich-ipc sec 


} 


die.  (10) 
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Ah  in  similar  plane  wave  problems,  this  integral  can  be  modified  by  inte¬ 
grating  round  a  suitable  contour  in  the  plane  of  a  complex  variable;  the 
expressions  then  divide  into  two  types  according  as  the  integrand  has  or  has 
not  a  pole  within  the  contour.  The  surface  disturbance  corresponding  to  (10) 
is  seen  then  to  consist,  in  general,  of  a  surface  elevation  symmetrical  with 
respect  to  tne  line  x  cos  <f>  +  y  sin  <f>  =  0,  together  with  a  regular  train  of  waves 
in  the  rear  of  this  line;  but  the  la  her  part  only  occurs  if  c2cos2  <$><gh.  In 
evaluating  the  wave  resistance  by  (5)  for  the  symmetrical  distribution  (9), 
we  see  that  we  need  only  consider  the  regular  train  of  waves.  By  calculating 
the  residue  of  the  integrand  in  (10),  collecting  the  results  and  finally  making 
ya  zero,  we  find  that  the  regular  waves,  when  they  occur,  arc  given  by 


47 r  A.riK?e~Kl  sin  (/ex') 
g  sec2  <J>  (c2  -  gh  sec2  </>)  +  /c2c4/f 


where  k  is  the  root  of 


K$~g  sec 2<£  tanh  kJi  =  0  ;  gh  sec2  <j>  >  c2.  (12) 

From  (5)  and  (11),  the  contribution  of  this  element  to  the  wave  resistance  is 

_ 47rAc2/c3c~*i  cos  <f> _  f“  ,  ,  f°  Al  cos  (/ex')  , 

#sec3 (f>(e?—ghseu* <£)  +  «2c4A  J J-®(;«'2  +  y'2  +  f2)3/2  X 


47r2A2cV3e  2k1  cos  (ft 
g  sec2  $  (c2  —gh  sec2  <£)  +  *2c4A‘ 


Summing  for  the  different  elements,  from  (13;  and  (7),  we  have  finally  for 
the  wave  resistance 

j,  _  47tA2c2  _ «3 e~2"1  sec  d<j> 

~  p  J ,i,0  g  sec2  <p  {(?—gh  sec2  <£)  +  ;?cxh'  '  ' 

where  k  satisfies  kc2  =  g  sec2  <£  tanh  nil,  and  the  lower  limit  <j> 0  is  given  by 

(j) o  =  0,  for  c2  < gh  ;  <f>u  —  arc  cos  ( gli/c 2)1/2,  for  c2  > gh.  (15) 

4.  We  may  notice,  in  the  first  place,  that  (14)  reduces  to  the  expression  given 
previously  for  deep  water  ;  making  h-*  ao  ,  we  find 


fn/2 

R  =  (Avg2A2/ pc8)  I  sec6  cf>  e~2  (?*/«*>  s«o24>  d<j> 


=  {*»"’  <*v>-  Hr  Hl“' <“>}  •  <16> 

where  x  =  gl/c2,  and  the  result  is  expressed  in  terms  of  Bessel  functions  of 
which  Tables  are  available.  For  finite  values  of  the  ratio  hfl,  the  value  of  R 
for  given  values  of  c  can  only  be  obtained  from  (14)  by  numerical  and 
graphical  methods.  After  some  preliminary  trial,  the  following  plan  was 
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adopted.  With  p  =  hjl,  and  «  =  kJi,  lining  the  relation  between  k  and  <£,  (14) 
can  be  put  in  the  form 

T>  47rA2a;1/“  f^2  a7/a^-2«/p  Coth ]/2  a.  ,, 

K  ~  ffpPfW  J  *0  7»T^hT- «2  coth2 «  V’  {  ) 

with  «  coth  a  =  px  sec2  <f>.  (1.8) 

For  a  given  value  of  p,  the  integrand  of  (17),  which  we  may  denote  by /(a), 
was  calculated  for  values  of  a.  ranging  from  zero  to  3  at  intervals  of  0-2,  and 
in  certain  cases  also  at  unit  intervals  up  to  the  value  10.  Taking  next  an 
assigned  value  of  x,  the  value  of  corresponding  to  each  value  of  «  was  found 
from  (18).  The  integrand  /(«)  was  then  graphed  on  a  base  of  (f>,  giving  a 
curve  for  each  value  of  x;  the  area  of  the  curve  was  taken  by  an  Amsler 
radial  planiineter,  and  then  the  value  of  (17)  was  obtained.  The  calculations 
are  rather  lengthy  and  it  is  unnecessary  to  repeat  them  here. 

The  process  was  carried  out  for  p  =  2,  1'43,  1,  0-75,  with  about  a  dozen 
values  of  x  in  each  case  ;  some  estimates  were  also  made  for  p  =  0'5,  to 
confirm  the  general  deductions.  Further,  the  values  for  p  =  co  were 
calculated  from  (16).  The  results  are  shown  in  the  figure,  where  the  unit  for 
K  is  47rA 3/opl9,  and  for  c  is  \/{gl). 


5.  The  curve  for  deep  water,  p  —  oo  ,  has  a  single  maximum  at  a  velocity 
slightly  less  than  \/(gl).  At  this  velocity  the  corresponding  length  of 
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simple  transverse  waves  is  about  'lirt ;  this  may  he  called  tin ■  priiieipal  wave- 
making  length  of  the  disturbance,  to  use  a  term  from  the  theory  of  ship 
resistance.  Taking  next  the  cuive  fur  />  =  2,  we  can  see  indications  of  two 
maxima.  The  first  occurs  at  about  the  point  007  on  the  velocity  scale;  it 
clearly  corresponds  to  the  deep  water  maximum,  and  cOmes  lower  down  tin; 
scale,  because  waves  of  given  length  occur  at  a  lower  velocity  as  the  depth 
diminishes.  There  is  also  a  second  maximum  at  a  velocity  of  about  1'2:> ; 
this  is  due  to  the  other  factor  in  the  resistance,  namely,  I  be  increased  effect 
as  the  velocity  approaches  the  velocity  (<///■)  of  the  so-called  wave  of 
translation,  which  in  this  case  is  at  the  point  T41  on  the  velocity  scale. 

From  the  next  curves,  p  —  1'43  and  p  =  1,  we  see  the  increasing 
importance  of  the  latter  effect  as  the  depth  becomes  less.  For  the  curve 
p  =  143,  there  is  a  maximum  near  the  velocity  11,  the  corresponding  value 
of  s /(ffh)  on  the  scale  being  1'2.  'there  is  no  other  actual  maximum,  but 
there  is  an  enhanced  resistance  at  about  0'92.  followed  by  a  flattening  of  the 
curve  between  that  point  and  the  point  T05  ;  we  may  take  the  increased 
effect  at  0'92  to  correspond  to  the  deep  water  maximum  in  the  lower 
curves.  Similarly  for  the  curve  p  —  1,  the  corresponding  values  are : 
increased  effect  at  about  0  81,  diminished  slope  of  curve  between  0'82 
and  09,  maximum  at  0  97,  velocity  of  wave  of  translation  TO.  The  last 
curve,  p  =  0-75,  shows  that,  as  the  depth  becomes  small,  the  second  effect 
becomes  the  predominant  feature ;  the  excess-  resistance  increases  rapidly  in 
magnitude,  and  occurs  practically  at  the  velocity  (ffh).  This  effect  is  still 
more  pronounced  for  p  =  0'5,  but  the  results  are  not  shown  in  the  figure. 
It  is  obvious  that,  as  ^.he  ratio  of  hjl  diminishes,  the  disturbance  becomes 
more  like  that  due  to  a  line  disturbance  ;  in  simple  calculations  on  the  latter 
assumption,  the  resistance  increases  indefinitely  at  the  velocity  ■/{gh),  and 
falls  suddenly  to  zero  above  that  velocity.  It  wi11  be  seen  from  the  figure 
that  in  all  cases  the  resistance  falls  after  the  velocity  ( gli ),  as,  in  fact,  may 
be  deduced  directly  from  the  expression  (17). 

In  a  comparison  between  these  results  and  the  experimental  curves  of 
ship  resistance  described  in  §  1,  it  is  advisable  to  consider  in  each  case  the 
difference  between  the  resistance  in  water  of  a  given  depth  and  that  in  deep 
water;  in  this  sense  the  results  agree  iu  character.  Thus  the  first  effect  of 
finite  depth  may  be  regarded  as  tine  to  the  lowering  of  the  chief  wave- 
making  velocity ;  it  is  only  when  the  depth  of  water  becomes  of  the  same 
order  as  the  beam  of  the  ship  that  the  critic  al  velocity  is  practically  that  of 
the  wave  of  translation. 

In  describing  the  experimental  curves,  it  was  stated  that  the  excess 
resistance  has  a  maximum  value  at  a  certain  critical  velocity.  But  there  is 
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one  exceptional  set  of  curves,  obtained  at  the  United  States  Model  Basin,* 
which  shows  two  maxima :  a  phenomenon  which  has  not  received  explana¬ 
tion.  It  is  conceivable  that  this  may  be  a  case  in  which  the  two  maxima 
indicated  in  the  intermediate  curves  of  the  present  paper  have  become 
prominent  through  some  unusual  features  of  the  model.  In  this  con¬ 
nection,  it  must  be  remembered  that  the  present  calculations  are  based 
upon  a  surface  pressure  of  specially  simple  type,  one  symmetrical  round  a 
point ;  one  could  extend  the  calculations  by  integration,  as  in  the  previous 
results  for  deep  water,  so  as  to  apply  to  a  pressure  distribution,  giving 
a  better  analogy  with  ship  form.  It  may  be  anticipated  that  the  results 
would  be  of  the  same  character  in  general,  though  no  doubt  better  agree¬ 
ment  could  be  obtained  in  certain  details. 

*  D.  W.  Taylor,  he.  cit.,  p.  115. 


Rabeison  and  Sons,  Ltd.,  Printer*  in  Ordinary  to  His  Majesty,  St.  Martin’s  Lane. 
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Studies  in  Wave  Resistance :  Influence  of  the  Form  of  the 
Water-plane  Section  of  the  Ship. 

T.  H.  Havelock,  F.R.S. 

(Received  April  5,  1923.) 

Introduction. 

1.  The  problem  which  is  investigated  in  some  detail  in  the  following  paper 
is  the  wave  resistance  of  a  vertical  post  in  a  uniform  stream.  The  horizontal 
section  of  the  post  is  of  ship-shape  form  and  the  lines  are  varied  in  a  certain 
manner  while  keeping  the  area  of  the  section  constant. 

A  direct  study  of  ship  waves  as  n  three-dimensional  problem  for  a  ship 
of  finite  dimensions  has  not  yet  been  accomplished.  From  one  point 
of  view  the  problem  has  been  attacked  by  the  method  of  an  equivalent 
distribution  of  pressure  on  the  surface  of  the  water.  Some  advance  has  also 
been  made  in  the  case  of  submerged  bodies;  I  have  shown  previously  how  to 
calculate  the  wave  resistance  of  a  body  whose  form  is  derived  by  combining 
the  stream-lines  of  a  uniform  current  with  certain  distributions  of  sources  and 
siuks,  under  the  limitation  that  the  dimensions  of  the  body  are  small 
compared  with  its  depth.  On  the  other  hand  Michel  1,J  in  an  extremely 

\  J.  H.  Michell,  ‘  Phil.  Mag.,’  vol.  45,  p.  106  (1898). 
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interesting  paper,  gave,  a  general  expression  for  wave  resistance ;  but  it 
suffers  from  a  serious  limitation,  in  that  the  surface  of  the  ship  must  be 
everywhere  inclined  at  only  a  small  angle  to  its  vertical  median  plane. 

In  §  2  a  short  synopsis  of  Michell’s  theory  is  given. 

In  §  3  this  is  applied  to  the  case  of  a  submerged  body  and  the  result 
compared  with  the  work  to  which  reference  has  been  made ;  the  two  methods 
are  quite  different  and  have  different  limitations,  but  it  appears  that  the 
results  agree  when  these  conditions  overlap  and  are  common  to  both. 

The  main  problem  is  treated  by  an  application  of  Michell’s  analysis  in 
circumstances  in  which  its  limitations  are  not  of  serious  importance,  namely, 
when  the  body  is  a  vertical  post  of  infinite  depth  and  of  small  beam  compared 
with  its  length.  We  may  regard  this  as  a  ship  in  which  the  effect  of  the 
vertical  sides  will  be  exaggerated,  and  we  may  study  the  changes  produced  in 
the  resistance  curves  by  varying  the  form  of  the  level  lines.  The  practical 
problems  which  have  been  kept  in  view  in  devising  special  cases  are  such  as 
the  effect  of  straight  or  hollow  lines  at  the  bow,  the  effect  of  finer  entrance 
and  increased  beam  while  displacement  remains  constant,  and  similar 
questions. 

In  §  4  a  set  of  parabolic  curves  for  the  level  lines  is  specified  so  as  to 
illustrate  these  points,  and  the  corresponding  value  of  the  wave  resistance 
obtained  in  general  form  as  a  function  of  the  velocity.  Certain  new  types  of 
integral  which  occur  in  the  analysis  are  examined  in  §  5 ;  they  can  be 
expressed  in  terms  of  the  second  Bessel  functions  Y0  and  Yi  together  with  the 
integral  of  Y0,  and  are  evaluated  numerically  by  meaus  of  recent  tables  of 
Struve’s  functions. 

In  §§  6-10,  four  types  of  model  are  examined,  and  the  wave  resistance 
calculated  for  various  velocities  in  each  case.  The  chief  results  are  shown  in 
the  resistance- curves  of  fig.  2  For  comparison  with  experimental  curves 
from  ship  models,  the  base  is  the  quantity  Y/y/L,  where  V  is  the  speed  in 
knots  and  L  the  length  in  feet.  The  models  with  finer  entrance,  or  with 
hollow  lines,  have  smaller  resistance  up  to  V/y/L  =  l'l  or  1‘2;  but  above 
this  speed  the  models  with  fuller  ends  have  the  less  resistance.  These,  and 
other  results  of  some  interest  agree  with  deductions  from  the  corresponding 
practical  study  of  ship  resistance  ;  in  §  11  a  summary  of  these  deductions  is 
given  and  a  comparison  is  made  with  the  results  of  the  present  calculations. 

General  Analysis. 

2.  Take  0«,  0 y  in  the  undisturbed  surface  of  the  water  and  O?  vertically 
downwards;  and  suppose  the  ship  to  be  symmetrical  with  respect  to  the 
plane  y  —  0.  Assuming  the  ship  to  be  at  rest,  and  the  water  at  a  great 
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\;£ 


distance  to  have  a  uniform  velocity  c  in  the  negative  direction  of  O.r,  the 
velocity  potential  is  taken  as  cx+<f> ;  the  squares  of  the  velocity  due  to  the 
disturbance  <p  are  to  be  neglected.  At  the  surface  z  —  0,  the  kinematical 
condition  is 


9*  _  C9T 

dz  ~  dx 


(i) 


where  f  is  the  surface  depression. 

The  condition  for  constant  pressure  at  z  =  0  gives  cd<f>/dx—g%  =  0,  or 

c2  c?<f> 0<£ 

g  dx?  dz 


At  the  bottom  of  the  water  d<j>/dz  =  0;  in  what  follows  we  shall  assume 
the  water  to  be  of  infinite  depth.  The  remaining  boundary  condition  is  that 
d<f>Jdy  =  0  when  y  =  0,  except  over  the  surface  of  the  ship ;  in  the  latter  case, 
with  v  as  the  normal, 

( cx  +  <f> )  =  0. 

If  the  inclination  of  the  ship’s  surface  to  the  plane  y  =  0  is  everywhere 
small,  the  latter  condition  reduces  to 


9£  =  c<k 

dy 


=  cf  (x,  z), 


(3). 


where  g  =  /(#,  z )  is  the  equation  to  the  ship’s  surface ;  to’ the  same  order  the 
condition  (3)  may  be  taken  to  hold  at  y  —  0  over  the  median  plane  of  the 
ship. 

A  potential  function  to  satisfy  these  conditions  may  be  built  up  by  a 
summation  of  simple  harmonic  terms  in  the  co-ordinates ;  it  is  sufficient  here 
to  state  Michell’s  expression,  namely. 


<f>  = 


cos(ng  —  6)cos(w£— e) 
(m3+ 


cos  {m  (i-x)  («’+«*)'-»  dg  d£dm  dn 


2£  r  r  r 

7r5l  Ij/c ■»  Jo  J 


nt  <) 


we-m*c’ (»+{)/? 
(mV//- 1)1/3 


sin  ( in  {x  —  £ )  +  my  ( mV/j5  —  1  l’/2 }  d% dm 


*9  Jo  JoJ-.  * 


cos  { VI  (£  -  x) }  e- (>  ■ - d£  d{dm,  (4) 


where  tan  e  =  —c?ma/gn. 

It  may  be  verified  directly  that  each  term  in  (4)  is  a  potential  function  and 
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satisfies  all  the  above  conditions  except  (3) ;  and  further  that  (3)  is  satisfied 
by  the  complete  expression  on  account  of  the  expansion 


f  (x,  z)  = 


cos  (nz— e)  cos  e)  cos  m  (i;—x)  df-  d%  dm  dn 

o,.a  />“  /•*  /•“> 

+  —  /  (f  K)  cos  m  (%-x)  df  d£dm.  (5) 

*9  Jo  Jo  J-oo 

An  expansion  which  may  be  verified  without  difficulty,  e  having  the  value 
given  in  (4)  ;  it  is  assumed  that  the  function  f{x,  z)  is  such  that  the  various 
integrals  are  convergent. 

The  expression  (4)  holds  for  y  positive.  The  first  and  third  integrals 
represent  local  symmetrical  disturbances,  while  the  second  integral  represents 
the  waves  which  follow  the  ship  if  we  imagine  it  to  be  advancing  into  still 
water. 

If  Sp  is  the  increase  of  fluid  pressure  due  to  the  disturbance  <f>,  the  wave 
resistance  is  given  by 

K  =  ~2lfSp'®,fc*  =  2'“  <6> 


the  integration  extending  over  the  vertical  median  plane  of  the  ship. 

The  first  and  third  terms  in  (4)  contribute  nothing  to  R,  and  we  have 

An,A  r  r®  r®  r®r®  « 

e-£U.LU 

cos  m  (x—lj)  dx  dz  d£  d£  dm 

_  r  /p ,  T2\ 

~  *1 g  )9lcy  +d  J  )•/»’ 

0OO 

/'  (x,  z)  e~mVzt9  cos  rnx  dx  dz 

—  CD 


J  =  I  |  f  (x,  z)  e  s\n  mxdxdz.  (7) 

Jo  J  -«/ 

This  is  Michell’s  expression  for  the  wave  resistance.  We  shall  take  the 
origin  at  the  midship  section  and  assume  the  ship  to  be  symmetrical  fore  and 
aft ;  in  these  circumstances,  I  =  0. 


Submerged  Spheroid. 

3.  The  application  of  (7)  is  limited  by  the  assumption  involved  in  (3),  that 
the  inclination  of  the  surface  of  the  ship  to  the  median  plane  y  =  0  is  always 
small.  To  illustrate  this  limitation  wt  may  consider  a  particular  case  in 


202 


\ 


Studies  in  Wave  Resistance. 


575 


which  we  can  comparu  the  result  hy  another  method.  In  a  previous  paper 
I  have  shown  how  to  find  the  wave  resistance  of  submerged  bodies  of  various 
forms.  Apart  from  the  usual  simplification  of  neglecting  (lie  square  of  the 
lluid  velocity  in  the  wave  disturbance,  the  specific  limitation  in  that  analysis 
was  that  the  dimensions  of  the  submerged  body  should  be  small  compared 
with  the  depth  at  which  it  moves;  but  on  the  other  band,  the  kincmatical 
condition  at  the  surface  of  the  body  was  taken  in  its  exact  form.  In 
particular,  if  the  body  is  a  prolate  spheroid  of  semi-axis  a,  eccentricity  e, 
moving  with  velocity  c  in  the  direction  of  its  axis  and  at  a  depth  /,  the  wave 
resistance  was  found  to  be 

fir/2 

It  =  I287r2yprtVA2  I  sec-  /**-’<!>  { J3/3  (/{Uue  sec  <p)  (8) 

where  /c„  =  p/c3  and  A  =  [4e/(l  — e2)  — 2  log  {(1  -f  e)/(l  —  e)}]-1. 

The  limitation  in  (8)  is  that  a  is  small  compared  with  /,  but  there  is  no 
direct  limitation  on  the  form,  for  example  the  expression  includes  the  case  of 
the  sphere  with  e  =  0.  Now,  if  we  apply  Miehell’s  formula  (7)  to  this  case, 
wo  shall  obtain  a  result  in  which  there  is  no  limitation  of  the  ratio  of  a  to  f ; 
but  on  the  other  hand  the  inclination  of  the  surface  must  be  small,  so  the 
expression  will  only  hold  in  the  limit  as  e  approaches  unity. 

The  equation  of  the  spheroid  being 

*2 


+V2 +(z~f)2  -  1 

i  1  To  1  -r  o  -*•  f 


V* 


we  have 


b2 


dr)  fix  =  ./'  (x,  z)  =  -  b2x/ a  { b2  (a2 -o?)  -  a2  {z  ~f  f  } V2. 
Thus  from  (7) 

jj  {b2  (a2  -  a2)  -  «2£2 }  y  mi  WX  lX  ,U=' 


J  =  C~mV/l9 

a 


(9) 


(10) 


where  we  have  put  %=z—f,  aud  the  integration  extend?  over  the  ellipse 
+  =  1. 

Integrating  with  respect  to  x  first,  we  have 
a;  sin  mxdx 


where  p  has  been  used  for  a(l  —  ^2/b2y/2. 


r, - ~ w3-  er^xi—vb2- 


Hence  we  obtain 

J  =  — 7ri2C-"',c,A»  |  g(wV6/j)cos9  Jt  sjn  gjn2  Q  ({0 


=  -2  7r62e-'"^v  .1/a 

o  (w«)"+,/2 


r (9+dw,  ,  , 

2‘  (2m)!  \~J~)  J»+!V2  («»«)•  (U) 


‘Roy.  Soo.  Proe.,’  A,  vol.  95,  p.  354  (1919). 
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If  we  use  only  the  first  term  in  this  expansion  in  powers  of  b,  we  have 

J  =  -(27rV«ia)V2  JV«*Wr  Jjp  (ma).  (12) 

With  this  value  (7)  gives 


t>  _  67 rapc454  f  j  j  e-2m*c'fig _ mdm _ 

ga  Lc1  3/a(  )}  l)'/a 

fff/2 

sec3  ^c-2*0^8^*  {J3/2(/coasec<^)}arf^».  (13) 


With  e  nearly  equal  to  unity,  it  is  easily  verified  that  (13)  agrees  with  (8). 
On  the  one  hand,  the  result  (8)  includes  the  sphere  (e  =  0),  under  the 
restriction  that  /  is  large;  on  the  other  hand  (7)  and  (11)  give  a  formal 
solution  for  any  depth/,  but  only  serve  for  e  nearly  unity.  The  two  methods 
are  very  different,  and  it  is  of  interest  that  the  results  agree  under  conditions 
in  which  the  two  approximations  overlap. 


Formulae  for  General  Type  of  Model. 

4.  The  limitations  of  Michell’s  formula  do  not  admit  of  its  application  to 
actual  ship  forms ;  for  although  the  sides  of  a  ship  may  be  at  small  angles  to 
the  median  vertical  plane,  the  bottom  of  the  ship  does  not  fulfil  this  condition. 
It  is  proposed  to  use  the  method  here  in  such  conditions  that  this  objection 
does  not  hold,  by  supposing  the  ship  to  be  of  infinite  draught.  In  other  words, 
we  consider  the  wave  resistance  of  a  post  extending  vertically  downwards 
through  the  water  from  the  surface,  its  section  by  a  horizontal  plane  being 
the  same  at  all  depths  and  having  its  breadth  small  compared  with  its  length. 
This  enables  us  to  elucidate  certain  points  of  interest  in  Bhip  resistance. 

We  suppose  the  ship  to  be  symmetrical  fore  and  aft,  and  we  take  the 
origin  at  the  mid-ship  section.  Then  since  in  (7),/ (x,  z)  is  independent  of  z, 
we  have 

7 r  ]y/C2  m3  (mV/y2— 1)1/2’  '  ' 

where  J  =  J  f  if)  sin  mx  dec,  (15) 

the  integration  covering  the  length  of  the  ship,  and  the  equation  to  the  half¬ 
section  being  y  =  f(x). 

We  wish  to  study  the  effect  of  altering  the  form  of  the  section  while 
keeping  the  length  and  the  total  displacement  unaltered,  the  beam  varying 
slightly  according  to  the  curvature  of  the  lines.  These  conditions  can  be 
satisfied  by  taking  the  form  of  the  water-plane  section,  for  y  positive  and  x 
ranging  between  + 1 ,  to  be 

"  v  =  T=W&(l-t)(l-*f£}  <16> 
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Here  21  is  the  constant  length,  and  |-6Z  the  constant  area  of  horizontal 
section  of  the  ship  ;  the  beam  is 

26  ( 1  —  l2/  6cf2)/(  1 — P/  5d2).  (17) 

The  points  of  inflection  in  the  curve  are  at  x  =  ±d.  For  d  —  oo.,  we  have 
the  ordinary  parabolic  form  with  beam  2b.  With  d  =  l  the  bow  and  stern 
lines  are  still  straight,  but  the  ship  has  a  finer  entrance  and  a  slightly  larger 
beam.  With  d<l,  the  lines  at  bow  and  stern  are  hollow,  that  is,  the  sides 
are  concave  outwards.  We  shall  study  in  detail  later  four  values  of  l/d, 
namely,  0,  1,  1*25  and  1*5. 

From  (15)  and  (16)  we  have 

4b  Cl 

J  =  j  (x-3^/d2)  sin  vix dx. 

Evaluating  and  putting  in  (14)  we  obtain 

R  =  Q4n-1gpb2ri(l-l2/5d2)-2  x 

C  si"  m‘Y 

dm  /i  on. 

m‘J  (»i2c4  / f/2  —  1  )'/*'  ' 

We  shall  use  the  notation 

8  =  I/d’,  L  —  21;  p  =  y  L/c2. 

Altering  the  variable  in  (18)  and  expanding  the  terms,  it  can  be  expressed  in 
the  form 

E  =  T(1  '-W?  (i"[i°0»’+  {o-W+p (l  +  283-iS*)coS^ 

-F  ^  82  cos4  (f)  +  84  cos6  (/>  -r  |  cos3  <j>  -j\l — \  82)2 

-i  (1  -6  5a  +  fS4)cos3  <j,-~  8 2  (1  -2S3)cos4  <f> 

cos6  cosCP  sec  ^>)~ cos?  j-  (1  — -4  +  t  84)  cos  (f> 

82(l  —  §82)cos3^>  +  8*  cos5  sin (p  sec  q!>)J  d$.  (19> 

5.  The  integrals  in  (19)  which  do  not  seem  to  have  been  studied  explicitly 
are  of  the  following  forms 

Pa*  (p)  =  (-  1)"  cos2"  <£  sin  (p  sec  <f>)  d<f>,  (20) 

Jo 

Pa*+i  (p)  =  (  — 1)"+1  J  cos*"+l  <f>  cos  (psec  cf>)d<j>,  (21) 
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with  n  a  positive  integer.  The  cases  which  occur  in  (19)  could  be  tabulated 
directly  by  means  of  convergent  series  and  asymptotic  series.  They  can, 
however,  be  derived  by  repeated  integration  of  the  second  Bessel  function,  and 
can  be  expressed  in  terms  of  functions  of  which  Tables  are  now  available. 

The  functions  satisfy  the  relations 

P„  =  P'.+i, 

nl\  =j>(Pn— i  +  Pn-3)-(«— 1)P»— 2.  (22) 

Further,  in  reducing  a  function  of  positive  order  n  by  this  relation,  (22) 
holds  as  far  as 

2Pa  =  p  (Pi  4-  P-i)— P0, 

Pi  -=p(Po  +  P-2).  (23) 

Now  we  have 

Po  =  j  sin  (p  sec  <£)  d<f>  =  —  ^  f  Y0(p)dp,  (24) 

where  Y0  is  the  second  Bessel  function  defined  by 

2  f»/3 

Y0  = - 1  sec  cos  ( <p  sec  <f>)  d<f>.  (25) 

if  Jo 

We  shall  use  the  notation 

Y0-1  =  P*  Yo  (p)  dp.  (26) 

J  o 

Since  we  have 

P-i=  -f  Y0;  P-2  =  ~~  Y0'  =  |  Y1(  (27) 

it  follows  that  by  using  (22)  and  (23),  wc  may  express  the  unknown  integrals 
in  (19)  in  terms  of  Y0_1,  Y0  and  Yi. 

Some  numerical  values  of  Y0-1  have  been  published  recently  by  G.  N. 
Watson ;  these  are  not  sufficient  for  our  purpose,  but  Watson  also  gives 
Tables  of  Struve’s  functions  Ho  and  Hi  ranging  from  0  to  16.  In  terms  of 
these  functions 

Yo"1  =  ;;Yo— |  p  (Y0Hi— YiHo).  ( 28 )♦ 

Watson’s  Tables  of  Struve’s  functions  and  of  Y0  and  Yi  have  been  used  in 
the  calculations  that  follow. 

6.  Returning  to  (19)  we  evaluate  the  simple  integrals  and  reduco  the 
others  in  the  manner  indicated  in  the  previous  section  ;  omitting  the  algebraic 
reductions,  the  final  result  is 

*  G.  N.  Watson,  ‘  Treatise  ou  Uessel  Functions,'  p.  752  (1923). 
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j>  _  512 (/pbV  p  / 1  —  i  g2\2  +  ^  (]  +  vg-'—  1  A.  +  --  —  + 1— —  — 
K  ~  7(l-iWb  (  :t  }  +  15  U+“*  '■  V  35  315  p* 

-l  { (h-m 8H  m  »V + s  (H  "+B  *•> 

p/  1  .  2  82  +  _L8,\^+  W_saj.i«9  g* 

■"21V60  315  6  + 1020  P  + 15  210  1890 


256  m n  4X2,  1,8192  60, 
+  — S2(l-^^)_a+_-4| 


35 


r 


+  E  i  /J_ l.g2+ J_8«\  !  +  JL/l_Pg2+  19  g4\?, 

+  2  l  \60  315  1020  !l  15  l  42  378  / 

+  (/19_32g2+16  pl  +  p2  ^  15384  IP  Y,  I.  (29) 

\15  21  35  Ip  35  p •*  olu  j»5J  J 

This,  with  p  —  <jLf&,  gives  the  wave  resistance  as  a  function  of  the 

velocity. 

For  large  values  of  p  it  is  simpler  to  calculate  directly  from  an  asymptotic 
expansion.  This  may  he  obtained  directly  from  the  integral  expression  for 
It,  or  by  substituting  in  (29)  the  asymptotic  expansions  of  Y0,  Yy  and  \o  h 
The  latter  method  gives  a  cheek  for  the  coellicients  in  (29),  since  the  positive 
powers  of  p  must  disappear  from  the  expansion ;  in  this  way  the  first  few 
terms  of  the  expansion  are  found  to  be 

R  ~  WP  ^  B  <* + **’"*  *  ? 

-<§r{s-S'+**)*H) 

h^^-K)})  <3"> 


15 
16' 

We  shall  consider  now  four  cases  numerically. 


Calculations  for  Four  Models. 

7.  In  model  A  we  take  8  =  0  ;  so  that  the  level  lines  of  the  ship  are  the 
parabolic  curves 

y  6(1 -*»//»). 

The  expression  for  the  wave  resistance  reduces  to 

-I  (<r/+  a) Y-4  ?  (»'* B  "+b;)  l31) 
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with  the  asymptotic  expansion 

ni2yp6»Zri  .  10  1  /7rV/2/l  •  /  7r\  1 5  1  /  ttOI 

+  \_2S  11  v  _ 4/^"It5 COR v  ~4.) J  J  (32) 


R 


For  small  values  of  p,  (51)  is  not  satisfactory  as  the  quantity  within  large 
brackets  is  the  small  difference  between  large  numbers;  it  is  better  then  to 
use  an  ascending  series  in  p  which  can  be  found  by  substituting  expansions  of 
Vo-1,  Y0  and  Yj.  The  first  few  terms  are 


R 


512 


7 T 


(JpVl  { 


V 


144 1  5750 


F*+---  log 


!->-) 


73 


230400 


**+••.},  (33) 


where  7  is  Euler’s  constant,  0-57722. 

From  these  expressions  the  values  in  Table  I  have  been  calculated. 


Table  I. — Resistance  of  Model  A. 


p • 

e/^GrL). 

10-’R /ffpb-l. 

P • 

c/v'fjrL). 

VPR/srpbH. 

11)  04 

0  226 

6-9 

7-8 

0  -358 

56 

18-07 

0  -235 

13  4 

7-086 

0-376 

131 

Hi  -5 

0-246 

12-9 

6 

0-408 

406 

14  '92 

0  -250 

8-7 

5 

0  -447 

897 

U 

0-267 

13 

3  '96 

0-503 

1502 

13  -361 

(/  -273 

21  -4 

2 

0-707 

2392 

11  -78 

0  -292 

52 

1 

1  0 

2050 

10  -22 

0-313 

58  -2 

0\S9 

1  -058 

1930 

9-24 

0-329 

41  -7 

0-5 

1  -414 

1434 

8-64 

0-340 

35  -8 

0-25 

2  0 

904 

A  certain  portion  of  the  range  will  be  studied  in  detail  later ;  the  Table 
gives  a  general  view  of  the  variation  of  the  resistance  with  the  velocity.  At 
low  velocities  the  resistance  is  small  and  oscillates  in  value;  then  at  a  speed 
of  about  0  4v/(/yL)  it  begins  to  rise  rapidly  and  reaches  a  maximum  at  about 
L)»  after  which  the  resistance  decreases  continually  and  converges  to 
zero  for  infinitely  large  velocities.  Doubtless  t.ho  conditions  under  which  the 
expressions  wore  obtained  would  be  violated  at  very  high  velocities,  but  it  is 
of  interest  to  trace  the  variation  in  value  over  the  whole  range.  Absolute 
values  could  be  obtained  from  Table  I  for  a  plank  of  given  dimensions  and  of 
the  specified  form  ;  these  would  be  comparable  with  experimental  results  for 
a  plank  of  finite  depth  if  the  velocity  were  such  that  the  effect  of  the  surfaco 
waves  could  be  neglected  at  the  depth  of  the  lower  edge  of  the  plank. 

8.  For  Model  R  wo  take  3  =  1.  The  formula;  are  now 
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p  _  HOOf/pPl  r  4  128  1  612  1  16384  1  t r  /  Ml 

Trf  L27  +  45  35  p*  Ml  5  y1  2  (2835 V 


T°1C  1  5  pi 


tt  /  31  „  40  256  1  ,  . - 

‘2  \2835y  +  189  +  63  315  ] 


S!i,li-4)Y.. 

CiiO  p' 


‘315 1  5 pi  "  2  \2835*  ’  189 

,  7r  /  31  a  ,  122  ,  5  12  1  ,16384  1  ,  v  I 

2  \28ua  283a  aiayr  ala  p  i  J 

The  corresponding  asymptotic  expansion  is 

___  8oo^/ri+iJ5I_/iV'‘  /  2  s,„  L;Ln  i  cos  („_?Yl]  (35) 

irf  (..97  45  \2p!  19  V  -t 1  30 y,  V  4/jJ  '  ’ 

The  general  course  of  li  is  similar  to  that  for  Model  A  except  that  the 
values  are  less  for  velocities  below  about  ()'36*y(yL)  and  higher  for  velocities 
above  that  value ;  for  example,  at^>  =  6  the  resistance  of  B  is  482  units,  and 
at  p  =  1  it  is  2546  units,  while  the  corresponding  values  for  A  are  406  and 
2050  respectively. 

9.  The  third  case  is  Model  C  with  S  =  1’25.  We  have  then 

p  131072  gnbH  f  529  2543  1  160  1  8000  1 

K  “  121tt  p3  \6912+  720  p-  7  pi+  63  p* 

15  1\  7T  /  2:5959 

n>  7,1 —77 


tt/  23959  3  2641  ,  275  1' 

^  +  64Gl2y  +  5l2^/ 


2 \2903040J 


2  \  2903040  :  483840 


63373 


,  220  1  ,  4000  1\  v  ,  7r  /  23959  ,  47443  „  111  1 

+  63  p3  +  63  p*J  °  2  (2903040^  +  1451520 P  560^ 


B6°l+S000  ^Tl}t  (36) 


63  p>z 

15008  sill'JJ 


63  pb 


and  for  large  values  of  p, 

D  1 31 072  f/plPl  T  529  ,  2543  1  /  ir  \'l*  f  529 
^  121tt  p3  Lo912  720  f  \2p)  ~  1.4608  ““  V'  4  / 

28865  1  /  ttM  1 

-50804?  ““(''-?)}]  <o7) 

The  remaining  example,  Model  D,  is  a  more  pronounced  variation  from  the 
standard  form  A.  With  S  =  15,  the  forward  point  of  iniiection  in  the  water- 
plane  curve  is  at  one-sixth  of  the  length  of  the  ship  from  the  bow. 

We  have  in  this  case 


D  _  204800  t/ptm  f  1  ,  61  1  ,  1152  1  ,  9216  1 

ax - rrr; - 5-  tt;  +  ~  —  +  ~l  "+ 


1  217T 


1 ' 


L48  1 5  p*  35  2ji 


!5  jfi 


7 T 

2  \6720 


37 

- V 


,  191 
+  6720  V 


,  99  1\  v  7 r  /  37  2  1  29  .  4608  1  \ v 

+  umtJ  -3  (o720^+073+  —  J1" 


'P 

7 Tt  37 
2  1,6720 


+  ^_^>+_ZL  i  I. 

'  ■>  '"-‘"4  3360 L  21  p 


35  pV 

1152  1  9216  1 

,+  35  pl 


o5  jJ 


Yi]  (38) 
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For  small  velocities  the  appropriate  expansion  is 


A  study  of  the  numerical  coefficients  in  these  various  formula:  gives  some 
indication  of  the  manner  in  which  the  resistance  varies  with  the  form,  and 
this  is  confirmed  by  actual  calculations  which  have  been  made  in  each  case 
as  in  Table  I  for  Model  A.  The  general  variation  of  the  resistance  is  the 
same,  but  the  differences  noted  between  Models  A  and  B  become  more 
pronounced  for  C  and  D ;  the  resistances  are  less  at  low  velocities  and 
greater  at  high  velocities  as  ve  progress  from  A  to  D  The  results  may 
now  be  collected  and  examined  graphically. 

10.  Fig.  1  shows  the  lines  of  models  A  and  D,  the  curves  being  one- 
quarter  of  the  water-plane  section  in  each  case.  In  the  comparison  we 
have  in  view  with  shipj  models  the  ratio  of  beam  to  length  is  of  the  order 
of  1  to  10.  In  '  1  :r  to  make  the  diagram  show  the  difference  on  a  small 
scale,  the  ratio  of  beam  to  length  in  fig.  1  is  1  to  5.  Further,  only  the 
extreme  models  A  and  I)  are  shown ;  the  lines  for  B  and  0  would  fall 
between  those  of  A  and  D. 


Table  II. — Models  of  Constant  Length  and  Displacement. 


Model. 

Beam. 

Water-plane  coefficient. 

!  Bow  and  stern  lines. 

A 

to  ! 

0-667 

Straight. 

B 

1-042 

0-64 

Straight. 

C 

1  -07fi 

0-62 

Hollow. 

D 

1  -136 

0-587 

Hollow. 

For  comparison  with  ship  resistance,  it  is  convenient  to  use  the  same 
co-ordinates  as  are  used  in  experimental  results.  In  graphing  the  resistance 
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we  use  as  a  base  the  quantity  V/^/L,  where  V  is  the  speed  in  knots  and 
L  is  the  length  in  feet ;  thus  we  have,  in  the  previous  notation, 

P  =  =  11-594  approx.  (40) 


The  range  for  V/^/L,  which  is  of  special  interest,  is  from  about  075 
to  T25.  Fig.  2  shows  the  curves  of  wave  resistance  for  the  four  models, 
obtained  by  calculating  K,  from  the  expressions  (31)  to  (39). 


Comparison  with  Ship  Jiesistance  and  General  Conclusions. 

11.  In  studying  these  curves  in  relation  to  experimental  data  from  ship 
models,  one  cannot  make  a  direct  numerical  comparison  of  absolute  values. 
In  the  present  calculations  one  has  the  advantage  of  isolating  some  single 
feature  and  of  seeing  how  its  variation  affects  the  results,  for  instance,  the 
form  of  the  level  lines.  On  the  other  hand,  in  experimental  curves  from 
models  there  is  no  simple  separation.  In  practice,  the  form  of  the  ship 
is  expressed  roughly  by  certain  coefficients  of  fineness:  the  water-plane 
coefficient  being  the  ratio  of  the  area  of  the  water-plane  section  to  a 
rectangle  enclosing  the  section,  the  mid-ship  area  coefficient  similarly 
defined,  the  prismatic  coefficient,  the  curve  of  sectional  areas,  and  so  forth. 
In  experiments  these  coefficients  may  be  varied  in  a  systematic  manner,  but 
in  their  effect  on  the  ship’s  form  they  are  not  in  any  mathematical  sense 
independent  variables ;  this  leads  to  some  difficulty  of  interpretation  from  a 
theoretical  point  of  view. 
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The  first  point  to  be  noticed  is  the  prominent  hump  on  the  resistance 
curves  in  the  neighbourhood  of  V /^/L  =  1.  This  is  a  well-known  feature 
of  ship  resistance  ;  it  has  been  stated  as  an  empirical  rule  that  this  hump 
occurs  at  V  =  rOS^L,  or  again  that  it  occurs  at  Y  =  1‘34V/(PL)  where  P 
is  the  prismatic  coefficient.  In  fig.  2  the  values  of  V/^/L  for  the  more 
normal  models  A  and  B  are  1'04  and  l-03  respectively,  while  for  the  more 
extreme  forms  C  and  D  with  hollow  lines  they  are  about  l-02  and  0  98 ;  the 
model  D  has  obviously  lines  which  are  unusually  fine  at  the  bow. 

In  the  figure  the  humps  and  hollows  are,  in  general,  more  pronounced 
than  in  experimental  curves.  The  familiar  pattern  of  ship  waves  is  usually 
described  as  made  up  of  transverse  waves  and  diverging  waves,  the  former 
being  the  chief  factor  in  the  wave  resistance ;  there  is  also  a  tendency  tc 
associate  the  transverse  waves  with  the  stream-lines  which  travel  along  the 
bottom  of  the  ship  and  the  diverging  waves  with  the  action  of  the  vertical 
sides  of  the  ship  at  the  bow,  but  this  is  misleading.  In  the  present  calcula¬ 
tions  we  have  models  in  which  none  of  the  stream-lines  can  go  underneath 
the  ship;  they  are  all  forced  sideways  from  the  bow.  It  appears  that  the 
effect  of  the  flat  bottom  of  the  ship,  and  of  its  finite  draught,  may  be  rather 
to  smooth  out  the  oscillations  in  the  resistance  curve.  A  general  feature 
of  the  curves  which  is  in  agreement  with  experiment  is  that  the  oscillations 
become  progressively  less  prominent  as  we  take  the  models  in  the  order 
A,  P»,  C,  I)  ;  this  is  especially  noticeable  in  models  C  and  D,  which  have 
hollow  lines. 

The  most  interesting  and  important  characteristic  of  the  set  of  curves  is 
their  intersection  in  pairs  at  values  of  V/^L  ranging  from  1*12  to  118. 
Compare,  for  instance,  models  C  and  A.  At  low  speeds  C,  with  its  finer 
entrance,  has  a  decided  advantage  ;  at  1*18  _the  resistances  are  equal,  while 
above  this  speed  the  advantage  remains  with  model  A,  with  blunter  ends 
but  with  less  beam.  It  has  been  remarked  that  one  cannot  make  exact 
comparison  with  experimental  results  from  ship  models,  but  a  general 
survey  of  the  data  hears  out  these  calculations.  Without  going  into  detail, 
it  may  suffice  to  give  a  few  references  to  standard  treatises  on  ship  resistance 
where  the  results  are  summarised. 

G.  S.  Baker  remarks :  “  In  the  section  dealing  with  the  relative  merits  of 
hollow  versus  straight  lines,  and  elsewhere,  it  has  been  shown  that,  for  vessels 
of  fine  form  intended  to  work  at  speeds  in  the  neighbourhood  of  V  =  y/L 
there  is  a  decided  gaiu  in  working  the  level  lines  with  some  hollow  in  them. 
It  has  also  been  known  that  for  such  fine  forms  at  very  high  speeds  the 
hollow  should  be  reduced  to  get  the  best  effect."* 

•G.S.  Baker,  ‘Ship  Form  Resistance  and  Sorew  Propulsion,'  p.  87,  2nd  edn. 
1920. 
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D.  W.  Taylor,*  referring  to  a  series  of  experiments  with  models  of  the 
same  displacement  and  of  varying,  midship  section  coefficients,  states  that 
the  models  with  full  midship-section  coefficients  drive  a  little  easier  up  to 
V-h^/L  =  11  to  T2,  and  the  models  with  fine  coefficients  have  a  shade  the 
best  of  it  at  higher  speeds.  Again,  the  same  author  analyses  the  results  of 
another  set  of  experiments  thus :  “  Fig.  67  shows  curves  of  residuary 
resistance  for  five  pairs  of  400-foot  ships,  each  pair  having  the  same  dis¬ 
placement  and  derived  from  the  same  parent  lines,  but  differing  in  midship 
section  area  or  longitudinal  coefficient.  It  is  seen  that  at  21  knots  No.  10 
with  0'04  longitudinal  coefficient  lias  2-M  times  the  residuary  resistance  of 
its  mate  No.  9  with  0'56  longitudinal  coefficient.  Hut  at  241  knots  they 
have  the  same  resistance.  Again,  No.  4  of  0'04  coefficient  at  21  knots  has 
nearly  twice  the  residuary  resistance  of  No.  3  of  0'5G  coefficient.  At 
25|  knots  they  have  the  same  residuary  resistance,  and  at  higher  speeds 
No.  4  has  the  best  of  it,  having  but  0  9  of  the  residuary  resistance  of  No.  3 
at  35  knots. 

“  These  results,  which  are  thoroughly  typical,  are  susceptible  of  a  very 
simple  qualitative  explanation.  A  small  longitudinal  coefficient  means  large 
area  of  midship-section  and  fine  ends.  A  large  longitudinal  coefficient 
means  small  area  of  midship-section  and  full  ends.” 

It  will  be  noticed  that  the  experimental  curves  referred  to  in  this  extract 
intersect  in  the  neighbourhood  of  the  point  V/v^L  =  1*2.  The  curves  of 
lig.  2  also  intersect  near  this  point.  The  lines  of  the  models  A,  11  and  C 
were  chosen  to  be  of  suitable  form,  limited  by  the  necessity  for  a  simple 
mathematical  expression  which  led  to  integrals  that  could  be  evaluated.  It 
may  be  claimed  that  the  curves  so  obtained  agree  with  experimental  data, 
and,  further,  that  they  repay  detailed  study,  in  that  the  variations  in 
resistance  are  connected  definitely  with  a  precise  variation  in  the  form  of 
the  model. 


*  D.  W.  Taylor,  ‘Speed  and  Power  of  Ships,’  pp.  90  and  97. 


Hareison  and  Sons,  Ltd.,  Printer*  in  Ordinary  to  Ilia  Majetty,  8t.  Martin’*  bane. 
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Studies  in  Wave  Resistance:  the  Effect  of  Parallel  Middle  Body. 

By  T.  H.  Havelock,  F.R.S. 

(Received  February  20,  1925.) 

Introduction  and  Summary. 

1.  If  a  ship  is  altered  by  inserting  different  lengths  of  parallel  middle  body 
between  the  same  bow  and  stern,  the  main  features  of  the  variation  in  the 
wave  resistance  may  be  inferred  from  the  principle  of  wave  interference,  and 
may  be  expressed  in  terms  of  a  certain  length,  sometimes  called  the  wave¬ 
making  length  of  the  ship.  The  problem  proposed  for  examination  is  the 
alteration  in  this  length  with  varying  length  of  parallel  middle  body  at  the 
same  speedy  and,  further,  its  variation  for  a  given  ship  at  different  speeds. 
Recent  discussions  have  attracted  renewed  attention  to  this  problem.  It 
may  be  said  that  there  are  two  approximations  based  on  experimental  results 
of  various  kinds  obtained  from  ship  models.  On  the  one  hand  the  wave-making 
length  is  supposed  to  be  approximately  independent  of  speed  for  a  given  ship, 
and  to  increase  directly  with  the  increase  of  parallel  middle  body  ;  on  the  other 
hand,  an  empirical  formula  which  agrees  with  experimental  results  over  a 
certain  range  makes  the  length  increase  with  velocity,  the  increase  being  one- 
quarter  of  the  increase  in  the  wave-length  of  regular  transverse  waves. 

The  following  contribution  to  the  solution  of  this  problem  is  mathematical, 
and  necessarily  deals  with  a  simplified  form  of  ship.  It  is  true  that  one  cannot 
compare  absolute  values  of  the  wave  resistance  with  those  of  actual  ship  models  ; 
but  it  has  been  shown  in  former  studies  of  the  dependence  of  wave  resistance 
on  ship  form  that  one  obtains  a  rather  remarkable  agreement,  at  least  in  the 
character  of  the  results  and  in  the  positions  at  which  changes  occur.  Leaving 
detailed  discussion  of  the  present  extension  till  later,  it  may  be  stated  that 
as  regards  the  two  approximate  formulae  mentioned  above  the  results  are 
intermediate  ;  after  an  initial  decrease  the  wave-making  length  increases  with 
velocity,  but  not  so  rapidly  as  in  the  quarter  wave-length  formula. 

In  §2  an  expression  is  developed  for  the  wave  motion  due  to  any  distribution 
of  doublets  in  a  vertical  plane  in  a  uniform  stream,  and  in  §3  this  is  associated 
with  the  form  of  the  ship’s  surface.  Applying  the  formula)  to  a  ship  of  infinite 
draught,  with  parabolic  curves  for  the  entrance  and  run  and  with  parallel  middle 
body,  we  obtain  a  general  expression  for  the  wave  resistance  (§4).  After  com¬ 
putation  of  the  functions  involved  (§5),  a  detailed  numerical  study  is  made  for 
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a  ship  with  entrance  and  run  each  of  80  feet  and  with  parallel  middle  body 
increased  from  zero  up  to  340  feet,  as  in  \Y.  Froude's  well-known  experiments 
(§6).  Fig.  2  show's  the  curves  of  wave  resistance  for  five  different  velocities, 
the  base  being  the  length  of  parallel  middle  body.  A  short  account  of  model 
lesults  and  of  recent  discussions  is  given  in  §7,  and  the  present  calculations  are 
reviewed  in  the  remaining  sections.  The  information  from  the  curves  of  fig.  2 
is  extended  by  an  equation  whose  roots  give  the  complete  series  of  maxima 
and  minima  (§8).  The  roots  are  found  numerically  for  three  series.  With  both 
the  length  of  the  ship  and  the  speed  varying,  we  obtain  the  roots  for  the  maxima 
for  wrhich  on  a  simple  theory  the  w'ave-making  length  is  equal  to  one  and  a  half 
wave-lengths  ;  Table  III  shows  the  actual  variation  of  this  length.  Then  two 
series  of  roots  are  found  for  a  ship  of  constant  length  at  varying  velocities, 
one  for  a  ship  of  160  feet  without  parallel  middle  body,  and  the  other  when 
240  feet  of  parallel  middle  body  have  been  inserted  ;  these  are  given  with 
other  quantities  in  Tables  IV  and  V,  and  the  results  are  discussed  in  relation  to 
experimental  data. 

Expressions  for  Ware  Resistance. 

2.  A  uniform  stream  of  deep  water  moves  with  velocity  c  in  the  negative 
direction  of  Ox,  the  axes  Ox,  Oy  being  in  the  undisturbed  surface,  and  the 
axis  Os  vertically  upwards.  Suppose  there  is  a  doublet  of  moment  M  in  the 
liquid  at  the  point  (k,  0,  —  /)  with  its  axis  parallel  to  Ox.  With  the  usual 
limitation  of  assuming  the  additional  fluid  velocity  at  the  surface  to  be  small 
compared  with  c,  one  can  write  down  complete  expressions  for  the  velocity 
potential,  and  so  deduce  the  wave  disturbance  and  the  corresponding  wave 
resistance.  It  is  convenient  to  begin  here  by  quoting  from  a  previous  paper* 
the  wave  resistance,  altered  to  the  present  notation,  as 

w 

R  =  16to74pM2c-8  f  acc*  <f>e~W  d<f>.  (1) 

Jo 

In  the  same  paper  it  was  also  shown  how  to  generalize  this  expression, 
first,  for  any  two  doublets  at  given  points  in  the  plane  y  --  0  and  then  for  any 
continuous  distribution  in  the  same  plane.  Equation  (37)  of  that  paper 
gives  the  result  for  a  continuous  line  distribution  of  doublets  along  the  line 
y  =  0,  z—  —  /;  an  obvious  extension  gives  now 

R  =  16w/V-8  Cdf  Cdf  f  dh  f  dh’  f  ^  (h,  /)  *  {h\  /') 

Jo  Jo  J  —  x  J  — »  Jo 

X  sec8  <f>e~  Cos  [  {  7  (/*  —  /*')/c~ }  sec  <f>]  il<f>,  (2) 

*  ‘Hoy.  Soc.  Proc.,’  A,  vol.  H5,  p.  358  ^  1U10). 
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for  a  distribution  of  doublets  in  the  plane  y  =  0,  the  moment  per.unit  area 
being  ^  (h,f)  and  the  integrations  extending  over  the  whole  distribution.  The 
function  ^  must  be  such  that  the  integrals  are  convergent,  as  well  as  the 
corresponding  expressions  for  the  velocity  potential  and  the  surface  disturbance. 
We  now  integrate  (2)  by  parts  with  respect  to  h  and  h',  and  as  we  shall  deal 
with  distributions  which  are  of  finite  extent  in  the  x  co-ordinate,  we  obtain 


IT 

R  =  167t g2pc~*  [  df  j"  df  1"  dhi  dh'  f  d^i/dh.  3  ty'/dh' .  sec3  <f> 
JO  Jo  J  — »  J— oo  Jo 


X  e-  {»(/+/')/<*} sec**  cos  (h-h')lc3}  sec  <f>]  df  (3) 

The  fluid  motion  is  symmetrical  with  respect  to  the  plane  y  =  0  ;  we  may 
therefore  confine  our  attention  to  the  fluid  on  one  side  of  this  plane  and  we  may 
interpret  (3)  in  terms  of  the  distribution  of  normal  fluid  velocity  over  the  plane 
y  =  0.  For,  from  the  definition  of  the  normal  fluid  velocity  at  the  point 
(h,  0 ,/)  is  27:3  ty/d h.  Substituting  in  (3)  we  should  then  have  the  wave  resistance 
for  a  given  distribution  of  normal  fluid  velocity  over  the  plane  y  =  0.  From  the 
latter  point  of  view  the  solution  can  also  be  obtained  by  methods  of  harmonic 
analysis  ;  the  expression  for  the  wave  resistance,  used  in  a  former  paper,* 
agrees  with  (3)  found  by  the  method  of  sources  and  sinks. 

3.  In  the  application  to  ship  waves  the  same  assumptions  are  made  as  in  the 
paper  just  quoted.  The  plane  y  =  0  is  the  fore  and  aft  median  plane  of  the 
ship,  and  the  inclination  of  the  ship’s  surface  to  this  plane  is  supposed  small. 
The  ship  is  then  replaced  by  an  equivalent  distribution  of  normal  fluid  velocity 
over  its  section  by  the  plane  y  =  0,  namely  the  component  of  the  stream  velocity 
c  over  the  actual  surface  of  the  ship  ;  thus  if 


y  =  F  (*,  z) 

is  the  equation  of  the  ship’s  surface,  we  use  in  (3) 

o  BF 

2tc  3A  =  C  3z  ' 


(4) 

(5) 


A  difficulty  which  may  arise  in  the  general  solution  should  be  mentioned,  but 
need  not  be  considered  further  in  the  present  applications.  A  mathematical 
infinity  may  occur  in  some  of  the  expressions  ;  this  may  be  removed  by  intro¬ 
ducing  a  suitable  factor  to  ensure  convergency,  but  in  any  case  it  only  occurs 
in  those  parts  of  the  velocity  potential  and  surface  disturbance  which  represent 
the  local  symmetrical  disturbance.  The  integrals  for  the  wave  disturbance, 
and  consequently  expression  (3)  for  the  wave  resistance,  remain  finite. 

*  ‘  Roy.  Soc.  Proc.,’  A,  vol.  103,  p.  574  (1923). 
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4.  Suppose  the  ship  to  be  symmetrical  fore  and  aft,  and  take  the  origin 
at  the  midship  section.  To  simplify  the  calculations  we  assume,  as  in  previous 
studies,  the  ship  to  be  of  infinite  draught  and  to  be  of  constant  horizontal 
section,  as  shown  in  fig.  1. 


The  length  of  parallel  middle  body  is  2k,  and  l  is  the  length  of  entrance  or 
run ;  the  curved  surface  is  of  parabolic  form,  the  equation  of  AB  being 

y  =  b  {l—(x—k)2/l2}.  (6) 

Substitute  from  (5)  and  (6)  in  (3).  Since  the  normal  velocity  is  zero  over  the 
parallel  middle  body,  and  since  the  ship  is  symmetrical,  the  integrations  in 
h  and  h'  simplify  considerably ;  also,  we  may  carry  out  the  integrations  in 
/  and  /'  and  so  obtain 

ir 

R  =  4pc27t~1  [  J2cos  <f>d<f>, 

Jo 

where 

J  =  j  sin  sec  dh.  (7) 

Evaluating  J,  we  find  after  some  reduction 

E  =  j  ‘  [i  cos’  f  4-  cos’  *  - 1  cos*  * «»  (|  sec  *) 

—  ~  cos5  (f>  cos  (y\,  sec 6j+l  (cos3  <j>—  cos5  cos 8ec  <j> j 

-  £  cos4  <j>  sin  jM  sec  +  t  cos4  *  sm  sec*} 

+  ~  cos5  * cos  sec —  I  ~  cos5  * cos sec *} J  d<f>.  (8) 
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Using  the  notation 


•2» 


■  2n  +  l 


(p)  =  ( —  l)n  |  cos2n  <f>  sin  (p  sec  <f>)  d<f>, 

Jo 

n 

(p)  =  ( —  l)n+1  f  cos2n+1  <f>  cos  (p  sec  <j>)  d<f>, 

Jo  • 


we  have 
R 


fP  91 


g2P 


diere 


+*P3  (Pi)  ~  ~gl  P4  (Pi)  rH~  P5  (Pi)  +  -X  P4  (Pi 
~  fffi  P 5  (Pi) +£^2  P&  (Pi)  J  > 

Pi  =  9  (2k+2l)jc2>  P2=g  (2k+l)/c2,  p3  =  2gkjc2. 


(9) 


(10) 


Tabulation  of  Functions. 

5.  In  order  to  obtain  the  curves  we  require,  we  have  to  evaluate  (10)  for  a 
large  number  of  values  of  k,  and  in  each  case  for  several  values  of  c ;  it  was 
necessary  to  prepare  tables  and  graphs  of  the  P  functions.  Y0  and  Yx  being 
Bessel  functions  of  the  second  kind  and  Y0_1  being  defined  by 

Yr1  =  £Y°(pWp,  (11) 

we  have,  from  sequence  relations  given  previously,* 

P3  =  -^  {(p3— 3p)  Y0-l+p2Y0-(p8-4p)  Yi} 

P4  =  -  ^  {(P4-6/+9)  Y0 -'+(p*-9p)  Y0— (p*— 7p2)  Yj} 

Ps  =  “  io  {(p6_10p3+45p)Yo~l+(p4“13p8)Yo_(/'6"lll>3+64i))Yl}- (12) 

The  values  of  Y0  and  Yx  and  of  Struve’s  Functions  Ho  and  Ht,  given  in  G.  N. 
Watson’s  “  Treatise  on  Bessel  Functions,”  were  used  to  calculate  values  of 
Yo-3  from  the  formula 

Yo"1  =  pY0—  ^  p  (Y0Hi— YiH0),  (13) 

md 

*  ‘  Roy.  Soc.  Proc.,’  A,  voi.  103.  p.  578  (1023), 
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and  then  values  of  the  P  functions  were  found  from  (12).  With  increasing 
values  of  p,  the  multipliers  in  (12)  bec  ome  large,  and  this  method  loses  accuracy 
unless  the  Bessel  functions  are  known  to  a  large  number  of  places.  It  is  then 
preferable,  and  sufficiently  accurate  for  the  present  purpose,  to  calculate  from 
a  few  terms  of  asymptotic  expansions.  These  can  be  found  independently, 
or  derived  from  those  of  the  Bessel  Functions  ;  they  are 


P5' 


V  2p\ 


'  \  ■  1  7C 

sm  [P~  2 


1065  ±  269-7 

128  psi~  p4 

I  / 17  1  42-961  ,  1980\  / 

+ (  ^ - _  +  _)  cos  -)j 


v  8  p 

A/«// ,  1569  1  ,  527‘3\  /  «' 

VayU1-  128  ?  +  —  )0M(p-4. 

,  /2L1  73-608  ,  4353\  .  /  n\'\ 

\~8  P  p3  p®~ )  Sm  Y~  4/J  ’ 

/  7t  (7.  2169  1  ,  933‘2\  .  I  is 

^  2u  l\  ~  128  j?  +  /  Sm  V  _  I 


F 

/25  1  _  115-97  8554 

8  p  p3  p5 


cos (p  - j 


W'O. 

J 


(14) 


Although  systematic  computation  of  these  functions  lias  not  been  attempted 
to  any  high  degree  of  accuracy,  it  was  found  necessary  to  calculate  a  large 
number  of  values  from  p  zero  up  to  p  equal  to  40.  Some  of  these  are  recorded 
in  Table  I. 


Table  I. 


p ■ 

P.- 

P.- 

p5- 

0 

+0-6666 

0 

-0-0333  1 

0-4 

+0-5880 

t 0-2563 

-0-4705  : 

0-8 

4  0-3876 

+0-4551 

-  0-3361 

10 

+0-2560 

+  0-5108 

-0-2381  ! 

12 

+0-1171 

+0-5573 

— 0-1300  |j 

1-6 

-0- 15(H) 

+  0-5480 

+  0-0003  |j 

20 

-0-3867  1 

4  0-4366 

+  0-2040 

2  4 

-0-5106 

+  0-2500 

+  0-4405  ,j 

2-8 

-0-5651 

+0-0281 

+0  -4002  |, 

3  0 

-0-5136 

—0-0828 

4  0-4840  i 

3  2 

-0-4008 

-  0-  Isstl 

1 

i  0-4571* 

il 

V • 

p 

1  »• 

P«- 

P.- 

3-6 

-0-3515 

-0-3606 

-0-3457 

4-0 

0-1517 

-0  4624 

■i  0-1784 

4-4 

-  0-0507 

-0-482S 

4  0-0150 

4-8 

,  0-2580 

0-4220 

-0- 1800 

5-0 

4  0-3317 

0-3570 

-0-2721 

6 

•  0-447K 

0-6741 

-0-4230 

7 

•  0- I3H0 

-  0  3032 

-0-1623 

s 

0-2650 

•  0-3105 

.  0  2201 

0 

0-3884 

o-04*Hl 

•i  0-3700 

10 

- 

-  0-1475 

! 

0-8348 

r 0-1660 

... 

Many  intermediate  values  of  the  functions  were  required,  and  the  only 
practicable  plan  was  to  construct  graphs  from  which  these  could  Is*  taken 
with  an  accuracy  of  three  figures.  This  wu»  obtained  by  drawing  graphs 
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of  the  three  functions  over  the  range  from  0  to  40,  the  scale  for  p  being  1  inch 
for  unity  and  the  scale  for  the  ordinates  being  10  inches  for  unity  ;  these  gave 
the  required  accuracy,  supplemented  at  critical  points  by  numerical  calcula¬ 
tion.  The  graphs  are  not  reproduced  here,  as  they  lose  their  practical  value 
unless  on  a  very  large  scale  ;  they  are,  of  course,  similar  in  character  to  graphs 
of  the  Bessel  functions — oscillating  curvfes  diminishing  in  absolute  value  with 
increasing  argument. 

Resistance  Curves. 

6.  We  can  now  make  a  numerical  study  of  the  wave  resistance  given  by 
(10).  We  might  adopt  dimensionless  variables,  such  as  gljc1  and  kjl,  but  the 
calculations  were  begun  with  the  intention  of  comparing  the  results  with 
W.  Froude’s  curves  ;  we  take  therefore 

l  —  length  of  entrance  =  length  of  run  =  80  feet 
2k  —  length  of  parallel  middle  body, 

with  2  k  increased  from  zero  up  to  340  feet.  For  an  assigned  velocity  c,  the 
values  of  R  were  found  for  every  20  feet  of  parallel  middle  body  ;  as  a  rule, 
intermediate  values  were  also  calculated  so  as  to  define  the  maxima  and  minima 
with  sufficient  accuracy. 

Two  examples  of  the  work  may  suffice.  With 

g/c 2  =  0'045  ;  c  =  26-75  ft./sec. ;  V  —  15-83  knots  ;  (16) 

we  have,  from  (10), 

R  -ffijSx  10-974  x[0-5026  + (iP3-~P4-t-~^-2P5){0-09/.+7-2} 

+  (fr«p-  -  if96Ps)  f0'09‘+3'61+ *r52p‘  117> 

The  notation  {  }  denotes  the  argument  of  the  P  functions  in  the  preceding 
bracket. 

For  increments  of  10  in  the  value  of  k,  the  P  functions  were  required  at 
intervals  of  0-9  from  zero  up  to  22-5.  Again,  with 

g/c*  =  0-02  ;  c  =  40- 13  ft./sec. ;  V  =  23 -76  knots,  (18) 

we  have 

r  x  125  x  |~0- 2344 H-  (|P3~  p-  P4+  —r. vP»)  {0-0  *-*+3 -2} 

07T  L  1*0  0 ' 1 J  i 

+ (r-,p‘-n*p‘) <uw*+,-#» 1  ns1** ‘#,ow»}  «»> 
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In  this  case  the  arguments  of  the  P  functions  increase  by  intervals  of  0  •  8 
from  zero  up  to  10. 

It  may  be  noticed  from  (17)  and  (19)  how  the  relative  importance  of  the 
oscillating  terms  alters  with  the  velocity. 

This  process  was  carried  out  for  nine  different  velocities,  namely  : — 

jf/c8  =  0*1,  0-0625,  0-05,  0-045,  0-04125,  0-0375, 

0-03125,  0-02,-  0-0075.  (20) 

Five  of  the  curves  are  shown  in  fig.  2,  which  gives  the  quantity  8tcR Igp&l 
on  a  base  2  k  representing  the  length  of  parallel  middle  body  ;  the  curves  for 
higher  speeds  are  not  reproduced,  as  the  scale  would  obscure  the  effects,  but  the 
data  are  used  in  the  discussion. 

Approximate  Formulae. 

7.  It  is  convenient  to  summaries  now  the  experimental  data  and  empirical 
formulae  derived  from  them. 

The  investigation  of  W.  Froude*  was  the  first  direct  study  of  interference 
of  bow  and  stern  waves  made  by  testing  models  with  the  same  bow  and  stern, 
but  with  increasing  lengths  of  parallel  middle  body.  We  associate  with  this  work 
the  subsequent  paper  by  R.  E.  Froude,' f  who  applied  the  principle  of  interference 
to  the  resistance  of  a  given  model  at  different  speeds.  Founded  on  this  work, 
the  approximate  theory  has  been  developed  :  the  bow  produces  a  wave  system 
beginning,  so  far  as  "-gular  transverse  waves  are  concerned,  with  a  crest 
slightly  aft  of  the  bow,  while  the  stern  originates  a  system  beginning  with  a 
trough  a  little  aft  of  the  after-body  shoulder.  Assume  that  this  wave-making 
length,  say  Z,  is  approximately  independent  of  speed,  and  further  assume  that 
the  wave  resistance  is  chiefly  due  to  the  transverse  waves.  If,  then,  X  is  the 
wave-length  of  regular  transverse  waves  for  velocity  c,  the  so-called  humps 
and  hollows  on  the  resistance  curve  occur  at  speeds  for  which  Z  is  an  odd  or 
even  multiple  of  |X.  Or,  if  we  assume  an  approximate  formula 

R  =  A— B  cos  (<?Z/c2),  (21) 

where  A  and  B  are  undetermined  functions  of  velocity,  the  humps  and  hollows 
correspond  to  the  maxima  and  minima  of  the  cosine  factor  ;  hence  we  have 
the  sequence 

h  72’  7s’  7 i’  **•  (22) 

*  W.  Froude,  ‘Trans.  Ntfv.  Arch.,’  vol.  18,  p.  77  (1877). 
t  K.  E.  Froude,  ‘Trans.  Nav.  Arch.,’  vol.  22,  p.  220  (1881). 
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for  the  ratios  of  the  velocities  at  which  these  occur,  beginning  with  the  final 
hump  on  the  curve  of  R  plotted  on  a  velocity  base. 

This  was  the  sequence  verified  experimentally  by  R;  E.  Froude.  It  should 
be  noted,  however,  that  these  points  are  not  actual  maxima  or  minima  on  the 
resistance-velocity  curve  ;  although  their  approximate  position  is  fairly  obvious 
from  inspection,  they  cannot  be  defined  accurately  without  a  knowledge  of  the 
mean  resistance  curve. 

Turning  to  W.  Fronde's  work,  it  is  obvious  we  should  have  similar  phenomena 
if  the  effect  of  introducing  parallel  middle  body  is  simply  an  addition  to  the 
wave- making  length.  This  is  the  case  if  we  consider  any  curve  of  R  on  a  base 
of  parallel  middle  body  for  a  given  speed.  Here  we  are  dealing  with  actual 
maxima  and  minima  ;  and  Froude  s  curves  show  that,  within  experimental 
error,  the  separation  between  consecutive  maxima  is  approximately  equal 
to  the  wave-length  X.  On  this  theory  the  quantity  Z  derived  from  each  curve 
should  be  the  same  for  all  velocities,  but  Froude  did  not  examine  that  point. 
The  second  approximate  theory,  which  we  shall  consider  now,  asserts  in  fact 
that  Z  is  not  constant  in  these  curves. 

From  a  study  of  various  model  results,  a  formula  connecting  Z  with  ship 
form  was  given  by  G.  S.  Baker  and  J.  L.  Kent*  ;  the  formula  was  later  asso¬ 
ciated  with  direct  observation  of  wave  profiles  in  certain  cases.  For  a  recent 
critical  account  of  this, formula,  reference  should  also  be  made  to  two  papers 
by  J.  Tutinf  and  to  the  discussions  published  in  connection  with  them. 

The  formula  is  equivalent  to  defining  the  wave-making  length  Z  by  the 
equation 

Z  -  PL+JZ  =  PL+to2/2 g,  (23) 

where  L  is  the  total  length  of  the  ship,  and  P  is  the  prismatic  coefficient  of 
form.  Since  P  is  the  ratio  of  the  volume  of  the  ship  to  the  volume  of  a  prism 
of  the  same  length  and  with  section  equal  to  the  midship  section  of  the  ship, 
we  have  in  the  present  notation 

PL  -  2A  +  21V,  (24) 

where  P(.  is  the  coefficient  for  the  entrance  or  run  ;  «nd  at  any  given  speed 
there  is  a  similar  relation  between  R  and  2 k  as  on  the  previous  theory.  The 
chief  interest  of  (23)  lies  in  the  second  term,  which  makes  Z  increase  with  the 

*  (J.  >S.  Baker  and  J.  L.  Kent,  ‘Trans.  Xav.  Ai.h.,’  vol.  55,  I’t.  II,  j>,  37  (1913);  also 
J.  L.  Kent,  ‘Trans.  Xav.  Arch.,’  vol.  57,  p.  154  (1015). 

f  J.  Tutin,  ‘Trans.  Xav.  Arch.,"  vol.  00,  p.  240  (1924);  also  •  Trans.  X,  E.  Coast  Inst. 
Eng.  and  Ship.,’  vol.  41  (192  5), 
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velocity,  in  contrast  to  R.  E.  Froude's  results.  The  expression  for  R  corre¬ 
sponding  to  (21)  is  now 

R  —  A--1-B  sin  (gFL/c-), 
and  instead  of  the  sequence  (22)  we  have 

1  J_  J_  J_ 

’  \/3  ’  v/5’  x/'J’  " 

for  the  ratios  of  the  significant  velocities. 

The  authors  of  this  formula  based  it  upon  observations  over  a  certain  inter¬ 
mediate  range  of  velocities.  If  we  omit  the  first  two  or  three  terms  in  the 
sequences  (22)  and  (26),  there  is  a  range  in  which  the  ratios  do  not  differ  very 
much  ;  further,  if  we  are  considering  a  resistance-velocity  curve,  the  points 
in  question  are  not  defined  with  precision.  However,  these  remarks  do  not 
apply  to  the  final  hump  on  such  a  curve,  and  in  that  case  the  available  evidence 
seems  to  favour  the  first  sequence  (22). 

It  is  different  when  we  turn  to  .resistance  curves,  such  as  those  given  by 
W.  Froude  and  by  Baker  and  Kent,  in  which  the  base  line  is  length  of  parallel 
middle  body.  In  these  curves  we  may  follow  the  position  of  a  certain  maximum 
as  the  velocity  is  increased.  If  the  wave-making  length  Z  is  constant,  it  follows 
from  (21)  that  if  X  is  the  wave-length  and  2k  the  length  of  parallel  middle  body 
at  which  the  maximum  occurs,  we  should  have 

X  — 2 k  ~  constant;  (27) 

z 

while,  on  the  other  hand,  from  (23)  and  (25)  we  should  have 

-W~^~  X  — 2  k  =  constant,  (28) 

4 

where  n  is  zero  or  an  assigned  positive  integer. 

It  is  certainly  the  case  that  over  the  range  which  has  been  examined  the 
second  relation  (28)  fits  the  data  very  well.  For  comparison  with  present 
calculations  we  may  take  one  example  from  the  results  of  Baker  and  Kent. 
The  figures  are  given  by  Kent,  in  a  recent  discussion  already  quoted,  for  the 
case  n  —  2.  They  relate  to  models  ranging  in  length  from  11-2  feet  to  20  •  5  feet 
by  the  insertion  of  parallel  middle  body  ;  and  the  velocities  vary  from  290 
to  370  feet  per  minute.  We  transform  the  results  to  apply  to  ships  with  entrance 
and  run  equal  to  160  feet  by  multiplying  all  lengths,  including  wave-lengths, 
by  the  factor  100/11-2.  In  the  present  notation  we  obtain  thus  Table  IT. 


(25) 

(26) 
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Table  II. 


X. 

2k. 

\ 

$X-2i k. 

65 

43 

120 

103 

73 

60 

122 

104 

79 

74 

124 

104 

90 

96 

129 

106 

96 

110 

130 

106 

106 

133 

132 

105 

It  should  also  be  stated  that  Kent  has  observed  the  wave  profile  for  a  certain 
model  at  two  speeds,  and  his  analysis  of  the  waves  agrees  with  the  view  that 
in  that  case  the  distance  between  the  first  regular  bow  crest  and  the  first  stern 
trough  had  increased  by  one-quarter  of  the  increase  of  wave-length. 

Discussion  of  Results. 

8.  We  return  now  to  the  curves  of  fig.  2  obtained  by  the  present  calculations. 

Absolute  values  are  not  under  consideration,  and  wre  notice  one  or  two  other 
respects  in  which  the  curves  differ  from  experimental  results.  The  interference 
effects  are  very  greatly  increased ,  and  this  is  no  doubt  largely  due  to  the  infinite 
draught  of  the  ship  ;  further,  as  might  also  have  been  anticipated,  the  oscilla¬ 
tions  in  any  curve  do  not  fall  off  so  rapidly  with  increasing  length  of  the  ship 
as  in  practice. 

Consider  now  the  positions  of  the  maxima  and  minima.  Take,  for  instance, 
the  curve  for  gjc2  =  0  0625,  that  is,  for  X  =  100-5  feet.  Successive  maxima 
occur  at  2k  —  28,  128,  228  ;  the  differences  are  equal  to  the  w^'v-length,  to 
the  order  of  approximation.  This  rule  holds  for  any  of  the  curves  for  moderate 
velocities.  Again,  considering  the  actual  positions,  the  maximum  at  2k  —  128 
for  the  same  curve  evidently  corresponds  to  n  =  2  in  the  formula;  (27)  and  (28), 
the  wave-length  being  100-5.  In  Table  II  we  had  2k  —  133  for  a  wave-lv  gth 
of  106.  Thus,  to  a  first  approximation  the  actual  positions  are  in  very  fair 
agreement ;  more  could  not  be  expected,  for  the  experimental  results  vary 
slightly  according  to  the  lines  of  the  model,  ami  no  attempt  has  been  made 
here  to  fit  closely  the  form  of  any  particular  model. 

We  have  now  to  group  corresponding  maxima  at  different  speeds.  It  is 
easily  seen  that  the  crests  A3  on  fig.  2  must  correspond  to  n  =  1 ,  A&  to  n  =  2, 
and  so  on  ;  the  troughs  are  given  by  the  intermediate  values  n  —  !>  ?>  •  •  • 

We  have  to  follow  out  any  one  of  these  series  and  find  the  relation  between  X 
and  2k  ;  before  doing  so,  we  extend  the  calculations  beyond  the  curves  shown 
in  fig.  2. 
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9.  It  is  not  necessary  to  graph  a  large  range  of  resistance  curves  at  each 
speed  to  find  the  positions  of  the  maxima  or  minima.  Turning  to  the  general 
expression  (10)  for  the  wave  resistance,  we  require  the  roots  of  the  equation 

dR/dk  =  0.  (29) 


Since  P'„+1  =  Pn,  we  find  that  this  reduces  to 


S*+*£p‘)t 


9l 


g(2k+2l)) 


But  we  have 
and  if  we  write 


=  0.  (30) 


pPo  (p)  =  4P3  (p)  - pP,  (p)  +  5P5  (p),  (31) 


x  —  gl/c 2  =  2tcZ /  X  ;  y  =  2gkjct  ~  inkfX  =  2 kxjl,  (32) 


the  equation  (30)  becomes,  in  terms  of  functions  which  have  been  tabulated 
here, 


f- 


r2— 1 

■P3-:WP4  + 


P5)  {y+2a;} 


xy-\-2xr~°  2*2  1  2y+ix' 

+  (!p*-ip*){y+a!}+2?p*{»}  =  °- 


(33) 


The  problem  is  the  determination  of  pairs  of  positive  values  of  x  and  y 
satisfying  this  equation.  The  approximate  formulae  (27)  and  (28)  are  equivalent 
to  arranging  these  in  series  in  linear  relationships.  For  a  numerical  study  of 
the  roots  of  (33),  we  have  to  use  the  tables  and  graphs  of  the  P-functions  to 
which  reference  was  made  in  §5.  Starting  with  some  value  of  x,  we  find  the 
corresponding  value  of  y  from  (33),  and  it  is  not  difficult  when  we  take  another 
value  of  x  to  decide  which  is  the  corresponding  root  in  y  ;  the  preliminary 
survey  of  the  curves  in  fig.  2  enables  us  to  follow  out  any  required  sequence. 
We  choose  here  the  series  corresponding  to  n  —  1 — that  is,  the  series  of  crests 
which  includes  those  marked  A3  in  fig.  2.  It  was  found  that  with  the  large- 
scale  graphs  of  the  P-functions,  the  value  of  the  left-hand  side  of  (33)  could 
be  calculated  with  sufficient  accuracy  for  a  graphical  method  to  give  the 
required  root ;  except  that  for  high  velocities — that  is,  low  values  of  x — the 
graphs  had  to  be  supplemented  by  direct  calculations. 

Omitting  the  details  of  the  work,  the  following  pairs  of  roots  were  obtained  : — 


X 

597 

B 

3-6 

2 

1-6 

y 

0 

1-75 

B 

na 

0-56 
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On  the  scale  used  for  fig.  2,  we  have  l  —  80  ft.  ;  from  these  values  of  x  and  y 
we  get  from  (32)  the  values  of  >.  and  2 k  and  so  the  results  collected  in  Table  III. 


Table  III. 


24. 

X. 

::A  -  24. 

I 

* 

1 

2  k\ 

A. 

ijA  — 24. 

— 24. 

0 

84 

120 

105 

171-5 

201 

121 

81 

28 

100-5 

122 

OS 

106 

218-6 

122 

77 

66 

120 

122 

02 

244 

251  -2 

122 

70 

85 

140 

125 

oo 

32S 

214 

142 

65 

125 

167-5 

126 

84 

— 

— 

— 

— 

From  the  third  column  we  see  that  the  wave-making  length  Z  of  the  approxi¬ 
mate  theory  is  not  constant.  There  is  first  a  small  decrease,  which  wre  should 
find  emphasised  if  we  examined  a  higher  order  of  crest,  say,  for  n  —  2  ;  then 
for  a  short  range  it  is  practically  constant,  after  which  it  increases  steadily 
with  the  velocity.  However,  we  see  from  the  fourth  column  that  the  rate  of 
increase  is  not  so  large  as  in  the  alternative  approximate  formula. 

If  we  had  taken  any  other  series  of  corresponding  crests  or  troughs,  we 
should  have  found  similar  results  at  moderate  velocities,  but  with  greater 
increase  at  high  speeds  where  the  distance  between  successive  maxima  differs 
somewhat  from  the  wave-length. 

9.  Consider  now  the  resistance-velocity  curve  for  any  given  length  of  ship. 
It  has  already  been  stated  that  the  points  of  maximum  excess  or  defect  on 
such  a  curve  cannot  be  found  precisely  ;  however,  they  will  be  in  the  neigh¬ 
bourhood  of  the  velocities  for  which  dRjdk  is  zero  for  the  given  length  of  ship, 
this  being,  in  fact,  the  assumption  involved  in  the  usual  comparison  of  experi¬ 
mental  data  of  the  two  kinds. 

We  shall  work  out  two  examples.  First,  for  a  ship  with  no  parallel  middle 
body,  equation  (33)  reduces  to 

(it?  p* + i Pi)  (2*) + (i p>  -  b p*) w  =  °-  (S4» 

The  first  seven  roots  and  the  corresponding  results  are  shown  in  Table  IV. 


Table  IV. 


X 

1-02 

4  14 

mm 

7-41 

|  8-70 

!  10-55 

1 

12  14 

A 

260 

121-4 

83-0 

67-8 

' 

r«~ 

47-65 

41-4 

z 

130 

121-4 

126 

135-6 

143  J 

145 

V/vO, 

1-7 

1-17  j 

0-97  | 

0-87 

0-73 

0-68 
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The  roots  correspond  to  the  series  of  humps  and  hollows  on  the  resistance 
curve.  The  third  row  shows  the  wave-making  length  Z,  and  in  the  last  row 
are  the  values  of  V/fL,  where  V  is  in  knots  and  L  is  the  length  of  the  ship 
in  feet.  The  velocities  which  would  be  assigned  from  an  inspection  of  the 
actual  resistance  curve  would  naturally  be  a  little  higher  than  those  found 
from  (34),  especially  where  the  mean  resistance  curve  rises  rapidly.  We  have 
already  considered  the  increase  of  Z  from  moderate  to  higher  velocities  ;  we 
notice  here  that  it  is  not  sufficient  to  affect  appreciably  the  value  of  V/\/L  for 
the  position  of  the  final  hump.  Table  IV.  brings  out  a  new  point,  namely, 
the  increase  of  Z  with  decreasing  velocity.  It  is  easy  to  see  how  this  arises. 
We  may  express  it  in  this  way  :  the  particular  model  has  straight  lines  at  bow 
and  stern,  including  a  finite  angle,  and  as  the  velocity  decreases  there  is  an 
increase  in  the  relative  importance  of  the  wave-making  properties  of  the  ends 
compared  with  the  parts  where  the  change  of  curvature  is  gradual ;  or,  analy¬ 
tically  from  (34),  when  x  is  large  we  can  use  the  asymptotic  values  of  the  P 
functions,  and  the  roots  approximate  to  those  of  P4  (2x)  —  0  and  succeed 
each  other  at  intervals  of  tc/2.  It  has  not  been  found  possible  to  analyse 
experimental  curves  to  see  if  this  effect  occurs  ;  the  interference  at  low  velo¬ 
cities  is  small  and  unimportant  in  practice,  and  the  curves  nre  not  sufficiently 
accurate  for  the  purpose.  One  reference  may,  however,  be  given  where  this 
effect  seems  to  have  been  observed. 

In  a  contribution  to  a  recent  discussion  quoted  in  §  7,  G.  Kempf  describes 
some  experiments  made  at  the  Hamburg  Experimental  Tank.  The  model 
was  of  cylindrical  form  with  a  hemispherical  entrance  and  a  run  formed  by 
the  rotation  of  a  sine  curve  ;  it  is  stated  that  Z  was  not  constant  at  all  speeds, 
but  that  the  value  of  \/Z  increased  10  per  cent,  with  decreasing  speed  from 
V3  to  V7.  It  may  be  noted,  as  a  coincidence,  that  in  Table  IV.,  Z  increases 
from  126  at  V3  to  145  at  V7,  and  this  is  an  increase  of  7  per  cent,  in  fZ. 

To  show  the  effect  of  parallel  middle  body,  we  consider  finally  a  ship  of 
400  ft.,  with  the  same  entrance  and  run  as  before,  but  with  240  ft.  of  parallel 
middle  body. 

Since  y  —  3 x,  equation  (33)  becomes  in  this  case 


W  +  <*}  -  0. 


Table  V  gives  the  roots  and  the  similar  quantities  deduced  from  them. 


228 


92  Wave  Resistance  :  Effect  of  Parallel  Middle  Body. 

Table  V. 


X 

0-825 

1-27 

2-02 

2-73 

3-45 

414 

4-83 

\ 

804 

396 

249 

184 

05 

104 

z 

402 

396 

373 

368 

365 

364 

364 

V/s/L 

1-8 

1  33 

106 

0-91 

0-81 

0-74 

0-68 

In  this  Table  the  value  of  Z  is  given  for  the  whole  ship,  without  deducting 
the  length  of  parallel  middle  body  ;  it  is  seen  that  in  this  case  Z  increases  with 
increasing  velocity  over  the  range  examined.  It  is  difficult  to  determine  the 
first  root  accurately  by  graphical  methods,  but  it  seems  probable  that  Z  is 
then  approximately  equal  to  the  length  of  the  ship.  The  increase  in  the 
higher  values  of  \ j^/L  as  compared  with  Table  IV.  is  of  interest. 

The  particular  dimensions  of  this  case  have  been  chosen  because  they  are 
the  same  as  the  model  for  which  R.  E.  Fronde  obtained  the  resistance  curve 
and  made  the  deductions  described  in  §  7  ;  from  inspection  of  the  curve, 
Froude  gave  the  fallowing  values  of  V/^/L  for  the  series  of  humps  and  hollows, 
namely,  1-8,  I -28,  1-045,  0-905,  0-81,  0-73,  0-68.  These  may  be  compared 
with  the  last  row  in  Table  V. 

10.  The  comparison  which  has  been  made  between  the  present  calculations 
and  experimental  data  has  provided  various  points  of  interest.  The  general 
agreement  is  rather  striking  when  one  remembers  not  only  the  general  limita¬ 
tions  of  the  hydrodynamical  theory,  but  the  fact  that  the  lines  of  the  ship 
have  been  given  a  simple  form,  and  further  that  it  has  been  assumed  to  be  of 
infinite  draught.  Except  for  the  labour  involved  in  the  calculations,  it  would 
not  be  difficult  to  improve  the  investigation  in  both  the  latter  respects.  For 
instance,  in  former  studies  other  forms  for  the  ship's  lines  were  used  in  cases 
where  there  was  no  parallel  middle  body  ;  these  could  be  used  for  the  present 
problem,  and  without  writing  down  explicit  equations  now  it  may  he  stated 
that  the  result  is  to  vary  the  coefficients  of  the  P  functions  in  equation  (33), 
and  also  to  introduce  functions  of  higher  orders.  This  will  no  doubt  affect 
to  some  extent  the  rate  of  change  of  the  wave-making  length  ;  but  one  cannot 
say  in  advance  to  what  extent,  and  the  point  is  one  which  must  be  left  for 
consideration  in  any  future  extension  of  the  calculations. 


Harrison  and  Sons,  Ltd.,  Printers  in  Ordinary  to  His  Majesty,  St.  Martin's  Lane, 
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IVave  Resistance:  the  Effect  of  Varying  Draught. 

By  T.  H.  Havelock,  F.R.S. 

(Received  June  5,  1925.) 

1.  In  previous  studies  in  the  theory  of  wave  resistance,  while  the  water- 
plane  section  of  the  model  was  of  a  reasonably  ship-like  form,  the  draught 
was  assumed  to  be  infinite.  In  the  following  paper  the  model  has  the  same 
simple  lines  and  has  vertical  sides,  but  the  draught  is  finite.  The  investi¬ 
gation  shows  how  the  resistance  at  different  speeds  depends  on  the  draught, 
but  it  was  undertaken  specially  for  other  reasons.  In  view  of  certain  applica¬ 
tions,  it  was  important  to  find  how  the  interference  effects  due  to  bow  and 
stern  waves  are  affected  by  varying  draught.  It  is  shown  now  that  these 
become  less  prominent  with  diminishing  draught,  but  the  maxima  and  minima 
occur  at  practically  the  same  positions.  Further,  when  the  ratio  of  draught 
to  length  is  of  the  order  of  the  values  in  actual  ship  models,  one  is  in  a  position 
to  attempt  a  comparison  between  the  absolute  values  of  theoretical  and 
experimental  results. 
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Curves  are  shown  in  fig.  1  (|>.  590)  for  the.  variation  of  resistance  with  velocity 
in  three  eases  when  1  lie  draught  is  infinite,  and  when  it  is  one-tenth  and  one- 
twentieth  >f  the  length  of  the  model.  The  latter  values  cover  approximately 
the  usual  ratios  in  practice.  On  the  same  diagram  are  reproduced  experi¬ 
mental  curves  for  three  models  of  different  types,  the  data  being  reduced  to 
the  same  non-dimensional  co-ordinates.  Making  allowance  for  the  differences 
of  form  between  these  models  and  for  the  simplified  form  for  which  the  calcula¬ 
tions  have  been  made,  the  results  show  that  the  calculated  values  are  of  the 
right  order  of  magnitude  over  a  considerable  range  of  velocity.  Differences 
in  the  two  sets  of  curves,  such  as  the  greater  prominence  of  interference  effects 
in  the  theoretical  curves,  are  discussed. 

The  first  sections  of  the  paper  deal  with  the  mathematical  expressions  for 
the  resistance,  and  their  transformation  into  forms  suitable  for  calculation  ; 
graphs  of  certain  integrals  are  given  in  fig.  1  (p.  58G). 

2.  Take  axes  ().•’,  0 y  in  the  undisturbed  surtax*  of  a  stream  flowing  with 
uniform  velocity  c  in  the  negative  direction  of  ().r,  and  take  O;  vertically 
upwards.  If  there  is  a  distribution  of  doublets  in  the  lhpud  in  the  plane  y  U, 
with  axes  parallel  to  Ox,  and  of  moment  ^  (/*,  0,/)  per  unit  area,  the  corre¬ 
sponding  wave  resistance  is  given  by* 


R  -  1C rrjrpc-4  f  df  f  df  f  dh  f  dll'  T  ‘  ry'rA  .  Tajik' .  sec:i  </> 

Jo  ill  J  -  so  J  —  oo  *0 


x  cos  [{g  {h  h.)ic 2}  soc  (1) 

Over  the  plane  y  =  0  the  normal  fluid  velocity  at  the  point  ( h ,  (),/)  is  2rS^v/i. 
Taking  y  ==  0  as  the  fore-and-aft  median  plane  of  the  ship,  we  assume  the 
action  of  the  ship  to  be  equivalent  to  a  distribution  of  normal  velocity  over 
its  section  by  this  piano,  the  distribution  being  such  that  if  y  —  F  (x,  ;)  is 
the  equation  of  the  ship's  surface,  we  substitute  in  (1) 


(2) 


To  simplify  the  calculations  as  far  as  possible,  we  shall  assume  the  ship 
to  be  symmetrical  lore  and  aft,  and  to  have  vertical  sides  so  as  to  be  of  constant 
horizontal  section.  The  water-plane  section  is  taken  to  be  of  parabolic  form, 
the  equation  for  y  positive  being 

y  =  6(l -**/«).  (3) 

The  length  of  the  ship  is  'll,  its  beam  lb,  anil  it  is  of  constant  draught  d. 


*  •  Roy.  Soc.  Proc./  A,  vol.  108,  p.  79  (1925). 
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We  substitute  from  (2)  and  (3)  in  (1).  Carrying  out  the  integrations  in 
/>/'  ,  h  and  h',  we  obtain,  after  some  reductions, 


R 


=  ?56^pM  r-(l  _  c-0«c’*)2  |cosa  ^  +  i.  cos5  ^ 
7rpJ  Jo  P~ 


TZp 

I  4  4 

4-  j  cos3  <j> - cos'1  tf> )  cos  ( p  sec  <f>) - cos4  <f>  sin  (p  sec  <^)}  d<f>,  (4) 

\  p~  !  p 

where  p  -  2 gl/c2,  and  a  =  gd/c-. 

3.  In  reducing  this  expression  to  a  form  su  able  for  calculation,  wc  take 
first  the  terms  which  are  non-osciliating  regarded  as  functions  of  c. 

A  typical  integral  is 


f< 


cos  5<£e 


-  /3  sec*  <j> 


d<f>. 


Changing  the  variable,  this  becomes 

e-*  f  (l-r?)-* t'*dt  =  Wpc-W  W_,  _,((*), 
Jo  •'  5 


(5) 


(6) 


where  W  is  a  confluent  hypergeometric  function.  We  can  obtain  an  expansion 
by  using  the  contour  integral  for  the  general  hypergcomc  ic  function  of  this 
type.  In  this  case  we  obtain 


W-i.-j(P)  = 


-5  -i/S 


-  fi~-  f** 

2711  J-xi 


*  rwr  <-*+;)  n-£+j),a 


P**,  (?) 


r  u>r(*) 

the  contour  separating  the  poles  of  P  (s)  from  those  of  T  (— «4*^)  P 
We  have,  therefore,  to  evaluate  the  residue  of  the  integrand  at  the  simple 
poles  s  —  J,  if ,  and  at  the  series  of  double  poles  s  —  l,  |,  V,  ...  .  The 

latter  residues  give  logarithmic  terms.  Carrying  out  the  calculation,  we 
obtain  the  expansion 

W-5,_}(P)  =  AiTip-,e“W{-2pl  +  Jp5--iPl 

C  r(n+l/2)r-*  ,  rt  •  I  VM  V,31\) 

,r3  P (n "p  1)  P (n  — 2)  ^  +  2-p-l  Yf  \  V^’  (8) 

with  log  y  =  0-57722  ...  . 

We  obtain  thus 

w/2 


r "  cosR  <(*■-*»*'*  d<t>  =  — C  •»  j  1  - 1  p  f  —  —  p3  (-  ill  (J4 

Jo  ^  V  15  1  4P  r  10 P  192 P  r  3072P 


203 
204 KO1 


03 


1  .J 


232 


585 


T.  H.  Havjiock. 


A  similar  integral  which  we  require  in  (4)  can  be  derived  by  differentiation, 
and  we  have 


f 


cos3  ^)C~^aec^  d(f>  =  e 


l  2P  16  k  96  k  3072 


For  large  values  of  p,  asymptotic  expansions  can  be  found  in  the  usual 
manner  by  transforming  the  integrals.  They  are 

r/2  5  .  Ji  1  lo-i  -a/,  7  1,  189  1  3465  1 

cos&  (be  #i8ec  *  d<b  -jc*B  te  'Ml - -f - — 

Jo  ^  2  H  V  4  fi  32  ft2 


128  p3 
f  315315  1 


2048  p 

r  cos3  d*  ~  -51  +  1251  1125  1 

Jo  ^  2  H  \  4  p  32  p2 


?*• -4  <»> 


+ 


384  p3 

3638251  \  /10, 

6144  p4  ( 


On  applying  the  expression  (4)  to  numerical  cases  of  interest,  it  was  found 
that  the  integrals  we  have  just  considered  were  required  over  a  range  inter¬ 
mediate  between  those  suitable  for  the  series  given  in  (9)— (12).  It  was. 
therefore,  necessary  to  calculate  the  values  of  integrals  such  as  (5)  directly 
by  numerical  methods.  It  was  sufficiently  accurate  to  evaluate  the  integrand, 
for  each  value  of  p,  at  intervals  of  five  degrees  throughout  the  range  of 
integration,  and  then  to  use  Simpson’s  rule.  The  series  given  above  were 
used  for  checking  and  supplementing  the  values  so  obtained. 

For  the  purposes  of  expression  (4)  the  results  were  collected  in  tables  and 
graphs  of  the  integrals 


=  r~(l  —  cos3  <f>d<f>, 

Jo 

(13) 

fT/2  „ 

«  (1  -  e-^*)2  cos6  <f>d</>. 

Jo 

(14) 

The  graphs  are  shown,  on  a  base,  in  fig.  1. 

It  can  be  seen  from  (4)  how  the  mean  resistance,  apart  from  superposed 
interference  effects,  depends  upon  the  integrals  I3  and  I5 ;  and  since  a  is 
gd/c?,  the  curves  in  fig.  1  show  how  the  effect  of  finite  draught  becomes 
appreciable  when  the  wave-length  is  comparable  with  the  draught,  the  ordinates 
failing  off  rapidly  in  value  after  that  as  a  becomes  smaller. 
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4.  We  have  now  to  consider  the  remaining  terms  in  (4),  namely,  the  last 
three  terms  under  the  integral  sign. 


A  complete  valuation  of  these  over  the  whole  range  of  velocity  would  be 
troublesome  ;  but  fortunately  the  range  of  most  interest,  and  one  in  which 
there  is  mere  chance  of  agreement  between  theory  and  observation,  corresponds 
to  fairly  large  values  of  p,  roughly  between  10  and  40.  We  can  obtain  an 
asymptotic  expansion  which  is  suitable  for  this  range.  We  shall  write 

«  =  s 'd/c-  =  Pp,  (15) 

where  p  is  the  ratio  of  draught  to  length. 

Then,  with  the  understanding  that  real  parts  of  complex  expressions  have 
to  be  taken,  we  have 


J  (1  —  e~^psec!'1')2  j(cos3  <f>  —  cos5  <f>)  cos  (p  sec  </>) 

— -  -  cos4  tf>  sin  (psec  <£)  j  d<f> 

fir/2 

=  Jo  0- 

w).  'K)‘K 


e-^«cc^)2  cos5  ^  [sec  ^  +  c<p*k*  d<j> 


•dl 


'  1  1  p’  '  'Ip’ 

-  (w/2p)»  <<"  (Q  (0)  -  2c-^Q  (20)  +  e~WQ  (4|3)}f  (16) 
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where 


The  integrand  in  (17)  is  expanded  in  ascending  powers  of  1  jp  and  then 
integrated  term  by  term,  using  the  formula 

f  f-  »e~  (y-*»dt  =  T  (r  4-1),$  r  +le(r+=)i9 ; 

Jo 

S  =  (1  +  Y")-i ;  cot  0  —  y.  (18) 

The  expression  was  carried  out  completely  to  include  ail  terms  of  order 
p~3,  and  the  leading  terms  in  p~*  were  also  determined  so  as  to  check  the  order 
of  numerical  approximation.  Leaving  out  the  intermediate  expansions,  it 
may  suffice  to  record  the  final  result ;  we  find 

Q  (Y)  -  8*e»*  +  ( 4t8*  e-'*  -  ~  8V*  -  -Q  - 

\  8  8  /  p 


Collecting  these  results,  wre  have  now  reduced  (4)  to  the  form 

R  —  2"^a~  (p?)  +  4 Is  (M  +  real  part  of 

(Wty)5  cip  {Q  (0)  -  2 c-^Q  (2(1)  -f  c':wQ  (4(1)}],  (20) 

where  the  integrals  I  are  defined  in  (13),  (14)  and  graphed  in  fig.  1,  and  the 
asymptotic  expansion  of  as  a  function  of  p  is  given  in  (19). 

5.  Numerical  calculations  from  (18)  and  (19)  are  tedious,  and  we  have 
chosen  the  parameters  so  that  we  require  the  numerical  values  of  the  coefficients 
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in  (19)  for  four  values  of  y,  namely,  0.  0-1,  O' 2,  0*4.  Omitting  the  details 
of  the  work,  we  have  in  these  eases 

Q (0)  -  0-707  (1 +0  -  -  ™±i)  _  + .... 


Q(0-l)^0-74  +  0-669+ 


1-456  — 1-3*  1-605  +  0-916* 


P 


P 


3-87-4-13i 


+ 


Q  (0*2)-^  0-766+0*  628 i  - 


1  -473-1  -263*  1-634+0-47* 


P 


r 


,  0-571  +  6-46*  , 

_l  _  r  ••• » 


P 


Q(0-4)  —  0-798+0-541*- 


1-635  —  1-315*  1-329—0-338* 


+ 


(21) 


P  P 

6.  We  proceed  now  to  calculate  and  graph  the  wave  resistance  as  a  function 
of  the  velocitv  for  three  different  draughts.  The  curves  are  show-n  in  fig.  2 
(p.  590)  in  non-dimensional  co-ordinates,  the  ordinates  being  T&IgpbH  and  the 
abscissae  V /y/L.  In  the  notation  used,  we  have  2b  =  beam,  21  —  length, 
d  —  draught,  V  =  velocity  in  knots  and  L  —  length  in  feet ;  thus 
V/y'L  —  v^l  1-594/^),  approximately. 

The  first  case  is  that  of  infinite  draught,  for  which  [3  —  dj'21  —  co  .  Here  (20) 
reduces  to 

R  =  {I  +  ff p  +  Real  (0  (0)} •  (22) 

This  case  has  been  calculated  previously*  from  more  complete  formulae ; 
the  use  of  (22)  now  serves  to  check  the  range  of  the  asymptotic  formulae  for  Q. 
The  second  case  is  for  the  draught  one-tenth  of  the  length,  or  (3  =  0-1,  so 
that 


+  Real  10 eip {Q  (0)  -  2c~''*v  Q(0-2)  +  <r1PQ(0- 4)}].  (23) 


Finally,  for  the  draught  one-twentieth  of  the  length,  or  (1  =  0-05,  we  have 


256 gpbH 


np° 


+  Real  (—)*  c"  (Q  (0)  -  2e~^v  Q  (0  •  1)  +  c-’,'p  Q  (0  •  2)}].  (24) 


*  ‘  Hoy.  Soc.  Pruc.,’  A,  vo!.  103,  p.  570  (1923). 
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With  the  use  of  the  graphs  in  fig.  1  and  tin*  (  quvssions  in  (21),  calculations 
were  made  from  (22),  (22)  and  (2-1)  for  about  fifteen  values  o'  j>  in  each  case. 
The  results  are  shown  in  the  continuous  curves  of  fig.  2,  the  curves  being  marked 
with  the  corresponding  value  of  [i. 

7.  The  curves  show  the  increasing  influence  of  smaller  draught  at  the  higher 
velocities.  Although,  from  the  differences  in  the  expressions  for  the  resistance, 
the  maxima  and  minima  due  to  interference  of  bow  and  stern  systems  probably 
do  not  occur  at  exactly  the  same  positions,  it  is  important  to  notice  that 
the  differences  in  this  respect  are  inappreciable.  This  agrees  with  a  similar 
phenomenon  which  has  been  observed  experimentally  in  the  resistance  of  a 
submerged  model  at  different  depths ;  although  the  magnitude  of  the  interference 
effects  varies  with  the  depth,  the  positions  of  the  maxima  and  minima  are 
practically  unaltered.  Another  point  to  note  in  the  theoretical  curves  of  fig.  2 
is  that  at  the  smaller  draughts  the  effect  of  interference  is  less  pronounced. 

But  the  chief  purpose  of  the  calculations  was  to  find  whether,  with  a  draught 
similar  to  that  of  actual  ship  models,  the  calculated  resistance  was  in  reasonable 
agreement  with  experimental  results. 

The  values  which  have  been  ehosei,  for  the  ratio  of  draught  to  length,  namely, 
one-twentieth  and  one-tenth,  cover  m  proximately  the  usual  range  in  practice. 
It  must,  of  course,  be  remembero  1  ihat  the  calculated  results  correspond  to  a 
model  with  vertical  sides  and  e<ei.-  taut  horizontal  cross-section  ;  therefore  one 
cannot  expect  more  than  agree  m<  nt  in  order  of  magnitude.  Three  examples  of 
experimental  curves  have  beet  selected  and  are  shown  in  the  discontinuous 
curves  of  fig.  2. 

The  curves  marked  0*0475  and  0*0385  have  been  drawn  from  results  given  by 
R.  E.  Froude*  for  the  residuary  resistance  of  two  models  of  the  same  length 
and  beam  and  having  the  given  ratios  of  mean  draught  to  length.  The  results 
were  given  as  the  resistance  in  tons  for  a  ship  of  -100  ft.  length, and  have  been 
recalculated  here  in  the  non-dimensional  co-ordinates  of  fig.  2  ;  the  two  cases  are 
Froude *s  ship  A  with  displacement  5,300  and  4,090  tons  respectively.  In 
both  cases  there  was  a  certain  amount  of  parallel  middle  body. 

The  third  curve,  marked  0*083  in  fig.  2,  has  been  obtained  by  similar  reduc¬ 
tions  from  experimental  results  given  by  J.  L.  Kentf ;  it  refers  to  his  model 
I12K,  which  had  no  parallel  middle  body,  but  had  hollow  lines  at  the  bow. 
The  curve  has  been  filled  in  approximately  from  a  smaller  number  of  points 
than  in  the  previous  eases ;  one  ran.  however,  observe  the  effect  of  the  hollow  lines 

*  I!.  K.  Froude,  ‘Trans.  Inst.  Nuv.  Arch.,’  \ol.  *22,  p.  22U  (IKSIl. 
t  J.  L.  Kent.  *  Trans.  Inst.  Nav.  Arch.,’  vol.  ,r>7,  p.  154  (1915), 
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in  ilii1  general  form  <>l  i In*  curve.  The  effect  of  differences  of  form,  oilier  than 
the  ratio  of  draught  to  len <rt h ,  is,  of  course,  imjiortant,  and  the  three  curves 
reproduced  in  fig.  2  have  hcen  chosen  so  that  lliis  should  not  he  overlooked 
in  the  comparison  between  the  various  curves. 

We  note  iirst  the  differences  between  the  two  sets  of  curves  in  fig.  2.  The 
theoretical  curves  have  much  more  prominent  humps  and  hollows,  due  to  inter¬ 
ference  between  how  and  stern  waves,  especially  at  the  lower  velocities.  This 
mav  bo  inherent  in  the  approximations  made  in  replacing  the  ship  by  a  certain 
doublet  distribution  over  the  median  plane.  Hut  the  effect  is  probably  due 
in  part  to  the  simplified  form  with  constant  horizontal  section  ;  however,  this 
point  must  be  left  for  future  examination.  It  is  hardly  necessary  to  remark 
that,  when  one  reaches  the  stage  of  comparing  absolute  values,  the  influence  of 
viscosity  and  turbulence  must  eventually  he  taken  into  account.  Further, 
this  consideration  applies  not  only  to  the  theoretical  curves  but  also  to  those 
we  have  called  experimental ;  for  the  latter  are  derived  from  actual  measure¬ 
ments  of  total  resistance  by  deducting  the  frictional  resistance  calculated 
according  to  an  empirical  formula,  the  residuary  resistance  so  obtained  being 
chiefly  due  to  wave-making.  It  may  be  that  the  effect  of  fluid  friction  on 
the  wave-making  could  be  expressed  by  a  slight  alteration  of  the  equivalent 
wave-making  form  of  the  ship.  The  curves  of  fig.  2  show  also  small 
differences  in  the  positions  of  the  interference  maxima,  but  this  is,  of  course, 
due  to  the  different  lines  of  the  various  models. 

When  every  allowance  has  been  made  for  differences  of  form  and  other 
considerations,  the  curves  of  fig.  2  show  over  a  large  range  ol  velocity  a  general 
agreement  between  theory  and  observation,  which  is  very  interesting  and 
suggestive.  Further  approach  to  ship-like  form  may  enable  us  to  remove 
some  of  the  remaining  differences,  and  should  in  any  case  be  of  service 
in  the  interpretation  of  experimental  results.  s 


Harrison  and  Sons,  Ltd.,  Printers  in  Ordinary  to  His  Majesty,  St.  Martin's  Lane. 
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Wave  Resistance :  Some  Gases  of  Unsymmetrical  Forms. 

By  T.  H.  Havelock,  F.R  S. 

(Received  November  14,  1925.) 

1.  One  of  the  chief  features  of  interest  in  curves  showing  the  variat.  m  of  wave 
resistance  with  velocity  is  the  occurrence  of  oscillations  about  a  mean  curve, 
which  may  be  regarded  as  due  to  interference  between  the  waves  produced  by 
the  front  and  rear  portions  of  the  model.  In  various  comparisons  made  between 
theoretical  curves  and  such  suitable  exj»eriinental  results  as  arc  available,  the 
greatest  divergence  is  perhaps  in  the  magnitude  of  these  oscillations,  the  theore¬ 
tical  curves  showing  effects  many  times  great*fc<  than  similar  experimental  results. 
There  are,  no  doubt,  many  approximations  in  the  hydro-dynamical  theory 
which  preclude  too  close  a  comparison  between  theoretical  and  cxj>erimental 
results  in  any  particular  case,  but  it  seems  fairly  certain  that  the  divergence 
in  question  must  be  largely  due  to  neglecting  the  effects  of  fluid  friction.  For 
several  reasons  it  is  useless  to  attempt  at  present  a  direct  introduction  of  vis¬ 
cosity  into  the  mathematical  problem,  but  a  consideration  of  its  general  effect 
suggests  one  or  two  calculations  which  may  be  of  interest  The  direct  effect 
of  viscosity  upon  waves  already  formed  may  be  assumed  to  be  relatively  small ; 
the  important  influence  is  one  which  makes  the  rear  portion  of  the  model 
less  effective  in  generating  waves  than  the  front  portion.  We  may  imagine 
this  as  due  to  the  skin  friction  decreasing  the  general  relative  velocity  of  model 
and  surrounding  water  as  we  pass  from  the  fore  end  to  the  aft  end  ;  or  we  may 
picture  the  so-called  friction  belt  surrounding  the  model,  and  may  consider 
the  general  effect  as  equivalent  to  a  smoothing  out  of  the  curve  of  the  rear  portion 
of  the  model.  Without  pursuing  these  s]x*eulations  further,  they  suggest 
calculations  which  can  be  made  for  models  in  frictionless  liquid  when  the  form 
of  the  model  is  unsymmetrical  in  this  manner  ;  and  the  {articular  point  to  be 
examined  is  the  effect  of  such  modification  upon  the  magnitude  of  the  inter¬ 
ference  phenomena. 

The  first  sections  compare,  in  this  resj»ect,  two  bodies  entirely  submerged  in  the 
liquid.  The  form  in  each  case  is  a  surface  of  revolution  ;  one  is  symmetrical 
fore  and  aft  and  has  sharp  pointed  ends,  while  in  the  other  the  rear  jtortion  is 
cut  away  so  as  to  come  to  a  fine  jtoint.  Bv  insertion  of  the  expressions  for  the 
wuve  resistance  it  is  seen  that  the  oscillating  terms  are  of  a  lower  order  of 
magnitude  in  the  latter  than  in  the  former  case. 
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The  remaining  sections  deal  with  the  similar  problem  for  a  model  of  infinite 
draught  and  constant  horizontal  cross-section  ;  the  forms  of  the  section  for 
the  two  cases  are  shown  in  fig.  1.  Here,  with  the  help  of  tables  and  graphs 
available  from  previous  studies,  the  expressions  for  t  he  wave  resistance  have  !)een 
graphed  and  the  curves  are  shown  in  fig.  2.  The  result  of  smoothing  the  lines 
of  the  rear  portion  is  very  marked.  It  makes  the  curve  like  experimental 
ones  in  this  resj»eet  at  least,  that  the  curve  is  a  continually  ascending  one  in 
the  range  shown  ;  the  suj>erposed  oscillations  are  not  large  enough  to  make  actual 
maxima  and  minima.  A  more  complete  study  of  the  progressive  effect  of 
small  changes  in  the  rear  half  of  the  model  would  involve  very  lengthy  calcu¬ 
lations  ;  the  examples  given  have  been  chosen  for  the  comparatively  simple 
form  of  the  mathematical  expressions.  It  is  to  be  understood  that  they  are 
not  intended  as  a  direct  representation  of  the  actual  effects,  of  fluid  friction  ; 
but  they  show  the  great  difference  in  interference  effects  which  are  produced 
by  an  asymmetry  of  the  general  nature  suggested  bv  them. 

2.  The  fluid  motion  produced  by  a  l>odv  entirely  submerged  in  a  uniform 
stream  may  be  investigated  by  the  method  of  successive  images.  The  first 
approximation  consists  of  the  distribution  of  sources  and  sinks  which  is  the 
image  of  the  uniform  stream  in  the  surface  of  the  body  ;  the  second  is  the 
image  of  these  sources  and  sinks  in  the  upper  free  surface  of  the  stream,  and  the 
process  could  be  carried  on  by  successive  images  in  the  surface  of  the  l>ody  and 
the  free  surface  of  the  stream.  After  the  second  stage  the  expressions  become 
very  complicated,  as  the  image  of  a  single  source  in  the  upper  free  surface  is  a 
distribution  of  infinite  extent  along  a  horizontal  line  at  a  height  alxive  the  free 
surface  equal  to  the  depth  of  the  source.  It  would  be  of  interest  to  carry  the 
process  further  iu  some  simple  cases,  but  at  present  the  second  stage  must 
suffice  ;  it  can  be  seer.  that,  in  general,  this  implies  that  the  ratio  of  the  maxi¬ 
mum  vertical  diameter  of  the  body  to  its  depth  below  the  surface  must  be 
small. 

For  the  first  stage  of  the  approximation,  instead  of  finding  the  image  system 
for  a  given  form  in  a  uniform  stream,  it  is  more  convenient  to  begin  with  a 
given  distribution  of  sources  and  sinks  and  deduce  the  form  of  the  body.  As 
we  shall  deal  only  with  surfaces  of  revolution,  we  assume  a  line  distribution  of 
finite  extent  along  a  line  parallel  to  the  stream.  Writing  down  Stokes’ 
current  function,  the  form  of  the  laxly  may  Is*  found  by  graphical  methods 
devised  by  Rankine  ami  applied  to  shiplike  forms  by  1).  \Y.  Taylor  and  other 
writers. 

Let  the  stream,  of  velocity  c,  bo  jMirallol  to  Ox  and  let  there  be  a  source 
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distribution  of  strength  /  U)  along  jiortion  of  the  axis  of  x  ;  then.  with  d>  as 
distance  from  Or,  the  velocity  jiotential  and  stream  function  are  given  by 


cf>  —  cr  -}' 

ilz  —  4 


r  /(h)dh 

I  l(r-A)-  -rd)-/ 

f  dh 

J  {  ( x-h )~  4-  *2}*. 


(1) 


(2) 


The  form  of  the  »oiid  is  (d)tained  from  the  equation  t|/  0.  The  graphical 

method  is  first  to  graph  the  integral  in  (2)  upon  to  as  a  base  for  given  values 
of  /,  obtaining  a  family  of  curves  each  corresponding  to  a  constant  value  of 
r;  then  on  the  same  diagram  the  parabola  y  —  .lew- is  drawn.  Hie  inter¬ 
sections  of  the  parabola  with  the  family  of  curves  give  pairs  of  corresponding 
values  of  x  and  to  on  the  zero  stream  line. 

It  is  obvious  that  if  / (A)  is  finite,  not  zero,  at  an  end  of  the  range  of  sources 


then  th<‘  body  has  a  blunt  end  ;  and  further,  the  length  of  the  body  is  greater 
than  the  length  of  the  range.  If  /(A)  i«  zero  at  both  ends,  the  body  has  a 
sharp  point  at  both  ends  and  its  length  is  equal  to  tin*  length  of  the  range; 
if,  in  addition,/'  (A)  is  zero  at  an  end.  the  sharp  jmint  at  that  end  is  one  of  zero 
angle. 

3.  In  considering  the  second  approximation,  namely  the  image  of  the 
distribution  /(A)  in  the  upjier  free  surface  of  the  stream,  it  is  more  convenient 
to  use  as  the  elementary  system  a  doublet  with  its  axis  parallel  to  the  stream. 
As  we  are  dealing  with  solid  Itodics  of  finite  size,  we  can  in  general  replace  the 
line  of  sources  and  sinks  bv  an  equivalent  line  of  doublets  ;  thus  instead  of  (1) 
we  have 


(x  -h)  4/ (A) dh 


Jl(x  — A)-  4- dr} 3/2  ' 


(») 


provided  y'  (A)  /(A),  and  y  (A)  is  zero  at  lioth  limits.  Consider  now  a  solid 

of  revolution  with  its  axis  horizontal  and  at  a  depth  /  Ik* low  the  surface,  the 


form  living  such  that  the  image  of  the  uniform  stream  in  it  is  a  line  of  doublets 
of  moment  y  (A).  The  image  of  this  system  in  tin*  free  surface  can  Ik*  shown 
to  Ik*  a  certain  distribution  of  doublets  of  infinite  extent  along  a  line  at  a  height 
/ uIkivc  tin*  surface.  K"r  the  present  pur|*»se  we  shall  quote  the  expression  for 
the  wave  resistance* 


R  —  1  ('»."Ti/pc  *"  j  ^  (A)  </A  j"y  (A')  </A'  j  sec*  <j> 

cos};./ (A  -/♦')/-}  s,*c  <AJ (I) 
*  *  I  toy.  Sim-.  I’rov.,’  A,  vo|.  !•.■>,  p.  :m»:i  (Itlltn. 
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We  shall  consider  two  cases,  one  a  sharp-ended  form  which  is  symmetrical  fore 
and  aft,  while  in  the  second  case  the  aft  end  is  curved  to  a  fine  jtoint. 

4.  For  the  first  case  we  take  a  spindle-shaped  body  which  has  been  used  for 
experimental  work  at  the  National  Physical  Laboratory  ;  for  this  form  the 
source  distribution  is 

f(h)  =  a  {(*//)  -  (hllf}  ;  -l  <h<l.  (5) 

The  shape  of  the  surface  for  this  case  has  been  given  by  Perring.*  It  is  sufficient 
to  state  here  that  it  is  a.  surface  of  revolution  symmetrical  about  the  middle 
cross-section  and  having  pointed  ends  with  finite  angle  of  entrance  ;  it  can  be 
made  to  have  any  required  ratio  of  breadth  to  length. 

We  can,  in  this  case,  carry  out  the  integration  in  (2)  and  obtain  the  equation 
of  the  longitudinal  section.  It  is  found  that  with  2b  as  the  breadth  of  the 
model,  21  its  length,  and  8  the  ratio  of  b  to  l,  then  the  constant  a  of  (5)  is  equal 
to  i  <y.bc,  where 

a=S/[4(l+S2)^(3-k2S2)+52(l-t-|S2)log(S/[H-(l+82)%.  (6) 

The  equivalent  distribution  of  doublets,  given  by  the  conditions  stated  in 
(3),  is 

*(*)== -W(l -AW  (?) 


Substituting  in  (4)  we  obtain  the  wave  resistance 

r*/2 


where 


R  =  4ng*pl*a~c~ 8  P'l-  sec5 
Jo 

I 


|  (1  —  ur)~  cos  (gl ujc~  cos  <f>)du. 

After  evaluating  (9),  the  expression  (8)  can  be  reduced  to  standard  form  as 

,,  250^7pf»-/a-  f”  ‘f  j  i  12  :j  I  i  144 

It  — - jx —  cos  <f>  - -  cos 5  6  H - -  cos  ‘  6 

V  Jo  L  p-  p* 


(8) 

0) 


—  ( cos  6  —  ^  cos:l  -j-  cos5  d>)  cos  (p  sec  <f>) 
p-  jr  ' 

+  12  sin  (p  sec  ft  j  d<f>,  (10) 

where  (i  ///,  p  ~  2 gljc?,  and  «  is  given  in  (<>). 

An  asymptotic  expulsion  suitable  for  large  values  of  p  could  be  obtained, 
but  calculation  from  it  is  very  tedious  ;  the  part  it  ular  point  under  consideration 
can  be  made  by  comparison  with  the  similar  expression  for  the  second  cast*. 


•W.Ci.  A.  Perrtnn,  ‘Trans.  Inst.  \av.  Arch.,’  vol.  67,  p.  95  (1925). 
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5.  For  comparison  we  require  a  solid  of  revolution  of  which  the  front  end 
is  a  sharp  point  of  finite  angle  while  the  rear  end  is  cut  away  to  a  point  of  zero 
angle  ;  there  will,  of  course,  be  a  point  of  inflection  in  the  curve  of  the  rear 
portion. 

This  is  obtained  by  taking  the  source  distribution  to  be 

f(h)  =  ah  (21  -  h)  (3 1  +  hf  ;  -  31  '  x  <  21.  (11) 

The  equivalent  doublet  distribution  over  the  same  range  is 

A(6)  =  -  £  a  (21-  h)2  (3 1  +  h)3.  (12) 

The  outline  of  the  model  was  found  by  the  graphical  methods  described  in 
§  2 ;  the  work  is  not  reproduced  here  as  it  was  only  carried  out  with  sufficient 
accuracy  to  verify  that  the  curve  was  of  the  required  type.  A  similar  curve  is 
shown  later  in  fig.  1.  The  model  has  now  a  length  5 1,  and  it  is  not  symmetrical 
fore  and  aft  of  the  maximum  cross-section. 

From  (4)  we  find  the  wave  resistance 

R  =  ^VP«2c“8  j"  2(12  +  J2)  ^c5  (13) 

where 

I  +  iJ  =-.  [*  (21  -  h)2  (31  +  h)3  e^cosUh.  (14) 

J  —  31 

Evaluating  (14)  and  substituting  in  (13),  the  terms  can  be  collected  in  the 
same  form  as  in  (10) ;  if  we  write,  with  26  as  the  maximum  breadth  of  the 
model, 

a  —  xbc/1251*  ,  p  —  5glfet,  p  =  2//5J,  (15) 


ultimately 

grgW  r-  r 
p*  Ju  L 


i  .  18  3  i  .  432  5  i  i  7200  7  # 

cos  0  — ;  cos3  <f>  H - j-  cosJ  0  H - j-  cos7  (p 

P  P  P 

;os*  0  —  — 3-  cos4  0  +  — 5--  cos0  0 J  sin  (p  sec  0) 


We  may  now  conqiare  (10)  and  (16)  as  regards  the  matter  under  discussion. 
We  imagine  the  resistance  graphed  as  a  function  of  the  velocity,  and  we  com¬ 
pare  the  relative  magnitude  of  the  oscillations  sujierposed  uj>on  the  mean 
curve.  The  terms  in  (10)  and  (16)  which  give  rise  to  these  oscillations  are  the 
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terms  factored  by  sin  ( p  sec  <j>)  or  cos  (p  sec  <f>).  For  large  values  of  p,  we 
have  an  asymptotic  expansion  of  any  of  these  terms  in  the  form 

cos"  <f>  .  p-*eiv  (a0  +  alP~x  +  a2p'2  +...).  (17) 

Moreover,  in  practice,  the  interference  effects  concerned  are  prominent  for 
larger  values  of  p,  say,  for  the  range  10  to  40.  Now  from  (10)  we  see  that 
the  expansion  of  the  oscillatory  terms  would  begin  with  a  term  of  order  p~l, 
while  from  (16)  the  lowest  term  is  of  order  p~*.  It  follows,  therefore,  that  the 
interference  effects  have  been  largely  eliminated  by  the  alteration  made  in  the 
form  of  the  model.  It  may  be  noted  that  the  alteration  is  rather  extreme  if 
considered  as  an  illustration  of  practical  conditions,  in  that  the  after  end  of 
the  model  is  cut  away  completely  to  zero  angle  ;  this  accounts  for  the  complete 
absence  of  the  term  in  p~ *  in  the  expression  for  the  second  case. 

6.  To  examine  the  matter  graphically,  it  is  easier  to  consider  a  model  of 
infinite  draught,  and  of  small  ratio  of  beam  to  length,  in  the  manner  used  in 
previous  papers.  The  model  is  assumed  to  be  symmetrical  about  a  longi¬ 
tudinal  vertical  plane.  Take  Ox  horizontally  in  this  plane,  and  let  0 y  be  also 
horizontal.  The  form  of  the  horizontal  cross-section  of  the  model  is  constant ; 
if  its  equation  is 

y  F  (X),  (18) 

for  positive  values  of  y,  the  approximation  consists  in  taking  the  doublet 
distribution  of  (4)  so  that 

2rc3^/3x  =  coF/3x.  (19) 

Integrating  (4)  by  parts  with  respect  to  h  and  h',  substituting  from  (19),  and 
also  integrating  with  respect  to/ and/',  we  have 

a  =  (20) 

We  wish  to  contrast  two  models  wh’ch  have  the  front  half  the  same,  but  with 
the  rear  end  smoothed  off  to  a  finer  poiut  in  one  case  than  in  the  other.  We 
shall  take  the  section  of  unsymmetrical  form  to  be  given  by 

y  =  (fc/413)  ( l  -  x)  (2  l  +  x)2 ;  -  21  <  x  <  l.  (21) 

For  the  symmetrical  model  we  shall  take  the  front  portion  to  be  given  by  (21) 
for  x  positive  and  by  the  corresponding  expression  for  x  negative.  The  model 
in  one  case  is  of  length  21  and  in  the  other  of  length  3 1.  The  cross-sections  by 
a  horizontal  plane  are  shown  in  fig.  1. 
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Fia.  1. 


7.  Taking  the  symmetrical  case  first,  we  obtain  from  (20), 


ro¬ 


ll  =  9 pb-c'n  1  J-  cos  <f>  d<f>, 


where 


(22) 

(23) 


(2 u  +  i r)  sin  (< /lu/c: 2  cos  <f>)du. 
o 

From  these  we  leave,  after  reduction,  and  writing  p  for  2gl!cr, 

r,  324<7p62i  (2  ,  128  1  ,  1024  1  ,  „  ,  ,  1G  1  „  ,  , 
R=-^-(3+i35/+  105  3  yP‘W 

,  112  1  p  M  j  128  1  „  M  ,  (S4  1  n  M  32  1  n  ,,  , 

+  ~  *5  (P)  +  —  +  (1  ~4  r'  i'P)  ~~  .T  Po  (h) 


9  f 


9  f 


9  p* 


3  f 


,  25G  1  p  „  .  256  1  p  ,) 

-r  —  — j-  1.1  (Ip)  -  -T-  -4  Pr  (Ip) 

9  jr  9  J 


(24) 


with  the  notation 


P-n  (p)  —  1 )"  J  COS2"  <f>  sin  (p  sec  <f>)  d<f>, 

l\n+i  \f)  -  -  (—  i)n+1  [  cos2n+1  <f>  cos  (p  sec  <£)  d<{>. 

J  t' 

Using  sequence  relations  for  the  P  functions,  we  reduce  (21)  to  a  form 
involving  only  P3,  P4  and  Ps  ;  tabulated  values  of  these  have  been  given 
previously,*  and  in  addition  large-scale  graphs  of  t lie  three  functions  were 
available  over  the  range  ot  p  from  zero  to  40.  These  graphs  have  been  used 
also  in  the  present  calculations  ,  the  reduced  form  of  (24)  from  which  these 
have  been  made  is 

h  =  SMS  f|  +  !**£2 + +  u  +  **t)  P>  w 

Ji  13  p-  jr  \  p-  J  ‘ 


-  (fl-333  +  11-684 


\  p 


P 


V 

n  /  \  i  j  14-984  G-l\ D  , 
1-,  ().)  +  ( -p - -prj^W 


V  P  '  V~ 


— j  Pndp)}.  (25) 


1  Roy.  Soc.  Proe.,’  A,  vol.  108,  p.  82  (1925) 
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The  graph  is  shown  in  curve  A  of  fig.  2,  the  base  being  cj\/ 


8.  For  the  unsymmetriral 

model  of  fig. 

1,  \V(.» 

have 

K  = (9p6* 

<r,lin) 

' ~  (k 

:  +  «T") 

cos  <f>  d<f), 

(2G) 

where 

J  U 

I  -}-  » J  = 

=  P  (2 « 

J  _<» 

+  >r) 

c-c,n*dti. 

(27) 

In  this  case  tin*  reductions 

lead  to. 

R  2187/7p6-f  |2  ,  61  1 

4  7ip:i  [s  '  15  jr 

+  1152 
'  35 

1 

P4 

-i  i*. 

P 

ip)  ~ 

=?r5(?>) 

p 

— 

72  1> 

~ r  1  e 

V 

(?)  - 

(28) 

where  p  is  now  ‘V///c2. 

For  purjx)ses  of  calculation 

this  is 

put 

in  the 

form 

R  _  2187 gplrl  (2  ,  64  1 

1152 

1 

_  9(>  p 

a  (p) 

4 7ip:t  is  15  p- 

r  .55 

?>4 

’ip- 

~i(i  - 

1*4 

(?>) 

L 

(73  - 

(29) 

P  ' 

ip~  ' 

7  F 

P-  I 

The  graph  of  (29)  is  shown  in  curve  B  of  fig.  *2. 


9.  The  curves  for  the  two  models  are  given  with  the  same  co-ordinates, 
namely,  Rjgplrl  and  cj'\/ (2;//)  ;  since  the  lengths  of  the  models  are  different, 
the  maxima  and  minima  of  the  superposed  oscillations  occur  at  different 
speeds  in  the  two  cases. 


247 


Wave  Resistance  :  Some  Cases  of  Unsyinmetriccd  Forms.  241 


The  difference  in  the  magnitude  of  the  interference  effects  is  sufficiently 
obvious  from  these  curves.  The  variation  in  the  form  of  the  models  shown  in 
fig.  1  is  considerable,  and  it  would  have  been  of  interest  to  compare  forms 
intermediate  between  those  shown  for  the  rear  part  of  the*  model  ;  but  equa¬ 
tions  for  such  curves  led  to  expressions  for  the  wave  resistance  which  were  too 
complicated  for  numerical  calculation.  However,  it  may  be  inferred  that  for 
any  case  in  which  the  lines  of  the  model  are  smoothed  out  in  this  manner 
there  will  be1  a  very  considerable  reduction  in  the  magnitude  of  the  interference 
effects. 


Harrison  and  Rons,  Ltd.,  Printers  in  Ordinary  to  His  Majesty,  St.  Martin's  I*ane. 
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SOME  ASPECTS  OF  THE  THEORY  OF  SHIP 
WAVES  AND  WAVE  RESISTANCE 

By  PROF.  T.  H.  HAVELOCK,  F.R.S. 

The  Paper  gives  a  general  survey  without  detailed  calculations ,  of 
attempts  made  during  recent  years  to  develop  the  mathematical  theory 
of  wave  resistance.  The  first  section  is  a  short  statement  of  the  general 
problem  from  the  theoretical  point  of  view ,  while  the  two  remaining 
sections  describe  some  results  which  hare  been  obtained  by  indirect 
attacks.  It  is  shown  first  how  calculations  with  travelling  pressxtre 
disturbances  illustrate  such  problems  as  the  variation  of  have  resistance 
with  speed ,  the  interference  of  bow  and  stern  waves,  and  the  effect  of 
shallow  water.  In  the  last  section  the  ship  is  regarded  c.s  equivalent 
to  a  certain  distribution  of  sources  and  sinks  in  the  fluid,  problems 
discussed  briefly  in  this  section  are  the  effect  of  the  form  of  the  water- 
plane  section ,  of  the  length  of  parallel  middle  body,  and  of  varying 
draught.  Curves  are  reproduced  which  show  the  results  of  these 
calculations,  and  some  mathematical  notes  and  further  references  are 
given  in  an  appendix. 

NEARLY  forty  years  ago  Lord  Kelvin  delivered  to  the  Institution 
of  Mechanical  Engineers  a  lecture  on  ship  waves  which  is 
familiar  to  all  students  of  this  subject.  I  may  venture  to  appropriate  a 
paragraph  from  that  lecture  and  to  quote  it  now  in  addressing  this 
society  :  “I  must  premise  that,  when  I  was  asked  by  the  Council  to 
give  this  lecture,  I  made  it  a  condition  that  no  practical  results  were 
to  be  expected  from  it.  I  explained  that  I  could  not  say  one  word 
to  enlighten  you  on  practical  subjects,  and  that  1  could  not  add  one 
jot  or  tittle  to  what  had  been  done  by  Scott  Russell,  by  Rankine,  and 
by  the  Froudes,  father  and  son,  and  by  practical  men  like  the  Dennys, 
W.  H.  White,  and  others;  who  have  taken  up  the  science  and  worked 
it  out  in  practice.” 

My  object  is  to  discuss  the  wave  resistance  of  ships  as  a  problem 
in  hydrodynamics.  It  is,  of  course,  impossible  to  do  so  adequately 
without  the  use  of  mathematical  analysis  which  would  be  unsuitable 
for  a  general  lecture.  I  must  therefore  be  content  io  give  a  mere 
outline  sketch,  aiming  at  giving  some  idea  of  the  theoretical  point  of 
view  and  of  the  sort  of  contribution  which  mathematical  theory  can 
make  to  the  scientific  discussion  of  our  problem.  Such  an  outline  suffers 
inevitably  from  two  drawbacks :  on  the  one  hand  we  can  only  glance 
at  the  various  practical  problems  which  are  suggested,  and  on  the 
other  we  are  not  able  to  do  justice  to  the  mathematical  interest  of 
the  theoretical  treatment.  It  may,  however,  serve  in  some  measure 
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its  main  purpose  of  being  a  general  account  which  may  be  of  value 
to  the  student  of  this  aspect  of  the  science  and  at  the  same  time  he  of 
interest  to  those  who  have  not  the  opportunity  of  studying  the 
mathematical  theory  for  themselves. 

Some  formulae  and  references  will  be  found  in  notes  appended  to 
this  lecture,  and  1  am  indebted  to  the  Royal  Society  for  permission 
to  reproduce  the  diagrams. 

Thf.  General  Problem. 

We  wish  to  know  completely  the  fluid  motion  produced  in  the  water 
when  a  ship  is  towed  along  at  constant  speed,  and  the  first  step  is 
to  see  what  information  is  necessary  before  we  can  attempt  to  find  a 
solution.  We  can  group  this  under  three  heads:  (1)  the  laws  of  motion 
of  the  fluid,  (2)  the  forces  acting  throughout,  and  (3)  the  conditions 
at  the  boundaries  of  the  fluid.  We  are  faced  at  the  outset  with  the 
difficulty  of  saying  what  are  the  laws  of  motion  of  an  actual  liquid 
such  as  water.  We  know  that  water  is  viscous  and  we  can  write  down 
equations  taking  the  viscosity  into  account;  and  we  can  also  solve  the 
equations  in  simple  cases  if  the  velocities  are  not  too  large.  But  we 
also  know,  unfortunately,  that  those  solutions  break  down  completely 
when  the  motion  becomes  eddying  or  turbulent.  It  is  not  my  intention 
to  discuss  here  whether  the  difficulties  arise  because  the  solutions  of 
the  equations  of  viscous  motion  are  inadequate  or  because  the  equations 
themselves  are  incomplete;  in  either  case  the  inclusion  of  fluid  friction 
in  our  problem  would  complicate  it  so  much  as  to  make  progress 
almost  impossible  at  present. 

We  are  therefore  compelled  to  assume  the  liquid  to  be  frictionless. 
This  is  no  doubt  a  serious  limitation,  but  perhaps  not  so  important 
if  we  confine  ourselves  meantime  to  qualitative  and  comparative  con¬ 
clusions  from  our  results.  Moreover  the  direct  influence  of  viscosity 
upon  the  wave  motion  is  comparatively  small,  and  indirect  effects  might 
possibly  be  allowed  for  later  by  some  adjustment  of  the  effective  form 
of  the  ship.  However  that  may  be,  we  can  only  make  any  advance 
by  separating  frictional  resistance  from  wave  resistance,  and  we  there¬ 
fore  assume  the  information  required  under  the  first  head  to  be  the 
laws  of  motion  of  a  frictionless  liquid;  these  are  equations  connecting 
pressure,  velocity,  and  acting  forces,  and  their  rates  of  change 
throughout  the  liquid.  We  may  disposo  of  the  second  head  by  simply 
taking  the  acting  forces  to  be  those  due  to  gravity.  Under  the  third 
head,  the  conditions  at  the  boundaries  are  of  two  kinds;  at  the  free 
upper  surface  of  the  water  the  pressure  must  be  the  atmospheric 
pressure,  while  at  the  wetted  surface  of  the  ship  the  condition  is  simply 
that  the  water  must  remain  in  contact  with  the  ship  or  that  the  com¬ 
ponent  velocity  of  the  water  at  right  angles  to  the  wetted  surface  must 
equal  at  each  point  the  component,  of  the  ship’s  velocity  in  that 
direction. 
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Our  problem  is  now  stated  in  a  form  in  which  we  know,  from 
general  theory,  that  we  have  all  the  information  necessary  for  a  complete 
solution;  this  solution  would  give  us  the  velocity  ami  pressure  at  every 
point  of  the  water,  the  form  of  the  free  surface  or  the  wave  pattern, 
and  moreover  the  resultant  of  t lie  fluid  pressures  on  the  surface  of  the 
ship  would  give  the  wave  resistance. 

It  is  instructive  to  hear  in  mind  the  general  problem  so  stated, 
hot  it  must  lie  confessed  at  once  that  the  direct  attack  leads  to 
calculations  which  have  hitherto  proved  far  too  complicated  for  the 
mathematical  methods  available.  Even  if  we  replace  the  ship’s  surface 
by  simple  geometrical  forms,  the  problem  is  extremely  difficult;  in  fact 
the  only  direct  solutions  obtained  so  far,  and  they  are  approximate,  are 
for  spheres  and  other  bodies  of  simple  form  entirely  submerged  at 
some  distance  below  the  surface. 

It  might  appear  that  we  have  not  gained  much  from  our  rigorous 
formulation  of  the  problem,  and  no  doubt  it  is  not  often  the  case 
that  a  practical  problem  admits  of  a  direct  and  complete  theoretical 
solution.  But  theory  is  usually  built  up  by  devising  and  solving 
simple  cases;  these  often  give  in  themselves  valuable  suggestions,  and 
we  may  then  endeavour  to  approximate  more  and  more  closely  to  the 
actual  problem.  The  preliminary  survey  is  necessary  to  guide  this 
process  along  lines  which  are  likely  to  prove  useful. 

My  main  task  is  to  describe  now  some  indirect  attacks  which  have 
been  made,  and  I  shall  consider  these  in  two  groups.  In  one  case 
the  leading  idea  is  the  pressure  between  the  water  and  each  element 
of  the  wetted  surface  of  the  ship,  while  in  the  Other  we  fix  our 
attention  more  upon  the  horizontal  velocity  produced  in  the  water  by 
the  motion  of  the  ship  through  it. 

Travelling  Pressure  Disturbance. 

When  the  ship  is  in  steady  motion  there  is  a  definite  normal  pressure 
at  each  element  of  the  wetted  surface.  From  a  dynamical  point  of 
view,  that  is  the  function  of  the  ship.  We  could  imagine  those  pressures 
to  be  supplied  by  any  means  we  please,  for  instance  by  jets  of  air 
properly  adjusted,  and  the  motion  of  the  water  would  be  exactly  the 
same.  We  have  now  removed  the  ship  and  have  applied  to  the  surface 
of  the  water  a  definite  distribution  of  pressure,  definite  for  each 
velocity  be  it  noted.  The  solution  of  this  problem  would  give  us  the 
form  taken  by  the  surface  of  the  water ;  one  part  of  this  would 
necessarily  be  a  depression  of  the  same  form  as  the  ship,  while  the 
rest  would  be  the  accompanying  wave  pattern.  Now  this  is  merely 
the  general  problem  over  again,  with  the  complication  that  the  pressure 
distribution  depends  upon  the  speed.  But  it  suggests  that  we  should 
study  the  wave  patterns  produced  by  simple  distributions  of  pressure 
applied  normally  to  the  water  surface. 
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Localized  Pressure. — To  begin  with  the  simplest  type  we  may  picture 
a  fine  jet  of  air  impinging  on  the  water  surface ;  we  could  call  this 
in  the  extreme  case  a  point  pressure  system,  or  more  generally  a 
distribution  of  surface  pressure  symmetrical  round  a  vertical  axis. 
We  may  imagine  the  jet  to  move  horizontally  with  constant  speed,  or 
we  may  study  the  equivalent  problem  of  a  stationary  jet  of  air  directed 
down  on  to  the  surface  of  a  uniform  stream.  Everyone  is  familiar 
with  the  simple  and  beautiful  wave  pattern  produced  in  this  way,  and 
we  are  encouraged  to  proceed  with  this  line  of  attack  by  the  fact  that 
the  pattern  is  so  similar  in  its  main  features  to  the  waves  produced 
by  a  ship. 

The  mathematical  solution  of  this  problem  can  be  obtained  com¬ 
pletely,  provided  the  surface  waves  are  not  too  large  ;  the  wave  pattern 
shows  the  well-known  transverse  and  diverging  waves  contained  within 
lines  making  angles  of  about  19°  28'  on  either  side  of  the  line  of 
motion  of  the  system.  Leaving  on  one  side  the  discussion  of  the  wave 


system  let  us  consider  what  is  perhaps  less  familiar,  the  corresponding 
wave  resistance.  We  are  considering  a  pressure  system  applied  to 
the  water  surface  and  moving  horizontally  with  constant  veloci’  / ; 
accompanying  the  system  there  is  a  steady  wave  pattern.  Suppose 
now  that  we  place  over  the  whole  surface  of  the  water  a  smooth  rigid 
cover  exactly  fitting  the  surface  at  every  point,  and  let  this  cover  move 
horizontally  with  the  same  velocity.  We  could  now  remove  the  jet,  or 
other  means  by  which  we  applied  the  pressure  system,  for  this  function 
will  now  be  performed  by  the  rigid  cover;  and  the  fiuid  motion  will 
be  exactly  the  same  as  before.  Moreover,  at  all  those  outlying  parts 
where  the  surface  pressure  is  the  same  as  atmospheric  pressure,  the 
cover  could  obviously  be  cut  away;  and  we  are  left  with  what  corres¬ 
ponds  to  the  ship  in  this  problem.  Let  me  repeat  that  in  the  actual 
ship  problem  wo  are  given  an  assigned  depression  in  the  water  surface, 
namely,  the  surface  of  the  ship;  we  have  replaced  this  by  a  problem 
in  which  the  pressure  distribution  is  assigned  and  the  ship  ie,  so  to 
speak,  made  to  fit  the  surface  disturbance.  The  reason  for  doing  this 
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is  simply  that  the  latter  problem  can  be  solved  mathematically  in 
certain  cnses. 

It  is  clear  that  the  wave  resistance  is  the  resultant  of  the  surface 
pressures  when  resolved  in  a  direction  opposite  to  that  of  the  motion. 
These  calculations  have  been  carried  out  (.Vo/e  1),  but  we  shall  only 
consider  here  the  graphical  form  of  the  results 

Fig.  1  shows  the  variation  of  wave  resistance  R  with  the  velocity. 
The  pressure  system  is  of  a  certain  localized  type,  symmetrical  round 
a  centre  which  moves  over  the  surface  with  constant  velocity  r ;  the 
quantity  /  is  a  length  which  may  lie  called  the  effective  radius  of  the 
applied  pressure  system.  There  are  various  points  of  interest  in  this 
curve,  hut  I  shall  only  mention  one  or  two  which  have  their  analogues 
in  ship  resistance.  Notice  that  the  wave  resistance  is  very  small  at 
low  speeds.  Then  it  begins  to  increase  rapidly  and  reaches  a  maximum 


when  the  speed  c  is  aliout  equal  to  ( gf ) ;  this  means  that  the  wave 
resistance  is  a  maximum  when  the  length  of  the  transverse  waves 
produced  is  of  the  same  order  as  the  length  of  the  pressure  system. 
After  this  stage  the  resistance  decreases  gradually  to  zero.  A  little 
consideration  will  show  that  this  last  result  might  have  been  anticipated ; 
it  may  be  described  as  a  sort  of  planing  or  smoothing  action  of  the 
pressure  system  when  the  velocity  becomes  very  large. 

Shallow  Watrr. — Before  we  leave  this  elementary  pressure  system 
we  may  use  it  in  another  interesting  problem.  We  have  assumed 
so  far  that  the  water  is  very  deep,  but  we  can  examine  the  effect  of 
shallow  water  by  adding  the  condition  that  at  the  bottom  of  the  water 
the  vertical  velocity  must  vanish.  The  work  becomes  more  difficult 
hut  formal  solutions  can  be  obtained  and  calculations  made  from  them 
(Note  2).  We  know  that  on  water  of  depth  h  the  speed  of  transverse 
waves  cannot  exceed  the  value  J(yh).  which  is  the  speed  of  the  so-called 
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wave  of  translation.  The  waves  produced  by  our  travelling  pressure 
.system  agree  in  character  with  this  fact.  Below  the  speed  the 

wave  pattern  is  similar  to  that  in  deep  water,  the  heights  of  the  waves 
l>eing  increased;  hut  at  higher  speeds  the  transverse  waves  have 
disappeared  and  the  pattern  is  made  up  of  diverging  waves  only. 

Here  are  some  curves,  in  Fig.  2,  which  show  the  corresponding 
(hanges  in  the  wave  resistance.  The  numl>ers  marking  the  different 
curves  are  the  ratios  of  the  depth  of  water  h  to  the  length  /  which 
measures  the  linear  dimensions  of  the  applied  pressure  system  ;  each 
curve  gives  the  variation  of  wave  resistance  with  velocity  for  a  given 
depth  of  water.  The  curve  marked  oo  is  the  curve  for  deep  water 
which  we  have  already  discussed.  The  progressive  changes  in  the  curves 
as  the  depth  is  diminished  should  he  noted  ;  hut  consider  in  particular 
t fie  curve  marked  0'7ii.  Notice  the  greatly  increased  resistance  com¬ 
pared  with  deep  water  so  long  as  the  speed  is  less  than  a  certain  value 
and  the  rapid  fall  after  that  point  with  the  resistance  ultimately 
becoming  less  than  in  deep  water.  The  velocity  at  which  the  change 


takes  place  in  this  case  is,  from  the  graph,  about  086 and, 
as  the  depth  h  is  0  75  this  velocity  is  practically  equal  to  y/  (gh), 

the  speed  of  the  wave  of  translation.  This  result  is  in  general  agree¬ 
ment  with  various  recorded  experiments  on  the  effect  of  shallow  water 
on  the  wave  resistance  of  ships. 

Interference  Effects. — Returning  to  the  easier  case  of  deep  water, 
we  can  illustrate  the  interference  of  bow  ami  stern  wave  systems.  We 
shall  call  a  system  in  which  the  applied  pressures  exceed  atmospheric 
pressure  a  positive  pressure  system,  and  one  in  which  they  are  less  than 
atmospheric  pressure  a  negative  system.  Let  the  trax’elling  system 
consist  of  a  positive  system  of  the  kind  we  have  been  considering 
together  with  an  equal  negative  system  at  a  fixed  distance  to  the  rear 
of  the  positive  one.  The  combined  wave  pattern  is  obtained  simply 
by  superposing  the  waves  due  to  the  two  systems  separately,  and  at; 
expression  for  the  wave  resistance  can  also  he  obtained  (X oh  ;{).  The 
resistance  is  not  the  sum  of  the  resistances  due  to  the  two  systems 
separately,  otherwise  there  would  l>o  linin'  of  the  so-called  interference 
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effects;  the  combined  effect  oscillates  about  the  mean  sum  according 
to  the  positions  of  the  crests  and  troughs  of  one  wave  system  relative 
to  those  of  the  other  system.  Fig.  3  shows  a  graph  of  the  wave 
resistance  calculated  for  a  certain  case  of  this  combination;  it  shows 
the  typical  humps  and  hollows,  and  the  mean  curve. 

It  may  lie  asked  why  we  illustrate  the  wave-making  action  of  bow 
and  stern  by  positive  and  negative  pressure  systems  respectively,  instead 
of  by  two  positive  systems  or  two  negative  ones.  The  best  answer  to 
this  question  seems  to  be  that  we  find  that  this  combination  gives  the 
humps  and  hollows  on  the  resistance  curve  in  the  same  sort  of  sequence 
as  for  a  ship.  Another  way  of  expressing  it  is  this:  we  know  from 
observation  that  the  bow  and  stern  produce  wave  patterns  which  are 
similar  in  character  except  that  where  there  are  crests  in  one  pattern 
there  are  troughs  in  the  same  relative  positions  in  the  other  pattern, 
and  vice  versa ;  the  simplest  combination  of  pressure  systems  which 
gives  the  same  effect  is  obviously  the  one  we  have  used,  one  system 
being  positive  and  the  other  negative. 

General  Pressure  System. — We  might  cow  attempt  similar  calcula¬ 
tions  for  a  continuous  distribution  of  pressure  such  as  would  be 
associated  with  the  motion  of  a  ship.  So  far  these  have  only  been 
carried  out  in  certain  cases  of  two-dimensional  fluid  motion,  that  is 
when  the  wave  motion  consists  only  of  straight-crested  transverse  waves : 
we  need  not  consider  these  in  detail  here  (.Vote  4j.  One  point  should 
be  mentioned  to  avoid  possible  confusion.  We  have  already  remarked 
that  the  action  of  how  and  stern  is  similar  to  that  of  positive  and 
negative  pressure  systems.  But  the  actual  continuous  distribution  of 
pressure  round  a  ship  is  different;  it  is  symmetrical  fore  and  aft  of 
the  midship  section  as  far  as  its  general  character  is  concerned.  The 
excess  pressure  begins  by  being  positive  near  the  bow,  it  then  decreases 
rapidly  to  a  negative  value,  remains  more  or  less  constant  over  the 
middle  length  of  the  ship,  and  then  increases  rapidly  to  a  positive 
value  again  near  the  stern.  Now  a  little  consideration  shows  that  the 
places  which  give  the  main  part  of  the  wave  effect  of  the  whole  system 
are  not  the  regions  where  the  pressure  is  uniform,  whether  it  is  positive 
or  negative,  out  those  places  where  the  pressure  is  changing  rapidly, 
here  we  have  near  the  bow  u  rapid  change  from  positive  to  negative, 
while  at  the  stern  the  change  is  trom  negative  to  positive:  the  nett 
result  is  that  in  the  wave  patterns  arising  from  bow  and  stern  respec¬ 
tively  the  relative  positions  of  crest  ami  trough  are  interchanged. 

One  recognizes  that  the  results  which  have  lieen  reviewed  in  this 
section  are  necessarily  only  illustrative  of  the  actual  ship  problem. 
They  are  nevertheless  interesting  ami  suggestive,  and  students  of  i h>- 
subject  will  lx?  familiar  with  the  use  that  has  lieen  made  by  various 
writers  of  the  notion  of  pressure  distribution  in  interpreting  curves  of 
wave  resistance  obtained  from  experiments  with  ship  models. 
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Distributions  cf  Sources  and  Sinks. 

Let  us  consider  now  another  method  of  treating  the  wave-making 
action  of  a’  ship.  It  is  obvious  that  the  bow  and  entrance  of  the  ship 
produce  in  the  water  an  outwards  horizontal  velocity  on  either  side, 
while  the  run  and  stern  give  rise  to  component  velocities  inwards.  We 
can  also  see  that  the  same  sort  of  effect  will  be  produced  if  we  remove 
the  ship  and  replace  it  by  some  apparatus  which  supplies  water  where 
the  velocities  are  outwards  and  removes  it  where  they  are  inwards. 
This  picture  suggests  one  of  the  most  fruitful  devices  in  hydrodynamics, 
the  study  of  the  motion  produced  in  a  fluid  by  the  presence  of  sources 
and  sinks,  that  is  points  at  which  fluid  is  introduced  or  withdrawn  at 
a  uniform  rate  symmetrically  round  each  point.  Just  as  in  the 
previous  section  we  might  begin  with  simple  cases,  for  example  a  source 
travelling  at  uniform  speed  at  a  constant  depth  below  the  surface  and 
followed  at  a  fixed  distance  by  an  equal  sink.  The  wave  motion 
produced  by  this  combination  can  be  calculated ;  and  we  can  generalize 
the  results,  with  certain  limitations,  for  any  distribution  of  sources 
and  sinks.  We  need  not  delay  over  the  simpler  cases,  but  let  us  see 
now  how  we  may  use  this  idea  in  the  ship  problem. 


Consider  the  vertical  section  'f  the  ship  by  the  median  plane 
running  from  bow  to  stern.  We  replace  the  ship  by  a  distribution 
of  source  <,nd  sinks  over  this  vertical  section,  so  arranged  that  the 
horizontal  velocity  outwards  or  inwards  at  each  point  is  equal  to  the 
same  component  of  the  velocity  of  the  corresponding  element  of  the 
ship’s  surface  at  right  angles  to  itself.  This  is,  of  course,  an  approxi¬ 
mation;  the  chief  liiuit^ion  is  that  we  must  assume  the  lines  of  the 
ship  to  be  fine,  so  that  the  angle  between  the  ship’s  surface  and  the 
vertical  median  plane  is  small. 

Without  going  into  the  details  of  any  one  problem,  I  shall  describe 
now  some  results  obtained  from  three  sets  of  calculations  made  on 
these  general  assumptions. 

Form  of  W'.l'r-plane  Section. — Suppose  that  we  wish  to  examine 
the  relative  effect  of  making  the  lines  at  the  bow  finer  and  increasing 
the  beam  of  the  ship,  the  displacement  being  constant.  We  shall 
simplify  the  work  by  assuming  the  draught  to  be  in.inite,  which  means 
simply  that  it  is  large  compared  with  the  wave  length  at  the  highest 
speed ;  we  are  not  concerned  with  absolute  values  of  resistance,  and 
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this  assumption  is  not  likely  to  affect  much  the  comparative  values. 
We  imagine  the  ship  to  have  vertical  sides  anti  constant  horizontal 
section ;  and  we  consider  a  series  of  models  in  whi.  lt  the  length  is 
constant,  the  beam  and  the  lines  altering  in  such  a  way  that  the  area 
of  the  water-plane  section  is  unaltered.  Calculations  have  been  made 
for  four  models  in  which  the  lines  can  be  expressed  by  simple  mathe¬ 
matical  formula'  so  that  these  conditions  are  satisfied  (.Vote  5).  Fig.  4 
shows  a  quarter  of  the  water-plane  section  for  the  two  extreme  models 
of  the  set  and  the  Table  gives  some  further  details. 


Modbus  or  Constant  Lknoth  and  Dispuacimint. 


Model. 

Beam. 

Water-plane  coeff. 

Bow  and  stern  lines. 

A  ! 

1-0 

0-667 

straight 

B 

1-042 

0-64 

straight 

C 

1-072 

0-62 

Hollow 

D 

j 

1-136 

0-587 

Hollow 

The  calculated  curves  of  wave  resistance  for  these  four  models  are 


iia.  5. 


The  ordinates  are  the  wave  resistance  R  on  a  certain  scale,  while 
the  base  is  V/a/L  where  V  is  the  speed  in  knots  and  L  the  length  in 
feet.  Look  at  the  curve  A,  which  belongs  to  the  model  of  more  normal 
lines.  There  are  the  typical  humps  and  hollows  due  to  interference, 
enormously  exaggerated  in  value,  but  they  occur  at  values  of  V/  Jh 
which  agree  sufficiently  well  with  experiment;  for  instance,  there  is  a 
prominent  hump  at.  V  =  i  04v'L.  We  can  trace  also  from  the  set  of 
curves  the  general  effect  of  putting  the  displacement  more  amidships. 
The  chief  point  of  interest  is  the  intersection  of  these  'urves  in  pairs 
of  values  of  V/^L  ranging  from  1*12  to  118.  Now  this  set  of 
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calculations  corresponds  to  a  simplified  form  of  certain  well-known 
sots  of  experiments  with  ship  models,  into  tho  details  of  which  we 
need  not  enter.  It  may  he  sufficient  to  quote  one  example,  which  is 
typical  of  the  results.  D.  W.  Taylor,  referring  to  a  series  of  experi¬ 
ments  with  models  of  the  same  displacement  and  of  varying  midship- 
section  coefficients,  states  that  the  models  with  full  midship-section 
coefficients  dfive  a  little  easier  up  to  \ j  JL  equal  to  11  to  T2,  anti 


the  models  with  fine  coefficients  have  a  shade  the  beat  of  it  at  higher 
speeds.  The  agreement  with  the  intersections  of  the  curves  in  Fig.  5 
is  rather  striking. 

Parallel  Middle  Body. — Take  now  the  simple  form  of  model  A  and 
insert  varying  lengths  of  parallel  middle  body  between  bow  and  stern, 
so  that  the  water-plane  section  is  like  Fig.  6. 


The  calculations  lead  to  curves  showing  how  the  wave  resistance 
at  a  given  speed  varies  with  the  length  of  parallel  middle  body  (Note  6). 
Some  curves  are  shown  in  Fig.  7.  The  base  is  the  length  (2i)  of  < 
parallel  middle  body,  and  the  entrance  and  run  were  each  taken  1o 
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be  80  feet ;  theso  lengths  wore  chosen  simply  because  they  were  those 
adopted  by  W.  Fronde  in  recording  the  resulb:  of  his  original  experi¬ 
ments  on  this  effect.  The  number  marking  each  curve  is  the  wave-length 
of  transverse  waves  at  the  speed  for  that  curve. 

We  shall  only  compare  these  curves  with  experimental  results  in  one 
respect,  namely  the  positions  of  the  maxima  and  minima,  a  matter 
about  which  there  has  been  considerable  discussion  recently.  There 
have  been  two  interpretations  of  the  experimental  results  put  forward. 
On  both  of  them  the  bow  wave  system  is  supposed  to  begin  with  a 
crest  and  the  otern  system  with  a  trough,  positive  and  negative  systems 
as  we  have  called  them ;  therefore  there  will  be  a  maximum  on  a 
resistance  curve  when  there  is  an  odd  number  of  half  wave-lengths 
between  this  crest  and  this  trough.  The  difference  between  the  two 
views  is  that  in  one  case  this  distance  between  first  bow  crest  and  first 
stern  trough  is  supposed  to  be  constant  for  all  speeds,  while  in  the 
other  it  is  said  to  increase  with  the  speed  in  such  a  way  that  the 
increase  in  this  distance  is  equal  to  one-quarter  of  the  increase  in  the 
corresponding  wave-length.  Let  us  follow  some  particular  maximum 
on  the  curves  of  Fig.  7,  say  Aa ;  on  both  views  this  corresponds  to  three 
half  wave-lengths  between  the  first  bow  crest  and  the  first  stern  trough. 
On  one  theory  the  quantity  it  A.  —  2 k  should  be  independent  of  the  speed, 
while  on  the  other  it  should  increase  at  the  same  rate  as  \  \  and 
therefore  the  quantity  £  A  -  2A  should  be  constant ;  A  is  the  wave¬ 
length  for  a  given  speed  and  2 k  is  the  length  of  parallel  middle  body 
at  which  the  maximum  A3  occurs  at  that  speed.  Taking  the  values 
from  Fig.  7,  and  adding  other  results  obtained  by  further  calculations, 
we  get  the  following  table : — 


2  k 

\ 

SX  -  2* 

i  X  -  2k 

0 

84 

126 

105 

28 

100-5 

133 

98 

66 

126 

123 

92 

85 

140 

125 

90 

125 

167  '5 

126 

84 

1715 

201 

131 

81 

196 

218-6 

132 

77 

244 

251  -3 

133 

70 

328 

314 

143 

65 

According  to  this  Table,  neither  of  these  quantities  is  constant. 
Calling  ;!  A.  -'2k  the  wave  separation,  it  is  interesting  to  notice  that 
the  wave  separation  decreases  slightly  at  first  with  increasing  speed  ; 
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this  is  an  effect  which  we  find  more  pronounced  if  we  follow  a  higher 
order  of  maximum  such  as  As  or  A7.  A»,  .•  a  range  over  which  the 

wave  separation  is  approximately  constant,  it  ultimately  increases  with 
the  speed  but  at  a  slower  rate  than  that  required  by  the  quarter 
wave-length  theory.  Such  are  the  results  for  the  simplified  form  of 
model  we  have  used  ;  it  is  quite  possible,  of  course,  that  different  rates 
of  variation  might  be  obtained  if  the  calculations  could  be  made  for 
forms  more  like  actual  ship  models.  A  similar  remark  may  be  made 
at  the  same  time  about  empirical  formulae  derived  from  experimental 
results;  it  is  not  as  a  rule  justifiable  to  extend  these  formulae  beyond 
the  range  from  which  they  were  obtained. 


Varying  Draught. — As  a  last  example  of  this  sot  of  calculations 
let  us  find  how  the  resistance  of  model  A,  without  parallel  body,  varies 
when  we  alter  the  draught  ( Note  7).  Hitherto  we  have  taken  the 
draught  to  be  so  large  that  it  might  be  assumed  infinite.  We  now 
cut  the  model  off  by  a  horizontal  plane,  so  that  it  still  has  vertical 
sides  and  constant  horizontal  section ;  but  we  take  the  draught  to  be 
first  one-tenth  and  then  one-twentieth  of  the  length. 

Fig.  8  shows  the  three  curves,  marked  with  the  ratio  of  draught 
to  length.  There  is  little  difference  at  low  speeds  until  the  wave-length 
becomes  comparable  with  the  draught.  An  interesting  point  is  that 
the  humps  and  hollows  occur  at  practically  the  same  speeds  in  the  three 
curves ,  one  may  compare  this  with  the  observed  effect  that  for  a 
submerged  model  the  resistance  curve  gives  humps  and  hollows  at  the 
same  speeds  independently  of  the  depth  at  which  the  model  is  run. 

The  ratios  one-twentieth  and  one-tenth  cover  roughly  the  ratios  of 
draught  to  length  which  occur  in  practice.  We  may  then  compare  these 
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curves  with  experimental  results  to  ace  whether  absolute  values  ar« 
reasonably  of  the  right;  order  of  magnitude;  we  cannot  expect  more 
when  we  remember  the  simplified  form  of  the  model  and  the  other 
limitations  of  the  theory. 

The  three  dotted  curves  in  Fig.  8  are  experimental  curves  of 
residuary  resistance,  the  number  marking  each  curve  being  the  ratio 
of  draught  to  length.  The  curves  00475  and  0  0385  have  been  drawn, 
on  the  scales  used  in  Fig.  8,  from  those  given  by  R.  E.  Froude  for 
ships  of  400  feet  length  of  5,390  and  4,090  tons  displacement  respec¬ 
tively;  while  the  curve  0083  has  been  deduced  from  some  results  given 
by  J.  L.  Kent.  We  notice  at  once  how  much  more  prominent  the 
interference  effects  are  on  the  theoretical  curves;  this  is  probably  due 
chiefly  to  the  neglect  of  fluid,  friction,  whose  indirect  effect  may  be 
equivalent  to  an  altered  distribution  of  velocity  in  the  present  calcula¬ 
tions.  The  effect  of  differences  of  form,  other  than  that  expressed  by 
the  ratio  of  draught  to  length,  is  also  obvious  from  the  dotted  curves. 
When  we  remember  that  the  calculated  curve,  say  that  marked  005, 
is  for  a  simple  form  not  specially  fitted  to  any  actual  model,  the 
general  agreement  of  order  of  magnitude  over  a  considerable  range  of 
velocity  is  sufficient  at  least  to  justify  the  fundamental  assumptions  of 
the  theory. 

It  is  perhaps  needless  to  add  that  we  are  very  far  indeed  from 
being  able  to  predict  or  to  calculate  in  advance  the  wave  resistance  of 
an  actual  ship.  Nevertheless  our  chief  aim  will  have  been  achieved 
if  we  have  gained  more  insight  into  the  nature  of  the  problem;  for 
in  this  respect  at  least,  the  pursuit  of  theoretical  investigations,  even 
if  apparently  remote  from  practical  requirements,  is  essential  to  a 
complete  and  scientific  solution  of  the  various  problems  of  ship  .motion. 


NOTES  AND  REFERENCES. 

t. — The  effect  of  a  travelling  surface  pressure  can  be  obtained  by  regarding  it  as  a 
succession  of  applied  impulses  and  by  integrating  suitably  the  expressions  for  the  effect 
of  a  single  impulse.  Take  axes  Ox  and  Oy  in  the  undisturbed  water  surface  and  Or 
vertically  upwards  j  let  (  be  the  surface  elevation  and  let  O  move  with  uniform  velocity 
c  in  the  direction  O.e.  If  the  pressure  distribution  is  symmetrical  round  O  and  is 
given  by 

P  =  F  (r),  **  x1  +  ya, . ([) 

the  surface  elevation  can  be  obtained  in  the  form 

OB  OB 

gpZ  =  -  J  e  "  (/{kUo  £*>/{(*  +  cu)  +  y!j  J  sin  (kVu)«*(/k,  .  .  (2) 

where  P  is  to  be  made  zero  after  She  integrals  have  been  evaluated  j  further  V*=»  glK,  and 

/(k)  =  f  F  (a)  J„  (so)  a<la . (3) 

J  O 

J0  being  the  Bessel  F unction  of  zero  order. 
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From  the  definition  of  wave  resistance  given  in  tlic  text,  assuming  the  slope  of  the 
surface  to  be  small,  we  have 

R  J  F  (r)  ^  rfS, . (4) 

the  integral  being  taken  over  the  whole  surface.  The  particular  case  for  which  the 
calculations  have  been  made  is 


p  =  F(r)  =  A//{/2  +  r*y  . 

A  and/ being  constants.  It  is  found  that  the  integral  (4)  reduces  to 

7T 


”  -* 

>c®)  SC 


R  =  (4  tt  ga  A ilpct)  I  sec®  </>  e  ~^c  ^  seo  ^  d<p  . 


•  (5) 


.  (6) 


This  integral  can  be  expressed  in  terms  of  Bessel  functions,  of  which  tables  are  avail, 
able,  in  the  form 

w  7T2  A2p*e~p  f  ..J1)  ■  .  1  +2 p  J11  .  \ 

R  = - 2^7*“  {  1  H°  {tp)  -  2p  Hl  {,P) /’  •  •  ‘  •  (7) 

where />•=  gr//c*.  This  is  the  expression  whose  graph  is  given  in  Fig.  1.  ( Proc .  Roy. 

Soc.  A,  95,  p.  354.  (1919). 

2. — With  the  same  notation,  and  with  k  as  the  depth  of  water,  instead  of  (6)  we 
now  have 

7T 


R 


47rA2cs 


A 

<#>o 


K  'e  ~  ^Kf  sec 

sec2  <p(c*—yh  sec*  0)  +  k*cVi  ’ 


(8) 


where  K  satisfies  the  equation 

Kc-  -  gi  sec”  0  tanh 

The  lower  limit  <f>0  is  to  be  taken  zero  if  c‘  <  yh.  and  to  be  the  value  of  are 
cos  ^ ghjC 2  if  c:Xjh.  The  integral  (8)  was  evaluated  by  graphical  methods,  the 
integrand  being  graphed  on  a  certain  base,  and  areas  taken  by  an  Amsler  planimeter. 
The  process  was  carried  out  for  the  different  values  of  the  ratio  hif  shown  in  Fig.  2. 
(Proc.  Roy.  Soc.  A.,  100,  p.  499.  1922.) 

3.  —  With  h  as  the  distance  between  the  centres  of  the  two  pressure  systems,  the 
integral  for  the  wave  resistance  is 

TT 

R  =  ( 16jr<7*A*//>c1’)  J  sec'  0  e  ~  ^Uflc  )  sec!  */>  cos2  j  (ghjc2)  sec  0  j-  d^  . 

The  particular  case  shown  in  Fig.  3  is  for  h  =  2/,  the  integral  being  evaluated  by 
numerical  methods.  (Reference  as  in  Note  1.) 

4.  — For  a  study  of  some  cases,  with  further  references,  see  Proc.  Roy.  Soc.  A.,  89, 

p.  489.  1914. 

5.  — The  general  expression  for  any  distribution  of  sources  and  sinks  is  found  by 
beginning  with  a  doublet  of  given  moment  at  a  given  depth  in  the  liquid,  with  its  axis 
parallel  to  Ox.  The  results  are  generalized  by  integration  for  any  continuous  dis. 
tribution  of  such  doublets  in  the  plane  y  =  0,  the  moment  per  unit  area  in  this  plane 
being  0(x,  z) ;  this  gives  for  the  wave  resistance  the  expression 


(9) 


R 


f° 

r°° 

,oo  r 

(h 

dz' 

dx 

d.c' 

J  —  CO 

J  —  OO 

/-«  J 

Si/dJx  .  sy/';5x'  . 


x  sec 


sc Rpe{^z 


+  *')/c*  j-  see2  0  coa 


£  [  y(z  -  x')jt*  j  sec  0  J  dtp  .. 


(10) 
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This  dishibnlum  of  doublets  (fives  over  the  plane  y  -  0  a  normal  distribution  of 
velocity  of  amount  Taking  the  plane  1/  -  0  as  the  median  fore  ami  aft 

piano  of  the  ship,  and  taking  the  ship's  surface  to  be  given  by  y  —  K(.r,  -),  we  have, 
with  the  assumpt ions  in  the  text,  to  substitute  2r8t/(.'8e  rSF  S.c  in  (10)  to  obtain  the 
wave  resistance.  The  curves  of  Fig.  4  for  the  form  of  the  water-plane  section  aru 
particular  cases  of  the  equation 


{> -!<**(■- }  ■  ■  •  •  mi 

Here  2 1  is  the  constant  length  of  the  ship  anti  t hi  the  constant  area  of  the 
water-plane  section  ;  the  beam  is  2ft(l  -  Jd*)/(  1  -  },d*)  The  four  models  are  the  oases 
d  —  0,  1,  1'25  and  1*5  respectively.  Evaluating  as  far  as  possible  the  integrals  in  (10) 
for  the  form  given  in  (11)  we  obtain 


__  &V2gPbs±  r 
=  tr(  1  —  id*)p*  L  S 


i(l  -  id*)'  +{?(!+  2d*  -  'ad*)Jt 


+  wf  +  f  +  id  -  3d-)2  p , 


:(1  -  id* -i-  id*) Pt 


+  pd  -  6 d*  +  jd*)P§  -  J?d*(l  -  ?d*)P0  -  -||d*(l  -  2d*)P , 
+  .^lp8+^lPo] . 


(12) 


where  p  =■  2 gljc*  and  the  functions  P  are  defined  by 

■7T 

P2„  (p)  =  (  -  1)"  I  cos2"  <f>  sin  ( p  sec  <p)d<p 
J  o 


7T 

P2n+ i(p)  —  (-  l)n  +  1  I  cosin+1<f>  cos  (p  sec  d>)d</>. 

J  o 

After  preliminary  computation  of  these  new  functions,  it  was  possible  to  calculate 
R.  from  (12)  for  the  four  given  values  of  d  and  for  sufficient  values  of  p  in  each  case  to 
give  the  curves  of  Fig.  5.  ( Proc .  Hoy.  Soc.  A.,  103,  p.  571.  1923.) 

6. — The  equation  of  AB  in  Fig.  6  is 

y  =  b  |  1  -  (*  -  k)*ll*  } . (13) 

In  this  case  the  integrals  of  (10)  give,  with  the  same  notation, 


-»  P5  (i  P ) 


+  iP.<P.)  -  |  P«(Pi>  *  J*P .(P.)  +  |  P«(pa) 


■  y  ps (Pj)  +  ......  (14) 

where  p  =  2  gl/o2,  Pi=0(2fc+21)/c8i  P  a  =  +  l)/ca,  p  a=2gk/c%. 

The  curves  of  Fig.  7  were  obtained  from  this  formula,  with  l « 80,  for  the  cases 
gjc*=  0T,  0'0625,  005,  0'045,  0'04125  respectively.  {Proc.  Hoy.  Soc.  A.,  108,  p.  77. 
1925). 
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7.  The  general  expression  (10)  now  gives,  with  p  =2gl/c2,  a- gd/c 
(3  =  d/2l.  v 


„  25fi  gphH 

I\  —  a 

7 Tp* 


f(' 


-e- 


c24> 


l 

1 


cos'</>  +  cos'd- 
V 


— ;  cos*  </>  j  cos  soc  <fij  — ~  cos4'/: sin  ^pseo  >t>'j  j  d<J>, 


(15) 


After  certain  transformations,  this  expression  was  evaluated  by 
approximate  methods  to  give  the  curves  of  .^ig.  8  for  the  cases  #  —  «>,  0‘1  and  0  05 
( Proc .  Roy.  Soc.  A.,  108,  p.  582.  1925.) 
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The  Method  of  Images  in  Some  Problems  of  Surface  Waves. 

By  T.  H.  Havelock,  P.R.S. 

(Received  May  26,  1926.) 

Introduction. 

1.  When  a  circular  cylinder  is  submerged  in  a  uniform  stream,  the  surface 
elevation  may  be  calculated,  to  a  first  approximation,  by  a  method  due  originally 
to  Lamb  for  this  case,  and  later  extended  to  bodies  of  more  general  form  :  the 
method  consists  in  replacing  the  cylinder  by  the  equivalent  doublet  at  its 
centre  and  then  finding  the  fluid  motion  due  to  this  doublet.  In  discussing 
the  problem  some  years  ago,*  I  remarked  that  if  the  solution  so  obtained  were 
interpreted  in  terms  of  an  image  system  of  sources,  we  should  then  be  able  to 
proceed  to  further  approximations  by  the  method  of  successive  images,  taking 
images  alternately  in  the  surface  of  the  submerged  body  and  in  the  free  surface 
of  the  stream.  This  is  effected  in  the  following  paper  for  two-dimensional  fluid 
motion,  and  the  method  is  applied  to  the  circular  cylinder.  It  provides,  theoreti¬ 
cally  at  least,  a  process  for  obtaining  any  required  degree  of  approximation, 
but,  of  course,  the  expressions  soon  become  very  complicated.  It  is,  however, 
of  interest  to  examine  some  cases  numerically  so  as  to  obtain  some  idea  of  the 
degree  of  approximation  of  the  first  stage. 

An  expression  is  first  obtained  for  the  velocity  potential  of  the  fluid  motion 
due  to  a  doublet  at  a  given  depth  below  the  surface  of  a  stream,  the  doublet 
being  of  given  magnitude  witu  its  axis  in  any  direction.  A  transformation  of  this 
expression  then  gives  a  simple  interpretation  in  terms  of  an  image  system. 
This  system  consists  of  a  certain  isolated  doublet  at  the  image  point  above  the 
free  surface,  together  with  a  line  distribution  of  doublets  on  a  horizontal  line 
to  the  rear  of  this  point ;  the  moment  per  unit  length  of  the  line  distribution 
is  constant,  but  the  direction  of  the  axis  rotates  as  we  pass  along  the  line,  the 
period  of  a  revolution  being  equal  to  the  wave-length  of  surface  waves  for  the 
velocity  of  the  stream.  The  contribution  of  each  part  of  the  image  system  to 
the  surface  disturbance  is  indicated. 

Before  proceeding  to  the  circular  cylinder,  two  cases  are  worked  out  in  some 
detail,  namely,  a  horizontal  doublet  and  a  vertical  doublet.  To  a  first  approxi¬ 
mation  these  give  the  surface  disturbance  of  a  stream  of  finite  depth  with  an 
obstruction  in  the  bed  of  the  stream  ;  in  the  first  case  the  bed  of  the  stream  is 
plane  with  a  semi-circular  ridge,  and  in  the  second  case  it  has  a  more  com- 
*  '  Roy.  Soc.  Proo.,’  A,  vol.  93,  p.  624  (1917). 
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plicated  form.  Numerical  calculations  are  made  for  both  these  cases,  and 
graphs  of  the  surface  elevation  are  shown  in  fig.-..  1  and  2. 

The  second  approximation  for  the  circular  cylinder  is  then  investigated. 
The  first  stage  is  the  surface  effect  due  io  a  doublet  at  the  centre,  and  the  second 
is  that  due  to  a  distribution  of  doublets  on  a  certain  semicircle.  Expressions 
can  be  obtained  for  the  complete  surface  elevation,  but  the  calculations  are 
limited  to  that  part  which  consists  of  regular  waves  to  the  rear  of  the  cylinder. 
The  integrals  are  investigated  and  reduced  to  a  form  which  permits  of  numerical 
evaluation.  Calculations  are  carried  out  for  various  velocities  for  two  different 
cases,  namely,  when  the  depth  of  the  centre  is  twice,  and  three  times,  the  radius. 
The  results  are  tabulated  for  comparison,  and  one  may  estimate  from  these 
rather  extreme  cases  the  degree  of  approximation  of  the  first  stage.  The  effect 
of  the  second  stage  is  to  alter  noth  the  amplitude  and  the  phase  of  the  regular 
waves.  The  amplitude  of  the  first-stage  waves  has  a  maximum  for  the  velocity 
VW)>  where  /  is  the  depth  of  the  centre.  It  appears  tha>,  the  second  stage 
increases  the  amplitude  of  the  waves  for  velocities  less  than  \/(gf)  and  decreases 
it  for  velocities  above  this  value  ;  further,  the  crests  of  the  waves  are  moved 
slightly  to  the  rear  by  an  amount  which  varies  with  the  speed.  Some  other 
possible  applications  of  the  method  of  images  may  be  mentioned.  For  a 
doublet  in  a  stream  of  finite  depth,  we  can  take  successive  images  in  the  bed 
of  the  stream  and  in  the  free  surface,  and  so  build  up  the  image  system  of  a 
doubly  infinite  series  of  isolated  doublets  and  of  line  distributions  of  doublets  ; 
this  solution  may  he  compared  with  the  direct  solution  in  finite  terms  which 
may  be  obtained  in  this  case.  Further,  similar  methods  may  be  used  for  the 
three-dimensional  fluid  motion  due  to  a  doublet  in  a  stream,  and  application 
made  to  the  corresponding  problem  of  a  submerged  sphere. 

Image  of  Doublet  in  Stream. 

2.  We  may  either  consider  the  doublet  to  be  at  rest  in  a  uniform  stream  or  to 
be  moving  with  uniform  velocity  in  a  fluid  otherwise  at  rest ;  we  choose  the 
latter  alternative.  Take  Ox  horizontal  and  in  the  undisturbed  surface  of  the 
liquid,  and  Og  vertically  upwards.  Let  the  axes  be  moving  with  uniform 
velocity  c  in  the  direction  of  Ox,  and  let  there  be  a  two-dimensional  doublet 
of  moment  M  at  the  point  (0,  — /)  with  its  axis  making  an  angle  a  with  the 
positive  direction  of  Ox.  The  velocity  potential  of  the  doublet  is  given  by  the 
real  part  of 

x  +  Hy+f)'  u' 


266 


Ini'ii/rs  in  Some  l1  rofi/r ms  of  S'/r/n' 


1  i 


tl'r. 


In  order  to  keep  the  various  integrals  convergent  and  so  to  obtain  a,  definite 
result,  we  adopt  the  usual  device  of  a  small  frictional  force  proportional  to 
velocity  and  in  tlm  limit  make  the  frictional  ooedieient  \x  tend  to  zero  :  further, 
we  neglect  the  square,  of  the  fluid  velocity  at  the  free  surface. 

If  yj  is  the  surface  elevation,  the  pressure  equation  gives  the  condition  at  the 
free  surface, 

—  fr< 1  -1-  </<f>  —  const.,  (2) 


we  have  also,  at  the  free  surface, 


By) 

0? 


i 


d<f> 

V 


(3) 


And  as  we  are  dealing  with  the  fluid  motion  which  lias  attained  a  steady  st  ite 
relative  to  the  moving  axes,  these  conditions  give,  in  terms  of  the  velocity 
potential, 


"!2 


«»  1  *0  '■n 

ax *  ay 


dtf>  _  B<£ 


[<• 


Bx 


0, 


(1) 


to  he  satisfied  at  y  —  0.  Here  we  have  put  k0  —  y(c2  and  g  —  [x’/r. 

We  now  assume  the  solut,  on  to  he  given  by 

<f>  =  -  tMe“  |  eiKX~K  w+f)  Ac  +  f  F  (*)  eu *  ^  dm  (5) 

Jo  Jo 


The  first  term  represents  the  doublet  (1)  in  an  equivalent  form,  valid  for 
V  "f*  />  0.  The  function  F  (k)  can  now  be  determined  by  means  of  (4),  and 
this  gives 

F  (k)  =  iMeia  ( 1  H - ^2 — _ )  e-*'.  (0) 

\  K  —  K0  + 

Hence  the  velocity  potential  of  the  image  system  is 

r*  r®  jxx-k{  f-v) 

iMeia  I  eUx~K{,~v) dK  -4-  2«c0Me<a  — - -dm  (7) 

Jo  Jo  k  —  k0  +  i [X 

By  comparison  with  (1)  and  the  first  term  in  (5),  it  is  easily  seen  that  the 
first  term  in  (7)  is  the  velocity  potential  in  the  liquid  due  to  an  isolated  doublet 
at  the  image  point  (0,  /),  of  moment  INI  with  its  axis  making  an  angle  ~  a 
with  Ox. 

To  interpret  the  second  term  in  (7)  we  put 

- 1 - -=f  p,  >  0.  (8) 

k  —  Kn  -r  t  g  Jo 
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We  then  interchange  the  order  of  integration  with  regard  to  k  and  p,  and 
integrate  first  with  respect  to  k.  The  second  term  of  (7)  thus  becomes 


2i/c0Me,a  J" 


e-HP-iica v 


dp, 


0) 


Jo  x+p  +  i(f—y) 

with /  —  y  >  0. 

By  a  comparison  with  (1),  we  see  that  the  real  part  of  (9)  is  the  velocity 
potential  of  a  line  distribution  of  doublets  along  the  line  y  =  /,  extending  over 
the  negative  half  of  that  line.  The  magnitude  of  the  moment  per  unit  length 
at  the  point  (— p,  / )  is  2/coMe-MP,  and  the  axis  at  that  point  makes  with  Ox 
an  angle  Kop  —  a  —  ^7t. 

It  is  necessary  to  retain  the  quantity  p  while  manipulating  the  integrals, 
but  we  may  put  it  zero  ultimately  and  we  have  the  following  result : — The 
image  system  of  the  doublet  M  at  an  angle  a  to  Ox  and  at  depth/ below  the  sur¬ 
face  consists  of  a  doublet  M  at  the  image  point  at  height/ above  the  surface  with 
the  axis  making  an  angle  7t  —  a  with  Osc,  together  with  a  line  distribution  of 
doublets  to  the  rear  of  the  image  point  of  constant  line  density  2*0M  and  with 
the  axis  at  a  distance  p  in  the  rear  making  a  positive  angle  K0p  —  a  with  the 
downward-drawn  vertical. 

It  is  of  interest  to  note  how  the  parts  of  the  image  system  contribute  to  the 
surface  elevation.  From  the  preceding  equations  we  obtain 


2M  (/cos  a -x  sin  a)  .  „  M  <a  f  eUx"'f  , 

072  +  0  Jo  «-*  +  **■ 


(10) 


*o  + 

where  the  real  part  of  the  second  term  is  to  be  taken. 

The  integral  in  (10)  is  transformed  by  contour  integration,  treating  x  positive 
and  x  negative  separately ;  when  p  is  made  zero  ultimately,  the  complete 
expressions  are 

=  2M(/ cos  oc-x  sing)  j  g  M  f"  m  cos  (m/— «)— k0  sin  (m/— «)  g_mx  dm 

71  x2-f/*  °  Jo  m2  +  K02 

for  ®  >  0 ;  and 


2M  (/  cos  a  —  x  sin «)  ,  .  u  ,  .  x 

cv]  =  - * — v— .. - '  +  4««oMe  *#7  sm  (koX  +  a) 

x‘ 

+  2koM  f  " c°‘  +  a>  ~ aUg fat+2) dm,  (11) 

Jo  m*  -f  AC0 

for  *  <  0. 

The  first  term  in  each  case  represents  that  part  of  the  local  surface  disturb¬ 
ance  due  to  the  doublet  and  the  isolated  image  doul '  t.  The  remaining  terms 
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are  due  to  the  semi-infinite  train  of  doublets  behind  the  image  point.  Part  of 
the  effect  is  the  train  of  regular  waves  to  the  rear  of  the  origin,  evidently  associ¬ 
ated  with  the  periodicity  in  the  direction  of  the  doublets  along  the  line 
distribution  ;  and  there  is  also  a  further  contribution  to  the  local  surface  dis¬ 
turbance,  which  we  may  regard  as  arising  from  the  fact  that  the  line  distribution 
is  semi-infinite  and  has  a  definite  front. 


Horizontal  and,  Vertical  Doublets. 

3.  With  the  axis  of  the  doublet  horizontal,  we  have  the  well-known  first 
approximation  to  the  submerged  circular  cylinder  of  radius  a,  if  we  take 
M  =  ca2.  From  (11),  the  surface  elevation  can  be  expressed  in  ihe  form 

?)  =  -r;  Ag  +  2a2/c0P,  x  >  0, 

*”  1 -J 

f]  =  +  2a2*0P  +  47tK0a2er,">/  sin  kqX,  x  <  0,  (12) 


where  P  is  the  real  part,  for  x  >  0,  of  the  integral 


i 


®  e-(x+i/)m 


dm. 


(13) 


!o  m  f  tK0 

Taking  the  axis  of  the  doublet  tj  be  vertically  upwards,  we  have  x  —  tc/2 
in  the  general  formulae  ;  and,  putt.ng  M  =  co2  in  this  case  also,  we  obtain 

2a2a; 


7]  = 

V  = 


x*-h/* 

2alx 
x2  -f /2 


—  2a-K0Q,  x  >  0, 

i-  2«2k0Q  -+-  47TKoa2fc-'o/cosKoX,  a:  <0, 


(14) 


where  Q  is  the  imaginary  part  of  the  integral  (13).  This  integral  may  be 
expressed  formally  in  terms  of  liW~u),  where  li  denotes  the  logarithmic 
integral,  and  may  be  expanded  in  various  forms.  For  the  numerical  calcula¬ 
tions  which  follow,  it  was  found  simplest  to  use  the  series 
rm  »-  <«+<£>• 

- - -du  =  —  (A  -f  »B) 

Jo  u  -j-  t 

qo 

A  =  y  +  log  t  +  2  —  cos  n0, 
in! 


where 


B  =  «  —  0  —  S^-jsin  n0, 
i  n ! 


(15) 


r  —  (a2  -f-  (l2)*,  tan  0  =  a/(3,  and 


y  =  0-57721. 
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The  series  is  sufficiently  simple  for  calculation,  though  in  some  of  the  cases  it 
was  necessary  to  take  a  large  number  of  terms. 

For  both  the  horizontal  and  vertical  doublets  we  take 

M  =  co2,  /  =  2a,  K0f  =,  4.  (16) 

This  means  that  we  take  the  velocity  to  be  such  that  the  wave-length  of  the 
regular  waves  is  if.  We  are  assuming,  in  each  case,  a  given  doublet  at  depth 
/  below  the  surface  of  deep  water.  The  only  restrictions  so  far  are  the  general 
ones  due  to  neglecting  the  square  of  the  fluid  velocity  at  the  free  surface,  and 
the  consequent  limitation  to  waves  of  small  height.  From  this  point  of  view 
the  data  of  (16)  are  rather  extreme  ;  but,  this  being  understood,  it  may  be 
permissible  to  use  them  for  a  comparison  of  the  two  cases.  With  the  values 
in  (10),  the  calculations  are  comparatively  simple,  and  lead  to  graphs  which  can 
be  drawn  suitably  on  the  same  scale  throughout ;  these  are  shown  in  figs.  1 
and  2,  where  the  unit  of  length  is  the  quantity  a. 

In  fig.  1,  there  is  a  horizontal  doublet  at  C ;  the  arrow  shows  the  direction 


Fig.  1. 


of  the  stream  assuming  the  doublet  to  be  stationary,  and  Ox  is  in  the  undis¬ 
turbed  surface.  The  surface  elevation  was  calculated  from  (12)  for  the  case 
(10).  The  broken  curve  shows  the  regular  sine  waves  to  which  the  disturbance 
approximates  as  we  pass  to  the  rear.  This  solution  is  also  the  first  approxi¬ 
mation  for  a  submerged  cylinder  of  radius  a;  or,  again,  to  the  same  order,  it 
gives  the  effect  caused  by  a  semicircular  ridge  on  the  bed  of  a  stream  of  depth 
twice  the  radius.  From  this  point  of  view  the  diagram  may  be  compared  with 
that  given  bv  Kelvin*  for  a  small  obstruction  on  the  bed  of  a  stream  of  finite 
depth. 

*  Kelvin,  ‘  Muth.  nnd  l’liys.  Papers,’  vol.  4,  p.  295. 
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Fig.  2  shows  the  corresponding  curves  for  a  vertical  doublet,  calculated  from 
(14)  for  the  case  (1C)  ;  the  doublet  is  at  the  point  C.  Here,  again,  the  broken 
curve  shows  the  cosine  term  of  the  solution  to  which  the  disturbance 
approximates. 

We  may  also  regard  this  as  an  approximate  solution  for  the  flow  of  a  stream 


over  a  bed  of  a  certain  form.  This  is  obtained  by  taking  the  zero  stream-line 
for  the  combination  of  the  uniform  stream  and  a  vertical  doublet  at  C  under  the 
conditions  given  in  (16)  ;  the  equation  of  this  cur  ve  is 

(y  +  2 a)  {x2  -f  (y  +  2a)2}  -f-  a2x  =  0,  (17) 

and  its  form  is  shown  in  the  figure.  Fig.  2  may  be  compared  with  a  graph  given 
by  Wien*  for  the  case  of  a  sudden  small  rise  in  the  bed  of  a  stream. 

It  is  interesting  to  note  the  general  similarity  of  the  surface  elevation  in  the 
two  cases  shown  in  figs.  1  and  2  :  although  the  regular  waves  a'  c  given  by  a  sine 
curve  in  one  case  and  a  cosine  curve  in  the  other,  that  is  only  because  of  the 
different;  position  of  the  origin  relative  to  the  general  form  of  the  obstacle. 

Second  Approximation  for  Circular  Cylinder. 

4.  We  may  now  carry  out  further  approximations  for  a  circular  cylinder  in 
a  uniform  stream  by  the  method  of  successive  images.  Reference  may  be 
made  to  fig.  3,  which  is  not  drawn  exactly  to  scale. 

The  imago  of  the  stream  in  the  circle  is  a  horizontal  doublet  M  at  the  centre 
C.  The  image  of  M  in  the  free  surface  is  a  doublet  —  M  at  the.  image  point  Cj 

*  \V.  Wien,  •  Hjdrotlynaniik,’  p.  206. 
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together  with  a  trail  of  doublets  to  the  tear  of  Cj.  The  image  of  this  system  in 
the  circle  give.:  a  doublet  —  Ma2/4/2  at  C2,  together  with  a  certain  line  distribu¬ 
tion  of  doublets  on  the  semicircle  on  CC2. 
So  the  process  could  be  carried  on,  but  we 
shall  stop  at  this  stage. 

From  the  results  already  given,  we  could 
build  up  complete  expressions  for  the  velocity 
potential  and  surface  elevation  for  each 
stage.  It  would  be  of  interest  to  work 
these  out  graphically  to  compare  with  fig.  1  ; 
but  the  expressions  soon  become  complicated 
and  their  evaluation  difficult,  especially  for 
the  immediate  vicinity  of  the  origin.  We 
shall  therefore  limit  the  study  to  the  regular 
waves  established  in  the  rear  of  the  cylinder.  We  have  seen  that  the  regular 
waves  of  the  first  approximation,  due  to  the  doublet  ca2  at  C,  are  given  by 

7]  —  4roc0a2e-'C|>/sin  k0x  ;  x<0.  (18) 

We  take  the  next  stage  in  two  parts.  First  we  have  an  isolated  horizontal 
doublet  of  moment  —  co4/4/2  at  C2,  whose  co-ordinates  are  (0,  — /+a2/2/). 
From  (11)  it  follows  that  the  contribution  of  this  doublet  to  the  regular  waves 
is 

7j  =  —  7C/c0a4/"2e"'t<></"IlW)  sin  k0x ;  x<0.  (19) 

Next  we  consider  the  line  distribution  of  doublets  to  the  rear  of  Cj  and  its 
image  in  the  circle.  Referring  to  the  results  in  §  2,  there  is  at  the  point  {—p,f) 
an  elementary  doublet  of  moment  2ic0ca2dp,  with  its  axis  making  an  angle 
K0p  —  \tz  with  the  positive  direction  of  Ox.  The  image  of  this  in  the  circle  is  a 
doublet  at  the  point  whose  co-ordinates  are 


a2p 


p2  +  4/2’ 


“/  + 


2a2/ 


Pz  +  4/ 


2’ 


(20) 


the  moment  of  the  doublet  is  2x0cai .  dp/(p 2  -f  4/2),  and  its  axis  makes  with 
Ox  the  angle 

2  tan-1  (p/2/)  —  *0p  +  $7i.  (21 ) 

From  (11)  we  can  now  write  down  the  waves  due  to  this  doublet.  It  should 
be  noted  that  the  expression  will  hold  for 


x  + 


azp 


f  + 


<0. 
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If,  therefore,  we  wish  to  obtain  the  complete  expression  for  this  part  of  the 
surface  elevation  at  a  point  in  the  range  —  a2/4/  <  x  <  0,  wo  should  have  to 
integrate  with  respect  to  p  between  appropriate  variable  limits.  We  shall 
consider  only  points  to  the  rear  of  this  range,  so  that  the  limits  for  p  are  0  and  oo  . 
This  being  understood,  the  distribution  of  doublets  on  the  semicircle  CC., 
contributes  to  the  regular  waves  a  part  given  by 

f*  2  «■«<,/  (  j  a2fi  \ 

r\  —  8rt fc02a4e  Kj  j  c  *  +4/1  cos  |k0  if  + 

+  2ton->^  -  (22) 

Putting  p  —  2/ tan  £8,  this  becomes 

r\  =  2Tr/co2a4/  -  1  e-*o/+*oa’/*/  (A  cos  >c0x  —  B  sin  kqx),  (23) 

where 

A  =  [  e,,co*9  cos  (6  -f  h  sin  6  —  k  tan  i6)  d8, 

Jo 

B  =  j"  e*00*9  sin  (0  +  h  sin  6  —  k  tan  £0)  d8, 

Jo 

with  h  —  *o a2/4/  and  k  —  2  K0f. 

5.  In  the  applications  to  be  made,  h  and  k  are  positive,  h  is  less  than  unity 
and  is  usually  a  small  fraction.  In  these  circumstances,  the  integrals  may  be 
evaluated  by  expansion  in  power  series  of  h.  It  can  be  shown,  after  a  little 
reduction,  that  we  have 

A  =  2S^Ln+1;  B  =  2S^M„+1;  (24) 

on!  on! 

where 

M  2 

Lf  =  cos  (2r<f>  —  k  tan  <f>)  d<f> 

Jo 

M2 

Mf  =  sin  (2 rj>  —  k  tan  <f>)  d<f>.  (25) 

Jo 

The  quantities  L  and  M  may  be  evaluated  in  terms  of  known  functions  by  a 
reduction  formula.  It  can  readily  be  shown  that 

(r  +  1)  L^i  =  kL/'  —  kLr'  +  rL,,  (26) 

the  accents  denoting  differentiation  with  respect  to  k  ;  or  denoting  this  opera¬ 
tion  by  D,  we  have 

r!I*-  (fcD*  — ifcD  +  r  — l)(H)2-*D4-r-2)  ...  (ifcD*  -  ifeD)  I*.  (27) 

The  quantity  M  satisfies  similar  relations. 
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Further,  we  have 

rir/2 

L0  =  cos  (k  tan  <f>)  d<f>  —  \ne~k 

Jo 

/■ir/2 

M0  =  —  sin  (7:  tan  $)  d<f>  =  —  £  {e-%  (efc)  —  e*K  (e~*)}.  (28) 

Jo 

We  shall  find  it  necessary  to  go  as  far  as  the  sixth  term  in  numerical  calcula" 
tion  of  A  and  B  ;  we  therefore  record  to  this  order  explicit  expressions  for  L  and 
M  obtained  from  (27)  and  (28). 

Lj  =  Tz/ce~k, 

L2  =  —  nk  (1  —  7;)  e~k , 

L3  =  ^-rck  (3  —  Gk  -)-  2 74)  e~k, 

L4  =  -  (3  -  9 k  +  6 74  -  74)  e~\ 

Ls  =  -^r.k  (15  -  60 k  +  60 k2  -  2074  +  2**)  e~k, 

L6  =  —  .i^nk  (45  —  2257c  +  30074  —  15074  +  30k4  -  2k5)  e~k, 

M4  =  -  ke-Hi  {ek)  +  1, 

M2  -  k{l-k)e~kli(ek)  +  k, 

M3  =  -  \k  (3  ~  Gk  +  2k2)  e~kli  ( ek )  +  £  (1  _  47;  +  2k2),. 

M4  =  \k  (3  -  9k  +  6 k2  -  74)  e~kli  (ek)  +  $k  (5-5 7:  +  k2), 

M5  =  —  T',k  (15  -  607:  +  6074  -  20 k3  +  2k*)  e~kli  (ek) 

+  rV  (3  ~  287:  4-  4474  -  1874  +  2T;4), 
M6  =  4\k  (45  -  2257:  +  30074  -  15074  +•  307,4  -  2k5)  e~Hi  (ek) 

+  T\k  (93  -  1987:  +  12474  -  2874  +  2 7c4). 

6.  The  first  case  we  shall  examine  is  that  already  discussed  in  §  3,  a  cylinder 
whose  centre  is  at  a  depth  of  twice  the  radius.  It  has  been  remarked  that  this 
is  an  extreme  case,  but  it  has  the  advantage,  as  far  as  the  calculations  are  con¬ 
cerned,  of  magnifying  the  difference  between  the  first  and  second  approxima¬ 
tions  and  so  of  lightening  the  numerical  work  involved.  In  the  notation  of  the 
previous  sections,  we  have 

f  =  2a;  k  =  2Kof^^f/l0;  h  —  KtfPjif  —  T:/32.  (29) 

Collecting  the  terms  in  (18),  (19)  and  (23),  the  regular  waves  established  to 
the  rear  of  the  cylinder  arc  given  by 

i)/a  =  ixke~ik  sin  kqx  —  -^nke~hk  sin  k0x 

+  (A  cos  k{It  —  B  sin  k0t) .  (30) 

The  first  term  is  the  first  approximation,  and  the  amplitude  in  this  case  has 
a  maximum  at  k  —  2,  or  when  the  velocity  is  such  that  the  wave-length  is  2 nf. 


a 
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We  shall  calculate  the  value  of  (30)  for  k  equal  to  10,  8,  6,  4,  2,-1  and  0-5, 
given  in  order  of  increasing  velocity.  Omitting  the  intermediary  steps  for  the 
numerical  values  of  the  L  and  M  functions,  the  following  table  gives  the  values 
of  A  and  B,  calculated  from  (24),  for  these  values  of  k  and  with  h  —  kj 32  in 
each  case. 


k 

10 

8 

6 

4 

2 

1 

0-5 

A 

0  021 

0-064 

0-204 

0-646 

1-805 

2-311 

1-891 

B 

-0-418 

-0-522 

-0-716 

-0-950 

-0-596 

0-668 

1-742 

The  simplest  form  in  which  to  show  the  difference  made  by  the  second  approxi¬ 
mation  is  to  express  (30)  in  each  case  in  the  form 

t]/a  =  D  sin  k0  ( x  -f-  £),  (31) 

and  compare  it  with  the  first  approximation 

•y )fa  =  G  sin  *#£.  (32) 

A  comparison  of  D  and  C  gives  the  alteration  in  the  amplitude  of  the  waves  ; 
further,  there  is  an  alteration  in  phase  expressed  as  a  displacement  of  the  crests 
to  the  rear  by  an  amount  £. 

In  this  form  the  final  numerical  values,  for/  =  2a,  are  given  in  the  following 
table  : — 


e/  J(ga)- 

C 

D 

«/<*• 

0-63 

0-212 

0-263 

0-006 

0-71 

0-460 

0-568 

0-017 

0-82 

0-939 

1-159 

0-050 

1-0 

1-701 

2-046 

0-148 

1  -41 

2  312 

2-396 

0-468 

2-0 

1-906 

1-721 

0-669 

2-83 

1-223 

1  -081 

0-595 

We  sec  that  the  second  approxirr.  vtion  makes  a  considerable  difference  in 
the  amplitude  in  this  case  ;  but  it  should  be  noted  that,  in  addition  to  the  depth 
being  only  twice  the  radius,  the  velocities  are  relatively  large,  the  wave-length 
at  the  lowest  velocity  being  about  l£  times  the  depth. 
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The  amplitude  C  has  a  maximum  at  the  speed  y/ (2 ga) ;  and  it  appears  from 
the  table  that  the  second  approximation-  increases  the  amplitude  below  this 
velocity  and  diminishes  it  at  higher  velocities.  It  seems  that  thd  rearward 
displacement,  given  by  £,  also  has  a  maximum,  amounting  to  about  two-thirds 
of  the  radius  of  the  cylinder. 

7.  It  is  clear,  from  the  form  of  the  expressions  for  the  surface  elevation,  that 
the  accuracy  of  the  first  approximation  increases  rapidly  as  the  depth  of  the 
cylinder  is  increased  or  as  we  take  relatively  smaller  velocities.  Without 
pursuing  the  calculations  in  this  direction,  we  shall  take  one  other  case  which  is 
not  quite  so  extreme  as  in  the  previous  section.  We  take  the  depth  of  the 
centre  to  be  three  times  the  ra  dius ;  the  data  are  now 

/=  3a;  k  —  2 !«<,/;  h  -  f  =  l in.  (33) 

In  this  case,  instead  of  (30),  we  have 

t )ja  —  dfce-**  sin  kqX  —  ^Tnke~iik  sin  kqX 

+  (A  cos  kqX  —  B  sin  kq*).  (34) 


The  following  table  shows  the  values  of  A  and  B,  with  h  —  k/72,  calculated 
for  convenience  at  the  same  values  of  k  as  before  : — 


k 

10 

8 

6 

4 

2 

1 

0-5 

A 

0  008 

0-033 

0-137 

0-540 

1-747 

2-311 

1-898 

B 

-0-324 

-0-428 

-0-626 

-0-911 

-0-644 

0-663 

1-732 

With  the  same  notation  as  in  (31)  and  (32),  the  results  are  given  in  the 
following  table : — 


c/J(ga). 

C 

1) 

1  /«- 

0-77 

0-141 

0-149 

0-001 

0-87 

0-307  • 

0-329 

0-006 

1-0 

0-626 

0-677 

0-024 

1-22 

1-134 

1-222 

0-088 

1-73 

1-541 

1-558 

0-295 

2-45 

1-270 

1  214 

0-409 

3-46 

0-816 

0-802 

0-324 
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The  calculations  were  made  for  the  same  values  of  k  ;  and  as  wo  have  taken 
■\f  ( ga )  as  the  unit  of  velocity,  we  get  a  different  set  of  velocities,  but  they  cover 
much  the  same  range.  We  notice  that  the  decrease  of  the  ratio  a  If  from  I  to  $ 
has  diminished  considerably  the  difference  between  C  and  D,  and  also  the  dis¬ 
placement  E.  The  results  have  the  same  general  character  as  we  noted  in 
the  previous  case. 

In  any  given  case  there  are  two  signifies  nt  quantities  involved :  one  is  the 
ratio  of  the  radius  to  the  depth  and  the  other  is  the  ratio  of  the  wave-length 
to  the  depth.  It  would  require  a  more  elaborate  numerical  study  than  has  been 
attempted  here  to  enable  us  to  state  precisely  the  degree  of  accuracy  of  the 
first  approximation  for  given  values  of  these  ratios. 


Harrison  and  Sons.  Ltd.,  Printers  in  Ordinary  to  His  Majesty,  St.  Martin's  Lane. 
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W  ave  Resistance. 

By  T.  H.  Havelock,  F.R.S. 

(Received  December  15,  1927.) 

Introduction. 

1.  The  object  of  this  paper  is  to  give  more  direct  proofs  of  certain  expressions 
for  wave  resistance  which  have  been  used  in  previous  calculations  ;  further, 
in  view  of  other  possible  applications,  the  expressions  are  generalised  so  that  one 
can  obtain  the  wave  resistance  for  any  set  of  doublets  in  any  positions  or 
directions  in  a  uniform  stream,  or  for  any  continuous  distribution  of  doublets 
or  equivalent  sources  and  sinks.  The  only  limitation  is  the  usual  one  that  the 
additional  velocities  at  the  surface  are  small  compared  with  the  velocity  of  the 
stream.  One  might  take  a  simple  source  as  the  unit,  but  to  avoid  certain 
minor  difficulties  it  would  be  necessary  to  assume  an  equal  sink  at  some  other 
point.  The  possible  applications  are  to  bodies  either  wholly,  or  with  certain 
limitations  partially,  submerged.  The  image  system  in  such  a  case  consists  of 
a  distribution  of  sources  and  sinks  of  zero  aggregate  strength,  and  so  may  be 
replaced  by  an  equivalent  distribution  of  doublets.  Hence  it  is  simpler  to 
use  the  doublet  as  the  unit  from  the  beginning. 

The  wave  resistance  of  a  submerged  sphere  was  obtained  previously  both  by 
direct  calculation  of  pressures  on  the  sphere  and  by  an  analogy  with  the  effect 
of  a  certain  surface  distribution  of  pressure.  The  latter  method  was  then 
generalised  to  give  the  wuve  resistance  of  any  distribution  of  horizontal  doublets 
in  a  vertical  plane  parallel  to  the  direction  of  the  stream.  In  a  recent  paper 
Lamb*  has  supplied  a  method  for  calculating  wave  resistance  which  avoids  the 

*  H.  Lamb,  '  Roy.  .Soc.  lJro  A,  vol.  Ill,  p,  14  (1926). 
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comparison  with  an  equivalent  surface  pressure  :  it  consists  in  calculating  the 
rate  of  dissipation  of  energy  by  a  ccrlain  integral  taken  over  the  free  surface 
when,  as  is  usual  in  these  problems,  a  small  frictional  force  has  been  introduced 
into  the  equations  of  motion  of  the  fluid.  Lamb,  however,  deals  only  with  a 
single  doublet,  to  which  a  submerged  body  is  equivalent  to  a  first  approxima¬ 
tion,  and  so  does  not  obtain  the  interference  effects  which  arise  from  an  extended 
distribution  of  doublets;  further,  he  carries  out  the  necessary  calculation  bv 
analysing  first  the  surface  distribution  of  velocity  potential  or  in  effect  analysing 
the  wave  pattern.  In  the  following  paper  it  is  shown  that  this  intermediate 
analysis  may  he  avoided  by  a  direct  application  of  the  Fourier  double  integral 
theorem  in  two  dimensions.  This  step  simplifies  the  extension  of  the  calcula¬ 
tion  to  any  distribution  of  doublets  in  any  positions  and  directions;  various 
cases,  which  it  is  hoped  to  use  later,  are  given  in  some  detail  for  deep  water, 
and  one  case  of  a  single  doublet  in  a  stream  of  finite  depth. 


Two-dimensional  Motion. 

2.  The  results  for  a  two-dimensional  doublet  are  well-known,  but  there  are 
one  or  two  points  of  interest  in  the  calculation.  We  shall  suppose  the  liquid 
to  be  at  rest,  and  the  doublet  to  be,  moving  with  uniform  velocity  c.  Let  the 
doublet  be  of  moment  M.  with  its  axis  horizontal,  at  a  depth/.  Take  the  origin 
in  the  free  surface,  with  O.r  in  the  direction  of  motion  and  0 z  vertically  upwards. 
If  £  is  the  surface  elevation,  and  if  there  is  a  frictional  force  proportional  to 
velocity,  the  pressure  condition  at  the  free  surface  gives 

^  —  gX,  +  p  '<£  —  constant,  (1) 


(f>  being  the  velocity  potential.  Since,  at  the  free  surface  B^/Bf 
we  have  for  the  steady  motion  relative  to  the  moving  axes, 


?2<f>  ,  d(f>  B cf> 

5 


=  «, 


d<f>jdz , 


(2) 


to  be  satisfied  at  z  =  0,  with  k0  —  //  V-2  and  p  —  p'/c.  The  conditions  of  the 
problem  are  satisfied  by 


M 


M 


f”  „*KX  -  «  (  /  -  Z) 

2iic0M  —  .  dx 

Jo  K  —  + 


x  +  i(z  +  f)  x  +  i(z~f) 


(3) 


where  the  real  part  is  to  he  taken. 
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If  R  is  the  equivalent  wave  resistance,  Rc  is  equal  to  the  rate  of  dissipation 
of  energy  ;  this  gives,  following  Lamb, 


R  =  _  tL£  f 

c  J  on 


taken  over  the  free  surface.  Thus  in  the  two-dimensional  case  wo  have 


R  =  Lim  gp  [  <j>~  dx, 

>i-»0  J-®  02 


(4) 


(5) 


with  z  =  0. 

The  surface  values  of  <j>  and  S^/3.2  can  be  obtained  from  (3)  ;  after  applying 
well-known  transformations  we  obtain,  at  z  =  0, 


d<f> 

dz 


<f>  =  2/c0M  f 

Jo 

4M  xf 


(m  -f-  g)  sin  inf  -j-  k()  cos  mf  _ 
(m  +  g)2  +  k02 


e  ‘"~dm, 


Jo 


(x2+/2)2 
for  x  >  0  ;  and 

(j)  =  47WCl)McM*  “  COS  (k0X  -j-  g/') 


(in  +  g)  cos  mf—Ku  sin  w f  -*»  j 

(m  +  g)2 


\2  _L  K  2 


2k0M  f“ 

Jo 


~  M»)  11  nif  —  Kq  cos  w f 
(m  —  g)2  +  #c02 


enxdm. 


^  =  IroqpVlc'**  Kf  {«o  cos  (*0a;  -t-  g/)  +  g  sin  (k0x  +  g /)} 


mxf 


(■>*  -rf 


(«.-„)  cog  () 


for  a;  <  0. 

These  expressions  are  continuous  at  x  —  0.  It  is  easily  seen  that  the  only 
terms  which  give  any  contribution  to  (5)  in  the  limit  are  the  first  terms  in  the 
expressions  for  f  and  0</>/0z  when  x  is  negative.  These  are  the  terms  which 
arise  from  the  train  of  regular  waves  established  in  the  rear  of  the  moving  doublet 
and  so  this  method  is  connected  with  the  alternative  calculation  of  wave 
resistance  by  means  of  group  velocity.  The  dissipation  of  energy  when  there 
is  a  frictional  tenn  is  represented  in  the  limit,  when  g  is  made  zero,  by  the  propa¬ 
gation  of  energy  away  from  the  system  in  the  train  of  regular  waves.  To  com¬ 
plete  the  calculation  from  (5)  and  (ti)  we  have 


R  Lim  gp  f  2""^cos iKuxdx 

J  —oo 

-  4^2p/f„3M2c”2,'"/. 


(7) 
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We  may  obtain  this  result  without  analysing  the  expressions  for  cf>  and  3$/3z. 
We  obtain  from  (3)  the  following  complete  expressions  in  real  terms,  at  z  =  0, 


4,  =  'XM  f  ■»-(«-«,)  MU 

Jo  (k  —  K0 )2  +  p2 


3^  _  2M  r  P*0  cos  KX  —  {*(*  —  Kn)  +  g2}  sin  KX  tK  dK 
3^  Jo  (k  —  K0)2  +  p2 


(8) 


(9) 


To  carry  out  the  integration  of  the  product  over  the  surface,  we  use  the  follow¬ 
ing  theorem :  if 

f  ix)  —  I  (At  cos  kx  H  Bj  sin  kx)  <Ik, 

Jo 

4*  (x)  —  I  (A2  cos  kx  +  B2  sin  KX)  d*, 

Jo 

where  Aj,  A2,  B,,  B2  are  functions  of  k ,  then 

(  /  (*)  4  (x)  dx  =  n  f  (Aj  A2  +  Bx  B2)  <Ik.  (10) 

J  -x  JO 

This  theorem  is  derived  from  the  Fourier  double  integral 

<f>  (x)  —  —  f  (Ik  f  <f>  (a)  cos  k  (x  —  a)  dx,  (11) 

TC  Jo  J  -oo 

and  is  subject  to  the  same  conditions. 

In  the  present  case,  comparing  (8)  and  (11)  we  have 


cos  KX 


,  2roc0M  u.e~Ki 


Hence  we  have 


f  >(«) 

J  _<* 

f  0  (a)  sin  kx  dx  =  - 

J-m  (K  —  K0)s  -f  P8 


f  i  3J  dx  =  Imc.M*  f  -  ^ -  ,/«, 

J-»  3s  °  Jo  (K  -  K0)*  +  p8 

f" 

R  =  lam  47w0Mspp  —  -  — — —  dK 
«-o  J  o  (x  —  *„r  +  b 

=  4^2p/r03M2e-::,r”/. 


(12) 


(13) 
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Horizontal  Doublet. 

3.  To  consider  three-dimensional  fluid  motion,  take  first  a  horizontal  doublet 
of  moment  M  at  the  point  (0,  0,  — /).  Assume  that  the  velocity  potential  can 
be  expressed  in  the  form 

C”  f* 

<}>  =  -1-  Ke~ *<*+/)+«(* ‘OS e+v sin  f>)cos  fJ  jq  dK 

2tc  J-ff  Jo- 

f  kE  (6,  k)  e~K </-'>+*'* cos  e+v sin  •> cos  6  d0  du,  (14) 

n  J  0 


where  real  parts  are  to  be  taken,  and  where  the  first  term  is  the  velocity  potential 
of  the  given  doublet  in  a  form  valid  for  z  -(-  /  >  0. 

The  surface  condition  is  equation  (2)  as  before  ;  applying  this,  we  obtain 


p  ,q  > fM  k  4-  -Co  sec2  6  4-  iy-  sec  0 

’  2n  k  —  k0  sec2  0  +  sec  0 


Hence  from  (14)  and  (15)  the  surface  values  of  <f>  and  3  rf>  jdz  are 

„—*/+»«  (x  cos  e+u  sin  6) 


.  _  w0m  r  r  e-K* 

TV  Jo  K  — 

r 

9z  7C  J-J, 


sec2  0  -j-  ip.  sec  0 

e  —*/+»*  (x  cos  6+y  sin  «) 


k  sec  0  dO  d/c. 


(15) 


(16) 


—  k2  (k  +  iyt  sec  0)  cos  0  d 0  d/c.  (17) 


Jo  k  —  k0  sec2  0  -f  iy.  seo  0 
Taking  real  parts  of  these  expressions  we  obtain 

<f>  —  |  |  {Ft  (0,  k)  cos  (kx  cos  0)  cos  (/cy  sin  0) 

+  Fa  (0,  k)  sin  (kx  cos  0)  cos  (ktj  sin  0)}  k  d#<  d0,  (18) 

and  a  similar  form  for  d<j)jdz  with  G  instead  of  F,  with 


Fj  =  M/<0(jie-'‘/  sec2  O./D 

Ft  =  —  M/<0  (k  —  k0  sec2  0)  e~*J  see  U./f) 

Gj  =  M|ix0K6-'^  sec-  0./D 

Ga  =  —  M  [k  (k  —  k0  sec2  0)  -)-  (i,2  see2  0}  Ke~Kf  cos  0./D 
D  =  tv  {(k  —  k0  seo®  0)8  -f  p,*  seo8  0}.  (19) 

We  now  apply  a  theorem  in  two  dimensions  corresponding  to  that  given  in  (10). 
The  Fourier  integral  theorem  is 

F  ( x ,  y)  =  -L  f  du  [  dr  (  f  F  (s,  t)  cos  u(x  —  s)  cos  v(y  —  t)  ds  dt. 
4*2  J  —  *  J  -  oc  J  —  JO  J  —  06 
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Putting  u  —  k  cos  0,  v  —  k  sin  0,  this  may  be  written 

F  (x,  y)  =  |  d0  j  {Fj  cos  (kx  cos  0)  cos  (uy  sin  0) 

-+-  F2  sin  (kx  cos  0)  cos  (uy  sin  0)  +  F3  cos  (kx  cos  0)  sin  (uy  sin  6) 

+  F4  sin  (kx  cos  0)  sin  (uy  sin  0)}  k  (Ik,  (20) 


where 


1  T00  f® 

Fj  =  — -  F  (s,  t)  cos  (us  cos  0)  cos  (ut  sin  0)  ds  dt,  (21) 

J  —co  J  _  oo 


with  similar  expressions  for  F2,  F3,  F4. 

If  G  (x,  y)  is  anotner  function  given  as  a  double  integral  in  the  form  (20),  it 
follows  as  in  the  one-dimensional  case  that 

f  f  F  (x,  y)  G  (x,  y)  dx  dy  =  4^  f  d(i  f(F1G1H-F2G2+F3G3+F4G4)  udu. 
J— ooJ— co  J-ir  Jo 

(22) 

It  is  assumed  that  the  various  integrals  are  convergent. 

For  the  particular  case  given  in  (18)  and  (19),  we  find  that  F4Gj  +  F2G2 
reduces  to  a  simple  expression,  and  we  obtain 

R  —  Him  pip  l  (  4>  ~  dx  dy 

J  —  oo  J  — oo  OZ 

-  Lim  16pic0M2pi  P'  I  - - ~2-S 

o  ‘  J0  Jo  (k— k o  sec2  0)2+g2  sec2  6 

M2 

—  1Gtipk04M2  I  see5  e~iKQf  K0' e  dQ 

Jo 

=  47tp/<04M2  e~Kof  |k0  (k0/)  +  (l  +  Kj  (k0/)  (23) 

where  K„  is  the  Bessel  Function  defined  by 

K„(x)  =  [  g-*co,1,“  cosh  ;i udu. 


Horizontal  Doublets  in  Vertical  Plane. 

4.  This  method  allows  easily  an  extension  to  any  distribution  of  doublets. 
Consider  first  two  horizontal  doublets  M  and  M'  at  the  points  ( h ,  0,  —  f)  and 
(h\  0,  —  /')  respectively.  The  surface  value  of  <j>  is  now  given  by  (16)  with 
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x  —  h  instead  of  x,  together  with  a  similar  expression  in  M"  and  x 
the  real  part  we  have 

::os  (ki/  sin  6) 


h'.  Taking 


rn  rx 

cj,  =  sec  0  (Hi  - - 

J_ff  J0  (k  —  ic0  ! 


IV  (Ik, 


sec2  6)2  +  fi,2  sec2  0 

P  =  u,  sec  0  cos  {«:  (x  —  h)  cos  0}  -f~  cos  {#c (a;  —  h')  cos  0}] 

—  (k— k0  sec2  0)  sin  {*  (x—h)  cos  sin  {/c  (x—h')  cos  0}J 

(24) 


There  is  a  similar  expression  for  the  surface  value  of  0<£/0z.  We  now  write  both 
these  in  the  form  (18),  omitting  terms  which  from  symmetry  give  zero  when 
integrated  with  respect  to  0.  We  find  again  that  we  have  only  to  form  the 
quantity  PXGX  +  F2G2  and  that  this  simplifies  considerably  ;  the  wave  resist¬ 
ance,  after  this  reduction,  is  given  by 

B  -  Lim  r M  f  M^-^+M^-^+2MMV-</  (*—*')  c°» 

n-+o  ^Jo  Jo  (k— k0  sec2  0)24-p*  sec2  0 

=  lGirp/q,4  f^2  [M2 e~'2l,"f  sec’ 9  +M'2  e~-*^' sec* 8 

Jo 

-f-  sec’ 6  cos  {k0  ( h  —  K)  sec  0}J  sec5  0  dB.  (25) 


The  first  two  terms  give  the  resistance  due  to  the  two  doublets  separately, 
while  the  third  term  represents  the  interference  effects.  This  expression  was 
obtained  formerly  from  the  analogy  between  the  waves  produced  by  a  sub¬ 
merged  sphere  and  those  due  to  a  certain  surface  distribution  of  pressure  ;  it 
was  then  generalised  for  any  distribution  of  horizontal  doublets  in  the  vertical 
plane  y  —  ().*  The  method  given  here  can  also  obviously  be  extended  by 
integration  for  any  such  continuous  distribution,  and  confirms  the  general 
expression  used  in  previous  calculations  ;  if  M  (h,  f)  is  the  moment  per  unit 
area  at  the  point  ( h ,  0,  —  /),  then  (25)  generalises  to  give 

r = i6kPk04  r  df  r  df  r  dh  r  ^  rMM  (*,/>  m  w,  n  x 

Jo  Jo  J  —  ae  J  —  so  j  p 

e~““  (/+/')  »•** » cos  (*0  _  ft  j  sec  0}  sec5  0  dB.  (26) 


General  Distribution. 

5.  We  can  use  the  same  method  for  doublets  with  their  axes  in  any  directions, 
for  wc  can  always  obtain  the  surface  values  of  <f>  and  0^/02  in  the  form  (20) 
and  so  can  integrate  over  the  surface  by  means  of  (24).  Beginning  with  a  single 

*  *  Roy.  Soc.  Proc.,’  A,  vol,  95,  p.  303  (1919) ;  also  A,  vol,  108,  p.  78  (1925). 
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doublet  at  the  point  (0,  0,  — /),  let  the  direction  cosines  of  its  axis  be  (1,  m,  «). 
By  the  same  process  as  for  the  horizontal  doublet  in  (10)  and  (17),  the  surface 
values  of  <£  and  dcf>/dz  are  found  to  be 


t r  d()  r  m iiK dK, 

n  J  -n  Jo  k  —  xr0  sec2  0  +  < p  sec  0 

3<ft  _  M  f*  fx  k  (;7  cos  0  +  fw  sin  0  —  »)  (k  -j-  fp  sec  0) 

3 z  7c  J  - *■  Jo  k  —  k o  sec2  0  +  i p  sec  6 


Qk  (Ik, 


(27) 


with  Q  =  c~*J' oos  siu  ®). 

With  the  same  notation  as  before, 


Fj  =  k0  {p/.  —  a  (k  —  fc0  sec2  0)}  D  sec2  0, 

F2  =  —  /c0  {pa  sec  0  -f-  l  (k  —  «u  sec2  0)  cos  0}  D  sec2  0, 

F3  =  —  K0>n  (k  —  k0  sec2  0)  D  sin  0  sec2  0, 

F4  =  —  /c0pmD  siu  0  sec3  0, 

(*!=/<  |  px0  l  sec2  0  —  h{k  (k  —  /c0  sec2  0)  +  p2  sec2  0}]  D, 

Cif,  =  —  k[1  {k  (k  —  k0  sec2  0)  -j-  p2  sec2  0}  cos  0  -(-  p nx0  sec3  0]  D, 

G3  =  —  Km  {*  ( k  —  k0  sec2  0)  -f-  p2  sec2  0}  D  sin  0, 

G4  =  —  [iniK^D  sin  0  sec3  0, 

I)  =  (M/n)  e~*fl{(K  —  «•„  sec2  0)2  +  p2  sec2  0}.  (28) 

We  find  that  £  FG  simplifies  very  much  even  if  we  take  the  expressions  as  they 
stand  ;  since  we  are  only  concerned  ultimately  with  p  zero,  we  could  further 
simplify  the  work  by  omitting  superfluous  terms.  The  expression  for  R 
reduces  to  the  limit  of  an  integral  of  the  same  type  as  in  (23),  and  the  result  is 


R  =  lOWMf  V  mw8  0  I'  «‘3  *'<1-  0  +  »-)  ir**f"*»  sec7  OdO 
Jo 

-  47rPKuiM2c-“[(2  [lv0  (x)  +  (l  -f-  ~)  K,  («)  J 

+  f(K„(»)  !  (,+2)KlW) 


(29) 


where  a  -  k{J  •-=  ///  c2. 

0.  The  only  further  stage  to  which  we  need  carry  the  calculation  is  for  two 
doublets  in  any  positions :  M  at  the  point  (h,  k,  —  /)  with  its  axis  in  the  direction 
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(l,  m,  n),  and  M'  at,  (/*',  k' ,  —  /')  in  the  direction  (l',  nV,  n').  We  have  simply 
to  put  the  surface  values  of  cf>  and  B</>,'Sz  in  the.  standard  form,  and  evaluate 
the  quantity  2  FU.  The  reduction  need  not  ho  reproduced  here  ;  omitting 
terms  in  p.  which  make  no  contribution  in  the  limit,  we  obtain 

7t2  2  FU  .  {(#c  —  /c„  sec2  0)2  p  p2sec2  ()}//c0/f2  sec2  0 

=  [(/  cos  0  sin  P  cos  Q  P  m  sin  0  cos  P  sin  Q  —  n  cos  P  cos  Q) 

P  ( l '  cos  0  sin  P'  cos  Q'  -j-  »<■'  sin  0  cos  V  sin  Q'  —  n  cos  P'  cos  Q')  M'e~*-f']2 
P  [(Z  cos  0  cos  P  cos  Q  —  m  sin  0  sin  P  sin  Q  p  n  sin  P  cos  Q)  Me"'^ 

p  ( 1'  cos  0  cos  P'  cos  Q'—  hi  sin  0  sin  P'  sin  Q'  p  n'  sin  P'  cos  Q')  M'e"'t^']2 
p  [(Z  cos  G  sin  P  sin  Q  —  in  sin  0  sin  0  cos  P  cos  Q  —  n  cos  P  sin  Q) 

-j-  (/'  cos  0  sin  P'  sin  Q'—  nV  sin  0  cos  P'  cos  Q' —  n'  cos  P'  sin  Q')  We~K{"\2 
P  [(/  cos  0  cos  P  sin  Q  p  m  sin  0  sin  P  cos  Q  p  n  sin  P  sin  Q)  M  c~Kf 
p  {V  cos  0  cos  P'  sinQ'p  m'  sin  0  sin  P'  cos  Q'p  n'  sinP'  sinQ')  We~K*']2, 

(30) 

where  P  —  xh  cos  0,  Q  =  xk  sin  0,  and  similarly  P'  and  Q'.  Carrying  out  the 
rest  of  the  calculation  for  R.  the  wave  resistance  is  given  by 

R=  16Trp/c04  J  [(/2  cos2  0  p  m2  sin2  0  p  n2)  M2e_2'r',^sec’ 9 

P  (l'2  cos2  0  P  m'2  sin2  0  P  »'2) 

P  2  {{IV  cos2  0  p  turn'  sin2  0  p  mV)  cos  A  cos  B 

—  {lm'  +  I'm )  sin  0  cos  0  sin  A  sin  B  P  {nm1  —  n'm )  sin  0  cos  A  sin  B 

P  {nV  —  n'l)  cos  0  sin  A  cos  B}  sec7  OdO,  (31) 

where  A  =  k0  {h  —  h')  sec  0,  B  —  k0  {k  —■  k')  sin  0  sec2  0.  The  various  terms 
represent  the  contributions  of  the  three  components  of  each  doublet  and  their 
mutual  interference  in  pairs. 

Water  of  Finite  Depth. 

7.  For  water  of  finite  depth  h,  we  shall  consider  only  the  simplest  case  of  a 
horizontal  doublet  of  moment  M  at  depth  /.  It  is  clear  that  the  same  surface 
integral  can  be  used  for  evaluating  the  wave  resistance. 

We  now  assume  the  velocity  potential  in  the  form 

T  cos  (),/()  f  (,-«/p 

2r.  J  „  Jo 

p  [’  cos  0  dO  [  F  ( 0,  k)  cosh  *  (?  P  h)  <?* (I  co*  •+* ,ln  *> *  d*.  (32) 

•dTZ  J  —  tr  JO 
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This  satisfies  the  condition  d<f>'dz  -  (i  at  z  —  h  ;  we  note  that  the  first  term 
represents  the  original  doublet  and  its  image  in  the  bed  in  an  analytical  form 
valid  for  z  -\-  f  >  0,  and  therefore  suitable  for  applying  the  boundary  con¬ 
dition  (2)  at  the  free  surface.  This  yields 

2e~Kh  cosh  k  (h  —  f)  x  +  x0  sec2  0  -f-  ig.  sec  6 


F  (0.  k) 


cosh  xh  k  —  k0  sec2  0  tanh  xh  -f-  i  p.  sec  0 

consequently  the  required  surface  values  are  given  by  the  real  parts  of 


(33) 


cosh  {x{h-f)\  (1-ftanh  •  kh)f 
sec2  0  tanh  xh  +  i  p.  sec  0 


k  (Ik, 


3<£ 

3  z 


<f>  =  ^  r  Sec  ii, Hi  f  — — 

TZ  J  — tt  J  0  K  -  Kq  S' 

f  cos  0  do  f  e~Kh  cosh  ^  {h  -/)}  (*  + tauh  Kh)  <*'+  ^  sec  eUa x2dx,  (34) 
J  - „  Jo  x  —  k„  sec2  0  tanh  xh  4- t  p  sec  0 


■i'M  r 


rr  J  — 


where  sr  =  x  cos  0  f-  y  sin  0. 

Comparing  these  with  the  corresponding  values  for  deep  water  given  in  (16) 
and  (17),  we  can  write  down  the  expression  for  the  wave  resistance  as 


R  =  Lira  16p/c0M2p  j  r£0| 

*  -* 0  Jo  Jo 


K$e-2K.h  cosh2U(A—  /)}  (l+tanh  Kh)2  , 
(k— kq  sec2  6  tanh  «A)2+p2  sec2  6  K 


(35) 


There  are  two  points  to  notice  in  evaluating  this  limit.  The  result  is  only 
different  from  zero  when 

k  —  /<■„  sec2  0  tanh  xh  =  0  (36) 

has  a  real  positive  root ;  and  this  occurs  only  for  xji  sec2  0  >  1 .  Further  we 
must  introduce  in  the  denominator  d .  (x  —  x„  sec2  0  tanh  xh)/di <.  We  may  sum 
up  the  result  in  this  form 


tj  _ic_  vi2  f'r/"  k3*-'2  *  *  cosh2  Ik  (h—f)\  (1-htanh  xh)2 
loTrp/c°Al  l_KoA  gec2  Q  sech2  Kh 

where  x  is  the  positive  root  of  (36) ;  further,  the  lower  limit  0 


cosh  0  d0 ,  (37) 
o,  is  given  by 


0o  —  0,  for  x0h  >  1,  or  c2  <.gh, 

0o  =  arc  cos.  \/  (xQh),  for  c2  >  gh. 

We  may  note  that  the  change  in  the  lower  limit  occurs  at  the  so-called  critical 
velocity  y/  (gh)  for  the  given  depth.  From  (37).  R  may  be  graphed  as  a  function 
of  the  velocity  for  various  ratios  of  f  to  h  ;  the  calculations  may  be  carried 
out  by  numerical  and  graphical  methods.  A  similar  expression  in  the  case  of 
a  certain  distribution  of  surface  pressure  was  examined  in  detail  in  a  previous 
paper,*  and  it  may  be  anticipated  that  (37)  would  give  somewhat  similar 
curves. 

*  ‘  Roy.  Soc.  Proc.,’  A,  vol.  100,  p.  603  (1922). 
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The  Wave  Pattern  of  a  Doublet  in  a  Stream. 

By  T.  H.  Havelock,  F.R.S. 

(Received  September  18,  1028.) 

1.  The  following  paper  is  a  st  udy  of  the  surface  waves  caused  by  a  doublet 
in  a  uniform  stream,  and  in  particular  the  variation  in  the  pattern  with  the 
velocity  of  the  stream  or  the  depth  of  the  doublet.  In  most  recent  work  on 
this  subject  attention  has  been  directed  more  to  the  wave  resistance,  which 
can  be  evaluated  with  less  difficulty  than  is  involved  in  a  detailed  study  of  the 
waves  ;  in  fact,  it  would  seem  that  it  is  not  necessary  for  that  purpose  to  know 
the  surface  elevation  completely,  but  only  certain  significant  terms  at  large 
distances  from  the  disturbance.  Recent  experimental  work  has  shown  con¬ 
siderable  agreement  between  theoretical  expressions  for  wave  resistance  and 
results  for  ship  models  of  simple  form,  and  attempts  have  been  made  at  a 
similar  comparison  for  the  surface  elevation  in  the  neighbourhood  of  the  ship. 
In  the  latter  respect  it  may  be  necessary  to  examine  expressions  for  the  surface 
elevation  with  more  care,  as  they  are  not  quite  determinate  ;  any  suitable 
free  disturbance  may  be  superposed  upon  the  forced  waves.  For  instance,  it 
is  well  known  that  in  a  frictionless  liquid  a  possible  solution  is  one  which  gives 
waves  in  advance  as  well  as  in  the  rear  of  the  ship,  and  the  practical  solution 
is  obtained  by  superposing  free  waves  which  annul  those  in  advance,  or  by  some 
equivalent  artifice.  This  process  is  simple  and  definite  for  an  ideal  point 
disturbance,  but  for  a  body  of  finite  si/e  or  a  distributed  disturbance  the 
complete  surface  elevation  in  the  neighbourhood  of  the  body  requires  more 
careful  specification  as  regards  the  local  part  due  to  each  element.  It 
had  been  intended  to  consider  some  expressions  specially  from  this  point  of 
view,  but  as  the  matter  stands  at  present  it  would  entail  a  very  great  amount 
of  numerical  calculation,  and  the  present  paper  is  limited  to  a  much  simpler 
problem  although  also  involving  considerable  computation. 

A  horizontal  doublet  of  given  moment  is  at  a  depth  /  below  the  surface  of 
a  stream  of  velocity  c ;  the  surface  effect  may  be  described  as  a  local  dis¬ 
turbance  symmetrical  fore  and  aft  of  the  doublet  together  with  waves  to  the 
rear.  Two  points  are  made  in  the  following  work.  One  is  the  variation  of  the 
.ocal  disturbance  with  the  depth  of  the  doublet,  or  rather  with  its  relation  to 
the  velocity.  Roughly,  it  may  be  said  that  the  local  surface  effect  changes 
from  a  depression  to  an  elevation  at  a  certain  speed,  which  we  might  have 
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anticipated,  to  be  somewhere  about  the  speed  \/(gf).  A  line  doublet  is  first 
examined,  and  the  surface  elevation  immediately  over  the  doublet  is  calcu¬ 
lated  ;  it  is  found  to  be  zero  at  approximately  a  speed  0-86  \/ ( gf ).  To  illus¬ 
trate  the  difference  for  speeds  greater  or  less  than  this  value,  curves  are  shown 
in  fig.  1  for  the  complete  surface  elevation  when  gfjc2  has  the  values  4  and  0*5. 
A  three-dimensional  doublet  is  then  considered  and  a  similar  calculation  for 
the  surface  elevation  immediately  over  the  doublet  gives  a  critical  speed  of 
about  0-84  y/(gf). 

The  second  point  is  the  variation  of  the  wave  pattern.  We  may  compare 
it  with  the  pattern  due  to  an  ideal  point  disturbance  of  the  surface  of  the 
stream.  In  that  case  the  approximate  evaluation  of  the  integrals  by  the 
method  of  stationary  phase  gives  the  system  of  transverse  and  diverging  waves 
established  in  the  rear.  But  in  our  case  there  is  a  variable  amplitude  factor  for 
the  constituent  harmonic  terms  of  the  integrals,  and  we  notice  that  the  velocity 
y/ (gf)  has  here  also  a  special  significance  ;  for  the  amplitude  factor  itself 
possesses  an  additional  stationary  value,  a  maximum,  when  the  velocity 
exceeds  (gf).  The  difference  this  makes  in  the  wave  pattern  is  examined ; 
roughly,  at  lower  speeds  the  pattern  consists  chiefly  of  transverse  waves,  while 
at  higher  speeds  the  diverging  waves  become  of  increasing  relative  importance. 
4  direct  numerical  study  has  been  made  of  the  integral  for  this  part  of  the 
surface  elevation  for  two  values  of  gf/c2,  namely,  4  and  0-5  ;  graphs  are  given 
in  figs.  3  and  4  for  the  surface  elevation  along  various  radial  lines  from  the 
origin,  including  some  outside  the  limits  of  the  ideal  wave  pattern. 

2.  Take  Ox  in  the  undisturbed  surface  of  the  stream,  and  Oy  vertically 
upwards,  and  let  the  velocity  of  the  stream  be  c  in  the  negative  direction  of  Ox. 
Let  there  be  a  two-dimensional  horizontal  doublet  of  moment  M  at  the  point 
(0,  — /).  The  solution  of  the  problem  is  familiar  as  the  first  approximation  for 
the  effect  of  a  submerged  cylinder  of.  radius  a,  if  we  take  M  =  ca*.  We  quote 
here  the  complete  expression  for  the  surface  elevation  tj  in  the  form  used  in 
previous  calculations* 


y,  =_  2M/*  i  2y0M  f"  m  cos  mf  —  k0  sin  mf  m,  , 

n  C  (**+/»)  C  Jo  m*  -f  k0* 
for  x  >  0,  and 

r,  —  2M/  4.  2*0M  f"  m  cos  mf  —  *0  sin  mf  «, 

c  (**+/*)  c  Jo  m* -f-K0* 

-f  (47t*c0M,'c)  e~"f  sin  KgX, 

for  x  <  0,  with  k0  =  g/c *. 


(1) 


(2) 


•  •  Roy,  Soc.  Proc.,'  A,  vol.  1 15,  j>.  27!  (1927). 
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The  last  term  in  (2)  gives  the  regular  waves  to  the  rear,  and  the  remaining 
terms  the  local  disturbance  which  is  symmetrical  before  and  behind  the  origin. 
The  integral  in  (1)  is  the  real  part  of 


1 


70 

0 


p—  (a  1  i8)tt 

- du, 

U  -j-  % 


(3) 


where  a  =  k0x,  (3  =  K0f.  Asymptotic  expansions  may  be  obtained  for  large 
values  of  the  parameters,  or  the  integral  may  easily  be  evaluated  directly  by 
numerical  methods  when  a  is  not  small.  For  small  or  moderate  values  of  a 
and  (3,  (3)  may  be  calculated  from 

—  (A  -f  »B)  e"  if3~ia\ 

A  —  v  +  log  r  -f  £ - -  cos  hO, 

v  i  n  .  n  ! 

B  =  7r  —  0  —  £  — - — ■  sin  »0, 
i  n  .  n  ! 

r  =  (a2  -j-  p2)!,  tan  0  =  a/p,  y  =  0-5772.  (4) 

Consider  the  surface  elevation  at  the  origin  ( r  -  0).  Since  we  have 

f*  u  cos  3 u  ~  sin  a u  7  _s  . .  ,  o.  /K, 

Jo  1  +  »2 

for  p  >  0,  where  li  is  the  logarithmic  integral,  we  have  at  the  origin 

r,-^{\-?e-HHe%  (6) 

Using  tables  of  these  functions,  we  lind  that  r(  is  zero  when  3  is  approximately 
1*35,  or  when  o  ---  0-8(iy/ (<//) ;  when  c  is  less,  the  value  of  (6)  is  negative, 
while  at  greater  speeds  it  is  positive.  To  illustrate  this  point,  the  surface 
elevation  has  1  ecu  calculated  from  the  complete  expressions  (1)  and  (2)  for 
two  different  cases,  *„/  --  4  and  «■„/  —  0-5.  The  graphs  are  shown  in 
fig.  1,  A  being  for  the  smaller  value  of  k„[  and  B  for  the  larger. 
The  ordinates  are  to  the  same  scale  assuming  M  and  /  constant  and  c  to  be 
the  variable  ;  the  abscissa*  are  in  wave-lengths,  or  more  strictly  the  values  of 
*o*- 

3.  Consider  now  the  three-dimensional  problem.  Take  (i.i-  and  Oy  in  the 
surface  of  the  stream,  the  current  being  in  the  negative  direction  of  Oj:  and 
take  (>»  verth-ally  upwards.  l-W  a  horizontal  doublet  of  moment  M  at  the 
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point  (0,  0,  — f),  wo  take  the  velocity  potential  from  a  previous  paper  in  the 
form* 

m 


d>  —  cx  —  —  1  |  kc  K  +f)  +  l‘a  cos  6  dQ  <Ik 

27tJ_„Jn 


with 


r”  r 

+  —  kF  (6.  k)  e~^~  eos  G  d 0  d,c. 

2tc  J  —  n  0 


F  (G  k)  =  K  *°  scc2  *H-  tt*  sec  0 

k  —  k0  sec2  G  -!-  ip,  sec  G’ 


m  —  x  cos  0  +  y  sin  0.  (7) 

The  real  part  of  the  expression  is  to  be  taken,  and  further  the  limiting  value 
as  jj.  ->  0.  The  surface  elevation  is  obtained  from 

3„§4 

dx  dz 

After  some  reduction,  £  is  obtained  in  the  form 


r  = 


_ m _ sec2  6 dO  i "  / _ ^L- _ 

c(x2  +  y2+/2)3/“  *c  J_j,  Jo  lK~ss^26-l-^«ecG 


+ 


L- 


e~"f  xdx.  (8) 


k  —  k0  sec2  0  —  ip  sec  Gj 

Transforming  the  integral  with  respect  to  k  in  (8),  and  taking  the  limiting 
value,  we  obtain 


2  f  «.  »*»  0  ™  mf+mjm  mdm<  ,ot  n  > 

Jo  JH2  +  K*  SCc4  0 

*  *  Roy.  Soo.  I’roc.,’  A,  vol.  118,  p.  28  (1928). 
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4 ttk0  sec2  0  e~KnfS('i',e  sin  (k0tts  sec2  0) 

2  sec2  0  cos  rnf+msm  mf  for  w  <  0<  (10) 

Jo  m2  k02  sec4  0 

We  have  now  to  integrate  with  respect  to  0,  subject  to  the  conditions  in  (9) 
and  (10).  The  form  of  the  surface  is  symmetrical  with  respect  to  Oa;,  so  we 
may  write  down  only  the  expressions  for  y  positive  ;  and  we  shall  put 

x  =  r  cos  0',  y  =  r  sin  0'.  (11) 


We  find  that  the  value  of  £  can  be  given  by  one  expression,  valid  for  0  <;  0'  <rc, 
namely, 


2M/ 

C(r2+/2)S/2 


+ 

+ 


2*qM  a  e  ,e  f"  *0  sec2  0  cos  mf  -f  m  sin  mf  ,  cos  ,  dm 

nc  Jo  m2  +  k02  sec4  0 

^K°.~  f  sec4  0c  ‘ K«fsoe'9  sin{/r0r  cos  (0  —  0')  sec2  0}  (10.  (12) 

c  J  _  *rr 


This  expression  is  exact,  apart  from  the  usual  limitation  that,  at  the  surface 
of  the  stream,  we  neglect  the  squares  of  the  additional  fluid  velocities. 

4.  The  first  two  terms  in  (12)  represent  the  local  effect  which  is  only  of 
importance  in  the  neighbourhood  of  the  origin.  A  few  preliminary  calculations 
show  that,  as  in  the  two-dimensional  case,  it  changes  from  a  depression  to  an 
elevation  about  the  value  k0J=1.  Considering  the  elevation  at  the  origin, 
we  have  from  (12)  with  r  —  0, 


£o  =  ?M+i^rsec20d0 

ejl  tcc/  Jo 


2 

Jo 


cos  ii  -)-  u  sin  u 
p2  •+-  u2 


u  du, 


(13) 


where  p  =  /r0/sec2  0  =  (3  sec2  0. 

The  integration  with  respect  to  u  can  be  expressed  in  terms  of  the  logarithmic 
integral,  and  we  obtain  finally 

(14> 

The  integral  in  (14)  was  evaluated  approximately  for  certain  values  of  K0f 
ranging  between  1  and  2.  The  integrand  was  calculated  in  each  case  for  a 
sufficient  number  of  values  of  p  and  was  then  graphed  on  a  base  of  0  ;  the 
value  was  found  by  taking  values  from  the  graph  and  using  Simpson’s  rule. 
In  this  way  it  was  estimated  that  £0  is  zero  at  about  K0f  —  1*4, 
or  o  =  0-84\/(,<7 /)•  It  was  also  verified  that  at  lower  speeds  £0  is  negative, 
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and  at  higher  speeds  positive.  For  comparison  of  the  maximum  local  effect 
with  the  rest  of  the  surface  elevation  in  two  cases  discussed  later,  it  may  be 
noted  that 

W'2f:X oMM  =  -  1  •  34G,  for  kJ=  4 

=  +  0*860,  for  *„/=  0*5.  (15) 

The  local  effect  at  points  other  than  the  origin  was  not  calculated,  although 
rough  estimates  were  made  for  the  central  line,  0'  =  0,  from  (12)  to  verify 
that  it  falls  off  in  much  the  same  way  as  in  the  two-dimensional  case  ,  for  this 
purpose  the  second  term  in  (12)  was  put  into  the  form 

(4«0M Jnc f)  I*"  J  sec2  0  dQ,  (16) 

where 

J  =  f  P~c™u.  ±ils.ia  «  e-av/,/(fto  tt  du 

Jo  j)2+U2 

=  \  —  Vc~v  [p  cos  {W (p!$)}  —  Q  sin  {«\/(P/P)}l> 
p 

®  on 

p  =  y  -f-  log  p  -f-  X  — : — ,  cos  nd>, 
i  n  .  n  ! 

Q  =  7T  —  <j>  —  X  — ^ — -  sin  n<f> ;  (17) 

'  in.nl 

with  p 2  =  p2 -J- p<x2/(3,  tan  <f>  =  cl/\/($p),  a  =  K0r,  p  =  #c0/sec2  0,  (3  =  K0f. 

5.  Consider  now  the  third  term  in  (12).  For  computation,  we  alter  the  form 
slightly.  We  take  0'  =  7r  —  <f>,  so  that  <£  is  the  angle  the  radius  vector  makes 
with  the  negative  axis  of  x,  and  further  we  put 

t'  =  cot  <f> ;  t  =  tan  0.  (18) 

Then  this  part  of  the  surface  elevation,  which  we  may  denote  by  £  —  is 

given  by 

C  ~  &  =  -  ^  <T'[‘  (1  +  «2)  e-**  sin  [a  (f  -  t)  {(1  +  *2)/(  1  +  t'2)}‘]  dt. 

(19) 

In  this  form  a,  or  *0r,  is  a  positive  quantity,  r  being  the  distance  from  the 
origiu.  The  axis  of  x  in  front  of  the  disturbance  is  given  by  t'  —  —  oo ,  and 

(19)  is  then  zero  ;  for  the  axis  of  x  in  the  rear  of  the  origin  t'  =  +  oo  .  The 

usual  first  approximation  to  the  integral  in  (19)  consists  in  assuming  oc  large 
enough  so  that  the  only  appreciable  contributions  come  from  the  groups  of 
terms  near  the  positions  of  stationary  phase  of  the  harmonic  constituents  ; 
this  leads  to  the  familiar  pattern  of  transverse  and  diverging  waves  contained 
within  radial  lines  making  angles  of  about  19°  26'  on  either  side  of  the  negative 
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axis  of  x,  or  lines  for  which  t'  =  ±  2\/2.  Within  the  range  oo  >  t'  >  2\/2, 
there  are  two  values  of  t  for  which  the  phase  is  stationary,  namely,  the  roots  of 

24s  —  t't  +  1  =  0,  (20) 


the  smaller  root  corresponding  to  the  transverse  wave  and  the  larger  to  the 
diverging  wave  at  each  point.  In  the  elementary  ideal  case  the  constituent 
harmonic  waves  have  equal  amplitudes,  but  in  (19)  we  have  the  amplitude 
factor  (1  -f-  42)  e"-8t\  If  p  >  1,  this  function  has  a  maximum  at  t  =  0,  and 
diminishes  steadily  to  zero  as  t  increases.  But  if  (3  <1,  there  is  a  minimum 
at  t  =  0  and  a  maximum  at  t  =  {(1  —  (3)/  (3)1.  We  may  expect  then  a  difference 
in  the  wave  pattern  according  as  c2  is  greater  or  less  than  gf.  When  (3  >  1 
and  a  has  moderate  values,  the  main  part  of  (19)  comes  from  small  values  of  t ; 
further,  when  a  is  large  and  the  typical  wave  pattern  should  be  developed, 
we  see  that  the  diverging  waves  will  be  relatively  small.  On  the  other  hand, 
when  (3  <  1,  there  is  increasing  importance  of  the  diverging  waves  ;  and  in 
particular,  there  will  be  a  value  of  t',  that  is  a  certain  radial  line,  for  which 
the  maximum  of  the  amplitude  factor  coincides  with  the  greater  root  of  (20) 
for  which  the  phase  is  stationary.  As  we  are  not  calculating  the  wave  pattern 
at  large  distances  we  need  not  put  down  the  general  first  approximations  to 
(19)  by  the  stationary  phase  method  ;  we  may,  however,  note  the  particular 
cases  for  t'  —  qo  and  t'  —  2\/ 2,  that  is  for  radial  lines  along  the  rearward  axis 
and  along  the  line  of  cusps  of  the  so-called  isophasal  lines.  For  these  cases 
(19)  gives,  by  the  usual  methods, 


for  t'  —  oo  ,  and 

e  -  Ki  =  - 


2*tc‘ 


2>3»tt 

(V)*n$) 


— “ —  .  e  oJ  cos 


ir 

K0r  -- 


.  e-^sin  (i«0r\/3),  (21) 


for  t'  =  2\/2.  We  note  here  the  additional  factor  in  the  second  case, 
so  far  as  variation  of  the  amplitude  with  the  depth  is  concerned  ;  we  see  that 
the  relative  prominence  of  the  so-called  cusp  waves  is  only  a  feature  of  the 
limiting  case  of  a  point  surface  disturbance. 

6.  Returning  to  the  exact  integral  (19)  for  this  part  of  the  surface  elevation, 
it  seemed  of  interest  to  make  some  numerical  calculations  directly  from  the 
integral  for  points  near  to  the  origin,  or  for  moderate  values  of  a.  Instead  of 
following  the  isophasal  lines,  which  are  not  significant  in  this  region,  we  have 
calculated  the  surface  elevation  from  (19)  along  certain  radial  lines.  We  take 
in  turn  the  values  t'  —  oo ,  3,  2\/2,  2,  1  and  zero ;  these  are  shown  in  fig.  2 
as  A,  B,  C,  D,  E  and  F  respectively. 
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For  a  given  value  of  t\  the  value  of  (19)  was  found  for  about  a  dozen  values 
of  a,  so  that  the  graph  could  be  obtained  with  sufficient  accuracy  for  our 


FrG.  2. 


purpose  over  a  range  of  a,  that  is  of  K0r,  extending  from  0  to  18.  In  each  case 
the  value  of  (19)  was  obtained  by  evaluating  the  integrand  at  intervals  of  0  -  ] 
for  t  for  a  sufficient  range  of  t  until,  by  reason  of  the  exponential  factor,  the 
remaining  terms  became  negligible.  Sets  of  calculations  were  made  for  two 
values  of  (i,  that  is  of  K0f,  namely,  4-0  and  0-5;  in  the  latter  case  it  was 
necessary  to  take  40  or  more  values  of  the  integrand  in  each  case,  but  a  smaller 
number  sufficed  in  the  former  case.  The  value  of  the  integral  was  obtained 
finally  by  using  Simpson’s  rule.  The  collected  results  are  shown  in  the  graphs 
of  figs.  3  and  4,  the  curves  being  lettered  in  agreement  with  the  radial  lines 
of  fig.  2. 


Fig.  3. 


Fig.  3  is  for  *„/  =  4,  or  c  =  \\/ (cjf).  Consider  first  the  radial  lines  within 
the  limits  of  the  ideal  wave  pattern,  namely,  A.  B,  C.  In  this  case,  though 
B  and  C  were  calculated  separately,  there  was  not  sufficient  difference  to  show 
on  the  graph  without  confusion  and  so  B  has  been  omitted  ;  A  is  the  central 
line  and  0.  at  an  angle  of  19°  20'.  would  be  the  cusp  line  of  the  simple  theory. 
We  may  picture  the  waves  in  the  present  case  as  chiefly  transverse  waves, 
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slightly  curved,  and  diminishing  in  height  from  the  central  line  outwards. 
The  remaining  curves  arc  for  radial  lines  outside  the  usual  pattern  and  show 
how  the  wave  disturbance  is  continued  in  this  region.  D  is  for  an  angle  of 
about  26°  26'  with  the  rearward  central  line ;  it  shows  an  appreciable  wave 
effect,  but  theie  are  indications  that  it  decreases  more  rapidly  with  distance 
from  the  origin  than  for  the  previous  curves.  A  similar  effect,  more  pronoun  oed, 
is  shown  in  E  and  F,  for  radial  lines  at  45°  and  90°  respectively. 
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Fig.  4. 


Fig.  4  is  for  k0J  —  0-5,  or  c  —  (2gf).  Here,  on  account  of  the  labour 

involved  in  the  calculations,  only  three  curves  have  been  drawn  ;  but  they 
bring  out  the  points  made  in  the  general  discussion.  The  amplitude  along 
the  cusp  line  C  is  now  greater  than  along  the  central  line  A.  Moreover,  the 
greatest  amplitude  is  along  the  line  B,  inside  the  cusp  line  C,  and  shows  evidence 
of  superimposed  diverging  waves.  The  radial  line  B  is  given  by  t'  =  L  Now 
for  K0f  =  (3  =  the  maximum  of  the  amplitude  factor  in  (19)  occurs  at  t  —  1. 
But  from  (20),  when  t'  —  3  the  positions  of  stationary  phase  occur  at  t  =  $ 
and  t  —  1 ;  the  latter  coincides  with  the  maximum  of  the  amplitude  factor 
and  so  in  this  case  we  should  expect  a  prominent  wave  along  the  radial  line 
t'  =  3,  or  the  line  B  in  the  diagram. 

A  comparison  of  the  curves  in  figs.  3  and  4  enables  us  to  form  some  picture 
of  the  wave  disturbance  due  to  the  doublet  and  the  changes  that  occur  as  the 
doublet  is  brought  nearer  the  surface  ;  in  the  limit,  as  far  as  the  wave  pattern 
is  concerned,  the  effect  would  approximate  to  the  ideal  case  of  a  concentrated 
point  disturbance  at  the  surface. 
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The  Vertical  Force  on  a  Cylinder  Submerged  in  a  Uniform  Stream. 

By  T.  H.  Havelock,  F.R.S. 

(Received  November  28,  1928.) 

1.  The  horizontal  force  on  a  circular  cylinder  immersed  in  a  stream  is 
familiar  as  an  example  of  wave  resistance.  The  following  note  supplies  a 
similar  calculation  for  the  resultant  vertical  force.  The  problem  was  sug¬ 
gested  in  a  consideration  of  the  forces  on  a  floating  body  in  motion,  the  hori¬ 
zontal  and  vertical  forces  and  the  turning  moment ;  but  the  case  of  a  partially 
immersed  body  presents  great  difficulties.  It  seemed,  however,  of  sufficient 
interest  to  compare  the  resultant  horizontal  and  vertical  forces  for  a  simple 
case  of  complete  immersion  for  which  the  calculations  can  be  carried,  out. 
The  horizontal  force,  or  wave  resistance,  has  usually  been  obtained  indirectly 
from  considerations  of  energy,  but  a  different  method  is  adopted  here  for  both 
components  of  force  and  the  turning  moment.  In  a  former  paper  the  method 
of  successive  images  was  applied  to  the  problem  of  the  circular  cylinder,  taking 
images  alternately  in  the  surface  of  the  cylinder  and  in  the  free  surface  of  the 
stream.  Using  these  results  to  the  required  Btage  of  approximation,  the  com¬ 
plete  force  on  the  cylinder  is  now  obtained  as  the  resultant  of  forces  between 
the  sources  and  sinks  within  the  cylinder  and  those  external  to  it.  The  same 
method  can  be  applied  to  any  submerged  body  for  which  the  image  sytems  are 
known,  and  the  resultant  force  and  couple  calculated  in  the  same  manner. 

The  proposition  used  in  this  method  is  that  for  a  body  in  a  fluid,  the  motion 
of  which  is  due  to  given  sources  and  sinks,  the  resultant  force  and  couple  on 
the  body  are  the  same  as  if  the  sources  and  their  images  attract  in  pairs  accord¬ 
ing  to  a  simple  law  of  force,  inverse  distance  for  the  two-dimensional  case  and 
inverse  square  of  the  distance  for  point  sources.  This  fairly  obvious  proposition 
follows  directly  from  a  contour  integration  in  the  two-dimensional  case  ;  and, 
in  view  of  the  application,  the  extension  is  given  in  §  2  when  the  flow  is  due  to 
a  distribution  of  doublets.  In  §  3  the  horizontal  and  vertical  force  on  a 
circular  cylinder  are  obtained  by  this  method,  the  former  agreeing  with  the 
usual  expression  for  the  wave  resistance.  The  different  variation  of  the  two 
components  with  velocity  is  of  interest,  and  the  expressions  are  graphed  on  the 
same  scale.  The  additional  vertical  force  due  to  velocity  changes  direction  at 
a  certain  speed,  and  is  clearly  associated  more  with  the  surface  elevation 
immediately  over  the  centre  of  the  cylinder.  In  §  4  reference  is  made  to  the 
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couple  on  the  cylinder.  This  should,  of  course,  be  zero  for  a  complete  solution  ; 
it  is  verified  that  the  method  used  here  gives  zero  moment  up  to  the  3tage  of 
approximation  in  terms  of  the  ratio  of  the  radius  of  the  cylinder  to  the  depth 
of  its  centre. 

2.  Consider  steady  two-dimensional  flow  of  a  liquid  of  density  p  past  a 
solid  body,  the  motion  being  irrotational  and  there  being  no  field  of  force.  The 
motion  being  specified  in  the  usual  manner  by  a  function  w  of  the  complex 
variable  x  -f-  iy,  the  resultant  force  (X,  Y)  on  the  solid  and  the  moment  M 
about  the  origin  are  given  by 

x-iY  =  W(f),<fe-  <’> 

*—*HW*‘  {2) 

where  in  (2)  the  real  part  is  to  be  taken.  In  each  case  the  integration  is  taken 
round  the  contour  of  the  rigid  body,  or  indeed  round  any  contour  enclosing 
the  body  but  excluding  any  external  sources  and  sinks. 

Now  suppose  the  motion  to  be  given  by 

w  =  —  E  mT  log  (z  —  zT)  —  X  mt  lo  *  (z  —  z,),  (3) 

where  the  suffix  s  refers  to  the  given  distribution  in  the  liquid,  and  r  to  the 
image  system  within  the  surface  of  the  body,  mr  and  m,  being  real. 

Forming  ( dwjdz )2,  we  see  that  this  quantity  has  simple  poles  at  the  points 
zf  within  the  contour  of  integration  ;  and  we  obtain  at  once  from  the  theory 
of  residues 

X  —  i'Y  »  —  2tcp  2  ,  (4) 

—  z, 

the  summation  extending  over  the  external  and  internal  sources  taken  in 
pairs.  Hence  we  obtain 

X  =  2tcp  X  mrm,  (t,  —  xr)/R„2, 

Y  =  2 *p  Imrm,  (y,  _  yr)/H„*.  (5) 

It  follows  that  the  resultant  force  is  the  same  as  if  each  pair  of  external  and 
internal  sources  attracted  each  other  with  a  force  27rpmTm,/Rr,,  where  Rr, 
is  the  distance  between  them. 

It  may  easily  be  verified  in  the  same  way  from  (2)  that  the  moment  M  is 
accounted  for  by  the  same  forces  acting  at  the  internal  sources.  It  is  con¬ 
venient  to  have  a  similar  analysis  for  doublets,  If  M  is  the  moment  of  a 
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doublet  making  an  angle  a  with  the  axis  of  x,  we  have  with  the  same  notation 
as  before, 


2  —  Zt  Z  —  2, 


(«) 


Forming  ( du>/dz )*  we  see  that  again  the  only  terms  which  give  any  contribution 
to  the  integral  (1)  are  the  product  terms  in  r  and  s,  and  for  a  typical  term  we 

have 


Thus  we  obtain 


_ dz _ 


ini 

(Zr  —  2,)3  ' 


(7) 


X  —  tY  =  -4jrpS 


MrMJe<(“'+a‘’ 


(8) 


and  the  contribution  to  the  total  force  due  to  Mr  and  M,  is 


X„  =  —  cos  (ar  -fa,—  36„)  / R„3, 

Yr,  =  47ipMfM,  sin  (af  +  a,  —  30re)  /R„3,  (9) 


0„  being  the  angle  between  Ox  and  the  vector  Rf,  drawn  from  the  doublet 
(r)  to  the  doublet  (s).  Further,  calculating  the  total  moment  M  from  (2), 
the  product  terms  are  the  only  terms  which  give  any  value,  and  the 

corresponding  contour  integral  is 


Hence  we  obtain 


I 


_ 2 dz _ 

(*  —  *r)*  (*  — 2.)* 


=  2ni 


(2.-2V)8' 


(10) 


M  *  —  2uptSMrMle*<I'+“*)(zr  -f  2.)  (2.  —  (11) 

the  real  part  to  be  taken. 

On  reduction  it  is  seen  that  this  consists  of  the  sum  of  the  moments  of  the 
forces  given  by  (9)  acting  at  the  internal  doublets,  together  with  a  couple  for 
each  pair  of  internal  and  external  doublets  of  amount 

27ipMrM,  sin  (a,  -fa,  —  20„)  .  /R„*  (12) 

The  contribution  to  the  forces  and  moment  on  the  body  when  the  external 
field  includes  also  a  uniform  flow  can  easily  be  obtained  in  the  same  manner. 

3.  We  now  apply  these  expressions  to  a  circular  cylinder  of  radius  a  sub¬ 
merged  in  a  uniform  stream.  Take  Ox  in  the  undisturbed  surface  of  the  stream 
Oy  vertically  upwards  ;  and  let  the  stream  velocity  be  c  in  the  negative  direction 
of  Ox.  Let  the  centre  C  of  the  circle  be  at  the  point  (0,  —  /).  Then  the  image 
of  the  stream  in  the  circle  is  a  horizontal  doublet  at  C  of  moment  ca*.  The 
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image  system  of  this  doublet  in  the  free  surface  of  the  stream  consists  of  a 
horizontal  doublet  of  moment  — co2  at  Cx  the  image  point  (0,/),  together  with 
a  continuous  line  distribution  of  doublets  along  a  horizontal  line  through  C] 
in  the  negative  direction  of  Or.  At  a  point  (— p, /)  on  this  line  the  moment 
of  an  elementary  doublet  is  2<c0co2dp,  where  k0  =  g/c?,  and  the  axis  of  the 
doublet  mokes  an  angle  *0p  —  fa  with  the  positive  direction  of  Ox*  We  may 
stop  at  this  stage  meantime. 

In  the  notation  of  the  previous  section  the  external  system  ( s )  consists  of 
the  uniform  stream  and  the  image  system  just  specified  ;  the  interna]  system 
(r)  is  the  doublet  ca2  at  the  point  (0,  — /). 

For  the  wave  resistance  R,  we  have  from  (9) 

e  =  -  x  =  e f '  C0,{y+~^36)  *r.  U» 

where 

sin  0  =  2 flip2  +  4/2)1 ;  cos  6  =  —  p!(jP  +  4/*)*. 

This  gives 


R  =  STTpKoC^a4 


r 


pip2  —  12/2)  sin  xop+2/(3p2  —  4 f2)  cos  K0p 
ip2  4-  if2)3 


dp-  (14) 


/' 

•'ll 


p  sin  K»p  +  2/ cos  K0p  , 

- —  - dp  =  t re -2k°K 

p2  t-  4 f2 

by  differentiating  twice  with  respect  to  / ;  and  we  obtain 


(15) 


R  —  47tVfwc0V<r-“*/,  (16) 

in  agreement  with  other  methods. 

Turning  to  the  vertical  force,  if  we  calculate  it  from  the  expressions  in  (9) 
we  shall  obtain  the  hydrodynamic  part  depending  upon  the  velocity.  There 
is  also  the  hydrostatic  part  gpna*,  arising  from  the  term  gpy  in  the  expression 
for  the  pressure  ;  and  in  addition  there  is  the  weight  of  the  cylinder  itself. 
We  may  assume  the  cylinder  to  be  of  the  same  density  as  the  liquid,  and  then 
the  calculation  will  give  the  total  vertical  force. 

Measuring  Y  vertically  upwards,  the  contribution  of  the  two  finite  doublets 
at  C  and  C}  is,  from  (9), 

-npc2a*l2f3,  (17) 


*  R|»\.  Six.  l*> ix  .,*  A.  Mil.  1 1 r».  |>.  ‘.'71  (M*27|. 
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The  part  arising  from  the  interaction  of  the  line  distribution  of  doublets  and 
the  doublet  at  C  is 


which  reduces  to 


ain  (k„p  —  —  36) 

if + 4 pr¬ 


op, 


(18) 


87rp*0cV  f  ~  12/2>  cos-^£--.?/132! -4D  dp. 

°  Jo  (p*  +  4/2)*  P 


(19) 


This  integral  may  be  evaluated  by  differentiating  twice  with  respect  to/  the 
integral 


r  dp  =  _  r*2  *  «'),  (20) 

Jo  p2  +  if2 


where  li  is  the  logarithmic  integral. 

Collecting  the  terms  from  (17)  and  (19)  we  obtain  finally 

Y  =  -  !E^r  i1  +  2*0 /  +  WP  -  WPe- -‘°f  b  (21) 

This  vertical  force  changes  from  upwards  to  downwards  at  a  certain  velocity. 
For  when  c  is  small,  that  is  ic0f  large,  using  the  asymptotic  expansion  of  the 
logarithmic  integral  we  find  that  Y  approximates  to  TC(3Caa4/2 /*  ;  on  the  other 
hand,  when  c  is  large,  Y  is  approximately  —  7tpc*a4/2/3.  The  value  of  (21) 
can  be  calculated  readily  from  tables  and  it  is  of  interest  to  compare  the 
relative  values  of  R  and  Y  and  their  variation  with  veloeitv. 


Tin*  figure  slums  R  and  Y  graphed  on  tin*  saint*  stale  on  a  base  ol  r/V(g/). 
R  is  very  small  al  low  velocities  and  then  increases  rapidly  to  its  maximum  at 
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about  c  —  y/(gf).  On  the  other  hand  Y  is  relatively  iarge  at  lower  velocities, 
and  changes  sign  at  about  c  =  0-84  The  wave  resistance  arises  from 

the  flow  of  energy  in  the  regular  waves  to  the  rear  of  the  cylinder,  while  the 
vertical  force  is  associated  more  with  the  surface  elevation  near  the  cylinder. 
The  surface  elevation  immediately  above  the  centre  of  the  cylinder  is  given  by* 

t)  =  (2a2//)  { 1  —  K»fe  K«i  li  (#*“'■') },  (22) 


and  for  comparison  this  is  shown  on  the  figure  with  an  arbitrary  scale  for  the 
ordinates.  Doubtless  the  variation  in  the  vertical  force  with  the  velocity 
is  connected  with  the  mean  curvature  of  the  lines  of  flow  in  the  neighbourhood 
of  the  cylinder.  It  may  be  noted  that  the  usual  approximation  for  the  pressure 
condition  at  the  free  surface  involves  neglecting  the  square  of  the  slope  of  the 
surface  ;  this  would  ngt  affect  the  present  approximation  but  would  come  into 
the  next  stage  involving  higher  powers  of  the  ratio  a  If. 

4.  Obviously  in  a  complete  solution  the  fluid  pressures  on  the  cylinder 
cannot  give  rise  to  any  couple.  As  the  method  of  successive  images  amounts 
to  an  expansion  of  the  solution  in  ascending  powers  of  ajf,  it  is  worth  while 
verifying  that  the  couple  is  zero  at  each  stage  of  the  approximation.  With  the 
images  specified  up  to  the  present  the  couple  com^s  from  the  interaction  of  the 
doublet  at  C  with  the  line  distribution  to  the  rear  of  <Jr  Using  the  result  (12), 

this  gives  a  moment  /  ]  \ 

sin  - -7T  -  20j 

- -  — — - dp,  (23) 

which,  on  substituting  for  8,  gives 


in^tpe^a4  / 


4 pj  sill  KnP  -  (p-  —  4 -p)  COS  Ki,/> 

(p2  +  4/2)2 


dp. 


(24) 


This  can  be  evaluated,  and  its  value  is  not  zero.  But  it  can  be  seen  that  we 
shall  get  a  contribution  of  the  same  order,  in  the  radius  a,  from  the  next  stage 
of  successive  images.  The  next  set  of  images  is  internal  to  the  cylinder  and 
consists  of  a  horizontal  doublet  of  moment  — ca4/4/*  at  the  inverse  point  CV 
whose  co-ordinates  are  (0,  — /  -f  a*/2 /),  together  with  a  continuous  distribu¬ 
tion  of  doublets  on  a  semi-circle  described  on  CCt  as  diameter.  At  a  point 
on  this  semi-circle  whose  co-ordinates  are 


d'p  2a2/ 

p-  +  \n'  ■  p2  4  4/2’ 


*  Knv  Six  I*i  ik  ,  V,  Mil  121.  '» I  7  <  I ‘1281 
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the  moment  of  an  elementary  doublet  is  2k 0oa4rfjp/(pa  +  4/2),  and  its  axis 
makes  with  O.r  an  angle 

2  tan  "1  (p/2/)  —  *0p  +  £it. 

Now  at  this  stage  the  only  additional  terms  of  order  a4  for  the  turning  moment 
arise  from  the  interaction  of  the  external  uniform  stream  and  the  semi-circular 
distribution  of  doublets  just  described. 

It  can  easily  be  seen  that  the  amount  due  to  the  uniform  stream  and  an 
internal  doublet  of  moment  Mr  at  an  angle  ar  to  Ox  is 

—  2ro;pMr  sin  ar. 

Therefore  the  additional  couple  of  the  specified  order  is 

-  teopc V  j"  sin  <1  ip  (26) 


On  reduction  (25)  comes  to  precisely  the  expression  (21)  with  a  minus  sign 
and  therefore  the  couple  on  the  cylinder  is  zero  to  the  order  specified. 


Harrison  a.vu  Sons,  Ltd.,  Printers  in  Ordinary  to  His  Majesty,  St.  Martin’s  Lane, 
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Forced  Surface-  Waves  on  Water. 
By  T.  H.  Havelock,  F.R.S. 


1.  PX1HE  following  notes  deal  with  soma  problems  of  forced 
X  waves  on  the  surface  of  water,  the  waves  being 
forced  in  that  the  normal  fluid  velocity  has  an  assigned 
value  at  every  point  of  a  given  vertical  surface  ;  the  problems 
treated  here  are  the  elementary  cases  when  the  g’ven 
surface  is  an  infinite  plane  or  a  circular  cylinder.  The 
motion  of  the  water  surface  consists  in  general  of  travelling 
waves  together  with  a  local  disturbance,  and  the  type  of 
solution  is  one  which  may  have  possible  application-  to  the 
waves  produced  in  water  by  the  small  oscillations  of  a  solid 
body. 


2.  Consider  first  deep  water,  and  take  the  origin  in  the 
free  surface  with  Ox  horizontally  and  0 z  vertically  down¬ 
wards.  The  velocity  potential  satisfies 


B1* 

da:2 


•  (1) 


Neglecting  the  square  of  the  fluid  velocity  at  the  free 
surface,  and  omitting  the  effect  of  capillarity,  the  condition 
at  the  free  surface  is 


B<2  9  ~dz 


=  0, 


•  (2) 


and  the  surface  elevation  £  is  given  by 


For  simple  harmonic  motion  we  assume  a  time-factor 
eial,  and  (2)  gives 

K0<j)  -f  ^  =  0,  at  z  —  0,  .  .  .  .  (4) 

o- 

with  K0  =  a2/y. 

Suppose  now  that  we  are  also  given 

-  =/0)  *=°>  ....  (5) 


where  f(z)  is  given  for  all  positive  values  of  z  ;  and  we 
require  a  solution  of  (1),  (4)  and  (8)  suitable  for  positivo 
values  of  x. 
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The  solution  cun  he  obtained  by  various  methods  ;  for 
example,  by  combining  suitable  elementary  solutions  of  (1) 
and  (4).  The  usual  solution  for  fieo  progressive  waves  is 
found  from 

o*, . (6) 

There  is  also  another  elementary  solution, 

<j}=ze~Kl(K  cos  kz  —  kc  sin  kz),  ....  (7) 

where  k  may  have  any  real  positive  value. 

We  can  generalize  these  solutions  by  means  of  the 
following  integral  theorem,  which  may  easily  be  verified  : 

f(z)~ 

2  r®  (*  cos  kz — k0  sin  kz)(k  cos  ku  —  k0  sin  *«)  ,  , 

„  J„  /W - - dKd * 


7 r 


+  2K0e'KoZ\  f  (ct)e~K°a  </«. 

Jo 


(») 


Here  f(z)  is  given  for  all  positive  values  of  z,  and  it  should 
be  remarked  that  the  proof  involves  the  Fourier  integral 
theorem,  and  that/  (z)  is  subject  to  suitable  limitations. 

We  may  now  write  down  a  solution  which  satisfies  the 
condition  (5).  It  is  clear  that,  on  the  forced  vibrations  so 
obtained,  we  may  superpose  any  free  oscillations  for  which 
is  zero  over  the  plane  .?  =  0  ;  vve  shall  choose  the 
latter  so  that  the  complete  solution  represents  waves 
travelling  outwards  for  large  positive  values  of  x.  This 
solution  is  given  by 

/»"  2 

<p=2e-K"zm\  (at  —  k0x)  1  f  (u)e~K^ada+  cos  at  x 

Jo  ‘  7r 

( k  cos  kz  —  kq  sin  kz)  x 


D1 

/<«) 

o 


x(«cosk« — Kii  sin  KOt)  ,  , 

— - •  e~l'JttK  da.  . 


k(k‘z  +  k0s) 


(‘*o 


This  gives  a  normal  velocity  j  (z)  cos  at  over  the  plane 
.7=0,  and  reduces  to  a  positive  wave  for  large  positive  values 
of  .r.  The  corresponding  surface  elevation  is 


9 

'la 


TT(J 


/  «  00 

cos  (at  —  k^x)  j  f  (ot)e~Kua  da 

/»  <o  /  ’  00 

/«- 

io  Jo 


sin  at 


COS  Ka  — Ka  Sill  KU 


K'  + 


e  kTiIk  da,  (10) 


The  first  term  of  (10)  is  a  piane  progressive  wave  of  the 
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same  wave-length  as  the  free  wave  of  the  same  frequency, 
wliile  the  second  term  may  be  called  the  local  oscillation. 

If  we  take  / (z)  =  e~KilS,  the  second  term  in  (9)  and  (10) 
vanishes,  and  we  regain  the  expressions  for  a  simple 
progressive  wave. 

If  we  take,  more  generally, 

f(z\=Ae~P* . (11) 

over  the  whole  range  for  z,  the  second  integral  in  (10)  can 
be  evaluated  explicitly  in  terms  of  Cosine  and  Sine  integrals, 
and  we  obtain 


„  2a A  .  .  2a A  sin  at 

C= - -cos  (at—K0x)—  v  —  — -  x 

x0+p  Trg(ied  +  p) 

x  [Ci(/>.r)  cos  px  —  Ci(ic0x)  cos  *0.r  +  Sj(/>.z)  sin  p. 


—  Si(/c0a?)  sin k0x—  ^  (ship# — sin/e0#)].  .  (12) 

As  we  make  p  smaller  we  approach  the  limiting  case  of 
constant  normal  velocity  over  the  whole  of  the  plane  #  =  (). 
It  is  of  interest  to  note  that  the  amplitude  of  the  travelling 
wave  remains  finite  in  the  limit,  but  that  the  amplitude  of 
the  local  oscillation  becomes  logarithmically  infinite  at#  =  0. 

3.  A  problem  of  some  interest  is  the  decay  of  the  vertical 
oscillations  of  a  floating  body  due  to  the  propagation  of 
waves  outwards  from  it,  but  a  direct  attack  upon  the 
problem  is  difficult.  We  may  perhaps  obtain  a  rough 
estimate  by  applying  the  preceding  analysis  to  a  simplified 
form  of  the  probl  mi.  Imagine  a  log  of  rectangular  section 
floating  in  water  with  the  sides  vertical  ;  let  b  be  the  breadth 
and  d  the  depth  immersed.  Now  suppose  the  log  made  to 
execute  small  vertical  oscillations  of  amplitude  a  and 
frequency  a.  Let  one  of  the  sides  of  the  log  lie  in  the 
plane  x  —  0  ;  then  the  disturbance  in  the  water  on  that  side 
may  be  regarded  as  due  to  a  certain  oscillating  distribution 
of  normal  fluid  velocity  over  the  plane  ,r  =  0  from  z  —  d  to 
#=» .  If  we  make  the  assumption  that  this  is  of  the  form 

f  ( z )  cos  at, . (13) 

then,  from  continuity  of  flow,  we  have 

2^*  f  (z)dz  —  trah . (14) 

Without  attempting  to  solve  the  actual  problem,  let  us 
assume 

f(z)  =  Ae-t‘; . (15) 
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then  from  (14)  we  have 

A  =  \aabpevi . (1<>) 

From  (10)  we  find  that  the  amplitude  of  the  waves 
travelling  out  on  either  side  of  the  log  would  be 


9 


/*  oc 

^  1  £—,(rO+P)o 

o  ’«/>/; 


da 


e*"  . 


*. . (17) 

ff(fc0  +  p) 

A  large  value  of  p  would  correspond  to  a  concentration 
of  the  outward  flow  round  the  lower  edges  of  the  log  ; 
hence  this  estimate  gives,  as  an  upper  limit  for  the  amplitude, 

( aiab/y')e~<,JI 9 . (18) 

4.  If,  in  the  general  problem  of  §2,  the  normal  velocity 
at  x  =  0  is  a  function  of  y  as  well  as  of  z,  the  solution  of  the 
three-dimensional  motion  can  be  obtained  by  an  additional 
Fourier  synthesis. 

Assume  first  that  <f>  is  proportional  to  cos*'(y  —  /3),  then 
the  potential  equation  is 


(19) 


The  time  entering  as  a  simple  harmonic  factor,  the 
boundary  condition  at  s  =  0  is  given  by  (4). 

We  have  now  the  following  elementary  solutions,  omitting 
the  factors  in  y  and  t  : 

for  K<  <Ko  . 

£  =  f0r  *’>*„  ; 

<f>xze~x(K,+K'1)i (k cos kz— K0sin  kz).  .  .  (20) 

The  theorem  (8)  may  be  generalized,  with  suitable 
limitations  on  the  function /  (y,  r),  to 

/(.V.  *)  = 

— da.  (  (f/s|  f(a,  cos  k' (y— &)die' 

17  Jo  J— »  Jo 

9  |’»  /' »  . ' *> 

+  “  dS 

"Jo  Jo  J-«  Jo 


{k  COS  KZ  —  /£y  sin  kz)  X 

x  (ac  cos  Ka —  k0  sin  Ka) 


cos  *'(y  —  /3)d/c'.  (21) 
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Suppose  that  at  x=0  we  are  given 

—  =•/’ ^  COS  ^ . (22) 

Then  from  (20)  and  (21)  we  obtain  an  expression  for  <£> 
valid  for  positive  values  of  x,  and  adjusted  so  that  it 
represents  progressive  waves  at  large  values  of  .r  ;  we  find 


,  ^fC  o  _  r  - 

(b  =  —  e  K°2 
7 r 


!  f  dtx  f  d Q  f  “/  (a,  0)  sin  (ffi-JtV *02  -  *'*. 

Jo  J  — “  Jo 

x  rf*'  +  -%-»» cos <rt  |  dal  d/3  x 

(*0  —  *'2)i  7 r  Jo  J-® 

,x £>(«, «,-(«-«•—  *>'  +  * 

x  f"<i«  f"<i*  f*  iB  f "/(«,  (3)<r«‘!+-!>'cos«'(y-/9) 

Jo  Jo  J— “  Jo 

(/c  cos  —  kq  sin  kz)  (k  cos  /col — k0  sin  k»)  ^  ,  /v\\ 

X  (^  +  V)(*J  +  ^)» 

A  particular  case  which  would  illustrate  the  spreading  of 
plane  waves  emerging  from  a  canal  into  an  infinite  sea  is 
obtained  by  taking 

/ (y,  2)  —  (gaic0fcr)e~ cos  at,  .  .  .  (24) 

over  the  whole  range  for  z  and  between  the  limits  +  b  for  ?/, 
the  function  being  zero  outside  these  limits  for  y.  Substi¬ 
tuting  in  (23),  the  third  term  disappears,  and  also  the 
integrations  with  respect  to  0  can  be  effected  in  the 
remaining  terms.  We  find  that  the  surface  elevation  for 
this  case  is  given  by 


0  2 tcaa  r*°  sin  ic'b  cos  x’y  cos  { at  —  x(k07— /J2)1} 

f=— J, - «W-  x")! 

i<r,J„ - - * •  '  (24) 


2/e„a 
- —  cos 

IT 


The  form  of  the  surface  could  be  studied  by  approximate 
evaluation  of  these  integrals  as  in  similar  diffraction 
problems. 

5.  We  return  to  plane  waves,  and  suppose  now  that  the 
water  is  of  finite  depth  h.  We  have  the  additional  condition 


=  0,  for  z  =  h. 


(25) 
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The  corresponding  elementary  solutions  are 
<£  =  £'«« -*<**>  cosh  K0(z  —  h),  . 
where  is  the  real  positive  root  of 

ffK0tunh  K0k  =  ai ; 

and 

<frz=e'at~  KI  cos  k  (z  —  h), 
where  k  is  any  real  positive  root  of 

gtc  tan  /eh  +  a2=0.  . 


This  equation  has  an  infinite  sequence  of  real  roots, 
together  with  an  imaginary  root  ik0.  We  assume  then  the 
possibility  of  expanding  a  function  /(:)  in  the  range 
0<z</t,  in  the  form 

f(z)=.  A  cosh  ie0(z  —  h)  +  SB  cos  k(z. — h),  .  (30) 

where  the  summation  extends  over  the  real  positive  roots 
of  the  equation  (29),  We  find  that  the  coefficients  are 
given  by 

A  =  JOtiB cosh  *"(“~*)  dx- 

B  ~  2.4  +t*.  aa  j/  W c”  *  (— *) 1 ■  ■  <31) 

If  at  x  =  0  we  are  given 


=/(*)COSo7’  * 


then  the  velocity  potential  for  positive  values  of  >r,  such 
that  the  motion  at  a  distance  is  &  plane  progressive  wave, 
is  given  by 

<P~Ak0~'  cosh  K0(z~-h)  sin  (at  —  #-(Vr) 

+  1iBK~'e~*x  cos  ic{z—h)  cos  at.  .  (33) 


Suppose,  for  instance,  that  one  end  of  a  long  tank  is 
made  to  execute  simple  harmonic  vibrations  of  small 
amplitude  a,  then  we  have  / (z)  =  oa.  The  values  of  A  and  B 
follow  from  (31),  and  from  (33)  we  deduce  the  surface 
elevation  in  this  case  : 


„  2<r2a  si  nil  2ictih  ,  ,  , 

^ ”  //^(LVi  +  sinh  2 *„/«)  C0S  (  ~  Ku 


—  sin  at'S, 


2<rW~*f  sin  2 kIi 
<jk(2kIi  +  sin  2  a  It) 


•  (34) 
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fi.  The  same  analysis  may  he  applied  to  circular  waves, 
and  we  limit  consideration  here  to  symmetry  round  the 
origin.  The  normal  fluid  velocity  is  supposed  to  he  assigned 
over  a  vertical  cylindrical  surface  ;  for  example,  we  take 


B<ft 

Br 


=/ (z)  coso-f,  for  r  =  a. 


•  •  (35) 


The  velocity  potential  satisfies 


v<t>  ib<*> 

Br2  rBr  Br* 

The  condition  at  the  free  surface  is  the  same  as  before,  and 
we  assume  the  water  to  be  deep.  Elementary  solutions  of 
the  required  form  are  found  in  terms  of  suitable  Bessel 
functions.  The  solution 


>(*0r) . (37) 


represents  diverging  waves  for  large  values  of 
the  solution 


;  while  in 


< p  =  elat  (*  cos  kz  —  Kq  sin  kz)  K0  (/cr) ,  .  .  (38) 

K0(*r)  tends  exponentially  to  zero  for  large  distances  from 
the  origin. 

Generalizing  as  before,  we  obtain  the  solution 


Y  H,(2i(*o«)  Jo  * 

(/c  cos  kz  —  *0sin  kz)  x 

n’“  .  .  K0(/cr)  x  (xcosAca— *().sin  *a) 

0  '  “'*&</(*«)  K2  -f  xf 


dxda,  (30) 


where  the  real  part  is  to  he  taken. 

The  surface  elevation  at  a  great  distance  from  the  origin 
is  given  by 


2  iv/Jf  \* 

g  \  7r  K0r  ) 


£t(.<r<-»0r-riir> 


J<j'(Kua)  —  iY0'(Kua) 


f‘rw. 


"  da, 


(40) 


or,  in  real  terms,  this  gives 


(  /(a)e"*°a<lax 

£  J0 

J0  '(*oa)  sin  {pt — k oP4- -  j  »r)4- 
•fYo^Kpo)  cos  (g<-K0r+-jff) 
J0'2(K0a)-kYo'2(K0o) 


(41) 
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This  expression  might  he  Used,  as  in  §d,  to  give  an 
estimate  for  the  energy  propagated  outwards  from  a  circular 
cylinder  immersed  to  a  given  depth,  and  making  small 
vertical  oscillations  of  given  frequency. 
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The  Wave  Resistance  of  a  Spheroid. 

By  T.  H.  Havelock,  F.R.S. 

(Received  February  20,  1931.) 

1.  A  method  which  has  been  used  to  calculate  the  wave  resistance  of  a 
submerged  solid  is  to  replace  the  solid  by  a  distribution  of  sources  and  sinks, 
or  of  doublets,  the  distribution  being  the  image  system  for  the  solid  in  a  uniform 
stream.  The  cases  which  have  been  solved  hitherto  have  been  limited  to 
those  in  which  the  image  system  is  either  a  single  doublet  or  a  distribution  of 
doublets  lying  in  a  vertical  plane  parallel  to  the  direction  of  motion.  It  is 
shown  here  how  to  obtain  the  solution  for  an  ellipsoid  moving  horizontally 
at  given  depth  below  the  surface  of  the  water,  and  with  its  axes  in  any  assigned 
directions.  The  present  paper  deals  specially  with  prolate  and  oblate  spheroids 
moving  end-on  and  broadside-on,  the  general  case  of  an  ellipsoid  with  unequal 
axes  being  left  for  a  subsequent  paper. 

In  §  2  it  is  shown  that  the  image  system  for  an  ellipsoid  in  a  uniform  stream 
is  a  certain  surface  distribution  of  parallel  doublets  over  the  elliptic  focal 
conic,  the  direction  of  the  doublets  being  in  general  inclined  to  the  direction 
of  motion  ;  if  the  motion  is  parallel  to  a  principal  axis,  the  doublets  are  in  the 
same  direction.  For  a  spheroid  the  image  system  reduces  to  either  a  line 
distribution  or  to  a  surface  distribution  over  a  certain  circle  ;  explicit  expres¬ 
sions  are  given  in  §  3  for  prolate  and  oblate  spheroids  when  moving  either  in 
the  direction  of  the  axis  of  symmetry  or  at  right  angles  to  that  axis. 

The  calculation  of  the  wave  resistance  is  considered  in  §  4.  An  expression 
has  been  given  previously  for  the  wave  resistance  associated  with  two  doublets 
at  any  points  in  the  liquid  with  their  axes  in  any  assigned  directions  ;  this  can 
be  generalised  to  cover  continuous  line,  surface  or  volume  distributions  of 
doublets.  Incidentally,  it  is  shown  how  by  integration  we  may  pass  from 
a  three-dimensional  doublet,  corresponding  to  a  submerged  sphere,  to  a  two- 
dimensional  doublet,  corresponding  to  a  circular  cylinder.  In  §  5  expressions 
for  the  wave  resistance  are  developed  for  the  particular  cases  of  moving 
spheroids  of  §  3.  In  the  final  section  these  results  are  illustrated  bv  numerical 
and  graphical  calculations  for  certain  series  of  models.  In  each  case  the 
axis  of  the  spheroid  is  supposed  horizontal,  and  to  make  the  calculations 
definite  the  depth  of  the  axis  is  taken  to  be  twice  the  radius  of  the  central 
circular  section.  The  models  consist  of  a  sphere,  radius  h  ;  an  oblate  spheroid 
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with  semi-axis  n  =  46/5  ;  and  prolate  spheroids  with  a  =  56/4,  56/2  and  56 
respectively.  Graphs  are  given  for  the  variation  of  wave  resistance  with 
velocity  for  these  five  models  (i)  when  moving  in  the  direction  of  the  axis  of 
revolution,  (ii)  when  moving  at  right  angles  to  that  axis  ;  these  illustrate 
respectively  the  effect  of  increased  length,  and  the  effect  of  increased  beam  and 
area  of  cross-section.  It  is  of  interest  to  note  that  increase  of  length  gives 
diminished  resistance  at  low  speeds,  with  a  subsequent  rapid  increase  ;  while 
increasing  beam  in  the  second  series  gives  increased  resistance  at  all  speeds. 

2.  Consider  the  motion  of  a  solid  bounded  by  the  ellipsoid 


x 


.2  yl  _  22 


—  4-  -4-  -  —  1 

o2  ^  62  ^  c2 


(1) 


in  an  infinite  liquid,  the  velocity  being  u  parallel  to  Ox. 

It  is  well  known  that  if  V  is  the  gravitational  potential  of  a  uniform  solid  of 
unit  density  bounded  by  (1),  then  the  velocity  potential  of  the  fluid  motion  is 
given  by  ♦ 

i  _  u _ SV  /o\ 

*  2tz  (2  -  a0)  dx  ’  (  ' 


where 


Since 


du 


,-aO 

a0  =  abc  I 

Jo 

'  =  J  J  J  -O'2  +  (y-  y'f  +  (z  -Ify12  ‘ 


(a2  +  u)3/2  (62  -f  u),/2  (c2  +  «)1/2‘ 
dx'  di/'  dz' 


(3) 


H) 


taken  throughout  the  ellipsoid,  it  follows  from  (2)  and  (4)  that  the  velocity 
potential  of  the  fluid  motion  is  that  due  to  a  uniform  volume  distribution  of 
doublets  throughout  the  ellipsoid,  with  their  axes  parallel  to  Ox,  and  of  moment 
per  unit  volume  equal  to  u/2tc(2  —  a0). 

Similarly  for  motion  parallel  to  0 y  or  O z  we  have  a  like  result  with  a  corre¬ 
sponding  quantity  (30  or  y0  taking  the  place  of  a0.  For  motion  in  any  other 
direction  we  resolve  the  velocity  along  the  three  axes  and  combine  the 
component  doublet  systems. 

The  gravitational  potentials  of  two  solid  homogeneous  ellipsoids,  bounded 
by  confocals,  at  any  point  external  to  both  are  proportional  to  their  masses. 
Hence  in  the  hydrodynnmical  problem  we  may  replace  the  distribution  of 
doublets  throughout  the  ellipsoid  (1)  by  a  uniform  distribution  through  any 
interior  confocal,  increasing  the  moment  per  unit  volume  by  the  factor 

,i6c/\/{(u2+  X)  (62  -f  ).)(€*+  X)},  (5) 

where  X  is  the  parameter  of  the  confocal. 
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In  particular,  we  obtain  the  simplest  system  bv  taking  the  eonfocal  which 
reduces  in  the  limit  to  the  elliptic  focal  conic 


3  =  0 


x~ 


c- 


(G) 


with  a  >  6  >  c.  In  this  case  the  volume  distribution  of  doublets  reduces 
to  a  surface  distribution  over  the  plane  area  bounded  externally  by  (0).  The 
moment  per  unit  area  is  found  by  putting  X2  —  —  c2  +  8  and  taking  limiting 
values  as  8->0,  taking  into  account  the  factor  (5)  and  the  limiting  thickness 
of  the  eonfocal  at  each  point.  We  may  refer  to  the  distribution  found  in  this 
way  as  the  image  system  for  an  ellipsoid  in  a  uniform  stream. 

1  f  the  motion  is  parallel  to  Ox,  the  doublets  are  parallel  to  Ox  and  are 
distributed  over  (6)  with  a  moment  per  unit  area  given  by 

_ ^cu _ /i  _  s2  _  y2  ,V/2  m 

n  (2  -  a0)  (a2  -  c2)'-'2  (b2  -  c2)1'2  ’  «*  -  c2  b2  -  c2/  '  W 


There  are  similar  expressions  for  motion  parallel  to  Oy,  O2  with  p0,  y0 
respectively  in  place  of  a0. 

3.  We  shall  specify  now  the  particular  results  for  spheroids,  using  the  known 
values  of  a0,  (30,  y0.  We  take  Ox  to  be  the  axis  of  symmetry,  with  c  b ; 
and  consider  first  motion  parallel  to  the  axis  of  symmetry. 

For  a  prolate  spheroid,  the  focal  conic  reduces  to  the  line  joining  the  foci 
of  the  generating  ellipse.  The  image  system  reduces  to  a  line  distribution 
along  Ox,  from  x  =  —  ae  t  >  x  =  ae,  of  moment  per  unit  length 

Am  (o2e2  —  *2),  (7) 

where 

A"*  =  4e/(l  -  e2)  -  2  log  {(1  I-  c)/(  1  -  e)},  (8) 

with  e2  =  1  —  b2/a2. 

For  an  oblate  spheroid  under  the  same  conditions,  the  system  is  a  surface 
distribution  of  doublets  parallel  to  Ox,  over  the  circle 

x  —  ft ;  y3  -1-  r2  =  6V*  (9) 

where  e'2  =  1  —  «*/6* ;  and  tin*  moment  per  unit  area  is 

liu  (6V*  -  y2  -  :*)'/*,  (in) 

with 

U-'=2n{sin~l  e'-e'\[T-e%  (II) 

I’m  m>. 1  Kin  .it  right  ingles  to  the  axis  of  symmetry,  we  take  Oy  ... ,  t  lie  diieet  .on 
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of  motion.  For  a  prolate  spheroid  thr.  system  is  a  line  distribution  alone  O.,- 
between  x  ■  -[  ac,  with  axes  parallel  to  0 >j,  and  of  moment  per  unit  length 

A'm  («2e2  —  ,i;2),  (12) 

where 

A'  1  -  2e  (2e2  -  1)/(1  -  c2)  +  log{(l  +  e)/(l  -  e)}.  (134 

For  an  oblate  spheroid  the  system  consists  of  doublets  parallel  to  Oy,  over  the 
circle 

.<■  U  ;  y-  -i-  ;3  ••=  1 1 4 ) 

and  of  moment  per  unit  area 

11  -  :s)*,  (lb) 

where 

13'-i  -{,■'(!  +  e'2)/(l  -  e'2)1'2  -  sin-1  e'},  (13) 

For  e  —  0,  all  these  distributions  reduce  to  the  finite  doublet  at  the  origin 
appropriate  to  the  motion  of  a  sphere. 

4.  Consider  now  the  wave  resistance  when  an  ellipsoid  is  wholly  immersed 
at  some  depth  in  water  and  is  moving  with  constant  horizontal  velocity  ;  we 
obtain  the  first  approximation  for  the  resistance  by  replacing  the  ellipsoid 
by  the  image  system  which  was  discussed  in  the  preceding  section.  The 
resistance  is  derived  from  the  doublet  system  by  expressions  which  have  been 
given  previously  ;  in  particular,  reference  may  he  made  to  an  expression  for 
the  wave  resistance  corresponding  to  two  doublets  at  any  points  in  the  water 
with  their  axc*s  in  any  given  directions.*  We  shall  not  quote  the  general 
result,  as  wc  require  here  only  the  case  in  which  the  doublets  have  their  axes 
parallel  lu  the  direction  of  motion.  Take  the  origin  O  in  the  free  surface  of 
the  water,  Oz  vertically  upwards  ;  for  a  doublet  oi  moment  M  at  the  point 
(h,  k,  —})  and  a  doublet  M'  at  (/;',  A',  — /'),  both  axes  being  parallel  to  Ox,  the 
direction  of  motion,  the  wave  resistance  is  given  by 


R  - 

‘"-i-  M'2, 

•’  f) 

with 

*  *  * 

<0 

AIM'  r—.'/t-n '•■«■= 

1  cos  A  COS  1  ) 

JsecMldO.  (17) 

*'  (l  ']•  w  >  A  —  (/t 

-  /,')  S  C  0  ;  P> 

Ko  (k  —  A  ' 

1  sill  0  sec2  (1. 

Thi- 

call  casilv  be  extended 

tn  continuous  d 

ist  ril  mt  ions. 

For  distributions 

*  '  it.  Roy.  Soi  ..'  A.  v’ol.  118,  |i.  .i‘2  JOzS). 
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in  a  vertical  plane  parallel  to  the  direction  of  motion,  to  which  previous  work 
has  been  limited,  we  have 

R  =  leTipK-o4  7 df  f *df  dh  |"  did  f'“M  (h,f)  M  (//,/') 

JO  Jo  J  oo  J  - oo  Jo 

x  <,-«.(/+/•)«*•*  cos  {/f<)  (j,  _  h’)  sec  6}  sec5  6  dQ,  (18) 

where  we  have  taken  y  —  0  as  the  plane  of  distribution.  This  expression  can 
be  written  as 

R  =  16tt PK04  f'/_  (P2  -f  Q2)  sec5  0  do,  (19) 

Jo 

where 

P  -1-  »Q  -  dj  r dh  .  M  (//,/)  .  i'*™*'  (20) 

Jo  J  -  a> 

When  the  distribution  is  in  a  plane  perpendicular  to  the  direction  ol  motion, 
say  the  plane  x  —  0,  it  is  easily  seen  that  we  have  the  same  expression  (19) 
for  R,  but  now' 

P  p  ,Q  =  r df  I" dk  .  M  (/•,/).  ,.-«./ *«•’»+*«.*' >»«sccMt  (21) 

Jo  *  —  00 

If  the  doublets  are  distributed  along  a  line,  the  suitable  forms  for  R  may 
readily  be  deduced  from  these  expressions. 

Before  proceeding  to  apply  these  results  to  spheroids,  we  may  notice  a  simple 
case  of  (21).  The  first  problem  in  wave  resistance  to  be  solved  wras  that  of  a 
two-dimensional  doublet  corresponding  to  the  motion  of  a  circular  cylinder 
with  its  axis  horizontal  and  moving  at  right  angles  to  the  axis  ;  the  next 
problem  was  the  three-dimensional  doublet  for  the  motion  of  a  sphere.  By 
means  of  (19)  and  (21)  we  may  pass  from  the  second  problem  to  the  first  by 
integration. 

Write  down  the  velocity  potential  of  a  uniform  distribution  of  three-dimen¬ 
sional  doublets  of  moment  M  per  unit  length  over  a  straight  line  of  finite  length, 
the  axes  of  the  doublets  being  at  right  angle.-,  to  this  line  ;  evaluate  the  expres¬ 
sion  in  the  limit  when  the  length  of  the  distribution  becomes  infinite,  and  we 
obtain  the  velocity  potential  of  a  two-dimensional  doublet  of  moment  2M. 
Consider  now  the  expression  tor  the  wave  resistance  for  the  same  process  ; 
if  2 l  is  the  length  of  the  distribution,  (21)  gives 

P  +  ,y  =  j  '  Me  * '■*  •"*  *  "  dk.  (22) 
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Evaluating  the  integral  and 
R  =  647ip«02.M2j 


using  (10)  we  have 

2  sin2  (k01  sin  0  sec;8  6) 
sin2  0  cos  0 


e  »d 6. 


(23) 


The  wave  resistance  for  the  corresponding  two-dimensional  doublet  is  for 
unit  length  perpendicular  to  the  plane  of  motion,  and  should  be  given  bv 
lira  (R/2 /)  as  l  -*■  ao  ,  From  (23),  this  is 


Lim  32Trps02  M2  j  sin2  (k0u  V 1  u2,/2)  c  a  2  V 1  +  u2jl2du 

l  —*■  oc  J  () 


=  lO^pX-Q2  M2  I 


(21) 


and  this  is  the  known  expression  for  the  wave  resistance  of  a  two-dimensional 
doublet  of  the  corresponding  moment  2.M. 

5.  We  proceed  now  to  the  wave  resistance  of  a  submerged  spheroid,  taking 
in  each  case  the  axis  of  the  spheroid  to  be  horizontal  and  at  a  depth  f  below 
the  surface  of  the  water. 

Prolate  Spheroid  in  Direction  of  Axis. — From  (7)  anil  (20)  we  have 


(P  +  iQ)jAue-KjMC''  •  =  j*  (a2e2  -  A2)  Bec  *  dh 

=  (8r.a3e?/K0z  sec3  G)1/2  J3/2  (K0ae  sec  0),  (25) 

where  J  denotes  the  usual  Bessel  function.  Hence  from  (19), 

R  =  1287r2</pa3(3\2  I  « {J3/,,  (*-0  up  sec  0)}2  sec2  0  <70,  (26) 

Jo 

a  result  which  was  obtained  previously  by  a  different  method.*  For  purposes 
of  numerical  calculation  it  is  convenient  to  change,  the  variable  in  the  integration 
from  0  to  tan  0  ;  we  then  have 

R  =  1287t^fl^pa3c3A2c“,’  I  (J3/2  (n0ae  Vl  +  t2)}2  dt,  (27) 

Jo 


where  p  =  2 «■„/  =  2 gfn2,  and  A  is  given  in  (8). 

Oblate  Spheroid  in  Direction  of  Axis.  -Here  we  have  a  surface  distribution 
given  by  (10),  and  remembering  that  the  centre  of  the  circular  distribution  is 
at  a  depth/,  (21)  gives 

(P  +  iQJ/Bwe— jj  (6V2  —  y2  —  22),/a  eK,t  »ec*  "+*'•»'  *,n "  >e'c' dy  dz,  (28) 
taken  over  the  circle  y2  -f  z2  -----  AV2. 

*  ‘  Proo.  Roy.  Xoc,,’  A.  vol.  95.  p.  365  (1919). 
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Taking  the  integration  with  respect  to  y  first,  we  obtain,  after  integration 

by  parts, 

r(4V*— **)*,* 

( k0  sin  9  sec*  0)_1  y  (6V2  —  y'i  —  zl)~^2  sin  (K0y  sin  6  sec2  6)  dy 

J  —  (6****— **)V 

-  (tfe2  —  3*)1/2  _ 

=  70^I^e  J>  (*° V6V2  “ 22  sin  6  sec2  6>-  <29> 

The  integration  with  respect  to  2  now  becomes 


[b _ 

{b2e'2  -  2*)^*  e*  sec‘  * JjfKo  V 62e'2  -  2*  sin  6  sec2  6)  dz, 

J  -be' 


(30) 


and  this  is  equivalent  to  evaluating 


f!- 

2  cosh  (a  cos  <f>)  Jj  ( [3  sin  <f>)  sin2  <f>  d<f>,  (31) 

Jo 

where  a  =  K0be'  sec2  0,  [3  =  kJoc  sin  0  sec2  0. 

The  integral  (31)  may  be  evaluated  as  a  special  case  of  Sonine’s  integral,  or 
by  expanding  cosk(a  cos  <f>)  in  powers  of  cos  <j>,  integrating  term  by  term,  and 
summing  the  resulting  series.  The  latter  expression  for  (31)  is  found  to  be 


o  y  _ _ 

—  02n! 


a2"  2"~1'*  r  (n  +  £)  j 


gn+l/S 


n+3/2 


(P). 


(32) 


Noting  that  in  the  present  problem,  a  >»  p,  the  value  of  (32),  or  of  the  integral 
(31),  is 

2  (I r(«.-fpy.1^<(«‘-W,ft).  <33> 

where  the  Bessel  function  is  given  by 


l3'2 


2  \W 


(aj)  =■  (— )' 

\TXX/ 


cosh  x 


sinh  x 


). 


(34) 


Collecting  these  results,  we  obtain 

(P  +  iQ)/Bw  e-"' “c* 9  =2(7i363e's/2ff03  sec3  0)1'2 13/2  (K0be'  sec  0).  (36) 

Finally,  from  (19)  we  find 

R=32  jrV0&3e'3B2ua  [  {I3/2  (*06e'  sec  0)}2  sec*  0  <J0;  (36) 

Jo 

or  in  the  same  form  as  (27), 

R=32n«0p6V3B*<r’  [Vf,(I8/,(K06e'\/iTf»)}‘*,  (37) 

J  0 

where  B  is  given  in  (11). 
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Prolate  Spheroid  at  Right  Angles  to  its  Arts. — The  distribution  is  given  in 
(12),  and  in  this  case  we  use  (21)  instead  of  (20)  ;  apart  from  this,  the  calcu¬ 
lation  follows  the  same  course  and  we  obtain  finally 

II  =  1 287V£jrptt3e3A'2  l  e ~~*°f  9CU‘ H  {J3/2  (k0 ae  sin  (i  sec2  0)}2  cos  0  rfO/sin3  0 

Jo 

TOO  _ 

-~=  1 2Sn2g pa3e3A’2e~p  c~'"‘  {J3/2  (k0  act  VF+T)}2  l  3  dt,  (38) 

J  0 

with  4'  given  in  (IS). 

Oblate  Spheroid  at  Right  Angles  to  its  A;ris. — The  distribution  given  in  (15) 
iies  in  a  plane  parallel  to  the  direction  of  motion,  so  we  now  use  (20)  ;  the 
integrals  are,  however,  of  the  same  type  as  those  already  discussed  and  the 
analysis  need  not  be  given  in  detail.  Using  (15),  (19)  and  (20),  we  obtain 
after  some  reduction 

K  ■•=  S2^.7pfrV3B'V I  c- (Kahe't  \  FTT2))2 1  3  dt.  (39) 
Jo 

where  B'  is  given  in  (10). 

Sphere. — -It  may  easily  be  verified  that  in  the  limit  when  c.  rtr  e' .  becomes 
zero,  ail  these  expressions  (27),  (37),  (38)  and  (39),  reduce  to  the  known  result 
for  a  sphere,  namely 

H  =  4T:gpK03b6e~p  J  (1  ~f-  t2)3/2  e~l,e  dt 
Jo 

=  k9P><o3!>*  e~iP  {k0  (i />)  -f  ( 1  +  - )  Kj  (i  p)  j  ,  (40) 

^  P 

where  Kn  is  the.  Bessel  function  defined  by 

Kn(x)=l  e~xco*nu  cosh  nu,  du.  (41) 

Jo 

6.  The  resistances  for  prolate  and  oblate  spheroids  have  been  worked  out 
independently  in  the  preceding  section.  It  is  of  interest  to  note  that  the 
results  have  the  same  analytical  form  and  may,  in  fact,  be  deduced  from  each 
other  by  taking  the  eccentricity  to  be  imaginary  instead  of  real.  For  the 
prolate  spheroid,  e2  ---  i  —  If ’a2  ;  while  for  the  oblate  spheroid,  c'2  —  1  —  as/b2. 
It  may  be  verified  that  if  in  (27)  we  write  e  —  ie'bju,  the  expression  transforms 
precisely  into  (37)  ;  and  the  same  relation  holds  between  (38)  ami  (39). 

7.  The  integrals  in  the  various  expressions  oan  be  transformed  into  alter¬ 
native  forms,  or  expressed  in  infinite  series  in  several  ways  ;  but  either  the 
series  do  not  converge  rapidly  enough  for  the  values  of  the  parameters  which 
are  of  interest,  or  else  the  functions  involved  have  not  been  tabulated.  It 
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has  been  found  simpler  to  make  numerical  calculations  directly  from  the 
integrals  as  given,  although  a  considerable  amount  of  work  is  involved  in  any 
case. 

The  calculations  have  been  carried  out  for  a  set  of  five  spheroids,  including 
the  sphere,  the  radius  b  of  the  central  circular  section  being  supposed  constant 
and  the  semi-axis  a  varied.  The  following  are  the  data  for  the  series  : — A, 
oblate,  a  =  46/5,  e'  =  0-6  ;  B,  sphere,  a  —  b;  C,  prolate,  a  =  56/4,  e  =  0-6  ; 
D,  prolate,  a  —  56/2,  e  =  0-9165  ;  E,  prolate,  a  —  56,  e  —  0-9798.  The  axial 
sections  of  these  forms  are  shown  in  fig.  1,  drawn  to  scale,  the  diagram 
showing  one  quarter  of  the  section  in  each  case. 


Fig.  1. 


We  suppose  the  axis  horizontal  in  each  case  and  at  the  same  depth  /  below 
the  free  surface.  To  make  a  definite  case  for  numerical  calculation  we  take 

/=  26,  (42) 

that  is,  the  depth  twice  the  radius  of  the  central  circular  section.  We  consider 
the  models  in  two  scries,  (i)  with  the  axis  in  the  direction  of  motion,  (ii)  with 
the  axis  at  right  angles  to  the  motion.  Our  object  is  to  show  the  variation  of 
wave-resistance  with  velocity  for  each  model,  and  to  see  how  the  graph  varies, 
in  (i)  with  increasing  length,  and  in  (ii)  with  increasing  beam.  To  give  one 
example  of  the  calculations,  when  a  —  56/2,  (27)  gives 

fOO 

R  =  22-7O7c0p63e~*  C-'p‘3{J3/2(0-5728  p  \/l  +<2)}2  dt.  (43) 

V  0 

For  velocities  which  are  of  special  interest,  the  parameter  p  ranges  from  about 
1  to  8.  A  graph  of  the  Bessel  function  J3/2  was  drawn  on  a  large  scale  and 
values  were  taken  from  it,  except  for  small  values  of  the  argument  when  they 
were  calculated  from  tables  of  J1/2  and  J_x/2.  Values  of  the  integrand  were 
calculated  for  values  of  t  at  intervals  of  0-1,  and  the  numerical  integration 
carried  out  by  the  usual  methods.  Owing  to  the  exponential  factor,  it  was 
unnecessary  to  go  beyond  t  =  2  in  any  case  ;  and  for  the  larger  values  of  p, 
a  smaller  range  of  t  was  sufficient.  This  process  was  curried  out  for  seven  or 
eight  values  of  p,  and  so  a  graph  could  be  drawn  for  the  variation  of  R  with  p, 
that  is,  with  velocity  u. 


320 


284 


T.  H.  Havelock. 


A  similar  method  was  used  for  the  integrals  in  (.'57)  and  (08).  For  (AO), 
the  Bessel  function  was  expanded  in  powers  of  (l  f-  /'-),  and  integration  carried 
out  term-by-term  ;  the  integrals  involved  are  then  of  the  form 

f®  2n  +  l 

(1  +  t2)  2  e dt,  (44) 

0 

which  can  be  expressed  in  terms  of  the  Bessel  function  K„  defined  in  (41). 
By  recurrence  formula},  the  terms  can  be  reduced  to  expressions  involving 
K0  and  Klt  and  tables  of  these  functions  are  available.  In  all  those  calcula¬ 
tions  no  attempt  was  made  to  obtain  any  high  degree  of  numerical  accuracy  ; 
the  object  was  to  obtain  sufficient  values  to  enable  graphs  to  be  drawn  showing 
the  nature  of  the  results  and  the  main  differences  between  the  two  series. 

The  graphs  are  shown  in  figs.  2  and  3  ;  the  scale  is  the  same  throughout,  the 
ordinates  being  R/izgpb3,  and  the  abscissae  uf\/(gf). 

The  nature  of  the  results  is  obvious  from  the  graphs.  Fig.  2  shows  the 
curves  for  the  end -on  motion.  The  curve  B,  which  is  the  same  in  both 


Fio.  2. 

diagrams,  is  for  the  sphere  and  shows  the  maximum  just  before  the  velocity 
The  graphs  for  C,  D,  E  show  how  much  the  resistance  is  diminished 
at  the  lower  velocities  by  increasing  length  in  this  way  ;  but  this  is  followed 
by  a  rapid  increase  at  higher  velocities.  The  latter  effect  may  be  described, 
roughly,  as  due  to  the  final  interference  between  bow  and  stern  system  giving 
a  prominent  hump  on  the  resistance  curve  ;  the  interference  effects  at  lower 
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speeds  were  found  in  the  calculations  for  curve  E,  but  could  not  be  shown  on  the 
scale  of  the  diagram. 

The  graphs  in  fig.  3  for  the  broadside  motion  are  in  striking  contrast  tft  those 
in  fig.  2.  Here  we  have  increased  resistance  at  all  velocities  as  we  go  up  the 
series  of  models  ;  the  values  for  E  were  calculated,  but  could  not  be  shown  on 


the  scale  of  the  diagram.  It  appears  from  the  curves  of  fig.  3  than  a  rough 
empirical  rule  for  this  series  is  that  the  resistance  per  unit  volume  of  displace¬ 
ment  is  proportional  to  the  area  of  the  midship  section. 


Harrison  and  Sons,  Ltd.,  Printers,  St,  Martin's  Lane,  London,  W.C.2. 
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The  llure  lu'sisltut  7'  of  an  Ellipsoid 
By  T.  11.  Havelock,  F.K.S. 

(Received  May  9,  1931.) 

1 .  In  a  recent  paper*  it  was  shown  how  to  obtain,  to  the  usual  approximation, 
the  wave  resistance  of  a  solid  of  ellipsoidal  form  submerged  at  a  constant  depth 
below  the  surface  of  water  and  moving  horizontally  with  any  orientation  of 
the  axes  ;  and  explicit  calculations  were  made  for  prolate;  and  oblate  spheroids 
moving  end-on  and  broadside-on.  The  present  note  is  a  hi  iof  study  of  an 
ellipsoid  with  unequal  axes,  moving  in  the  direction  of  the  longest  axis.  It  had 
been  intended  to  examine  numerically  in  some  detail  the  effect  of  different 
ratios  of  the  axes  upon  the  resistance- velocity  curve  ;  but  the  necessary 
computations  world  have  been  lengthy,  and  the  main  results  of  interest  may 
be  seen  from  the  form  of  the  expressions  obtained  for  the  wave  resistance. 
In  the  discussion  attention  is  directed  specially  to  cases  in  which  the  ratios 
of  the  axes  are  similar  to  the  corresponding  ratios  for  a  ship. 

2.  It  is  convenient  first  to  evaluate  some  integrals  which  occur  in  the 
analysis. 

Consider  the  integral 

A=[f(l  —  —  —  2-1  cos  a/  cos  dx  dy,  (1) 

JJ  \  rn-  n- 

taken  over  the  ellipse 

(2) 

ra~  n- 

Putting  x  —  m  sin  cf>  cos  0,  y  =  n  cos  we  obtain 

A  =  mn  |  l  sin3  4>  sin2  0  cos  (mot  sin  cf>  cos  0)  cos  (n  [5  cos  <f>)  d 0  d<j>.  (3) 

.11  J  u 

Integrating  first  with  respect  to  0,  this  gives 
.*» 

A  =  (wi/a)  j  cos  («[i  cos  if>)  Jj  (my.  sin  <j>)  sin2  f>d<f 
Jo 

-  -  (  — —  ^ )  [  .1,  (>n%  sin  <f>) (« [i  cos  <f>)  sin2  <j>  cos'  -  <f>  d<f>.  (1) 

v  a  7  J  () 

*  ’  |’r«*\  Hoy.  So,-,,’  A.  vol.  131.  p.  2”.r>  (1931 ), 
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This  is  u  particular  case  of  Sonine’s  integral,*  and  we  obtain  finally 

A  =  2,/27t3  2  mn  J:‘ +  .  (5) 

(m-a-  +  rfvf  * 

A  similar  integral  which  we  require  is 

B  =  |  |  i  1  —  — t  -  cSy  cos  a xtlxily, 

m-  >r 


(6) 


taken  over  the  ellipse  (2). 

This  may  be  evaluated  in  the  same  manner.  To  avoid  possible  ambiguity 
we  distinguish  between  various  cases  according  to  the  relative  magnitude  of 
ma  and  nS.  We  find 


13  __  n -a/HW  ’hi/:- 

“  (m-r  —  vr[i2):!'4  ’ 

hi » {("2|i2  —  mV)1-} 

=  ~  **J-««*  -  }, 
(n-’fi-  —  in-gry' 1 

—  37 zmn,  mx  -  ti  ; 

where  I  denotes  the  usual  modified  Bessel  function. 
3.  Consider  a  solid  bounded  by  the  ellipsoid 

O  o  o 

x-  4.  T  4-  i"  —  i 

o  I  /  «>  1  »> 


ma  >  ; 

ma  <  «fi  ; 


(7) 


(8) 


moving  with  uniform  speed  u  in  the  direction  of  Ox,  the  axis  Ox  being  hori¬ 
zontal  and  at  a  depth  f  below  the  surface  of  the  water,  while  the  axis  Oy  is 
vertical. 

We  shall  consider  first  the  case  a  >  b  >  c. 

The  image  of  a  uniform  stream  in  the  ellipsoid  is  a  distribution  of  doublets 
over  the  plane  area  bounded  by  the  elliptic  focal  conic 


V 2  _  i 


0; 


a2_C*  •  ffi  —  C 

the  axes  of  the  doublets  are  parallel  to  Ox,  and  the  moment  per  unit  area  is 


(9) 


abcu 


TZ  (2  -  a0)  (a2  -  c-)1- (b-  -  c2}1'2 


20 it  (  ^ 


a2  —  c-  b~  —  c1 


1/2 


where 


r<x> 

a0  ■-=  abc  - - - 

Jo  (a*  -|-  u)J  2  (//- 


du 


+  M)1/2  (c2  + 

For  numerical  calculation  x0  may  be  expressed  in  terms  of  elliptic  integrals. 
*  («.  N.  Watson,  M Bessel  Functions,"  p.  476  (1st  edn.,  1922). 
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From  (12)  of  the  previous  paper,  the  wave  resistance  is  given  by 

R  —  l()7rp«04  j  P2sec50d0, 

Jo 

abcue~*‘f 8ef* 9 


(11) 


7t  (2  -  a0)  (a2  -  c2)1'2  ( b 


- - [f(l - £l__ 

_  c2)>/2  J  J  \  a2_c2 


.fi  .1/2 

JL _ 1  e-*y  mo  e 


b*-cV 
X  cos  ( KqX  sec  0)  dx  dy,  (12) 


the  integral  for  P  being  taken  over  the  ellipse  (9),  and  *0  =  g/u2. 

Comparing  with  (6)  and  (7),  we  obtain  for  the  integral  in  the  expression  for 
P  the  value 

(2-n3  (a 2  —  c2)  (b2  —  r2)W2  *^3/2  860  ®  ^  ^  c2)  sec?2  6}1'2)  no\ 

1  («  ) "  Kn*2  sec  3/20  {a2  -  c2  -  (b2  -  c2)  sec2  Op 1  ’  (  ' 


when  cos  0  >  \/{{b2  —  c2)j(a2  —  c2)},  and  a  similar  expression  when  cos  0 
is  less  than  this  value.  Collecting  these  expressions,  and  for  comparison  with 
previous  results,  putting  tan  0  =  t,  we  obtain  finally 

(2  —  «p)2  (a2  —  fe2)3/3  e2*"f  p 
32rc2ijrpa262c2 

::  f 1/11  [  J3/2  («o2  (a2  ~  b2)  (1  +  t2)  (1  -  a2/2))1-'2]2 

Jo  (1  —  a2i2)3/2 

.  r  [  u  («2  - 1>2)  (i  ±  f)  -  d)  (U) 

+  Jl/a  (a2P  —  1)3/2  ’  (4) 

where  a2  =  {b2  —  c2)/(a2  —  b2). 

This  expression  is  for  an  ellipsoid  moving  horizontally  in  the  direction  of  the 
longest  axis,  and  having  the  least  axis  horizontal  and  the  mean  axis  vertical ; 
or,  we  may  say,  with  the  beam  less  than  the  draught. 

4.  We  consider  now  the  case  when  the  beam  is  greater  than  the  draught ; 
that  is,  keeping  the  axes  Ox,  0 y,  0 z  as  before,  we  have  a  >  c  >  b.  The 
elliptic  focal  conic  is  now  in  the  horizontal  piano  and  is  given  by 


n  -1- 


02-62  1  c2  —  b2 


=  1,  y  =  0. 


(15) 


The  doublet  system  is  distributed  over  the  area  bounded  by  (15),  the  axes  being 
parallel  to  0*  and  the  moment  per  unit  area  being  given  by 


M  (*,  2) 


abcu 


71  (2  -  *n)  (a*  -  62)1'-  (c»  -  62),/2 


a2  —  62  c2  •  -  b2 


1/2 


•  (16) 
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For  a  disti  ibutiun  of  this  typo  the  expression*  for  the  wave  resistance  of 
any  two  doublets  generalises  into 


R  -  -  1  l’“C  ■' see'1  0  (lb, 


(17) 


where 
i»-  - 


M  (r,  :)  M  (x\  z')  cos  (k-0  (x  —  x')  sec  0}  cos  {*0  (z  —  z')  sin  0  sec2  0} 

dxdzdx'dz'.  (18) 

From  the  symmetry  of  ’he  distribution  specified  in  (15)  and  (16)  we  see  that 


||  -U  (*, 


;)  cos  U0x  sec  0)  cos  (k0z  sin  G  sec2  G)  dxdz, 


(19) 


where  M  is  given  in  (16)  and  the  integration  extends  over  the  ellipse  (15). 
Comparing  with  (1)  and  (5),  we  obtain 

p  __  (-7t)'  2  abcu  J;i [k-0  sec  0  {a2  —  b2  -f-  (c2  —  b2)  tan2  6}1/2] 


z  —  a„ 


Kq~  sec3-  2  0  (a-  —  62  -j'  (c2  —  b2)  tan2  G}3/4 


From  (17),  after  ]>utting  tan  0  --  /,  we  deduce 

(2  -  aQ)2  («2  —  b-)A  2  e2  ,/  p 
327t2^  pa262c2 

_  f  +  >2,  (1  +  «8f8)}l;'a38  _a«,/r  dt  (21) 

Jo  (1  +  ix2f2)3  2  ’  (  } 

where  a2  =  (c2  —  62)/(a2  —  b2). 

The  cases  c  <  b  and  c  >  b  have  been  worked  out  separately  ;  however,  on 
comparing  (14)  and  (21),  we  see  that  the  results  could  both  be  included  in  the 
same  formal  expression  with  a  suitable  interpretation  of  the  integrand  when 
or  and.  1  +  x2t2  are  negative. 

5.  A  numerical  examination  of  these  results  could  be  made  for  different 
ratios  of  the  axes  a,  b,  c ;  certain  points  of  interest  may,  however,  be  seen 
from  the  form  of  the  expressions,  keeping  in  view  the  analogy  with  the  wave 
resistance  of  a  .-.nip.  We  note  in  the  first  place  that  the  exponential  factor 
exp.  (— 2k0/(2)  in  the  integrand  means  in  practice  that  the  greater  part  of  the 
value  of  the  integrals  arises  from  small  values  of  the  variable  t. 

An  interesting  feature  of  curves  of  wave  resistance  and  velocity  is  the 
occurrence  of  so-called  humps  and  hollowa  which,  on  a  simple  theory,  arise 
from  interference  between  bow  and  stem  wave  systems.  In  (14)  and  (21) 

*  ‘  I’roc.  Hoy.  Roc..’  A.  vol.  118.  p.  32  (1928). 
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these  oscillations  are  due  to  the  Bessel  function  .1  in  the  integrands,  the 
modified  Bessel  function  1  being  non-oscillatorv  ;  and  one  might  trace  the 
relative  importance  and  positions  of  these  humps  at ul  hollows  with  variation 
of  the  quantity  a.2,  that  is,  (62  ■  v, ~)j{n2  fr).  For  instance,  in  (11)  the  second 
integral  is  non -oscillatory  ;  and,  as  one  would  expect,  it  becomes  of  less 
relative  importance  as  the  ratio  of  a  to  6  is  increased.  Or.  again,  consider  the 
positions  of  the  humps  and  hollows.  The  maxima  on  the  resistance-velocity 
curve  will  be  in  the  neighbourhood  of  the  maxima  and  minima  o,f 

Jj/2  (*(0  <l~ 

while  the  minima  will  be  near  the  zeros  of  this  function.  Suppose,  as  an  example, 
wc  take  a  —  56  and  compare  ellipsoids  with  different  ratios  of  c  to  b.  When 
c  lies  between  zero  and  6,  the  factor  (1  —  a2!2)  in  the  integrand  of  (14)  lies 
between  1  —  ,Jtts  and  unity  ;  further,  if  in  (21)  we  take  c  as  much  as  26,  the 
corresponding  factor  is  l  -f-  'J-.  It  is  clear,  without  further  calculation,  that 
the  positions  of  the  interference  maxima  and  minima  will  be  altered  only 
very  slightly  by  such  a  variation  in  beam  when  the  ratio  of  length  to  draught 
is  five  or  more.  It  appears  in  fact,  that  when  the  beam  and  draught  are  of 
the  same  order  of  magnitude  and  the  length  is  of  the  order  of  10  times  either 
of  these  quantities,  the  form  of  the  resistance- velocity  curve  is  comparatively 
insensitive  to  changes  in  beam.  This  consideration  may,  perhaps,  account 
partly  for  the  measure  of  agreement  which  has  been  obtained  between  calcu¬ 
lated  values  of  the  wave  resistance  of  ship  models  and  experimental  results  ; 
the  theory,  of  course,  fails  in  many  details,  but  the  agreement  in  general 
character  is  better  than  might  have  been  anticipated  in  view  of  the  simplify¬ 
ing  assumptions  which  have  to  be  made. 

6.  The  calculations  for  ship  models  are  usually  made  from  Michell’s  formula 
for  the  wave  resistance.  That  expression  holds  for  a  model  with  a  longitudinal 
vertical  plane  of  symmetry,  and  is  derived  from  an  assigned  distribution  of' 
horizontal  velocity  at  right  angles  to  that  plane  ;  it  is,  in  fact,  the  same  can 
be  obtained  from  a  distribution  of  sources  and  sinks,  or  of  horizontal  doublets, 
in  the  vertical  plane.  In  applying  the  expression  to  a  ship  there  are  two 
approximations,  which  probably  involve  the  same  limitation ;  one  is  in 
extending  the  distribution  right  up  to  the  surface  of  the  water,  and  the  other 
is  in  obtaining  the  equivalent  distribution  from  the  slope  of  the  ship’s  surface. 
The  latter  approximation  could,  of  course,  be  examined  quite  independently 
of  the  wave  phenomena,  but  it  is  of  interest  to  compare  the  expressions  for  the 
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wave  resistance  in  one  or  two  definite  cases.  In  a  former  paper*  the  com¬ 
parison  was  made  for  a  submerged  prolate  spheroid,  and  from  the  formulae 
given  then  numerical  calculations  were  made  later  by  Wigleyf  in  connection 
with  an  experimental  investigation.  We  may  make  now  a  similar  comparison 
for  a  flat  ellipsoid  moving  in  the  direction  of  the  greatest  axis,  that  is,  for  the 
case  a  >  b  >  c  worked  out  in  §  3  above  ;  it  has,  moreover,  been  found  possible 
to  put  all  the  expressions  into  the  same  analytical  form,  and  we  can  see  from 
inspection  the  difference  between  them. 

Michell’s  formula  for  wave  resistance  is 


where 


r  = 

*9 

P  +  fQ 


*  /pa  .  qi:\  ™*dm 

g'u ;>  '  (w2M4/p2  —  1)1/2’ 


Jf 


2  c~m'u'ylg+imxdxdy. 
dx 


(22) 

(23) 


The  integration  in  (23)  is  taken  over  the  vertical  longitudinal  section  of  the 
model,  that  is,  ,in  the  present  notation,  over  the  section  by  tne  x^-plano; 
and  dz/dx  is  derived  from  the  equation  to  the  surface.  Applying  this  to  the 
model  specified  by  (8),  with  Ox  at  a  depth /  below  the  surface,  and  putting  the 
expressions  into  the  form  used  in  §  3,  we  obtain  after  some  reduction 


R  =  typ/CQ3^2  1 
Jo 


A2  e  sec5  0  d0, 

(24) 

cos  (k0x  sec  9)  dx  dy, 

(25) 

the  integration  in  (25)  beiug  extended  over  the  area  of  the  ellipse 

x2/a2  -f-  y2l 62  —  1. 

Carrying  out  the  integrations  in  (25),  we  obtain  finally 

p  -  [■"[ J, /»{«.' («,-«a)(i+;,)(i-i8a(8)>i;aiy „ 

!  Jo  XT— yS2«2)d/2 

(26) 


32n2gpa2b2c2 


+ 


JW 


(/32<2— 1)3/2 


where  /9  —b  k!cl  2  —b  2 . 


*  ‘  Proc.  Roy.  Soc..’  A.  vol.  103,  p.  574  (1923). 
t  W.  C.  S.  Wigley,  ‘Trans.  Inst.  Nav.  Arch.,’  vol.  08,  p.  131  (1926). 
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Comparing  (14)  and  (26),  we  see  how  the  latter  approximates  to  the  former 
when  6  and  c  arc  small  compared  with  a.  We  have,  for  instance,  a  difference 
which  is  independent  of  the  velocity  in  that  the  factor  (2  —  a0)2(aa  —  62)3'2  in 
(14)  is  replaced  by  4a3  in  (26) ;  this  makes  the  value  of  It  calculated  from  (14) 
greater  than  that  found  from  (26)  in  a  certain  ratio.  To  give  a  few  numerical 
examples  : — When  a  —  56,  c  —  b,  the  ratio  is  1*2 ;  when  a  —  66,  c  =  \b,  it 
is  1*12;  while  for  a  =  106,  c  —  b,  it  is  about  1  •  05.  Again,  comparing  the 
integrals  in  (14)  and  (26)  the  quantity  a  =  VI(62 — c2)/(a2  —  62)j  is  re¬ 
placed  by  j8  =6  V^2  — ■  62.  From  the  considerations  given  in  §5,  it 
appears  that  this  difference  would  have  only  a  slight  effect  upon  the 
character  of  the  resistance- velocity  curve  for  a  body  with  proportions 
like  those  of  a  ship. 

7.  For  a  ship  model  with  fine  ends  and  the  usual  ratios  of  length  to  beam 
and  draught,  experimental  results  have  shown  that  the  theoretical  expressions 
form  at  least  a  good  first  approximation.  A  more  exact  solution  of  the 
theoretical  problem  for  a  surface  ship  of  simple  form  moving  in  a  frictionless 
liquid  is  desirable,  but  it  presents  considerable  difficulties.  As  regards  com¬ 
parison  with  experimental  results,  such  a  solution  would  probably  not  improve 
the  present  position  appreciably,  on  account  of  the  effects  of  fluid  friction  in 
the  actual  problem.  So  far  as  t^e  ship  problem  is  concerned,  it  seems  that  the 
approximate  theory  might  be  supplemented  by  semi-empirical  assumptions  of 
a  suitable  nature,  possibly  as  regards  the  effective  distribution  equivalent 
to  a  ship  under  actual  conditions. 
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The  Stability  of  Motion  of  Rectilinear  Vortices  in  Ring 
Formation.  By  T.  H.  Havelock,  F.R.S. 

Introduction  and  Summary. 

1.  rpHE  stability  of  the  two-dimensional  motion  of  an 
X  infinite  system  of  vortices  arranged  in  a  single  row, 
or  in  double  rows  has  been  worked  out  in  detail  in  recent 
year*,  but  not  much  attention  has  been  given  to  cases  in 
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which  the  number  of  vortices  is  finite.  The  obvious  analogous 
probloms  arise  when  the  vortices  are  equally  spaced  round 
the  circumference  of  one  or  more  concentric  rings  ;  the 
problems  are  not,  perhaps  of  special  iinpo  'tance,  but.  they 
are  of  some  interest,  and,  further,  one  may  obtain  the 
infinite  straight  rows  as  limiting  cases  of  ring  formation. 

Wo  examine  first  the  motion  of  a  single  ring  of  vortices, 
a  problem  which  attracted  attention  many  years  ago  in 
connexion  with  the  vortex  theory  of  atoms.  Kelvin  *  worked 
out  the  case  of  three  vortices,  but  failed  to  obtain  si  solution 
for  a  larger  number;  it  was  in  this  connexion  that  he  drew 
attention  to  the  now  well-known  experiments  of  Mayer  with 
floating  magnets.  Shortly  afterwards  the  problem  was 
attacked  by  J.  «T.  Thomson  +,  and  it  is  usually  stated  that 
he  proved  the  configuration  to  be  stable  if,  and  only  if,  tile 
number  of  vortices  does  not  exceed  six.  He,  in  fact,  worked 
•out  the  small  oscillations  for  the  particular  cases  of  three, 
four,  five,  six,  and  seven  vortices,  obtaining  an  instability  in 
the  last  ease.  It  appears  that  the  equations  for  the  general 
case  are  capable  of  a  simple  explicit  solution,  and  this  is  given 
in  §  2  ;  a  ring  of  seven  vortices  is  neutral  for  small  displace¬ 
ments,  with  less  than  seven  it  is  completely  stable,  and  for 
more  than  seven  unstable.  Pi  §3  the  effect  of  an  assigned 
velocity  field  in  addition  to  that  of  the  vortices  is  examined 
briefly. 

In  the  next  two  sections  we  work  out  the  effect  of  a 
concentric  circular  boundary  upon  the  stability  of  a  single 
ring,  the  boundary  being  either  internal  or  external  to  the 
ring.  In  both  cases  the  stability  is  diminished,  seven  or 
more  vortices  being  unstable  whatever  (he  radius  of  the 
boundary.  For  a  smaller  number  there  is  a  limiting  ratio 
of  the  radius  of  the  ring  to  the  radius  of  the  boundary  for 
stability  in  each  case.  For  an  external  boundary  the  motion 
is  unstable  in  any  case  if  the  radius  of  the  boundnn  is  less 
than  about  twice  the  radius  of  the  ring,  and  there  is  a  similar 
result  for  an  internal  boundary.  The  effect,  of  the  boundary, 
estimated  in  this  way,  seems  larger  than  might  have  been 
anticipated. 

In  the  remaining  sections  we  examine  the  motion  of  two 
concentric  rings  of  vortices,  cf  opposite  rotations,  the  vortices 
being  spaced  alternately.  A  steady  state  is  possible  in  which 
the  rings  rotate  and  retain  their  relative  positions  unaltered, 
but  there  are  always  modes  of  disturbance  which  give  rise 

*  Kelvin,  Math,  ami  I’liys.  Papers,  iv.  p.  135  (1878). 

+  J.  J.  Thomson,  ‘  Treatise  on  Vortex  Kings,'  p.  U4  (1883). 
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to  instability.  By  suitable  choice  of  the  relative  strengths 
■of  the  vortices  in  tho  two  rings  it  is  possible  to  limit  the 
instability  to  only  one  special  mode  of  disturbance  j  it  is  this 
particular  configuration  which  becomes  in  the  limit  the 
stable  Karmnn  vortex  street,  when  we  make  the  radius  of  a 
ring  and  tho  number  of  vortices  hot!)  infinite,  keeping  their 
raTo  finite. 


Single  Ring  of  Vortices. 

2.  Let  there  be  n  equal  vortices,  each  of  strength  k, 
equally  spaced  round  the  circumference  of  a  ring  of  radius  a. 
In  steady  motion  the  ring  rotates  with  a  certain  angular 
velocity  «w.  Let  tho  vortices  be  slightly  displaced,  and 
suppose  the  disturbed  positions  to  be  given  in  polar  co¬ 
ordinates  by 

a+Vi,  2sir/n  +  6}t  +  fla+i,  .  .  .  .  (1) 

where  ,<f  =  0, 1, ...  n  —  1,  and  r,  9  are  small  radial  and  angular 
displacements  from  the  steady  state.  Consider  the  motion 
of  one  of  the  vortices,  say  that  at  the  point  (a~\-ru  (ot  +  Of)  ; 
its  velocity  is  due  to  the  other  vortices,  and  the  radial 
component  is 

*  "^i1  (a  +  r,+i)  sin  (2src/n  +  0H+X  —  9f) 

2W.i,  i)2  ’  *  *  [  ) 

while  the  transverse  component  is 

k  n~1(a  +  rx+i)vos(2sv/n  +  9s+A  —  0x)~(a  +  r1)  /ON 

”  2t r.5  D2  ’  C  ' 

where 


D2  =  (a  +  r,+])2+  (a  +  r,)2 

—  2 (a  +  r4+1)  (a  +  rx)  cos  (2j?7r/n  +  0S+1  —  0,) . 

We  expand  these  expressions  to  the  first  order  terms  in 
r  and  6,  and  so  get  the  equations  of  motion  of  the  vortex  under 
consideration.  After  some  reduction  we  obtain 
_  k_  nz'  9,+1~91 

r*  47ra  i  1  —  Ci  ’ 

,  ,  .  k  nZl  f  n  C.  rx  1  r,+x  | 

(a  +  r0®  +  a^--4ira  2  l1*4-  i  —  tJ,  «  _  1_C»  a  J'  ^ 

where  C,  =  cos(2 STr/n). 

Tho  steady  state  is  given  by  w={n~~l)K/Aira 2,  and  since 


n—  1 

V 


2  S  2 


332 


620 


Rectilinear  Vortices  in  Ring  Formation. 
equations  (4)  give 

71  —  1 

(^'najK)i\=A6l  —  2  a,0.1+u 

i 

(47r«3/ k) 9 i  =  B?'i  —  2  a.n+i>  ....  (5) 

i 

where 

A=|(n2-1);  B=~(n-l)(n-ll);  «r,=  1/(1- Cs). 

There  are  similar  equations  for  each  vortex,  giving  altogether 
a  system  of  2n  equations. 

The  simplest  method  of  treating  the  equations  is  to  examine 
a  possible  simple  solution  of  the  form 

rs+l  =  ae2k‘~iln  ;  ....  (6) 


where  /c  =  0,  1 ,  2,  ...  n— 1. 

It  may  be  proved  that  under  the  conditions  stated 

7i—I  sfiksiriin  1 

2  r - e——-—  =  Un*-l)-lc(n-k),  .  (7) 

s=i  1  —  cos  (zsir/nj  bK 

Hence,  from  (5),  we  find  that  the  equations  for  «,  /3  reduce  to 
(ivahc)a=/c(n  —  k)/iS, 

(4:Tra3/K)(i={k(n—  k)  —  2(n—l)\ot.  ,  .  .  (8) 

Finally,  taking  c  and  ft  to  be  proportional  to  ext ,  thjse 
give 

Hn-ic){k{n-k)-2(n-l)}  .  .  (9) 


It  follows  that  in  (6),  (8),  and  (9)  we  have,  in  general, 
2n  independent  solutions  of  the  equations  of  the  system,  and 
that  we  can  build  up  the  complete  solution  for  any  arbitrary 
small  initial  displacements  oE  the  vortices. 

An  alternative  method  of  solution  may  be  noticed  briefly, 
namely,  the  method  used  by  previous  writers  for  particular 
cases  ;  it  may  be  extended  to  give  the  general  results,  though 
not  quite  so  simply  as  in  (6)-(9).  In  the  2n  equations  (5) 
we  assume  each  coordinate  to  be  proportional  to  ext,  and 
form  the  determinantal  equation  for  The  determinant 
can  be  reduced  to  one  of  order  n  in  X2,  and  it  can  be  shown 
that  it  is  of  the  type  known  as  a  circulnnt,  and  can  be 
factorized  in  terms  of  the  nth  roots  of  unity  ;  after  some 
reduction  we  obtain  (9)  again,  and  can  deduce  the  corre¬ 
sponding  simple  solutions  given  by  (6). 
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From  (9),  when  k  —  0  we  have  \  =  0.  It  we  examine  this 
case  wo  find  that  the  displacement  consists  of  a  rotation  of 
the  ring  combined  with  a  small  change  in  its  radius  ;  the 
result  is  a  now  steady  state  with  a  corresponding  small 
change  in  the  angular  velocity.  The  condition  for  stability 
is  that  Xs  must  lie  negative  for  all  the  other  values  of  k, 
namely,  1,  2,  ...  »  —  1.  Hence,  from  (9),  the  steady  state  is 
stable  if 

k(n—k)  —  2(n— 1) . (10) 

is  negative  for  all  the  values  of  k,  and  this  is  the  case  if  it  is 
negative  for  k  =  in  when  n  is  even,  or  £(n+l)  when  n  is  odd. 
It  follows  at  once  that  the  steady  state  is  completely  stable 
when  n<  7.  When  n—1  the  expression  (10)  is  zero  for 
k—'6  or  4  ;  while  for  n  >  7  there  are  always  some  values 
of  k  for  which  X2  is  positive,  and  hence  the  system  is 
unstable. 

Whatever  the  value  of  n  there  are  always  two  modes  of 
possible  small  oscillations,  namely,  those  given  by  £=1  and 
k  =  2. 

When  k  —  2  we  have 


while  for  fcarl 

•  •  •  <12> 

W e  notice  that  in  the  hitter  case  the  period  of  the  small 
oscillation  is  the  same  as  the  period  of  rotation  of  the  ring 
in  the  steady  state  ;  this  motion  was  worked  out  for  the 
particular  case  of  throe  vortices  by  Kelvin  in  the  paper 
already  quoted,  audit  is  illustrated  in  a  characteristic  manner 
by  the  description  of  a  working  model  to  show  the  motion 
of  the  vortices. 

The  single  infinite  straight  row  of  vortices  mav  be  obtained 
by  making  both  n  and  a  become  infinite,  with  the  ratio  ?i/27ra 
finite  and  becoming  in  the  limit  equal  to  the  distance  between 
consecutive  vortices  ;  the  usual  results  then  follow  from  (6) 
and  (9). 


Single  Ring  in  assigned  Field. 

3.  We  have  so  far  considered  the  vortices  to  be  moving 
solely  under  their  mutual  actions.  Suppose  now  that  there 
is  an  assigned  velocity  field  which  is  maintained  indepen¬ 
dently  ;  for  simplicity  we  suppose  the  flow  to  be  in  circles 
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round  the  origin,  tire  angular  velocity  being  fi(r),  and  the 
transverse  fluid  velocity  ar,  a  distance  r  being  rli. 

Then,  referring  to  equations  (4)  for  the  motion  of  a  typical 
vortex  in  the  ring,  the  only  difference  is  that  we  have  to  add 

aCl( a)  +  jq  {0(a)  +  aSl'(a) } 

on  the  right-hand  side  of  the  second  equation.  The  angular 
velocity  of  the  ring  in  the  steady  state  is  now 

(n  —  1)k/47 m2  +  f!  (a) . 

Following  the  same  procedure,  we  obtain,  instead  of  (8), 
the  equations 

(47 tu/k)oc  =  k(n — /-)/3, 

.  (4ira3/*)£s  {/c(n-/c)-2(n-  1)  +  (47ra3/*)n'(a)},  (13) 

and  hence  we  have 

\2  =  k(n  —  k)  {&(n — k )  — 2(n—  1)  +  (47ra3/«)n'(a)},  (14) 
with  k  =  0,  1,  ...  n— 1. 

It  follows  that  the  steady  state  can  be  stabilized  for  any 
value  of  n,  provided  fl'(a)  is  negative  and  sufficiently  large. 

Two  special  cases  may  be  noted.  First,  if  the  fluid  is 
rotating  like  a  rigid  body — that  is,  if  fi(r)  is  constant — the 
conditions  for  stability  are  unaffected.  In  the  second  place, 
suppose  there  is  an  assig.m  i  vortex  fixed  at  the  origin,  so 
that  kl(r)  =  n'/2?rr2  ;  then,  u  k'  is  of  the  same  sign  as  /c,  we 
can  make  the  steady  stale  .'  table  for  any  value  of  n  by  taking 
k'  large  enough. 


Single  Ring  with  Outer  Boundary. 

4.  Suppose  the  liquid  is  contained  within  a  circular 
boundary  of  radius  h,  the  vortices  being  in  the  steady  state 
on  a  concentric  circle  of  radius  a  (<  />).  The  motion  in  the 
liquid  is  due  to  the  given  vorliees  ami  their  images  in  the 
circular  boundary. 

Taking  the  steady  state  first,  the  radius  of  the  image  ring 
is  b2/a,  the  strength  of  each  image  vortex  being  — k.  Writing 
down  tho  velocity  at  any  vortex  in  the  given  ring,  the  angular 
velocity  in  the  steady  state  is  given  by 


aw  = 


(n—  1)k 
4v  a 


"-1  (b*/a)C-a 

s=o  /ff/a2  +  a*-2i* U  ’ 


(15) 


where  C  =  cos(2«7r/n). 
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We  shall  have  occasion  (o  use  the  following  summations, 
which  can  easily  he  proved  : 

y1  1  -p*  2  n 


2]_9 

15=1  1  - 


~pw  _  &n _ ^ _ ,  _  *  x 

p§ + pi  i —/>“  i  —p  ’ 


"y1  1  —pO  _  _n_ 


S=1  1  —  2pG  +/)s  1  —  />"  1  —  P  ' 

"^a+r)C-2/>  ny-1  i 

.r.  (1-2^0+/.*/ ~(i-r)3  a-p)2’ 

with  0  <  p  <  1. 

Writing  p  =  a2Jb2,  we  find  from  (15) 


(16) 


a  co 


-£(£=-•-4 


(17) 


For  small  displacements  from  the  steady  state  we  have 
for  each  vortex  a:  at  a  point 

a  +  rs+ 1,  (ot  +  2sn/n  +  0„+1, 
an  image  vortex  —k  at  the  poi.ut 

—  f  1  —  <ot  +  2sv/n  +  0s+i. 

a\  a  / 

Considering  the  motion  of  the  vortex  given  by  s  =  0,  we 
have  for  the  radial  velocity  the  expression  (2),  together  with 


k  "v'  ( bi/a)(  1  — r,+  i/a )  sin  (f> 

2ir  5r0 


E,  ,  .  •  (18) 

and  for  the  transverse  velocity  we  have  (3),  together  with 

*  ”^1  ( lr/a)(  1  -  rs+\/a)  cos  <f>  -  (a  +  r,)  /10N 

2-r  s=0  ‘  E2  ’  • 


where 

and 


(p—->sTr/n  +  0g+\  —  0i, 


+  ^a*r'),-‘2a  {1-^ya  +  r')c0S‘1’- 

The  steps  in  the  reduction  of  the  equations  of  motion  need 
not  be  reproduced  here  ;  making  use  of  the  summations 
given  in  (16),  and  writing 

p=a2/b2  ;  S  =  sin  (2s7r/n)  ;  C  =  cos  (2i7r/n),  .  (20) 
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we  obtain  eventually  the  equations 
47m2 r(  ^  f  «2—l  2nh>n  2p  1  ^ 

a  a  Lb  (I—  ;in)2  ll—  />)2J  1 

V/  1  .  2W(i+/;2K!-2/>}\a 

“it  4 


_  "-1  _  2p(1 -P2)S  rLt: 

s=i  (1  —  ^C-t-/>2)2  a 


ira?  x  (ri2—  1  . 

— 1 »!={  — +  ‘!(»-1)  + 


2n2pn 

(l-;;")2 


4n  2(2p*  —  3/>-r2)  \  r, 
1-/)"  +  (l-p)~*  /  a 


_  v  /  _L  _  2;,{(1  p2jO  —  2/j}  \  r,+  1 

.=,  ll-C  (l-2f>0 +/>*)’“"/  a 

_  V  2p(l-p2)S  g 

(L-2pc+p2r S+1 . (21) 

There  are  2n  equations  o£  this  type,  and  we  examine  now 
a  possible  solution  of  the  form 

r, + i/a = ae'iksniln  j  ^+1=/9e2lt"/'1,  .  .  .  (22) 

with  &  =  0,  1,  n  —  1. 

On  substituting  these  expression?  we  obtain  two  equations 
in  a  and  /3.  In  simplifying  the  various  coefficients  we  use 
the  following  summations,  whose  proof  need  not  be  given 
here • 

n“1  (1  — jt>2)  cos  ( 2ks7r/n )  _  n(pk  +  pn~k )  _  2 _ . 

ami  L  —  2p(J+p'2  ~  l—pn  1  ~P 

“51  (1—  pC)  cos(2&S7r/n)  _«(;•■*  +pn~i)  1 

7  l  —  2pC  +P2  “  ~2{i~Pn)  l-p 

" v1  { ( 1  +  p2) C  —  2p \ cos (2/cSfr/n)  _  nk(pk~l  —  pn~k~l) 

7  <T^c+pr  l(i  —pn) 

71  y-'-(pk-P-k)  1 

+  2(i  —pny  (1  -p)*’  •  *  K  O) 

valid  for  0  < p  <  1,  and  k  =  1,  2,  n  — 1. 

We  obtain  after  some  reduction  the  equations 

(47 ra2/*)a  =  P>3  —  t’Rjt, 

(47ra2/ *)/S  =  Qa  —  iR/3,  .  .  .  (24) 
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p  _  k<n  -  b\  ~  nk(>'k—p **  *)  _  w.y-*(i— pky 
^_A(n  L)  l_pn  (l-p»Y  * 

Q-*.-*)  +  2(.  +  l)  + 

D nk(pk  +  pn~k)  n-pn~k(  1  —p2k)  ,oc, 

(l-j ony  . 


We  may  check  these  expressions  by  deducing  the  equations 
for  the  corresponding  disturbance  of  an  infinite  double 
symmetrical  row  of  vortices.  If  d  is  the  distance  between 
consecutive  vortices  in  each  row,  and  h  the  distance  between 
the  two  rows,  we  have,  in  the  limit, 

2ira/n  =  d  ;  2kv/n  =  (f)  ; 

^  =  (1  +  27 r/i/nrf)-1. 

With  these  (17)  gives  the  limiting  value  of  the  linear 
velocity  of  the  vortices,  namely. 


k  7rA 

2^C°th-j; 


further,  the  quantities  n2P/27r2,  n2 Q/2v2,  and  ?i2R/27r2  become 
respectively  the  quantities  A  +  C,  A  — C,  and  B  in  the 
notation  of  Lamb’s  ‘Hydrodynamics,’  (5th  ed.  p.  221). 

Returning  to  equations  (24),  we  lake  «  and  £  proportional 
to 

s,k\(  /iwal 
e  ? 

and  obtain 

\=-iR±(PQ)h . (26) 

For  complete  suability  the  product  PQ  must  be  negative, 
or  zero  possibly,  for  all  the  values  of  k.  To  prove  instability 
it  is  sufficient  to  show  that  PQ  is  positive  for  one  value  at 
least  of  k.  From  the  form  or  the  expressions  in  (25)  we  see 
that  P  and  Q  are  symmetrical  in  k  and  n—k,  and  that  the 
critical  mode  to  examine  is  £  =  for  n  even,  or  £=£(«  + 1) 
for  n  odd. 

For  a  even  we  have 

P(t«)  =  in2-uyn/(l+/>*B)*,  .  .  .  (27) 

•which  is  always  positive.  Further, 

Q(W=i»*+2(.,  +  l)-T^r.  +  fT^9>,  .  (28) 
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and  this  is  positive  if 

(>t'J  +  8/t  +  8)  A'3  +  (3»*  —  8  n  —  8).r2  -f  (3/i2  +  Sn  —  8).r 

+  «2-8n  +  8  >  0,  .  •  (29) 

where  a- ~pin—(a/b)n. 

T 1 ) e  left-hand  side  of  (29)  is  always  positive  for  n;?8. 
From  similar  expressions  when  n  is  odd  we  find  that  there 
is  always  a  positive  value  of  Q  torn  =  7.  Hence  we  conclude 
that  the  motion  of  the  ring  is  unstable  when  the  number  of 
vortices  is  equal  to  or  greater  than  seven,  whatever  the  radius 
of  the  outer  boundary.  For  n  <  7  we  shall  see  that  the 
motion  is  stable  provided  the  ratio  of  the  radius  of  the  ring 
to  that  of  the  boundary  is  less  than  a  certain  value  in  each 
case.  We  shall  examine  the  cases  briefly,  noting  that  in 
each  case  the  mode  k  —  0  means  simplv  a  neutral  displacement 
of  the  ring. 

For  ?i=2,  £=1,  we  find  from  the  previous  expression^ 
that  Q  is  negative  if  p  <  0  2137  ;  and  as  F  is  positive,  it 
follows  that  the  circular  motion  of  the  two  vortices  is  stable 
if  a/b  <  0’462. 

For  n  =  3,  &  =  1  or  2,  Q  is  negative  for/)  <  0  322,  and  the 
motion  is  stable  for  ajb  <  0’567. 

Similarly  for  n  =  4  we  find  the  critical  value  of  alb  to  be 
about  0  575  ;  for  n— 5  it  is  0  588,  and  for  n  =  6  it  ^s  0*547. 
When  n  =  7,  which  is  the  critical  neutral  case  when  there  is 
no  boundary,  the  effect  of  an  outer  boundary  of  any  radius 
is  to  cause  instability. 


Single  Ring  with,  Inner  Boundary. 

5.  Suppose  now  that  the  fluid  is  bounded  internally  by  a 
circular  barrier  ( r  =  b ),  and  that  a  ring  of  n  vortices  is 
rotating  in  circular  motion  in  a  ring  of  radius  a(>  b).  The 
image  of  a  vortex  k  at  r—a  is  a  vortex  —k  at  r=b2/a, 
together  with  a  vortex  k  at  r  — 0  ;  this  combination  makes 
the  circulation  zero  for  a  circuit  enclosing  the  boundary 
without  including  any  of  the  actual  vortices 

We  find  the  equations  of  motion  of  a  given  vortex,  s  =  0 
in  the  previous  notation,  just  as  in  §  4.  The  only  differences 
ariso  (i.)  from  the  additional  image  vortex  me  at  the  origin, 
and  (ii.)  in  evaluating  the  various  summations,  as  b/a  is  now’ 
less  than  unity  instead  of  a/b.  For  the  steady  state  w’e  have 


(n—  1)* 

aa>=  - -  + 

47ra  'Sira 


71K 

9-T 


n-  1 

I 


1-?C 


27ra>=o  1  —  2qC  +  q*’ 


(30) 


where  <?  =  68/a8  and  C=  cos  ( 2sirln ). 
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This  gives 


aw 


“ifi3"-1- T=zO'  '  •  '  <31) 


We  shall  merely  state  now  the  results  for  the  general 
equations  of  disturbed  motion.  The  equations  for  rx  and  dx 
are  the  same  as  in  (21),  with  the  following  alterations: — 
(i.)  write  q  for  p  in  the  coefficients,  (ii . )  change  the  sign  of 
the  last  term  in  each  equation,  the  coefficients  of  rs+1  and 
0s+i  respectively,  from  —  to  +,  (iii.)  change  the  coefficient 
of  rx  in  the  second  equation  to 


2rt2qn  i  2  q 
'(l-9»)«+  (I -q)*' 


Taking  a  simple  solution  of  type  (22),  and  proceeding  as 
in  (24),  (25),  we  obtain,  instead  of  (26),  the  result 

\=iR'±(P'Q')\ . (32) 

where 


P' =  *(«-*)- 


nk(qk  —  qn~k)  n2qn~k(l  —  qk)2‘ 


1-9"  (l-f/n)2  ’ 

rv  7/  ;\  o /  i\  .  n2qn~k(l  —  qk)2 

Q  k(n  k)  ~(n  1)  +  ^  __  „  "t-  _  „,2 


(nk(qk  —  qn~k) 


1  ~qn 


_ nk  (qk  +  qa~k)  n2qn~k{l—q2k) 

K  -  -  Y-ff  (1~9")~  *  • 


(33) 


As  before,  it  appears  that  stability  depends  upon  there 
being  values  of  q  less  than  unity  for  which  Q'  is  negative  for 
all  the  values  of  k.  It  is  easily  seen  that  there  is  no  such 
value  of  q  when  n>7,  and  therefore  the  steady  state  is 
unstable  when  there  are  seven  or  more  vortices  in  the  ring. 

Examining  the  expressions  numerically  for  smaller  values 
of  n,  we  find  that  the  steady  state  is  stable  under  the 
following  conditions  : — n  =  2,  6/a  <0*386  ;  —  3,  6/a  <0*522  ; 

n  =  4,  b/a<  0’556  ;  v=5,  6/a  <0*579  ;  n  =  6,  6/a  <0*544. 

These  values  are  slightly  less  than  the  corresponding 
limits  when  the  ring  is  within  the  circular  boundary,  but 
there  is  little  difference  in  the  general  conclusions. 
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Double  Alternate  Rings. 

6.  In  the  previous  sections  we  have  been  considering  in 
effect  a  double  symmetrical  ring,  in  which  the  motions  of 
one  ring — the  image  ring — are  constrained  in  accordance  with 
those  of  the  actual  ring.  We  shall  leave  on  one  side  the 
general  case  of  a  free  double  symmetrical  ring,  and  proceed 
to  two  alternate  rings  in  an  unlimited  liquid. 

Let  there  be  n  positive  vortices,  each  of  strength  k,  equally 
spaced  round  a  circle  of  radius  a,  and  n  negative  vortices  of 
strength  k'  equally  spaced  round  a  concentric  circle  of  radius 
b  ( >a ),  the  arrangement  of  the  vortices  being  alternate. 
Thus,  if  the  vortices  in  the  inner  ring  are  given  by  polar 
coordinates  a,  2sir/n,  those  of  the  outer  ring  are  given  by  b, 
2(s  +  £) 7r/«,  with  s  —  0,  1,  n — 1. 

Examine  first  the  possibility  of  a  steady  state  with  the 
two  rings  rotating  with  equal  angular  velocity,  the  relative 
configuration  remaining  unchanged.  The  i-adial  velocity  of 
any  vortex  is  zero.  The  transverse  velocity  of  a  vortex  in 
the  inner  ring  is  given  by 

0-1)*  ,  *'  V  bC'—a 

4t ra  27rsf0  b*  +  a*-2abU>  *  '  1  ' 

and  in  the  outer  ring  by 

0—1)*'  *  "^  aC’  —  b 

4t ib  Tir~0a*  +  b*-2abV’  *  * 

where  C'=cos{2($  +  £)ir/n}. 

We  shall  require  the  following  summations,  with 
p  — a/b  <  1  : 

R~l  1-pC'  n 

.=o  1  —  2pC'  +p*~  1  -r  pn  ’ 

n^1  l—/)2  _  n(  1  —pn) 

o  l~2pU'+p*~  l+pn  ’ 

y  (i+p*)G-2p  _  ,U) 

t  (l-2pC+p*)*~  (1  +Pn)*‘  '  *  {  J 

The  condition  for  equal  angular  velocity  of  the  two  rings 
then  becomes 

.  (37) 

It  can  be  seen  that  for  a  given  ratio  of  to  k  we  obtain 
from  this  equation  a  corresponding  value  of  p  less  than  unity, 
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and  herce  a  possible  steady  state.  Consider  now  the  general 
equations  for  the  disturbed  motion.  Let  the  positions  of  the 
vortices  in  the  inner  ring  be  given  by  polar  coordinates 

a(l+r,+1),  2sir/n  +  a>t  +  0,+i, 
and  those  in  the  outer  ring  by 

&(1 2(s  +  ^)7r/n  +  cot  +  <f>t+L. 

We  form  the  equations  of  motion  as  in  the  previous 
sections.  We  choose  a  typical  vortex,  s  =  0,  in  the  inner 
ring,  and  to  simplify  the  notation  we  take  the  vortex  s=n  —  1 
in  the  outer  ring.  Expanding  the  components  of  velocity  to 
first  order  terms,  and  reducing  the  coefficients  by  means  of 
(36),  we  obtain  the  equations  for  these  two  vertices  : 


^  “  * ' (b  “  (Two* } 


wtf,  _  «{ -*(«-!)+  ££  -  - 


7  i-C 


-k'  % 
0 


(l-f-pK)s 

1 fty 
D2 


»-!  2/»{(l  -f^2)C'— 2/?} 


P*+ 1 


V2p(l-^)S' 

K  Z  j-)2  ¥>»+!> 


4*^-  { g  }  *. 


*x,^+/i,iel£±££=*l». 


o 


D2 


7«+i 


V2K1-P2)S- 
+  o  D2  ,+1 


4^*  =  -'{g  jii,  -  p. 


,  V  *+1  +  * n£l 2M(l  +  pa)C'-2^} 

“*  K  *4  1  7S  -T  K  At  fvo 


o  V 


w 


r,+ 1 


S*f  1 J 


(38) 
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where 

C  =  cos(2s7r/?i)  ;  C'  =  cos {2(5  +  £)7t/»}  ; 

S'  =sin  {2(s  +  i)7r/n}  ;  D  =  1 — 2pG'  +  p 2. 
We  now  assume  a  simple  solution  of  the  form 
rs+ 1  =  »eiKsi,iln  ;  6,+l  — /3eik,lr‘i'1  ; 

ps+i= -ot'e^'+bW”  ;  ^s+l=/QV*(»+5>ir«’1 .  (39) 

and,  further,  suppose  that  a,  j3,  a,  /3'  involve  the  time  as  a 
factor 


gK \f  -lira- 


(40) 


In  simplifying  the  coefficients  we  use  the  following 
summations,  valid  for  /r=l,  2,  n — J,  which  may  be 
proved  without  difficulty  : 


( 1  —  pl) E  _  n(pk — pn~k) 
7  l-2pO'+p2~  L+P“ 


,l^d  2/>f  (1 +p2)(l' —  2/>}E  n{kpk—(ri—k)pn  *} 

r  (l-2pU'+p?p"~  ITy? 

0+pM2  ’ 

2p(l— p2)S'E  _.G»k{pk—pn~k) 

_  "2/>n(pk—p~k)') 

u +P11)2  r 


(41) 


where  E  =  /*('+!'ir''''1. 


The  4/i  equations  of  the  system  now  reduce  to 
X*  =  P^  +  QV  +  lP/3', 

X/3  =  PS*  +  UV-Q'£', 

X«'=  P,V  +  Qa+R/3, 

V>'  =  P,V+H«-Q& . (42) 

where 


*Pi  =  -  (T+^  *'  +  *(«-*)*. 

0},5|.h+2 

/fPl,=a  (T+/f 


2npn 
1  +p'‘ 


U+/*")*)  ’ 
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n  _  ;  PHk  ~  (n ~  k)Pn  I  +  ?>""*(«  ~  k ~  kPn) 

V-ipn - (TT^p - 5 

t>  Pk ' k  ~  («  ~  k)pn }  —pn-k(n  -h  —  kpn) 

K-pn - prpr - * 

Q'  =  k'Q/kp 8 ;  R'  =  -  k'UIkp* . (43) 

The  equation  for  X  is 

=  0.  (44) 


X 

-Pi 

-Q' 

-R' 

-p3 

X 

—  R' 

Q' 

-Q  _. 

-R 

X 

-Pi' 

-R 

Q 

-P2' 

X 

relation 

(37)  we 

see  that  Pj— -P. 

ami  we  find  that  (44)  reduces  to  a  quadratic  in  A.2,  which 
can  be  solved  in  the  form 


4X*  =  (L*±M*)J-(P1-PS)*,  .  .  .  (45) 

where 

L  =  (P1  +  P2')a  +  4QQ', 

M  =  (Pj—  P1')*  +  4RR' . (46) 

The  condition  for  complete  stability  is  that  for  then  values 
of  k  all  the  values  of  X2  must  be  real  and  negative,  including 
possibly  zero.  From  the  symmetry  of  the  coefficients  (43) 
in  fc  and  n  —  k  it  is  only  necessary  to  examine  the  values  of 
k  from  zero  up  to  if  n  is  even,  or  £(n  -  1)  if  n  is  odd. 

7.  We  might  examine  now  in  detail  the  case  when  we 
take  *'  =  *,  that  is,  when  the  vortices  in  the  two  rings  are  of 
equal  strengths  and  opposite  rotations ;  we  shall  state  the 
results  without  giving  tne  details  of  the  algebraic  analysis. 
It  can  be  shown  that  when  p  satisfies  the  equation  (37)  the 
quantity  QQ'  increases  in  absolute  value  from  £  =  0  to  k  =  ^nt 
while  the  quantity  RR'  decreases  in  absolute  value  as  k 
increases  in  this  range.  Further,  except  at  k=0  the 
quantity  L  of  (46)  is  always  negative,  and  thus  the  criterion 
for  stability  is  reduced  to  M  being  negative.  But  when 
k=\n  we  have  R  =  R'=0  ;  and  since  Pj  is  not  in  general 
equal  to  P/,  it  follows  that  M  is  positive  at  k  =  \n.  Hence, 
if  n  is  even,  the  system  is  unstable  for  the  mode  k=^\n  at 
least.  It  can  be  seen  that  in  general  there  are  always  some 
unstable  modes  in  the  neighbourhood  of  this  mean  value  of  k ; 
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further,  there  is  alwiu'S  an  instability  associated  with  the 
mode  k  =0. 

8.  It  remains  to  he  seen  whether  we  can  obtain  a  greater 
degree  of  stability  by  a  suitable  choice  of  the  ratio  of  k1  to 
that  is,  with  vortices  of  different  strengths  in  the  two  rings. 
To  avoid  complicating  the  discussion  we  shall  assume  n  even. 
Then  the  previous  discussion  suggests  that  we  make  the 
central  mode  stable,  that  is,  we  fix  k!  by  the  condition  that 
Pj— Pi'  at  k=\n.  From  (43)  this  gives 


x 

4 


K  — 


2pn  ,  2 pn+2  ,  #  j 

'=0 


(47) 


The  ratio  of  k'  to  «and  the  value  of  p  are  now  determined 
by  equations  (37)  and  (47). 

Without  examining  the  expressions  in  general  a  numerical 
example  will  show  the  nature  of  the  results. 

Taking  n=10,  the  appropriate  roots  of  (37)  and  (47)  are, 
approximately, 

/)=0-8406  ;  *7*=0-897 . (48) 

The  following  table  shows  the  values  of  QQ'  and  REt'  and 
of  \2  for  all  the  modes,  calculated  from  (43)  and  (45)  ;  the 
values  for  k  =6,  7,  8,  9  are  omitted,  as  they  are  the  same  as 
for  k  —  4,  3,  2,  1 . 


k. 

QQ'- 

HR'. 

X*. 

0 . 

0 

-411 

0 

85 

1 . 

-61 

-350 

-318 

-142 

o 

-177 

-72 

-307 

-95 

3 . 

-292 

-48 

-545 

-143 

4 . 

-369 

—5 

-475 

-316 

5 . 

—396 

0 

-418 

-418 

We  see  that  the  motion  is  stable  in  all  the  possible  modes 
with  the  exception  of  k=  0.  Reverting  to  (40),  we  find  that 
*\/47ra2— 27rX/6‘3T  approximately  where  T  is  the  period  of 
rotation  of  the  rings  in  the  steady  state  ;  thus  the  periods 
of  the  small  oscillations  in  the  stable  modes  range  from  about 
two-thirds  to  one-quarter  of  the  period  of  rotation. 

It  is  easily  verified  that.  \2=0  in  the  mode  k  =0  corre¬ 
sponds  to  a  neutral  displacement  of  the  system,  consisting 
of  a  rotation  and  dilatation  of  the  rings  without  alteration  of 
the  ratio  of  thoir  radii.  On  the  other  hand,  the  root 
\a=85  in  this  mode  gl/es  rise  to  definite  instability. 
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9.  The  Karman  vortex  street  may  be  obtained  as  a  limiting 
case  of  the  present  problem.  We  make  the  radius  a  and 
the  number  of  vortices  n  both  become  infinite,  their  ratio 
remaining  finite.  If  the  limiting  value  of  2t ra/n  is  d ,  the 
distance  between  consecutive  vortices  in  each  row,  and  if  h 
is  the  distance  between  the  rows,  we  may  put 

p  =  (1  +  2Tih/nd)~1  ; . (49) 

p  approaches  unity,  while  the  limiting  value  of  pn  is  e~inhli. 
We  see  from  equations  (37)  and  (47)  that  the  ratio  k'/k 
approaches  unity,  and  (47)  gives  at  once,  in  the  limit,  the 
Karman  condition 

cosh1(7r/t/rf)=2 . (50) 

Further,  if  from  (42)  and  (45)  we  write  down  the 
expressions  for  X.8  when  k=  0,  we  find  that  for  the  positive 
root,  teX/ina2  is  of  order  ;  thus,  as  the  limit  is  approached 
the  instability  in  this  mode  merges  with  the  neutral  state  in 
the  same  mode.  It  is  only  in  this  particular  limiting  cas9 
that  we  obtain  a  system  which  is  completely  stable. 
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Ship  Waves:  the  Calculation  of  Wave  Profiles. 

By  T.  H.  Havelock,  F.R.S. 

(Received  August  20,  1931.) 

1.  The  surface  disturbance  produced  by  a  ship  is  usually  analysed  into  two 
parts  :  one  is  called  the  local  disturbance  and  the  other  forms  the  wave  pattern, 
the  supply  of  energy  required  for  the  second  part  giving  rise  to  the  wave 
resistance  of  the  ship.  For  a  direct  comparison  between  observed  and 
theoretical  surface  elevation  it  is  necessary  to  calculate  both  parts  of  the 
disturbance.  This  has  been  carried  out  recently  for  a  certain  case  by  Mr. 
W.  C.  S.  Wigley,*  working  at  the  William  Froude  Laboratory.  The  model 
was  of  uniform  horizontal  section  and  sufficiently  deep  to  be  treated  as 
theoretically  of  infinite  draught,  while  the  section  consisted  of  a  triangular 
bow  and  stern  connected  by  a  straight  middle  body ;  the  surface  elevation 
along  the  side  of  the  model  was  observed  at  various  speeds,  and  compared 
with  the  theoretical  calculations. 

The  following  paper  deals  with  the  calculation  of  the  surface  elevation  in 
cases  of  this  type.  The  theory  is  developed  here  from  the  velocity  potential 
cf  a  doublet  at  any  given  depth  below  the  free  surface  of  the  water  ;  this  has 
the  advantage  of  being  capable  of  wide  generalisation,  and,  moreover,  the 
introduction  of  a  small  frictional  term,  which  is  ultimately  made  to  vanish, 
keeps  the  expressions  determinate  throughout  the  analysis. 

We  examine  first  a  uniform  distribution  of  doublets  on  a  vertical  line,  and 
then  a  similar  distribution  of  finite  length  in  the  direction  of  motion  ;  graplis 

*  W.  C.  S.  Wigley,  ’  Trans.  X.K,  Toast  Inst.  Engineers  anti  Shipbuilders,’  vol.  47,  j».  lo3 

(1931). 
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are  given  of  the  surface  elevation  along  the  line  of  motion.  A  similar  analysis 
is  given  for  the  distribution  corresponding  to  the  model  described  above,  and 
the  connection  between  the  distribution  and  the  model  is  indicated. 

Finally,  the  results  are  generalised  to  give  the  central  surface  elevation  for  a 
model,  of  infinite  draught,  of  any  sectional  form.  The  general  expressions 
are  of  simple  character  and  some  deductions  can  be  mad*'  from  their  form. 
In  addition,  they  are  suitable  for  the  numerical  or  graphical  calculation  of  the 
profile  for  any  required  mndel  of  this  type.  A  brief  analysis  of  a  parabolic 
model  is  made  to  illustrate  the  general  results. 

2.  Consider  a  doublet  of  moment  M  at  a  depth  /  below  the  surface  of  water 
and  moving  horizontally  with  constant  velocity  u.  For  the  present  applica¬ 
tions  we  need  only  the  expressions  when  the  axis  of  the  doublet  is  horizontal 
and  in  the  direction  of  motion  ;  further,  we  take  moving  axes  with  Ox  in  the 
direction  of  motion,  0  in  the  free  surface,  Oz  vertically  upwards,  so  that  the 
position  of  the  doublet  is  the  point  (0,  0,  — The  velocity  potential  of 
the  fluid  motion  is  given  by* 


cosfldfl 

27cJ_„  Jn 

+  «r  cose^of - "  f  - 

2tc  J  Jo  k  —  k0  sec2  o  -j-  rp  sec  0 


0) 


where  <rr  =  x  cos  0  +  y  sin  0  and  *0  =  g/u2.  The  real  part  of  (1)  is  to  be 
taken.  The  first  term  expresses  the  velocity  potential  of  the  given  doublet  in 
a  form  valid  for  z  -j-/>  0,  that  is  for  points  above  the  doublet.  In  the  second 
term  p  is  a  small  positive  constant  which  is  ultimately  made  zero.  The  surface 
elevation  £  is  given  by 

3 1 


z  =  0. 
3z’ 


(2) 


This  gives 


$  =  Lim  —  p  dof" - - 

*-»<>  7TM  J_*  Jo  K  —  Kn  S 


■Zp— «/+'«» 


k0  sec2  0  +  ip  sec  0 


d,K. 


(3) 


In  this  form  £  is  finite  and  continuous,  and  the  expression  may  be  generalised 
by  summation  or  integration  for  a  distribution  of  doublets.  We  shall  consider 
here  the  distribution  to  be  in  the  vertical  plane  y  =  0.  If  M (/*,/)  is  the  moment 
per  unit  area  at  the  point  ( h ,  0,  — /)  we  have 


i  *co  ,-ir  poo 

-  — I  [  M  (/*,/)  dhdf  */0  - 

TJt  :  t>.'o  J  —  n  Jo  k 


Kz  e.~*s 


k0  sec2  0  -f  ip  sec  0 


dK,  (4) 
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where  nj'  —  (x  —  h)  cos  6  -f-  y  sia  0.  We  have  omitted  here  the  symbol  for 
the  limiting  value  as  p  is  made  to  vanish,  but  that  is  always  to  be  understood. 
It  is  assumed  that  the  integrals  are  convergent.  From  a  physical  point  of 
view  it  is  easily  seen  that  divergent  or  indeterminate  integrals  may  arise  if 
the  distribution  contains  finite  sources  or  sinks  which  extend  up  to  the  free 
surface  of  the  water.  From  the  method  of  obtaining  the  velocity  potential 
(1),  we  see  that  the  appropriate  form  of  (4)  in  such  cases  will  be  found  by  taking 
the  integration  with  respect  to  the  depth/ to  extend  from  a  positive  quantity 
d  to  infinity  and  then  considering  the  limiting  value  as  d  is  made  to  vanish. 
We  may  note  another  form  for  (4)  which  is  obtained  by  integrating  by  parts 
with  respect  to  h.  Provided  M  is  continuous  in  this  variable  and  is  zero  at 
the  two  limits,  we  have 


rfwr  p — - 

7twJ-®Jo  On  J-n  J,|  K  —  «r0  sec 


p-K/t-lVW 


:2  0  -j-  i  jjl  sec  0 


-  k  (Ik .  (5) 


Further,  the  normal  component  of  fluid  velocity  at  any  point  of  the  vertical 
plane  y  =  0  is  equal  to 

27i  3M  jdh.  (6) 

Hence  from  (5)  we  may  obtain  the  surface  elevation  for  any  assigned  dis¬ 
tribution  of  normal  fluid  velocity  over  this  plane. 

3.  Consider  first  a  simple  line  distribution  of  constant  moment  M  per  unit 
length  on  the  3-axis,  extending  from  the  free  surface  to  an  infinite  depth. 
Here  we  shall  have  to  suppose  first  that  the  distribution  extends  up  to  a  depth 
d  below  the  surface,  and  then  take  the  limit  as  d  is  made  small. 

Integrating  with  respect  to  /,  we  obtain 

fco 

- — - (Ik.  (7) 

o  k  —  Kq  sec2  0  -|"  i  p  sec  0 


In  the  integrand  we  write 


k  —  k0  sec2  0  +  i  [X  sec  0 


=  1  + 


,  sec2  0 


k  —  k0  sec2  0  -f-  iu.  sec  0  ’ 


(8) 


omitting  terms  which  will  give  no  contribution  in  the  limit  when  p  is  made 
zero.  The  integrations  in  0  and  k  in  (7)  corresponding  to  the  first  term  on  the 
right  of  (8)  give  the  value  2t r/#c0(d2  +  x1  +  y2)*.  Hence,  putting  d  —  0,  the 
contribution  of  this  part  to  the  surface  elevation  is  2M/u  (x2  -j-  y2)-.  Taking 
the  second  part  of  (8),  the  corresponding  integral  in  (7)  remains  convergent 
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when  we  put  d  =  0,  provided  u r  is  not  zero.  Hence  we  obtain,  for  all  points 
other  than  the  origin, 


2M 


+  i£fiMr  see*  0  dll 


r — 

J  (I  K  —  Kq 


sec2  6  +  i  p  sec  0 


Jk.  (9) 


«  (*2+  y2Y  '  nu 

We  shall  limit  consideration  at  present  to  the  surface  elevation  along  the  line 
of  motion,  that  is  for  0  ;  we  have 


2M  4/CoM'r'- 

u\x\  Ttu  J  0 


rW-  (*a> 

sec2  8  dO  - 

Id  Jll  K  Kq 


Ak.c  cos  0 


sec2  0  +  i  p  sec  0 


dK,  (10) 


noting  that  we  require  the  limiting  value  of  the  real  part  as  p  is  made  zero. 

The  integration  in  k  may  be  transformed  by  regarding  k  for  the  moment  as 
a  complex  variable  and  considering  a  contour  integral  taken  round  a  suitable 
path  according  as  x  is  positive  or  negative.  In  this  process  it  is  the  residue 
at  the  pole  of  the  integrand  which  gives  the  expression  for  the  waves  in  the 
rear  of  the  system.  The  result,  when  p  has  been  made  zero,  is 

f°°  cos  (/c0  mx  sec  6)  ,  ,  _  . 

- fOrx>0; 

Jo  1  +  m 

_  .  .  cos  (/c0mx  sec  0)  .  ,  ,  „ 

2tc  sin  (k0x  sec  0)  +  - V1 - '  dm,  forx<0.  (11) 

Jo  1  +  m 

For  the  integration  with  respect  to  0,  tve  require  the  following  results 


D 


sec2  0  sin  (/c0x  sec  0)  rf 0 


■  ^  Yi  (/c0*), 


[’■ 5 sec*  6  M  I" 008  5eC  rim  =  -  5  f  dm 

Jo  Jo  1  +  rn  2  Jo  1+m 

_  _  _E_  ,  _H_  r  Jo  (*omx)  din 

2k0x  '  2/c0x  Jo  (1+m)2 

-  “  ^  +  7  |  Hx  M  ~  Yx  (/c0x)  - 
2/cn*  4  1  n> 


(12) 


(13) 


In  this  J  and  Y  denote  Bessel  functions,  and  H  is  Struve’s  function,  the 
notation  being  that  of  G.  N.  Watson’s  “  Treatise  on  Bessel  Functions.”  Col¬ 
lecting  these  results  and  putting  in  (10)  we  obtain  the  surface  elevation  on  the 
line  =  0.  To  avoid  any  possible  ambiguity  in  signs,  we  shall  find  it  con¬ 
venient  to  wTite  x'  for  —  x  and  so  restrict  x  and  x'  to  positive  values ;  x  is 
thus  distance  in  front,  and  x'  distance  behind  the  moving  system.  We  obtain 


X,  =^{Hl  (/c0x)  -  Yj  (/Co*)  -  2}  ;  *>  0 

U  C  7 

K  =  ^  I  H,  (/Co*')  -  Y,  (/c0x)  -  ^}  +  Y,  (/Co*') ;  *'  >  0.  (14) 

U  C  7t  J  U 
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The  quantity  H:  —  Yx  is  monotonie  and  decreases  to  an  asymptotic  value 
2/tc.  The  symmetrical  terms  in  (14)  represent  the  local  disturbance,  becoming 
infinite  near  the  origin  like  as'1.  The  last  term  in  (14)  represents  the  wave 
disturbance  in  the  rear.  The  expressions  are  easily  calculated  from  tables 
of  the  functions,  and  fig.  1  shows  the  two  parts  of  the  disturbance. 


Fig.  1. 


It  will  be  seen  that  there  is  discontinuity  at  the  origin,  but  that  arises  from 
extending  this  particular  distribution  right  up  to  the  free  surface.  If  we 
retain  the  quantity  d  used  at  the  beginning  of  this  section,  it  is  easily  seen  that 
the  discontinuity  is  associated  with  the  last  term  of  (14) ;  for  any  finite  value 
of  d,  this  part  of  the  disturbance  is  zero  at  the  origin. 

4.  Consider  now  a  uniform  distribution  over  a  finite  length  of  the  vertical 
plane  y  —  0,  extending  over  the  range  ~l  <x  <1.  This  might  be  deduced 
from  the  previous  section  by  integrating  with  suitable  precautions  to  allow 
for  the  discontinuities  in  those  expressions ;  but  we  shall  use  the  general 
formula  (4).  Suppose  in  the  first  place  that  the  distribution  extends  from  a 
depth  d  to  an  infinite  depth  ;  then  we  have 


m  c1  r®  cn  r® 

K  =  —  dh\  dj\  d0  - 

7CU  J  —l  J d  J  — ■  tt  JO  K  1 - 


kq  sec8  0  +  ip  sec  Q 


For  the  elevation  along  the  line  y  =  0,  this  gives 

r  4iM  P"2  f®  e-"*  {e*'  C08  9  -  eu  (zii)  co* 9) 


^!iMr8eceder^: 

TtU  Jo  Jo  K  ~ 


k0  sec8  0  -f-  ip  sec  0 


We  may  put  d—  0  in  (16).  Further,  the  disturbance  separates  into  equal 
and  opposite  disturbances  associated  with  the  front  and  rear  of  the  system, 
or,  as  we  may  call  them,  into  bow  and  stern  systems.  Writing  qx  for  x  —  l, 
we  have  to  evaluate  the  real  part  of 


£!- 

sec  0  d0 


t *  gi*1,  COI  $ 

Jo  k  —  *0  8608  ®  4-  f  P  sec  0 


dx. 


(1?) 
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We  transform  this  as  in  the  previous  section,  and  also  make  use  of  the  following 
evaluations 

rnl 

sec  0  cos  {K0qx  sec  0)  dO  = - Y0  (k q^). 

Jo  * 

r  sec  0  dti  T  Sin(y^— )  dm  =  7  r  JoiWL)  dm 
Jo  Jo  1-fm  2j„  1+m 

=  j{H0K?i)-Yo(^i)}>  (18) 

Using,  as  before,  qt  for  distance  in  front  of  the  bow  and  qt'  for  distance  behind 
the  bow,  we  find  that  the  bow  system  is  given  by 

?  —  —  {Hq  K?i)  Y0  ('Co^i)} ;  7i  0 
u 

K  =  -  —  (H0  M)  -  Y0  M/)}  -  ^  Y0  (K0q') ;  q{  >  0.  (19) 

There  are  similar  expressions  for  the  stern  system  with  q2  =  x  +  l,  all  the 
signs  being  changed.  These  results  are  easily  calculated  from  tables,  and 
curves  for  the  local  disturbance  and  the  waves  for  both  bow  and  stern  are 
shown  in  fig.  2. 

The  complete  disturbance  is  the  sum  of  all  the  curves  shown  in  the  figure. 
The  distribution  of  doublets  is  equivalent  to  a  vertical  line  of  sources  at  the  bow 
and  a  vertical  line  of  sinks  at  the  stern.  It  may  be  noticed  that  the  elevation 


Fig.  2. 


becomes  logarithmically  infinite  at  bow  and  stem,  and  the  discontinuities 
there  arise  as  described  in  the  previous  section.  The  local  disturbance  is 
symmetrical  fore  and  aft  when  taken  as  a  whole,  but  is  anti-symmetrical  for 
bow  or  stern  separately.  If  the  complete  disturbance  associated  with  the  bow 
is  called  a  positive  system,  the  stem  generates  an  equal  negative  system. 
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5.  The  system  we  have  just  considered  may  be  supposed  to  correspond  to 
a  ship  with  bluff  bow  and  stern.  We  may  examine  the  effect  of  pointing  the 
ends  by  the  following  distribution  ;  the  moment  per  unit  area 

=  M,  for  —  a  <  x  <  a 

=  M  (l  —  x)j(l  —  a),  for  a  <  x  <  l 

=  M  (l  +  x)j(l  —  a),  for  —  l  <  x  <C  —  a,  (20) 


where  M  is  a  constant.  The  moment  is  zero  outside  the  range  specified  in 

(20). 

If  we  replace  M  in  (20)  by  ub/2-n,  in  accordance  with  (6),  we  see  that  if  bjl 
is  small  the  corresponding  form  of  ship  is  that  examined  by  Wigley  in  the  paper 
already  quoted.  Wigley  has  worked  out  the  surface  elevation  along  the  line 
y  =  0  from  Michell’s  formulae,  giving  suitable  interpretations  to  the  indeter¬ 
minate  integrals  involved  in  those  formulae.  Here  we  shall  use  the  general 
form  (5).  We  may  take  the  distribution  to  extend  right  up  to  the  free  surface, 
as  it  appears  that  the  resulting  expressions  art;  finite  and  continuous  through¬ 
out. 

From  (5)  and  (20),  after  carrying  out  the  integration  with  respect  to/ and  h, 
the  surface  elevation  for  y  =  0  is  given  by 


JS-r-.rfo*  r - £ 

—  a)  J o  k  (k  —  k-0  sec2  t 


where 


0  -|-  ip  sec  0) 


N  =  C**  tos  U+0  cos  «  _  e>*  (JC—l)  cos  «  _j_  (x—a)  cos  v 


(21) 

(22) 


We  notice  from  the  form  of  N  that  the  singularity  at  k  =  0  in  the  integral 
with  respect  to  k  is  only  apparent.  On  the  other  hand,  the  integral  as  it 
stands  cannot  be  separated  directly  into  four  parts  associated  with  the  points 
±®>  respectively ;  this  may,  however,  be  effected  by  a  slight  alteration 
which  does  not  affect  the  final  result  for  the  complete  system. 

If  we  write 


<(J)_  «L_  ("We M  r_ — ! 

7C«  ( l  —  a)  Ju  Jo  K  («  —  K 


l  _  e‘<7  cos  9 

■  1 
<0seca  0  +  ip.  sec  0) 


4M 

7 xu  (l —  a) 


*(?>. 


(23) 


then  we  have 


t  -  C  (X  -  /)  -  K  (*  -  o)  -  C  (X  +  O)  +  c  (*  +  l).  (24) 


The  integrals  in  (23)  may  be  transformed  in  the  usual  way  to  separate  out  the 
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two  parts  of  the  disturbance  in  each  case.  We  require  also  the  following 
results 

pir/2  *  °q 

sin  ( K0q  sec  6)  dQ  —  -  -  1  Y0  (t)  dt,  =  P0  (*Qq),  (25) 

Jo  A  Jo 


where  the  P  functions,  which  have  been  used  previously  in  wave  analysis,  are 
defined  by 

pr/2 

Pan  ( P )  =  (—  1)B  J  cos2"  0  sin  (p  sec  6)  d0 
cni2 


We  have  also 


f* 72 

i  (?)  =  (—  l)n+1  cos2n+1  0  cos  (p  sec  0)  d0.  (26) 

Jo 

f”/2  dQ  r  L -cosfamgBflc  0)  ^ 

Jo  jo  m  (1 H-  wt) 

2  Jo  Jo  1  wr 

=  f  j'"'  {H0  (<)  -  Y0  (0}  =  5  Q0  (*0?)>  (27) 


using  the  notation  introduced  by  Wigley  for  this  part  of  the  disturbance, 

Retaining  q  for  points  in  front  and  q'  for  points  behind  the  origin  of  a  dis¬ 
turbance,  so  that  q'  =  —  q  and  q,  q'  are  both  positive,  we  find  after  collecting 
these  results  that 

F  (?)  =  —  ^  Q°  (*<>?)>  ?  >  0 

=  -r-Qo(*o?')  +  -Po(«o?')>  ?'>  0.  (28) 

Z#Cq  K  o 

The  complete  surface  elevation  may  now  be  found  from  (23),  (24)  and  (28). 
The  Q  terms  represent  a  local  disturbance  which  is  symmetrical  fore  and  aft 
for  the  system  as  a  whole,  while  the  P  terms  give  the  wave  disturbance  in  the 
rear  of  each  of  the  points  ±a,  ±1. 

If  M  is  put  equal  to  ub/2v:,  these  results  will  be  found  to  agree  with  those 
for  the  model  examined  by  Wigley  in  the  paper  quoted  above,  and  reference 
may  bo  made  to  it  for  a  detailed  comparison  with  experimental  results. 

It  should  be  noted  that  the  method  used  in  (23)  and  (24)  for  separating  the 
disturbance  into  four  parts  is  reflected  in  the  artificial  character  of  the  local 
disturbance  associated  by  (28)  with  an  isolated  point  q  =  0  ;  the  function 
Q0  is  zero  at  its  origin  and  increases  indefinitely  with  distance  from  it.  The 
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local  disturbance  decreases  with  increasing  distance  when  we  sum  for  the 
system  as  a  whole.  The  localisation  of  the  disturbance  into  parts  associated 
with  special  points  is  in  general  no  more  than  a  convenient  help  for  purposes 
of  calculation  and  description. 

6.  The  previous  section  gives  a  surface  elevation  which  is  finite  and  con¬ 
tinuous  throughout,  and  it  is  simple  to  extend  the  method  to  cover  any  form  of 
distribution. 

We  begin,  for  simplicity,  by  considering  any  limited  distribution  of  which 
the  graph  is  made  up  of  straight  lines. 

The  general  expression  (5)  gives,  for  infinite  depth  of  distribution,  the 
elevation  along  the  line  of  motion  as 


Y  i  r  dM  „  r  a  ,0  r* 

l,  - - —  dh  \  sec  0  d0 

mi  ..  d.h  _  I„ 


git  (-c — A)  cos  6 


Take  the  integration  with  respect  to  h  along  two  parts  of  the  range  meeting 
at  a  junction  hrt>  and  we  obtain,  associated  with  this  junction 


i 

K  COS  0 


dM 

dh 


e~Uhr« 


OS  0 


(30) 


where  the  coefficient  in  straight  brackets  is  the  increase  in  slope  of  the  M,  h 
graph  in  the  positive  direction,  or  tan  <f>,  —  tan  <f>r  in  terms  of  the  slopes  of 
the  adjacent  parts  of  the  graph.  It  should  be  noted  that  the  positive  direction 
of  h,  and  of  x,  is  taken  here  in  the  direction  of  motion,  that  is,  from  stem  to 
bow. 

It  is  clear  that  for  any  limited  distribution  which  is  zero  outside  a  certain 
range  in  h,  we  have  from  (29)  and  (30)  the  complete  surface  elevation  in  the 
form 


S  =  - 


sec2  0d  0 


s 

dMl 

COS*  B 

dh 

r 

k  (k  —  k0  sec*  0  -f-  ip.  sec  0) 


d*, 


(31) 


where  the  summation  extends  to  all  the  junctions,  including  the  bow  and  stem. 
Further,  the  algebraic  sum  of  all  the  changes  of  slope  is  zero ;  hence  we  may 
separate  out  the  calculation  for  each  junction  by  writing  (31)  in  the  form 


7TM 


~  '  ['  sec*  0  dO  P- 
dh  r  J  Jo  k 


J _  git  ro*  0 


(k  —  kq  sec*  0  -f  tp.  sec  0) 


dx 


•nti 


dAI 

dh 


V  (r  -  hr,), 

f 


(32) 


355 


10 


T.  H.  Havelock. 


where  F  is  the  function  specified  by  (28)  for  positive  and  negative  values  of  the 
argument. 

We  may  now  complete  the  expressions  to  include  a  distribution  in  which 
there  are  ranges  of  continuous  change  of  gradient.  It  is  obvious  from  the 
preceding  argument  that  the  complete  expression  is 


where  the  summation  covers  all  points  of  sudden  change  of  slope  and  all  ranges 
of  continuous  variation. 

The  function  F  can  easily  be  tabulated  and  graphed  by  means  of  Q0  and  P0. 
In  summing  and  integrating  in  (33)  it  is  to  be  noticed  that  the  Q0  terms  are 
symmetrical  before  and  behind  each  element,  while  P0  only  exists  in  the  rear 
of  each  element.  When  the  distribution  M  is  a  sum  of  integral  powers  of  h, 
it  appears  that  (33)  can  be  expressed  in  terms  of  the  P  functions  defined  in 
(26),  for  the  wave  disturbance,  together  with  a  similar  series  of  Q  functions 
for  the  local  disturbance.  But  even  if  M  is  not  given  in  simple  analytical 
form,  the  elevation  could  be  calculated  directly  from  (33)  by  numerical  or 
graphical  methods  of  integration. 

7.  We  have  been  discussing  the  fluid  motion  due  to  a  given  distribution  of 
doublets,  the  surface  elevation  we  have  calculated  being  one  of  the  stream  lines. 
It  would  be  of  interest  to  trace,  if  possible,  other  stream  lines  so  as  to  exhibit 
the  form  of  a  submerged  solid  to  which  the  given  distribution  is  equivalent ; 
but  the  calculations  would  be  lengthy,  even  in  the  simplest  cases  we  have 
considered  in  the  pro  dous  sections.  For  a  ship  model  we  have  already  men¬ 
tioned  the  usual  approximation  for  the  equivalent  distribution  of  doublets 
when  the  ratio  of  beam  to  length  is  small  enough.  For  a  model  of  infinite 
draught,  whose  horizontal  half-section  is  given  by  y  —f(h),  we  have 


Hence  (33)  gives 

^  //  /1\ 

W- 

(34) 

td 

1! 

K_r 

f  1  f  (A)  i:  F  (x  —  h„)  +  j  r  (A)  1'  <z  -  A)  <tt) . 

(35) 

We  note  that  the  magnitude  of  the  contribution  due  to  an  angular  point  on 
the  model  is  directly  proportional  to  the  change  of  slope  that  occurs  there. 
v.  We  may  illustrate  the  general  result  by  considering  briefly  a  model  with 
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parabolic  lines.  Wo  take  the  origin  at  the  how,  and  let  the  form  of  the  half¬ 
section  for  y  positive  be  given  by 

y  =  b  {1  -  (h  +  l)2 /I2}  ;  -21  <h  <0.  (36) 

The  discontinuities  of  f'(h)  at  the  bow  and  stern  are  both  positive,  and  equal 
to  2 bjl ;  while  f"(h)  is  constant  throughout  the  range  and  equal  to  — 26/f2. 
Hence  from  (28)  and  (35)  we  have,  from  the  discontinuity  at  the  bow, 

si  = - ,  Qo  (*o  x)>  9 

tzkqI 


Qo  K  *')  +  — ,  1*0  (*o  x')>  x'  >  «• 

tckqI  tzKqI 


(37) 


There  is  an  equal  system  for  the  discontinuity  at  the  stern. 

Consider  now  the  contribution  due  to  the  curved  portion  and  take  first  the 
wave  terms.  For  a  point  behind  the  stem  (x'  >  21)  we  have 


~K0r 


Wo  have,  in  a  notation  already  used, 

(  P0  (a)  du  =  1  +  i‘i  («) 
Jo 


=  P„  1  (u),  say. 


(38) 


(39) 


Thus  from  (38)  and  (36)  the  complete  wave  disturbance  at  a  point  behind  the 
stern  is  given  by 


=  [Po  M  + 1*0  k  -  ‘20}  -  ~  {P“ 1  («„*')  -  P,7 1  (K0x'  -  20}].  (10) 


Taking  a  point  between  the  bow  and  stern  (0  <  x'  <  21),  it  is  easily  verified 
that  (40)  gives  the  wave  elevation  for  all  points  with  the  convention  that  the 
functions  P0  and  P,7 1  are  to  be  taken  zero  for  negative  values  of  their  arguments. 
It  may  be  noted  that  as  these  functions  are  zero  for  zero  values  of  their  argu¬ 
ments,  the  expression  is  continuous  throughout. 

Similarly,  if  we  consider  the  local  disturbance  and  take  first  a  point  hi 
front  of  the  bow  ( x  >  0),  we  readily  obtain  from  (28)  and  (35) 

Ci  =  -  z~,  [Qo  (*<r*‘)  1-  Qo  k  (•'■  f  21)}  f  — .  (Qi  («„*)  -  Qx  (^0^+21)}!,  (41) 

where 

rn 

Qi  (")  —  I  Qo(«)(l«-  (42) 
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By  taking  points  between  the  bow  and  stern  and  behind  the  stern,  it  may  be 
verified  that  (41)  gives  this  part  of  the  elevation  for  all  points  on  the  under¬ 
standing  that  each  function  Q0  is  symmetrical  about  the  zero  of  its  argument 
while  each  function  Qx  is  anti-symmetrical,  that  is  Q0  (—  u)  =  Qo  (u)  and 

Qi  ( —  u)  —  —  Qj  (u). 

In  (40)  and  (42)  we  have  the  total  elevation  expressed  in  terms  localised 
at  the  bow  and  stern,  and  in  functions  which  are  easily  calculated  and  tabulated. 
The  quantities  have  -been  calculated,  without  attempting  any  great  degree  of 
accuracy,  but  sufficiently  to  show  the  character  of  the  curves.  These  are  shown 
in  fig.  3  in  relation  to  the  length  of  the  model  for  the  velocity  given  by 
k0 l  =  glju 2  =  71. 


The  total  elevation  is  the  sum  of  the  four  curves  which  are  shown  in  fig.  3. 
One  curve,  symmetrical  fore  and  aft,  is  the  complete  local  disturbance  given 
by  the  sum  of  all  the  Q  terms.  Then  there  are  two  equal  curves,  one  starting 
at  the  bow  and  the  other  at  the  stern,  for  the  wave  terms  due  to  the  discontinuity 
in  slope  at  the  bow  and  stem.  The  fourth  curve  is  the  total  contribution  of 
the  curved  surface  to  the  wave  part  of  the  elevation. 

9.  Another  case  of  interest,  which  will  only  be  mentioned  here,  is  an  un- 
symmetrical  model  whose  wave  resistance  has  been  discussed  previously ; 
its  form  is  given  by 

y~  —  ah(h  +  l)2,  —l<h<  0.  (43) 

Here  there  is  only  one  discontinuity  in  /'  (h),  namely,  at  the  bow,  and  /"  (h)  is  a 
linear  function  of  h  throughout  the  range.  It  will  be  found  that  the  wave 
ele'  ..tion  requires  the  first  three  terms  P0,  Pt,  Ps  in  the  series  of  P  functions, 
while  the  local  disturbance  can  be  expressed  in  terms  of  Q0,  Q,,  Q8  of  a  similar 
series  of  Q  functions. 

To  return  to  the  general  expression  (35),  it  will  be  seen  from  the  examples 
that  the  localisation  of  the  disturbance  at  special  points  is  largely  a  matter  of 
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suitable  integration.  Consider,  for  instance,  the  usual  form  of  model  which 
consists  of  u  parallel  middle  body  with  a  curved  entrance  extending  from  the 
fore-shoulder  to  the  bow  and  a  curved  run  extending  from  t lie  aft-shoulder  to 
the  stern.  In  the  sense  in  which  the  term  lias  been  used  here,  the  total  eleva¬ 
tion  can  always  be  separated  into  parts  localised  at  these  four  points,  the  bow 
and  stern  and  the  shoulders.  This  can  readily  be  expressed  analytically  by 
suitable  manipulation  of  (2S)  and  (35)  ;  but  it  is  hardly  worth  while  pursuing 
the  general  analysis  further,  as  it  is  simpler  to  work  out  the  results  directly 
for  my  particular  form  of  model. 
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Ship  Waves  :  their  Variation  with  certain  Systematic  Changes 

of  Form. 

By  T.  H.  Havelock,  F.R.S. 

(Received  February  24,  1932.) 

1.  The  following  paper  is  an  examination,  by  analysis  and  by  curves,  of  a 
single  definite  problem  in  wave  profiles.  Consider  a  ship  model,  of  great 
draught,  in  which  at  some  point  in  the  form,  at  bow,  stern  or  shoulders,  for 
example,  there  is  a  sharp  corner  giving  a  sudden  change  of  slope  of  the  hori¬ 
zontal  lines  of  the  model.  What  is  the*  effect  on  the  wave  profile  of  replacing 
this  sudden  change  by  a  gradual  change  of  slope  of  the  same  total  amount, 
but  distributed  uniformly  over  any  given  length  of  the  ship’s  form  ?  Apart 
from  direct  applications,  the  problem  is  suggested  by  certain  other  considera¬ 
tions.  In  comparing  theoretical  and  experimental  resistance  curves,  I  sug¬ 
gested  some  years  ago*  an  indirect  effect  of  the  friction  belt  along  the  sides 
of  the  ship  in  that  it  may  be  equivalent  to  smoothing  out  the  lines  of  the  model, 
especially  towards  the  stern.  From  an  examination  of  interference  effects 
with  experimental  models,  it  has  been  estimated  that  the  effective  length  of 
the  model  is  roughly  8  per  cent,  greater  than  the  actual  length,  and  this  raav 
probably  be  ascribed  to  some  such  frictional  effect.  The  present  paper  deals 
with  wave  profiles  since  measurements  of  surface  elevation  are  now  becoming 
available,  though  the  main  results  so  far  are  for  a  simple  model  with  straight 
lines  and  sharp  corners  ;  such  a  form  simplifies  the  calculations  but  no  doubt 
introduces  other  complications  in  practice,  and  a  small  correction  for  the 
smoothing  effect  of  a  friction  belt  would  not  be  likely  to  account  for  the  remain¬ 
ing  differences  between  calculation  and  observation.  It  must  be  noted, 
moreover,  that  there  are  other  approximations  in  the  theory,  apart  from  the 
neglect  of  fluid  friction,  but  these  need  not  be  discussed  here. 

For  these  reasons  no  attempt  has  been  made  to  apply  the  results  of  the 
present,  paper  directly  to  experiment  a  I  data,  but  it  is  hoped  that  the  progressive 
series  of  curves  will  be  of  interest  in  showing  the  changes  in  profile  due  to 
successive  changes  of  form  of  a  definite  kind. 

2.  The  general  analysis  will  be  quoted  from  a  recent  paper, f  to  which  refer¬ 
ence  may  be  made  for  further  detail,  and  the  expressions  will  then  be  adapted 
to  the  particular  problem. 

*  1  Proe.  Roy.  .Sue.,’  A,  vol.  1 10,  p.  233  (1920). 

+  '  I ’rue.  Roy.  Sue,,’  A.  Vol,  135.  p.  I  (1032), 
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Take  O  in  tin*  free  surface,  with  ().<;  in  the  direction  of  motion  and  Os  verti¬ 
cally  upwards  ;  and  let  »■  be  the  velocity  of  the,  model.  We  consider  first 
a  distribution  of  horizontal  doublets  in  the  plane  y  0,  extending  from  the 
free  surface  down  to  a  great  depth,  and  we  take  the  moment  M  per  unit  area 
to  be  a  function  of  x  only.  Further,  we  suppose  that  the  distribution  of  M 
is  confined  to  a  finite  range  in  x,  is  continuous  within  this  range,  and  is  zero 
at  the  two  limits  of  the  range. 

The  surface  elevation  along  the  median  line  y  —  0  is  given  by 

C  =  ~  S  { |  M'  (:c)  |*  F  (x  -  xTs)  +  j*  M"  (h)  F  (x  -  h)  dh  j ,  (1 ) 

where  the  summation  covers  all  points  of  sudden  change  in  the  gradient  of  M, 
and  the  integrals  extend  over  the  ranges  of  continuous  variation  of  gradient. 
The  function  F  is  defined  for  positive  and  negative  values  of  its  argument  by 

Y  (q)  —  Q0  ( K0q ) 

f  (-?)  =  -  Q0  Kq)  +  -  p0  M)> 

2*0  *0 

with  q  >  0,  and  /c0  =  gju2. 

We  have  also,  for  positive  values  of  p, 

Vo(v)  =  —  ~  £Yo(?>)# 

q  »(p)-~  r<How-Y0<ri>* 

*  JO 

in  the  usual  notation  for  Struve  and  Bessel  functions. 

One  of  the  approximations  of  the  theory  lies  in  the  connection  between  the 
form  of  the  ship  and  the  equivalent  distribution  of  doublets  in  the  median 
plane  y  —  0.  For  a  ship  model,  of  infinite  draught,  whose  horizontal  half- 
section  is  given  by  y  ~f(x),  the  usual  approximation  amounts  1o  taking 

M'  (a?)  =  (u/2n)f'  (x).  (4) 

With  this  relation,  the  surface  elevation  along  y  ~  0  is  given  by 

S  -  “2  1 1/'  W  i;  F  (*  -  Xj  -f  j>  (h)  F  (x-h)  dh}  .  (5) 

Her*'  :r,  and  /(,  are  positive  in  the  direction  from  stern  to  bow,  xr,  being  the 
position  of  any  sharp  corner  in  the  form  of  the  model.  With  this  convention 


361 


Ship  Waves. 


4H7 


the  discontinuities  in  f'(x)  at  st  >rn  and  bow  are  both  positive;  at  an  inter¬ 
mediate  sharp  corner,  say,  at  a  shoulder,  the  discontinuity  would  usually 
be  negati  ve.  Along  the  curved  lines  of  the  model /"(A)  is  negative,  except  for 
hollow  lines  where  the  form  is  concave  outwards  and  where  f"(h)  is  positive. 
Thus,  knowing  the  character  of  the  function  F,  the  expression  (5)  gives  a 
general  idea  of  the  contributions  of  the  various  parts  of  the  form.  These 
possibilities  are  illustrated  in  lig.  1,  which  represents  a  half  section  of  a  model 
by  a  horizontal  plane  ;  or,  to  do  more  exact,  the  diagram  gives  the  distribution 


Piu.  ’.. 


of  doublets  which  is  approximately  equivalent  to  a  model  of  this  form.  The 
figure  also  indicates  the  conventions  for  direction  which  are  adopted  throughout 
this  paper. 

3.  We  now  isolate  one  particular  feature  for  examination  separately.  It 
should,  however,  be  noted  that  the  function  Q  defined  in  (3)  increases  without 
limit  as  its  argument  becomes  greater,  though  the  expression  (5)  for  the  model 
as  a  whole  remains  finite  everywhere.  Therefore  there  is  a  certain  artificiality, 
as  regards  that  part,  of  the  disturbance,  in  applying  the  expressions  to  an 
isolated  element  of  the  form  ;  but  that  may  be  allowed  for,  and  in  any  case 
the  method  gives  the  differences  made  bv  changes  in  any  particular  element. 

Consider  a  point  on  the  model,  given  by  x  ■  x}.  where  t  he  lines  of  the  model 
are  straight  lines  meeting  at  a  finite  angle,  for  example,  P,  Q,  or  R  in  fig.  1. 
Let  C  be  the  discontinuity  in  /'  (x)  at  1  hat  point  ;  that  is,  C  is  the  difference 
of  slope  of  the  lines  forward  and  aft  of  that  point.  Then,  from  (2)  and  (5), 
the  contribution  of  this  element  to  the  surface  elevation  is 

Cl  =  ^2  F  (X  —  XV 

-=  (4C/ttk0)  {—  [Q0  Kvi)  -I-  P0  («v/i)}.  (<>) 

where  <]t  ~  x  —  r,  and  </\  -  x,  —  x.  Further,  we  may  use  (<>)  for  all  values 
of  x  with  the  convention  that  l*,,  is  to  be  taken  zero  for  negative  values  of  its 
argument,  and  that  Q0(—  p)  —  Q 0(p).  Now  suppose  that  the  same  change  of 
slope  is  carried  out  uniformly  in  a  given  range;  that  is,  suppose  the  sharp 
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corner  replaced  by  a  parabolic  arc  extending  from  ;r  ~  r„  to  ,/■  —  x3,  the  point 
a'j  lying  within  this  rang.'.  Considering  the  effect  ol  this  by  itself  apart  from 
any  other  changes,  we  see  from  (;">)  that  the  corresponding  <‘ontrilnttion  to  the 
surface  elevation  is  now 


^23=  -rr~ - -  T  F \x~h)dh. 

—  '  2)  JZ! 

(7) 

We  shall  use  the  notation 

Qi  (P)  =  rQ.(P)dp, 

Jo 

(8) 

Po_1  (P)  =  1  +  1*1  (P)  =  P  1’n  (P)  (lP- 

«  0 

(9) 

After  evaluating  (7)  for  points  in  advance  of  .r3,  between  ?‘2and  r3,  and  in  the 
rear  of  ,r2,  we  find  that  we  may  express  (7)  in  a  single  expression  for  all  values 
of  x,  namely 


40 


S23 


('X3—  X2) 


(  |Qi  (^o'h)  d  }Qi  (s' o'/a)  ~  ^0  1  (Kufl  2)  d~  1+  1  [Ko'J  3))’ 

(10) 


with  q2  —  x  —  ax,  =  —  </2,  q.3  —  x  —  ,r3  — :  —  q’z,  and  with  the  convent  ion  that 
P„_1  is  zero  for  negative  values  of  its  argument,  while  Qt  is  anti-synnnetrical 
so  that 


Qi(—  P)  --  -  Qi  (p)> 


The  expression  (fi)  is,  of  course,  the  limiting  value  of  (10)  when  .r3  —  x2  is 
small  and  the  points  x2  and  x3  ultimately  coincide  with  the  point  a\. 

Numerical  values  of  the  functions  may  be  calculated  from  their  definitions 
as  integrals,  or  from  suitable  series  ;  for  example,  using  the  expansion  of  H0 
as  a  power  series,  we  have 


QAr)  =  i’o  (p)  + 


Is 


/)G 

.+ . 5'- .  t; 


(11) 


Qi  (p)  =  P«  M/d 


JL 1  -  .  £  4.  v 7 

2  .  ;)  l2 . 32 .4  .  J)  l2 . 32 .  o2 . 6  .  7 


(12) 


4.  The  special  object  in  view  is  a  comparison  of  the  relative  values  of  (6) 
and  (10).  The  quantity  C  may  he  either  positive  or  negative,  and  xy  may  be 
at  any  point  between  x„  and  x3.  But  to  make  the  problem  definite  in  the  first 
place,  we  suppose  (!  negative  and  take  xi  =  xl  and  x2  <  Xj ;  thus  we  are 
considering  a  sharp-angled  shoulder  on  the  model,  such  as  Q  or  It  in  fig.  1, 
with  the  smoothing  out  entirely  to  the  rear  of  that  point.  This  process,  if 
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carried  out  on  an  actual  model,  would  no  doubt  involve  other  changes  which 
would  have  to  be  considered  in  a  theory  capable  of  taking  exact,  account  of 
actual  dimensions  ;  but  meantime  we  may  isolate  the  effect  of  this  particular 
change. 

For  convenience  we  consider  separately  the  effect  on  the  local  disturbance 
and  on  the  wave  motion  to  the  rear.  Taking  the  former,  we  see  from  (6) 
and  (10)  that  the  difference  amounts  to  replacing  J  Q0  (k^)  by 

4k0  (q]  -  q1)  {Ql  (*°?2)  ~  Ql  (13) 

This  can  be  shown  in  a  form  applicable  to  various  velocities  and  to  various 
ranges  of  x2  —  aq  by  graphing  the  quantity 

^{Qi(P  +  A)-Qi(p)}  (14) 

on  a  base  p,  for  several  values  of  k.  These  curves  are  shown  in  fig.  2. 


In  applying  these  curves  to  actual  distances  along  the  ship  model,  we  note 
that  p  =  Kips  =  gx/u2,  where  u  is  the  velocity  ;  and  similarly  k  --  gd/u2, 
where  d  is  the  range  over  which  the  original  sudden  change  in  slope  has  been 
distributed.  Thus  the  relative  importance  of  the  effects  depends  upon  the 
ratio  gd/u i2,  or  upon  the  ratio  of  d  to  X,  the  wave-length  of  straight  water  waves 
for  velocity  u.  In  the  diagram,  k  —  0  denotes  the  curve  for  the  sharp  corner  ; 
the  bow  of  the  model  is  to  the  right  of  the  diagram  and  the  stern  to  the  left. 
Apart  from  the  general  smoothing  effect,  the  chief  point  to  notice  in  these 
curves  is  the  raising  of  the  profile  forward  of  the  point  in  question  and  a  lower¬ 
ing  to  the  rear  of  it.  This  is  due  to  taking  the  range  d  entirely  to  the  rear  of 
the  original  sharp  corner.  If,  on  the  other  hand,  the  comer  is  taken  at  the 
middle  of  the  range  d  in  each  case,  by  a  suitable  relative  displacement  of  the 
curves,  it  is  easily  seen  that  the  smoothing  of  the  corner  does  not  make  any 
appreciable  difference  to  the  local  disturbance  except  within  the  range  d 
itself. 
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Turning  now  to  the  wave  portion  of  the  surface  elevation,  the  change  from 
(0)  to  (10)  consists  in  replacing  —  P0(«o?  i)  by 

~  7T~  ~TT  tfV‘  MO  ~  P„-‘  MO)-  <1»> 

*0  Vf  1  —  'I  2) 

In  fig.  3  curves  have  been  drawn  for  the  quantity 

{IV1  (p-k)~l\^(p)}/k,  (16) 

on  a  base  p,  for  several  values  of  k. 

There  are  several  points  of  interest  in  these  curves.  Since  k  —  d/2rt X,  the 
relative  effect  of  smoothing  out  a  sharp  corner  over  a  given  range  is  less  the 


Fio.  3. — Curves  of  {P„  1  (p  —  k )  —  P„  1  (p))  jk  for  different  values  of  k. 

smaller  the  ratio  of  d  to  X,  as  might  be  expected.  In  the  curves  for  the  smaller 
values  of  k,  although  there  is  some  diminution  of  amplitude,  the  more  notice¬ 
able  effect  is  the  displacing  of  the  troughs  and  crests  to  the  rear,  an  effect 
which  would  increase  the  apparent  interference  length  of  the  model.  17  > '  the 
larger  values  of  k,  from  about  k  —  2,  there  is  a  pronounced  lessening  of  the 
amplitudes. 

On  the  convention  already  described,  in  calculating  these  curves  from  (16) 
the  first  term  is  zero  until  after  p  —  k,  and  hence  within  the  range  k,  the  curve 
is  simply  the  value  of  —  P0-1(p)  .  jk.  This  quantity  has  a  first  maximum 
numerically,  at  about  p  —  2- 54,  and  this  may  be  observed  in  the  curves  for 
k  =  3.  4,  5,  6.  Further,  in  the  curves  for  the  higher  values,  the  effect  of  later 
maxima  of  the  same  quantity  may  be  noticed  -,  for  instance,  with  it  =  6  the 
range  of  continuous  variation  of  slope  is  practically  equal  to  the  effective  wave¬ 
length,  and  so  subsidiary  interference  phenomena  of  this  nature  are  obtained. 
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By  displacin';  the  curves  to  right  or  left  we  could  examine  the  case  when  the 
smoothing  of  the  lines  takes  place  partly  in  front  of  the  corner  ;  and  for  a 
positive  discontinuity  the  curves  may  he  inverted.  We  may  thus  obtain,  for 
example,  some  idea  of  the  effect  of  smoothing  out  the  lines  of  a  sharp-angled 
stern,  whether  actually  or  by  the  equivalent  effect  of  a  friction  belt. 


Summary. 

An  examination,  by  analysis  and  by  curves,  of  the  changes  in  wave  profile, 
produced  by  replacing  a  sudden  change  of  slope  in  t  in*  lines  of  a  model  by  a 
continuous  variation  of  the  same  total  amount  uniformly  distributed  over  a 
given  length  of  the  model. 


Harrison  anu  Sons,  Ltd.,  Printers  St.  Martin'.-.  l.anc,  London,  VV.C.2 
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The  Theory  of  Wave  Resistance. 

By  T.  II.  Havelock,  F.R.S. 

(Received  August  G,  1032.) 

Introduction. 

1.  In  the  following  paper  genera1  expressions  are  obtained  or  the  wave 
resistance  of  a  continuous  distribute  t  sources  and  sinks  over  a  surface  wit  bin 
the  liquid,  and  also  for  a  simil  listribution  of  normal  doublets.  These 
expressions  follow-  directly  from  i  -  tilts  given  previously,*  and  may  be  applied 
to  give  the  wave  resistance  of  a  v  solid  for  which  a  suitable  distribution  of 
sources  or  doublets  over  its  si.r'act*  can  be  found. 

The  opportunity  is  taken  .  give,  for  comparison,  the  similar  results  for  a 
distribution  of  pressure  over  the  surface  of  the  liquid,  using  the  same  notation 
and  the  same  general  method  of  calculating  the  wave  resistance. 

The  various  results  are  discussed  briefly  in  relation  to  the  ship  problem. 
Certain  interpolation  formula',  of  a  semi-empirical  nature,  have  been  proposed 
recently  in  attempting  to  extend  the  range  of  existing  expressions  for  the  wave 
resistance  of  a  ship  ;  these  are  shown  to  have  their  interpretation  as  particular 
cases  of  source  distributions  of  the  nature  considered  here. 

tSourcc  Distribution. 

2.  Wo  begin  with  a  simple  point  source  of  strength  nt  at  a  depth / below  the 
free  surface  of  the  liquid,  and  suppose  the  source  to  be  moving  horizontally  in 
the  direction  Ox  with  uniform  velocity  c.  Take  the  origin  O  in  the  free  surface 
with  Oz  vertically  upwards,  the  source  being  at  the  point  (0,  0,  — /)  referred  to 

*  ‘  L’roc.  Roy.  Soc.,’  A,  vol.  118,  p.  24  (ll>28). 
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moving  axes.  Let  £  be  the  surface  elevation,  and  assume  a  frictional  force  in 
the  liquid  proportional  to  velocity,  the  frictional  coefficient  being  ultimately 
made  zero. 

The  pressure  condition  «,t  the  free  surface  is 


and  this  gives 


—  —  gC,  +  y.'6  =  constant, 
ot 


(1) 

(2) 


at  z  =  0,  with  k0  =  y/c2  and  p,  =  p//c.  Assume  for  the  velocity  potential 


2  Jo 


+ 


6)  e**'1'"'0  dx, 


(») 


where  nr  =  r  cos  0  -f-  y  sin  9,  and  the  real  part  of  the  c  pression  is  to  be 
taken.  The  first  term  in  (3)  gives  the  velocity  potential  of  the  given  source, 
namely  mjri,  in  a  form  valid  for  z  +  /  >  0.  From  the  surface  condition  (2) 
we  obtain 


m  k  -{-  Kq  sec2  9  -(-  fp.  sec  Q 
27t  k  —  kq  sec2  9  +  ip.  sec  6 


(4) 


Hence  we  may  write  the  solution  in  the  form 


=  —  —  —  —  P  sec2  0  dO  f* - £ 

*1  r2  TV  J  Jo  K  —  kq  s 


—*(/—*)+<«» 


where 


sec2  9  -f*  ip.  sec  9 


h 2  =  x2  +  y2  - f  (z  +  ff ;  r82  =  x3  +  y2  +  (z  — /)2. 


d*, 


(5) 


It  is  to  be  understood  that  the  limiting  value  of  (5)  is  taken  for  p.  -+0. 

We  may  now  generalise  by  integration.  We  replace  x  and  y  by  x  —  h  and 
y  —  k  respectively,  and  take  a  to  be  the  surface  density  of  source  at  a  point 
(h,  k,  — /)  on  a  surface  S  within  the  liquid.  Thus  the  velocity  potential  is 
given  by 


sec2  Od  0  f 


Jo  x  —  Kq  sec*  0  -f  ip.  sec  9 


(Ik, 


(6) 
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with 

rx*M*-A)*  +  (y-*)‘-r  (*+/)* 

rf^{x-h?+{y-kf  +  {z-ff 
rr  s=  {x  —  h)  cos  0  -f  (y  —  k)  sin  0. 

It  i3  assumed  that  the  distribution  is  such  that  the  various  integrals  are 
convergent. 

3.  To  calculate  the  wave  resistance  R  we  use  the  method  of  the  previous 
paper  to  which  reference  has  already  been  made.  With  the  inclusion  of  the 
frictional  term  in  the  equations  of  fluid  motion,  energy  is  dissipated  at  a  rate 
equal  to  2t x'  times  the  total  kinetic  energy  of  the  liquid  and  this  must  be  equal 
to  the  product  Rc.  As  g/  is  made  to  approach  zero  the  quantity  so  calculated 
approaches  a  finite  limiting  value,  and  its  physical  interpretation  in  the  limit 
when  there  is  no  fluid  friction  is  the  rate  at  which  energy  is  propagated  out¬ 
wards  in  the  wave  motion. 

The  rate  of  dissipation  of  energy  is  given  by 


taken  over  the  boundaries  of  the  liquid.  As  we  require  only  the  limiting  value, 
we  have  the  wave  resistance  given  by 

R  =  Lim  pip  (*  (  <f>^  dx  dy,  (8) 

J  -  qo  J  —  00 


taken  over  the  free  surface  z  =  0. 

Referring  to  (6),  and  putting  the  first  two  terms  in  the  same  integral  form  as 
the  third,  we  obtain,  at  z  —  0, 


r» 


a  dS  j  sec2  0  d0 


Jo  *  ~ 


k0  sec2  0  -f-  tg.  sec  0 


dtc, 


i^-LLdsr  do  r — — 7 

CZ  7T  J  J  Jo  K  —  K0  sec2  0  -j-  l[A  SOC  0 


dt <, 


(9) 

(10) 


where  the  real  parts  are  to  be  taken. 

After  some  reduction,  we  may  write  the  real  part  of  (9)  in  the  form 


*  =  r  d°  r  <fi  cos  ( kx  cos  0)  cos  (*y  sin  0) 

J-»  Jo 

•j-  F*  sin  (kx  cos  0)  cos  (*y  sin  0)  -j-  F3  cos  (kx  cos  0)  sin  (*t/  sin  0) 
-f-  F4  sin  {kx  cos  0)  sin  (*y  sin  0)}  k  (II) 
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in  which 

Fj  =  —{(*  —  *0  sec2  0)  Pa  —  ji.Qa  see  G}  D 

F2  =  —  {(*  —  sec2  0)  Qa  -f-  pPa  secO}  D 

F3  =  —  {(*  —  k0  seer  0)  Q0  —  gP0  sec  0}  D 

F.i  =  —  {(*  —  k0  see2  0)  P0  -f  jj.Q0  sec  0}  D 

D  =  Kfr  sec2  0/-/C  {(fc  —  K0  see2  0)2  +  U2  sec2  0},  (]  2) 

and  the  quantities  P,  Q  are  given  in  terms  of  the  source  distribution  bv 


P<  = 

j  cos  (kIi  cos  0)  cos  (xk  sin  0)  dS 

P0  = 

|  ae~Kf  sin  (xh  cos  6)  sin  (*k  sin  0)  dS 

Qe  = 

j  ac'^sin  (kJi  cos  0)  cos  (kIc  sin  0)  <ZS 

Qo  ~ 

J  oc~'^ cos  (k]i  cos  0)  sin  (k]c  sin  0)  dS. 

(13) 

Similarly  from  (It)),  cif),'?:  is  obtained  in  the  same  integral  form  as  in  (11), 
with  quantities  G  instead  of  F  given  l>v  the  same  expressions  as  in  (12)  but 
with 

])  =  k ,'"{(«■  —  see2  0)2  -}-  \i2  see2  G}. 

The  expressions  for  the  surface  values  of  <f>  and  are  now  in  a  form  to 

which  we  may  apply  a  theorem  derived  from  tie*  Fourier  int  -gral  theorem  in 
two  variables  ;  namely,  we  have,  with  the  above  notation 


K2G2  rF.,G.,^F4G4)K(^.  (I  t) 


Using  tt<),  this  redttees  readily  to 

i,  ,  .  r  „ ,,,  ,**  s-  (i*.2  p,2  t,» 2  t,),2)  . 

1\  --  Lilli  Ik-.,  zti  See-  ()</() - ^ - - - - — L±1  ,1k 

<•-*<>  ‘  }  -n  }o  (W  —  K„  set  -  ())-  g-  Set2  G 

=  i«;-k(2?|  "(P,2  t  p ,-tG!  t 


(bo) 


where  in  (15)  tin-  quantities  P  and  <>  have  tie*  values  given  by  (13)  wlen  k  has 
been  replaced  by  2  0. 
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This  result  may  also  be  put  in  the  form 

li  =  8 r.xf?  f (1*  +  Q-)  sec3  0  dO,  (16) 

J  —  ^tr 

with 

^  1  =  f  a  eu'  *’  * 9  COS  (k-0  (x  cos  0  p  U  sin  0)  see2  0)  dS.  (17) 

Q  j  J  sin 

In  (17),  the  co-ordinates  (h,  J:,  — /)  have  been  replaced  by  current  co¬ 
ordinates  (x,  y,  ?)  ;  since  the  sources  are  within  the  liquid,  c  is  negative  over 
the  surface  8. 

Doublet  Distribution. 

4.  A  surface  distribution  of  normal  doublets  could  be  obtained  by  general¬ 
ising  an  expression  for  any  two  doublets,  but  it  can  be  deduced  directly  from 
(10)  and  (17).  We  have  simply  to  regard  the  surface  S  in  (17)  as  a  double 
sheet  with  source  densities  a  and  — a  respect i\ ely,  and  then  proceed  to  the 
limit  in  the  usual  manner.  The  required  result  is  obtained  by  applying  the 
operator 

,  2  75  P 

1 3- 

CX  CtJ  cz 

to  the  expressions  in  (17),  (/,  w,  n)  being  the  direction  of  the  normal  to  tha 
surface.  If  M  is  the  doublet  moment  per  unit  area,  the  axes  being  every where 
normal  to  the  surface  S,  we  obtain,  in  this  way,  the  wave  resistance 


in  which 


It  =  8-ku*P  (*'  (P2  +  Q2)  sec7  0  d 0, 
J- 1* 


1*  =  J*  M  {—  (l  cos  0  -f  m  sin  0)  sin  (*0  ~  sec2  0) 

-f-  n  cos  (»cu  ~  sec2  0)}  tfS 

Q  --  J  M  c",: '  •*  {(/  cos  0  -f  m  sin  0)  cos  (k0~  sec2  0) 

-f  »  sin  (k0~  sec2  0)}  dS,  (19) 

with  ;rr  =  x  cos  0  -f  y  sin  0. 

These  expressions  may  be  put  into  various  alternative  forms,  ami,  of  course, 
may  be  simplified  when  the  surface  distribution  is  symmetrical  with  respect 
to  the  co-ordinate  planes.  It  may  be  remarked  that  an  expression  given 
previously  for  the  wave  resistance  of  any  two  finite  doublets  in  given  positions 
may  be  deduced  as  a  particular  case  of  these  results. 
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5.  The  wave  resistance  for  a  travelling  (list ribut ion  of  pressure  applied  to 
the  upper  surface  of  the  liquid  has  heel)  worked  out  by  various  methods,  but 
not  by  that  used  in  the  previous  sections.  It  is  convenient,  for  comparison, 
to  have  the  general  ease  set.  out  in  the  same  way  and  using  the  same  principle 
for  the  calculation  of  the  resistance. 

We  begin  by  assuming  a  possible  form  or  the  velocity  potential  and  finding 
the  surface  pressure  to  which  it  corresponds. 

We  take 

<f>=\  see  0 dO  -  l'—. -  (20) 

J  k  —  k0  see-  UT?a  see  (J 


with  3  =  x  cos  0  +  >j  sin  0. 

From  the  kinematical  condition  at  z  ~  O,  the  surface  elevation  is  given  by 


r  1  r  «.  u  w  f  *  F  (><)  i 

c  J_„  Jo  k  —  k„  see®  0  -  j-  mjl  see  0 

The  pressure  at  the  surface  (r  =  0)  is  found  from 

V  ((f)  V  t  ft 

-  —  _  c  _r  —  4-  [X  <£. 

P  (JC 

Using  (20)  and  (21),  this  reduces  to 

p  =  —  icp  f  dO  j"*  *F  (k)  eu  u  "  +  ■" 'in  ,1k 

J-jr  Jo 

=  —  2r.pei  |  kF  (k)  J0  ( Kr )  d«, 
where  r-  —  x*  -f  y~.  Since  we  may  write 

foe  *cc 

J 0  (Kr)  K  (Ik  j  p  (y.)  .1 0  (kx)  x  <!v., 


wo  see  that 


see  0  </() 


-~ea 


-i 


Jo  K  —  Ku  M’C-  b  M  (  0 


(C  (/«■. 


(21) 


(22) 


(23) 

(24) 

(2o) 


represents  the  solution  for  a  surface  pr<  ssurep(r).  syn.liu  trieal  round  the  moving 
origin,  with 


-  X 

f(x)  -  |  p(z)  J„(Ky)  xdx. 

.  I* 


(2H) 


To  generalise  this,  we  first  suppose  the  pressure  concentrated  round  the  origin 
and  of  integrated  amount,  J*,  so  that  /(a  )  in  (2b)  is  replaced  by  1*  277.  Then  for 
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any  continuous  distribution  of  pressure*  p(a*,  !/)>  ^v,‘  obtain  by  integration 
i  r  rn  roe 

4>  =  71—  V  *) S(,c  0  do  | - TTr-T-: - J.  K  a*,-  (27) 

47rcp  J  J  Jo  k  --  w0  see-  U  -f-  i (i  see  (J 


where  now  we  have  rrr  =  (x  —  /*)  cos  0  +  (y  —  k)  sin-0. 

6.  We  obtain  the  corresponding  wave  resistance  from  the  rate  of  dissipation 
of  energy  exactly  as  in  the  previous  sections,  and  we  use  the  formula  (8). 
The  surface  values  of  cf>  and  c<f>jrz  are  put  into  the  form  (11)  and  the  cah  ulat ion 
carried  out  as  in  (14).  From  the  similarity  of  the  forms  for  </>  in  the  two  casss, 
the  result  may  be  written  down.  We  obtain 


R  =  Lim 


-V  f  sec2  0  dO  f  V  + 

\:7r2C2pJ-„  Jo  [k  —  k0  sec2  0)2  +  u-  sec- 


4n^crp 

2  ri’r 


0 


(Ik 


=  -^  f  '  (P/  H  P,,2  +  Qe2  +  Qn2)  WC»  0  do, 
rx-p  Jo 


(28) 


where  the  quantities  P  and  Q  are  as  in  (13)  with /zero  and  n  replaced  by  p. 
We  may  also  write  this  in  the  form 


with 


11  - 


»> 


2- 


o 


[*’  (P2  +  Q2)  sec5  0  dO, 

*  l  - 


P)  _  i 

Q  J  “  J 


v  ir>  y) 


cos 

sili 


{k0  (x  cos  0  +  7/  sin  0)  sec2  0}  dS, 


(29) 


m. 


the  latter  integrations  extending  over  the  given  surface  distribution  of  pressure. 

We  may  obtain  an  alternative  form  by  integrating  with  respect  to  x  in  (30)  ; 
provided  the  pressure  distribution  is  continuous  and  is  zero  at  its  outer 
boundaries,  we  then  have 


with 


R  =-V  r  (P2  +  QW0d0, 

2rx-p  J_j„ 

q]  =  j  ^  +0  iJ' cos  0+1/  s'»  °)  s,,('2  0]  dS. 


(31) 


(32) 


We  may  compare  (31)  and  (3*2)  with  the  expressions  (10)  and  (17)  for  a  dis¬ 
tribution  of  sources  on  a  surface  within  the  liquid.  Suppose  we  may  neglect 
the  depth  of  this  latter  surface  at  every  point  ;  then  without  considering  the 
actual  surface  elevation,  which  would  require  a  closer  examination,  we  may 
say  that  the  wave  resistance  for  the  two  cases  would  be  the  same  with  the 
connection  between  the  source  density  and  the  pressure  distribution  given  by 
ingpa  =  c  dpjdx. 
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Moving  Solid. 

7.  An  obvious  application  of  these  results  is  to  the  uniform  motion  of  a  sub¬ 
merged  solid  when  we  replace  the  solid  by  a  distribution  of  sources  or  doublets 
over  its  surface  ;  for  a  first  approximation  we  may  take  the  distribution  to  bo 
that  appropriate  to  the  motion  of  the  solid  in  an  infinite  liquid.  This  will,  of 
course,  give  the  same  result  as  if  we  had  used  the  system,  of  sources  and  sinks 
which  is  the  image  of  a  uniform  stream  in  the  solid,  or,  in  fact,  any  equivalent 
surface  or  volume  distribution  on  or  within  the  surface  of  the  solid.  Simple 
forms,  such  as  the  sphere  or  ellipsoid,  for  which  the  wave  resistance  has  already 
been  found,  have  been  calculated  from  the  known  image  system.  For  instance, 
the  sphere  was  replaced  by  a  doublet  at  the  centre  ;  it  can  be  verified,  after 
some  reduction  of  integrals,  that  the  expressions  (16)  and  (17)  with  the  proper 
value  of  a  over  the  surface  of  the  sphere,  lead  to  the  same  result  for  the  wave 
resistance.  In  general,  the  expressions  (16)  and  (17)  allow  the  wave  resistance 
to  be  calculated  for  solids  for  which  an  image  system  is  not  known,  hut  for 
which  the  distribution  of  surface  density  can  be  determined  by  known  methods 
of  approximation. 

Consider  now  an  open  plane  distribution  of  sources  and  sinks  over  the 
vertical  zcc-plane.  In  this  case  the  normal  fluid  velocity  at  a  point  on  either 
side  is  2~ct,  where,  cr  is  the  source  density  at  the  point.  For  a  ship  of  slender 
form,  and  small  beam,  symmetrical  about  the  ex-pi  ane,  the  normal  velocity 
is  taken  to  be  approximately7  c  cyjcx  if  the  surface  of  the  ship  is  given  by  an 
equation  y=f(z,  x).  From  (16)  and  (17),  the  usual  expression  for  the  wave 
resistance  follows : 

R  -  P'  (P2  +  Q2)  sec3  0  d  0,  (33) 

q}  =  j f  f£  9  Shi  S0C  0)  dx  dz>  <34) 

the  latter  integrations  being  taken  over  the  vertical  longitudinal  section. 

For  the  other  extreme  case,  a  ship  of  lint  form  and  small  draught ,  comparison 
is  usually  made  with  a  suitable  distribution  of  pressure  applied  to  the  surface 
of  the  water,  with  the  wave  resistance  given  by,  say,  (151)  and  (32). 

The  similarity  between  the  expressions  for  the  resistance  in  these  two  extreme 
forms  has  been  remarked  upon  by  Weinblum,*  and  more  recently  by  llogner.f 
In  an  attempt  to  cover  both  eases  bv  a.  single  expression,  llogner  has  proposed 

*  G.  Weinblum,  ‘Z.A.M.M.,’  vol.  10,  p.  45S  (I960), 
f  K.  Mouner,  Muhrb.  Sehiffbeutech.  Ges.’  (1962). 
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a  so-called  interpolation  formula  which,  when  put  into  the  notation  of  the 
present  paper,  is 

R  —  (^~  P*  (P2  +  Q2)  sec3  0  dO,  (35) 

k02sccj«  cp*  ( x  cos  0  -f -  y  sin  0)  sec2  0}  dx  dy.  (36) 


In  (36)  the  integrations  are  taken  over  the  section  of  the  ship  by  the  water 
surface,  and  the  surface  of  the  ship  is  given  by  an  equation  s  —  F  (x,  y).  It 
may  be  noted  that  if  and  dSz  are  the  projections  of  an  element  of  the 
surface  upon  the  sx-piane  and  the  xy-plane  respectively,  we  have 

(dz/dx)  dSz  =  (dy/dx)  dSv. 

In  the  limit  y  0,  (30)  becomes  equivalent  to  (34)  under  the  conditions  for  a 
ship  of  small  beam.  On  the  other  hand,  in  the  limit  z  ->  0,  (36)  reduces  to  the 
expression  (31)  for  a  pressure  distribution  with  the  assumption  p  —  gfC,. 
Without  discussing  this  argument,  it  may  be  remarked  that  (36)  is  a  particular 
case  of  the  expressions  in  (10)  and  (17)  for  a  distribution  of  sources  over 
the  surface  of  the  ship.  In  the  one  extreme  case,  the  narrow  ship,  we 
take  ct  —  (cj'2-.)  cyjcx,  the  sources  forming  in  the  limit  a  plane  distribution. 
For  the  other  extreme,  the  flat  ship,  a  similar  approximation  would  be 
a  =  (c/2tz)  czjdx.  But  it  is  only  in  these  cases,  when  the  source  distribution 
approximates  to  a  plane,  that  the  normal  fluid  velocity  can  be  expressed 
simply  in  terms  of  the  source  density  ;  these  expressions  do  not  hold  when 
the  distribution  is  on  a  curved  surface  or,  in  other  words,  when  the  finite  beam 
of  the  ship  is  taken  into  account . 

It  has  been  remarked  that  formula?  in  use  at  present  are  in  effect  special 
cases  of  the  general  expressions  (16)  and  (17),  with  simple  approximations  to 
the  density  of  the  source  distribution.  If  we  think  of  the  distribution,  appro¬ 
priate  to  motion  in  an  infinite  liquid,  as  a  suitable  first  approximation,  it  might 
be  suggested  that  this  should  be  used  over  the  curved  surface  of  the  ship 
instead  of  the  present-  simple  expressions  over  the  vertical  longitudinal  plane. 
In  one  sense  this  would  be  an  improvement,  but  it  is  not  likely  that  it  would 
give  any  better  agreement  with  experimental  results  ;  for  the  more  we  depart 
from  the  simple  narrow  ship  the  more  necessary  it  is  to  take  into  account  the 
effect  of  the  wave  motion  upon  the  distribution  of  fluid  velocity  round  the 
ship. 

lustead  of  attempting  to  assign  in  advance  a  distribution  of  sources  or 
doublets  over  the  surface  of  the  ship,  it  might  be  left  to  be  determined,  from 
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suitable  integral  equations,  so  that  all  the  conditions  of  the  problem  should  be 
satisfied.  This,  in  itself,  would  not  amount  to  more  than  a  formulation  of  the 
general  problem  in  different  terms  and  would  not  advance  its  practical  solution, 
unless  possibly  such  a  form  of  statement  should  lead  to  improved  methods  of 
approximation  for  the  equivalent  distribution. 


ilAiaasiU,  as;.  |,n).,  Printers,  St.  Martin  ■.  I.une,  ivituluti,  W.C.S* 
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[Itend  at  the  Summer  Meetings  of  the  Seventv-iifth  Session  of  the  Institution  of  Naval  Architects, 
July  12,  1934.J 


Introduction. 

1.  It  is  not  my  intention  to  discuss  in  this  paper  practical  problems  of  ship  resistance, 
but  rather  to  review  briefly  certain  points  in  the  mathematical  theory  of  ship  waves  and 
wave  resistance.  In  doing  so,  I  shall  not  attempt  to  give  the  derivation  of  formula;  or 
any  mathematical  analysis  of  them;  my  main  object  is  to  give  a  descriptive  or  qualitative 
account  of  some  of  the  mathematical  expressions  and  to  show  how  in  some  cases  deductions 
may  be  drawn  from  an  inspection  of  them. 

The  wave  pattern  made  by  a  ship  is  familiar  both  from  observation  and  as  a  subject 
of  mathematical  study,  and  it  is  equally  fascinating  from  both  points  of  view.  Perhaps  the 
earliest  theoretical  account  is  that  given  by  Kelvin  in  1387  in  his  well-known  lecture  on 
ship  waves  to  the  Institution  of  Mechanical  Engineers.  That  lecture  was  based  on  mathe¬ 
matical  work  of  which  a  later  improved  version  was  published  by  Kelvin  in  1904,*  and 
it  is  this  later  work  which  is  usually  quoted  now  in  the  text-books.  The  ship,  in  that 
work,  is  idealized  to  a  point  disturbance  travelling  over  the  water  and  at  the  same  time 
sending  out  groups  of  waves  which  combine  in  such  a  way  as  to  produce  the  characteristic 
pattern  of  transverse  and  diverging  waves.  The  early  history  of  this  idea  of  wave  groups 
and  group  velocity  is  also  of  some  interest.  In  a  letter  written  to  Stokes  in  1873,  William 
Fronde  describes  the  motion  of  a  group  of  waves,  how  the  group  as  a  whole  advances  with 
a  less  velocity  than  that  of  the  waves  composing  it,,  wave  crests  advancing  through  the 
group  in  its  motion  and  appearing  to  die  away  at  the  front  while  new  ones  are  formed 
at  the  rear;  he  writes,  in  his  letter  from  Torquay.  "  In  my  long  experimental  tank  or 
canal  here.  1  have  frequent  opportunity  of  noticing  this  in  the  propagation  of  artificially 
generated  waves.  1  have  not.  indeed,  yet  investigated  it  quantitatively,  because  my  hands 
are  full:  but  at  a  later  date  when  experiments  on  the  oscillation  of  models  will  be  the  work 
in  hand.  I  shall  have  to  establish  regular  appliances  for  the  generation  of  waves,  and  the 
investigation  to  which  1  refer  will  be  comparatively  easy."  It  was  in  1870  that  Stokes 
gave  the  kincmatieal  explanation  of  group  velocity,  a  more  general  account  being  given 
shortly  after  bv  Rayleigh.  This  was  followed  in  1877  bv  Osborne  Reynolds'  dynamical 
theory  of  group  velocity,  connecting  the  How  of  energy  and  the  rate  of  work  of  the  fluid 
pressure  in  a  train  of  waves:  it  is  this  latter  point  of  view  which  is  of  fundamental 
importance  in  the  theory  of  wave  resistance. 

Much  work  has  been  done  since  then,  both  on  the  detailed  structure  of  wave  patterns 

*  Ed tti.  Hoy.  Sor.  Eroc .,  Yol.  XXV.  (i),  "On  Deep  Water  Two-dimensional  Waves  produced  by  any 
given  initiating  Risturbanee  " ;  “On  the  Front  and  Rear  of  a  Free  procession  of  Waves  in  Deep  Water”; 
and  ‘‘Deep  Water  Ship  Waves.” 
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and  on  the  calculation  of  wave  resistance,  and  more  recently  on  the  comparison  of  calculated 
results  with  experiment;  hut  the  fundamental  principles  remain  the  same,  and  it  is  these 
which  I  wish  specially  to  keep  in  view  in  the  following  notes.  We  begin  by  considering 
freely  moving  wave  patterns;  that  is,  not  forced  waves  produced  by  the  motion  of  a  ship, 
but  waves  moving  freely  and  steadily  over  the  surface  of  the  water  under  the  action  of 
gravity  alone.  We  imagine  the  pattern  to  he  produced  by  the  mutual  interference  of 
simple  plane  waves  moving  freely  in  all  directions,  their  phases  and  velocities  being  suitably 
adjusted;  the  elementary  properties  of  the  pattern  are  described  from  this  point  of  view. 
Then,  considering  the  waves  produced  by  a  ship,  we  see  that  these  must  approximate, 
at  a  sufficient  distance  to  the  rear  of  the  ship,  to  such  a  freely  moving  pattern;  this  is 
illustrated  by  calculations  made  for  certain  ship  models.  Finally,  it  is  shown  how  the 
wave  resistance  can  be  obtained  from  considerations  of  energy  when  we  know  the  structure 
of  the  wave  pattern  formed  at  a  great  distance  in  the  rear  of  the  ship. 


Free  Wave  Patterns. 

2.  The  simplest  form  of  free  waves  on  the  surface  of  water  consists  of  simple  harmonic 
waves  with  straight  parallel  crests,  the  procession  of  waves  extending  over  the  whole  surface. 
If  the  velocity  of  the  waves  is  c.  the  wave  length  is  2  tt  <■-]<)  for  deep  water;  so  that  if 
we  take  an  origin  ()  in  the  surface  and  take  ()  in  the  direction  of  propagation,  the  waves 
might  be  represented  by 

£  =■-.  sin  |2  {x  —  c  1) . (1) 

where  £  is  the  surface  elevation,  and  we  have  taken  the  w*ves  to  be  of  unit  amplitude. 

Suppose  now  that  the  waves  arc  travelling  in  a  direction  making  an  angle  0  with  0  ,r, 
and  that  the  wave  velocity  is  r  cos  9 ;  then,  w  ith  0  y  in  the  surface  and  perpendicular  to 
0  x,  the  waves  are  now  represented  by 

£  —  sin  {«■  sec-  6  (x  cos  6  -|  y  sin  6  —  c  t  cos  0)}  .  .  .  ,  (2) 

where  we  have  written  k  —  gjc2. 

An  equal  procession  of  waves  moving  in  a  direction  making  a  negative  angle  6  with 
O  x  is  given  by 

£  --  sin  {k  sec-  d  (x  cos  0  —  y  sin  6  —  c  t  cos  6 )}  ....  (3) 

Superpose  these  two  sets  of  plum  waves,  and  we  have  a  wave  pattern  given  by  the 
sum  of  (2)  and  (3),  or 

£  2  cos  (/<  y  sin  0  see-  0)  sin  (.»•  -  r  I)  sec  0}  .  .  .  .  (4) 

Those  have  sometimes  been  called  corrugated  waves.  We  may  get  a  rough  idea  of  the 
result  by  drawing  parallel  straight  lines  to  represent  tlu*  positions  of  the  crests  and  troughs 
of  the  component  systems  at  a  given  instant:  and  so  wo  get  the  picture  of  a  diamond- 
shaped  pattern,  covering  the  whole  surface  and  moving  steadily  in  the  direction  O.r  with 
velocity  >'■ 

Wo  now  generalize  by  supposing  that  we  have  simple  straight-crested  waves  like  (2) 
travelling  forward  in  all  directions  included  within  '.»<>  on  either  side  of  O  x.  Superposing 
these  component  plane  waves  will  give  a  surface  elevation 


I**' 

sin  {k  see-  0 


x  cos  d  y  sill  0  -  r  t  cos  #)}  tit) 


(•*) 
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ami  this  will  roprcscnt  a  free  wave  pattern  of  some  form  travelling  steadily  parallel  to  Or 
with  velocity  r. 

We  may  again  obtain  a  rough  picture'  of  the-  result  by  simple  graphical  methods. 
Suppose  we  represent  a  component  plane  wave  of  (.">)  by  parallel  straight  lines  showing  the 
crests  and  troughs  at.  say,  the  instant  /  0.  in  the  manner  shown  in  Fig.  1,  the  full  lines 

representing  crests  and  the  broken  lines  troughs. 

Now  draw  similar  lines  on  the  same  diagram  for  a  large  number  of  values  of  0  in  the 
range  from  —  tt(»°  to  -4-  00  .  It  is  instructive  to  take,  for  instance,  intervals  of  in  and  to 


Fig.  1. 


draw  1(1  sets  of  linos  as  in  Fig.  1.  Such  a  diagram  is  not  given  here,  as  there  is  too  much 
detail  for  reproduction  on  a  small  scale:  but  it  is  interesting  to  see  the  picture  of  a  familiar 
wave  pattern  emerging  from  such  a  diagram.  The  curves  which  we  see  in  process  of 
formation  are  shown  in  Fig.  2. 

These  curves  are,  of  course,  the  envelopes  of  tlib  lines  of  constant  phase  of  the  com¬ 
ponent  waves,  and  their  mathematical  equations  are  most  easily  obtained  by  expressing 


that  fact.  When  wo  look  into  the  formation  of  the  curves  we  see  that  they  represent  places 
where  component  crests,  or  troughs  as  the  case  may  he,  combine  together  to  give  prominent 
features  of  the  pattern:  on  the  other  hand,  we  may  say  that  at  points  at  some  distance 
outside  the  region  covered  In  these  curves  the  component  crests  and  troughs  tend  to  cancel 
each  other  out  on  the  average.  We  arrive  in  this  way  at  the  picture  of  a  wave  pattern  of 
transverse  and  diverging  waves,  with  a  focus  point  (>.  and  extending  in  advance  f  this  point 
as  well  as  to  the  rear:  the  whole  forms  a  freely  moving  pattern  travelling  fnrwuid  with 
steady  velocity.  It  need  hardly  he  said  that  this  description  of  the  jiattern  represented 
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hv  ("»)  is  only  a  (irst  approximation;  detailed  mathematical  analysis  is  necessary  for  a  more 
correct  and  intimate  knowledge  of  the  surface  elevation. 

Examine  more  closely  one  of  the  curves  of  Fig.  2,  say  the  portion  ()  A  B  which  is 
shown  in  Fig.  3  along  with  the  crest  lines  of  the  component  plane  waves. 

We  find  that  the  transverse  part  A  B  is  made  up  from  those  plane  waves  whose 
direction  angles  range  from  zero  up  to  an  angle  d,.  which  is  such  that  cos- d,  =  !-J.  or 
dj  :  3.T  Hi'  approximately;  the  diverging  part  t)  A  comes  from  th  plane  waves  whose 
directions  range  from  dt  to  !>(>  ',  The  angle  between  the  crest  line  ()  A  and  the  central 
line  ()  B  is  l!>°  2>S',  nearly.  To  complete  our  picture  we  require  some  information  about 
the  height  of  the  waves  in  the  pattern  defined  by  the  expression  (5).  All  that  need  he 

said  here  is  that,  following  a  curve  such  as  BAD,  the  height  is  fairly  constant  over  the 

central  portion  of  the  transverse  wave,  increases  in  the  neighbourhood  of  a  crest  point  A 

and  then  decreases  along  the  diverging  wave  to  zero  at  the  point  0. 

It  may  also  be  noted  that  the  wave-length  A  of  a  component  plane  wave  being 
(2  n  c2!(j)  cos-  d,  these  wave-lengths  range  from  2  nr-  y  to  zero. 

3.  Consider  for  a  moment  the  difference  in  these  general  results  if  the  water,  instead 
of  being  very  deep,  is  of  given  finite  depth  h.  The  relation  between  velocity  and  wave¬ 
length  for  a  simple  plane  wave  is  different,  and,  moreover,  there  can  be  no  plane  wave 


A 


whose  velocity  is  greater  than  \/  {<//>).  Suppose  we  build  up  a  pattern  like  (f>)  when  the 
velocity  r  of  the  pattern  is  less  than  this  critical  value  y  (< jh).  We  could  trace  the  envelope 
curves  in  the  same  way  and  obtain  a  wave  pattern  similar  to  Fig.  2.  The  chief  difference 
is  that  the  wave  pattern  widens  out;  tin*  angle  of  the  cusp  line  is  greater  than  the  value 
1D°  28'  for  deep  water  and  it  increases  with  the  velocity  c.  In  addition,  the  transverse 
waves  become  less  curved,  the  angle  tf,  of  Fig.  3  being  less  than  the  value  35  for  deep 
water  and  becoming  less  as  the  velocity  r  is  increased. 

If  the  velocity  r  is  made  greater  than  the  critical  value  y  (<//>),  we  see  at  once  that 
we  must  omit  a  central  portion  of  the  integration  in  (5),  because  the  component  plane  waves 
can  only  begin  to  exist  at  such  an  inclination  0  that  their  wave  velocity  r  cos  0  is  equal 
to  \/  ((/ft).  Bn  working  out  the  wave  pattern  in  more  detail,  it  is  found  that  it  consists 
then  of  only  diverging  waves. 

4.  We  return  to  the  expression  (5)  for  deep  water.  The  origin  ()  was  taken  at  a  lixed 
point,  hut  it  is  more  convenient  to  Hike  a  moving  origin  for  the  co-ordinates  at  the  focus 
point  of  the  wave  pattern:  so  in  what  follows  we  shall  write  ,e  instead  of  .«•  r  I.  Further, 
for  brevity  we  shall  write 

(.r,  y)  k  see-  0  (r  cos  0  j-  y  sin  0) . ((i) 

We  may  call  the  surface  elevation  giw  n  by 


a  simple  sine  pattern. 


J 


sin  (  r,  ij)  (W 

_  * 

2 


(7) 
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We  could  also  have  used  a  form 

C  |  cos  (.»•.  n)  <1 1> . (s) 

which  may  he  called  a  simple  cosine  pattern.  The  general  limn  of  tin  pattern  is  the  same 
in  both  cases,  with  the  necessary  chances  in  wave  heights  due  to  the  interchange  of  crests 
and  troughs.  It  would  he  of  interest  to  have  a  more  detailed  mathematical  and  numerical 
analysis  of  these  two  simple  forms. 

fn  (7)  and  (S)  the  amplitudes  of  the  component  plane  waves  are  taken  to  he  the  same 
for  all  directions.  We  may  now  proceed  to  a  final  generalization  by  supposing  that  in  each 
case  there  is  an  amplitude  factor  depending  upon  the  direction  of  each  component:  adding 
the  two  forms,  we  arrive  at  a  general  expression  for  a  freely  moving  wave  pattern,  namely 

£  '  |  /  (Q)  sin  (.r.  </)  dd  j  F  (d)  cos  (r,  y)  r/d  ....  (it) 


It  is  true  that  the  amplitude  factors  may  alter  considerably  our  picture  of  the  pattern, 
especially  if  they  have  pronounced  maxima  or  minima:  however,  we  shall  see  that  most 
cases  which  have  been  calculated  for  ship  models  can  be  reduced  to  terms  like  (!•)  with 
simple  amplitude  factors. 


Sun*  Wavks. 

5.  We  have  been  dealing  so  far  with  a  free  wave  pattern:  that  is.  we  have  supposed 
the  system  to  he  completely  in  existence  at  some  instant,  and  then  afterwards  it  moves 
freely  and  steadily  forward. 

Consider  now  the  disturbance  produced,  in  a  frictionless  liquid,  by  a  moving  ship  or 
h\  a  disturbing  pressure  system  moving  steadily  forward.  At  some  distance  in  advance 
of  the  ship  there  can  be  no  appreciable  disturbance,  as  wo  suppose  it  moving  forward  into 
still  water.  In  the  immediate  neighbourhood  of  the  ship  the  disturbance  will  be  of  a 
complicated  character.  But  as  we  go  further  and  further  to  the  rear,  the  surface  disturbance 
must  approximate  more  and  more  to  some  freely  moving  wave  pattern  following  on  with  the 
same  speed  as  the  ship. 

For  instance,  if  a  long  cylindrical  log  is  moved  with  steady  velocity  <•  at  right  angles 
to  its  length,  the  disturbance  at  a  great  distance  in  the  rear  must  approximate  to  a  simple 
plane  wave  of  velocity  r.  whose  wave-length  is  therefore  .  It  could  be  expressed 

by  (I).  taking  some  suitable  point  as  the  origin  O.  and  including  some  detiuite  amplitude 
factor:  this  amplitude  factor  would  Is*  the  important  thing  left  to  be  determined  from  the 
form  of  the  cross-section  ol  the  cylinder  and  its  velocity.  Similarh  for  an  ordinary  ship 
form,  the  waves  at  a  great  distance  in  the  rear  must  approximate  to  some  freely  moving 
wave  pattern  such  as  we  have  been  considering:  and  |d|-  some  suitable  origin  O,  in  or  near 
the  ship,  they  must  therefore  he  expressible  in  the  form  (!•).  with  amplitude  faclois 
and  F  (I1)  depending  upon  the  form  of  the  ship  and  the  speed.  Without  going  into  the 
details  of  calculating  these  expressions  we  shall  now  examine  a  few  rases  in  order  to  illustrate 
the  types  of  wave  pattern  which  occur  in  such  problems. 


Point  Disti  uh am  i:  \\n  Siuikkk. 

ti.  On  account  of  its  historical  interest  we  may  mention  lirst  the  travelling  point 
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(i 

disturbance  examined  l»y  Kelvin  in  the  paper  tv)  which  reference  lias  already  been  made. 
In  this  ease  the  waves  in  the  rear  approximate  to  the  form 

TT 

%  " 

£  A  I  see-  0  sin  (r.  y)  <10 . (10) 


where  A  is  a  constant,  and  we  use  the  notation  specified  in  section  4. 

We  may  describe  this  as  a  sine  pattern  with  an  amplitude  factor  see2  0,  which  varies 
from  unity  at  0  ---  0  to  infinity  at  6  -  !>0  .  We  have  seen,  in  section  2,  that  the  transverse 
waves  of  the  pattern  come  from  the  range  0  to  approximately,  while  the  diverging 

waves  come  from  the  rest  of  the  range  3;V  to  !>0  .  taking  one  side  of  the  central  line  O  r. 
Thus  we  should  expect  the  diverging  waves  in  this  case  (10)  to  be  increased  in  magnitude 


compared  with  those  for  the  simple  sine  pattern  (7);  these  features  are  unduly  prominent 
in  the  Kelvin  pattern  in  comparison  with  those  made  by  an  ordinary  ship  model. 
Incidentally  we  may  note  that  the  factor  sec2  0  causes  the  expression  (10)  to  have  an  infinite 
value  at  the  focus  point. 

An  interesting  contrast  is  for  a  small  sphere,  of  radius  a,  submerged  in  the  water  with 
its  centre  at  a  depth  /  and  moving  with  velocity  r.  The  expression  is  now 

£  2  «2  sec1  0  «  ‘t*''1'  sin  (,.\  #/)  </" . (11) 

’  n 

« 

the  focus  point  <>  being  vertically  above  the  centre  of  the  sphere. 

In  Fig.  4  arc  shown  curves  ot  the  amplitude  factor  sec*  0  exp.  (  -  (•/see2#)  for  different 
values  of  x  /.  that  is,  of  <jf  <■-. 

From  these  curves  we  get  at  on.  e  some  idea  of  the  relative  importance  of  the  transverse 
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and  diverging  waves  for  different  depths  or  for  different  speeds.  We  see  that  the  effect  of 
increasing  depth,  at  the  same  speed,  is  to  diminish  relatively  the  diverging  waves. 

But  these  are  perhaps  details  of  purely  theoretical  interest,  and  we  turn  now  to  some 
cases  of  ship  models. 

Modki.s  or  ( « r K.vr  IPcuuut. 

7.  We  consider  first  a  model  of  groat  draught,  of  uniform  horizontal  cross-section 
throughout  and  with  parabolic  lines;  this  is  a  model  which  has  been  investigated  l>\ 
Mr.  \V.  (_’.  S.  Wiglev.  working  at  the  William  Fronde  Laboratory.  Fig.  A  shows  the  hori¬ 
zontal  section. 

'faking  the  origin  ()  at  the  mid-point,  the  conation  of  the  eur\e  A  ('  F>  is  y  //(I  .r-  /-). 

>1 


c 


the  beam  being  2  h  and  the  length  'll.  It  can  he  shown  that,  on  the  u>ual  mathematical 
theory,  the  waves  in  the  rear  of  the  model  approximate  to 

£  '  ,  I  •(«  /  cos  (h-  /  sec  i>)  cos  0  sin  (k  I  sec  d)}  sin  (,r.  >;)  </n  .  (|g> 

Tt  K'  l-  I  i  1 


This  might  be  regarded  as  a  sine  pattern  with  a  somewhat  complicated  amplitude 
factor;  but  fortunately  we  can  dissect  it  into  simpler  components,  lor  it  is  identically 
equal  to 


c  - - 


4  b 

TT 


</l 


sin  (,r 


c- 


I.  n)  -  — :  sin  (.r  •  /.  v) 


ciis  H  ciis  (,r  /.  (/)  cos  0  cos  (,r 

!/- 1-  '  ;/- 1- 


/.  >i)  :  < I'!  i  L>  i 


Here  t ho  pattern  is  soon  to  be  the  combined  result  of  superposing  four  simple  patterns 
two  focussed  at  the  how  and  two  at  the  stern.  The  first  two  are  simple  sine  patterns, 

with  constant  amplitude  factors  at  a  given  speed:  tlmv  may.  in  fact,  be  attributed  directly 

to  the  finite  angle  of  the  model  at  the  bow  A  and  at  the  stem  It  respectively.  The  oiler 
two  terms  in  ( I  i  are  cosine  patterns,  with  an  amplitude  factor  in  each  ease'  although 

one  is  focussed  at  the  bow  and  the  other  at  flu  stem,  it  i»  more  appropriate  t •  i  regard 
those  two  tonus  together  as  represent  mg  the  resultant  effect  of  the  curved  sides  ALB  and 
A  l>  It  of  the  model. 

A  matter  of  great  interest  is  the  mutual  interference  of  these  four  patterns  oeotding  to 

tin*  s|tood,  tlu*  extent  to  which  it  is  possible  to  hi. ike  the  crests  of  out*  pattern  toituide 

with  (he  troughs  of  another  and  the  speeds  at  which  maximum  effects  of  tins  kind  occur: 
however,  these  points  are  lietlor  considered  m  connection  with  tlu*  corresponding  wave 
resistance, 
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Notice  first  the  magnitudes  of  the  terms  in  (13).  The  how  and  stern  systems  are 
factored  by  c-'<j  /.  while  the  effect  of  the  curved  sides  has  the  factor  cAjg-l2.  Hence  at 
low  speeds  the  bow  and  stern  provide  the  greater  part  of  the  wave  system,  but  as  the 
speed  increases  their  relative  importance  becomes  less.  Then  we  have  the  effect  of  the 
amplitude  factor  cos  9  in  the  last  two  terms  of  (13).  Remembering  the  distinction  between 
transverse  waves  and  diverging  waves  in  a  simple  pattern,  and  that  cos  0  diminishes  from 
unity  at  0"  to  about  0-8  at  35’  and  then  to  zero  at  00  ,  we  may  describe  the  result  in 
general  terms:  the  effect  of  the  gradual  change  of  slope  along  the  curved  sides  of  the  model 
compared  with  the  finite  angle  at  bow  and  stern  is  to  diminish  the  relative  importance  of 
the  diverging  waves.  This  point  is  amplified  further  in  the  following  model. 

8.  In  this  model  one  end,  say  the  stern,  is  drawn  out  to  a  fine  point.  The  model  is 
again  of  great  draught  and  is  of  uniform  horizontal  section  throughout.  Fig.  G  shows  the 
form  of  the  horizontal  section. 


Taking  the  origin  0  at  the  bow,  as  in  the  diagram,  the  equation  of  the  curved  side 
OCB  is 


y=~ 


27  L 
4  P 


*  (*  +  l)1 


(14) 


The  maximum  l>eain  2  b  occurs  at  one-third  of  the  length  from  the  bow. 
'The  wave  pattern  in  the  rear  is  given,  in  our  abbreviated  notation,  by 


c  - 


27  b 


in  (.r,  y)  -  4  cos  9  cos  (.r,  y)  —  G  cos-  9  sin  (  c.  y) 

f  c-\-  / r2  \3  1 

—  2  ^  ij  cos  ft  cos  (.»•  •  I.  it)  •  0  f  ■  )  cos2  9  sin  (.r  -f-  l,  y)  jd  0 


(15) 


Here  we  have  five  simple  patterns,  the  first  three  focussed  at  the  how  and  the  last 
two  at  the  stem.  The  first  term  in  (15)  is  the  simple  sine  pattern  due  to  the  Unite  angle 
of  the  model  at  the  l>o\s  ;  we  notice  there  is  no  similar  term  for  the  stern  because  the  angle 
has  lteen  smoothed  away  completely  at  the  stern.  I’he  last  four  terms  of  (15)  taken  together 
represent  the  resultant  effect  of  the  curved  sides  OC11  and  U  I)  11  of  the  model.  The 
general  inferences  are  the  same  as  for  the  previous  model;  but  we  notice  that  wo  have 
now,  in  (15).  patterns  with  an  amplitude  factor  cos2  ft,  anil  for  such  the  relative  importance 
of  the  diverging  waves  is  still  further  diminished. 


Kkkkot  ok  Ukai’uiit. 

1».  Another  jH>int  about  which  we  limy  make  some  broad  deductions  from  the  formula1 
for  tl.  wave  patterns  is  the  effect  of  the  draught  of  the  imxl'l.  In  the  previous  eases 
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we  have  supposed  this  to  he  very  large,  or  theoretically  infinite.  Let  us  suppose  now  that 
the  model  is  of  uniform  horizontal  section  down  to  a  depth  d  below  the  surface  and  is  then 
cut  off  by  a  horizontal  plane.  For  our  present  descriptive  purpose,  we  may  make  some 
simplifying  assumptions  in  deducing  the  formula1  for  the  wave  system,  hut  these  need  not 
be  investigated  here;  it  is  sufficient  to  state  the  general  result.  The  effect  of  making  the 
model  of  draught  d,  instead  of  infinite  draught,  is  simply  to  introduce  into  each  of  the 
ternls  for  the  component  patterns,  in  say  (13)  or  (13),  an  additional  amplitude  factor, 


namely 

]  _  e ~../8CC»« . (If)) 

Since  xd  —  gd/c 2,  the  value  of  this  factor  depends  upon  the  speed.  Fig.  7  shows 


curves  of  this  quantity  (1(5),  for  different  values  of  xd,  for  the  half  range  of  values  of 
6  from  0°  to  90°. 

From  inspection  of  this  diagram  we  see  at  once  that,  for  a  given  speed,  if  the  draught 
is  diminished  the  transverse  waves  of  the  pattern  become  less  important.  We  may  put 


alongside  this  a  remark  drawn  from  observation;  for  instance,  in  Taylor's  Speed  ami  Power 
of  Ships  there  is  the  statement:  “Narrow  deep  ships  have  wave  patterns  whose  transverse 
features  are  more  strongly  accentuated  than  those  of  broad  shallow  ships.” 

This  might,  of  course,  be  anticipated  without  any  mathematical  expressions.  For  the 
effect  of  a  plane  wave  on  the  surface  is  only  appreciable  down  to  a  depth  of.  say,  half  its 
wave-length.  But  of  the  component  plane  waves  which  combine  to  make  the  pattern, 
that  which  is  travelling  in  the  same  direction  as  the  ship  has  the  greatest  wave-length,  and 
in  inclined  directions  the  wave-length  is  proportional  to  cos-  9  and  diminishes  to  zero  at  9(1  \ 
Thus  as  we  diminish  the  draught,  for  a  given  speed,  the  first  components  to  be  affected  art* 
those  of  longest  wave-length  and  those  are  tli 1  components  which  provide  the  transverse 
waves  of  the  pattern.  However,  the  mathematical  expressions  enable  us  to  obtain  at  least 
a  rough  quantitative  estimate  of  the  effect. 


Wavk  Resistance. 

10.  We  turn  now  to  the  calculation  of  wave  resistance,  and  for  this  purpose  it  is 
essential  to  have  a  knowledge  of  the  wave  patterns  we  have  been  considering.  Throughout 
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all  this  work  we  are  assuming  the  liquid  to  be  frictionless;  or,  rather,  we  suppose  that 
frictional  resistance  and  the  effects  of  viscosity  have  been  treated  separately  and  so  eliminated 
from  the  wave  problem  in  order  to  make  it  more  amenable  to  calculation.  It  is  true  that 
the  most  direct  idea  of  wave  resistance  is  to  regard  it  as  what  it  is  in  fact,  namely,  the 
combined  backward  resultant  of  the  fluid  pressures  taken  over  the  hull  of  the  ship;  but  this 
is  by  no  means  the  simplest  method  for  purposes  of  calculation. 

On  the  other  hand,  by  a  direct  application  of  the  method  of  energy  and  work,  we 
shall  see  that  we  only  need  to  know  the  wave  pattern  at  a  great  distance  in  the  rear 
of  the  ship. 

Denote  by  S  the  position  of  the  ship  at  any  instant,  by  A  and  B  two  infinite  vertical 
planes  in  given  fixed  positions  at  right  angles  to  the  direction  of  motion  of  the  ship,  the 
plane  A  being  in  advance  of  the  ship  and  the  plane  B  to  the  rear. 

Consider  the  rate  of  increase  of  the  energy  of  the  fluid  in  the  region  between  the 

surface  of  the  ship  and  these  two  planes,  and  consider  also  the  forces  operating  at  the 

boundaries  of  this  portion  of  fluid.  The  fluid  possesses  kinetic  energy  due  to  its  motion 
and  potential  energy  arising  from  alterations  in  the  surface  elevation.  Calculate  the  rate 
at  which  total  energy,  kinetic  and  potential,  is  flowing  into  the  region  in  question  across  the 
plane  B  and  call  this  E  (B).  A  similar  calculation  would  give  E  (A)  for  the  rate  at  which 
total  energy  is  flowing  out  of  this  region  across  the  plane  A.  At  any  point  of  the  plane  B 
let  p  be  the  fluid  pressure  and  u  the  component  fluid  velocity  inwards  at  right  angles  to 
this  plane.  The  fluid  to  the  left  of  B  is  doing  work  on  the  fluid  to  the  right  at  a  rate  p  u 
per  unit  area  at  each  point  of  the  plane;  summing  up  for  the  whole  plane,  we  call  W  (B) 
the  rate  at  which  work  is  being  done  on  the  fluid  in  question  across  the  plane  B.  Similarly, 
—  W  (A),  calculated  in  the  same  way  for  the  plane  A,  is  the  rate  of  work  across  that  plane 
upon  the  fluid  between  the  two  planes.  Finally,  if  R  is  the  resultant  resistance  to  the 
motion  of  "the  ship  and  c  its  velocity,  the  ship  is  doing  work  on  the  fluid  at  a  rate  Rc. 
Hence,  equating  the  total  rate  of  work  upon  this  portion  of  fluid  to  the  rate  of  increase 
of  its  total  energy,  we  deduce  a  general  expression  for  R, 

Re  =  E  (B)  -  W  (B)  -  {E  (A)  -  W  (A)}  .  .  .  .  (17) 

This  holds  for  any  two  fixed  planes,  one  in  advance  of  the  ship  and  the  other  to  the 

rear.  If  we  take  plane  A  further  and  further  in  advance,  the  quantities  Pi  (A)  and  W  (A) 
approximate  to  zero,  since  the  ship  is  advancing  into  still  water.  And  if  we  take  B  further 
and  further  to  the  rear,  the  disturbance  approximates  to  a  free  wave  pattern  such  as  we 
have  considered  in  the  previous  sections  and  we  can  calculate  the  quantities  E  and  W  for 
any  plane  of  that  free  wave  pattern.  Thus  we  have  finally 

R  c  =  E  -  W . (18) 

where  PI  and  VV  are  calculated  from  the  free  wave  pattern  to  which  the  disturbance  approxi¬ 
mates  at  a  great  distance  in  the  rear  of  the  ship. 

11.  This  method  is  familiar  in  its  application  to  plane  waves  with  straight  parallel 
crests.  It  is  probable  that  the  first  calculations  of  wave  resistance  were  those  made  in  this 
way  for  plane  waves,  the  argument  being  usually  expressed  in  terms  of  group  velocity. 
For  simple  harmonic  waves  of  height  h  the  average  total  energy  is  J  g  p  h 2  per  unit  area  of 
surface  thus  the  quantity  E  of  (18)  is  I  g  p  h2  c  per  unit  length  parallel  to  the  crests. 
The  quantity  W  is  exactly  one-half  of  this  amount;  or,  as  it  is  usually  expressed,  the  group 
velocity  is  one-half  the  wave  velocity.  Hence  from  (18)  we  ha  R—  J  g  p  k2,  where  R  is 
the  wave  resistance  j»er  unit  length  of  the  cylindrical  body  to  whose  motion  the  waves 
are  due. 

It  is  rather  curious  that  this  method  has  not  been  used  for  obtaining  tho  wave  resistance 
from  the  wave  pattern  produced  by  ordinary  ship  forms.  The  formula)  in  use  at  present 
have  been  developed  by  other  methods.  In  some  cases  they  have  been  found  from  the 
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resultant  fluid  pressure  on  the  ship.  Another  method  is  to  introduce  an  artificial  kind  of 
fluid  resistance,  calculate  the  rate  of  dissipation  of  energy,  and  so  ultimately  arrive  at 
expressions  for  the  wave  resistance.  All  these  methods  must  lead  to  the  same  results 
if  carried  out  correctly,  hut  perhaps  the  most  natural  method  is  that  outlined  above  and 
embodied  in  the  general  expression  (IS). 

It  has  been  shown  recently  that  the  necessary  calculations  can  readily  be  extended  to 
wave  patterns  of  the  general  type  which  occur  in  ship  waves.*  The  results  may  be  given 
here,  without  going  into  the  detailed  analysis. 

Suppose  first  that  wo  have  a  free  wave  pattern  given  by 


n 

a 


t=\f(O)*in(x,y)d0 . (lb) 

r r 

"2" 

and  suppose  that  the  amplitude  factor  f  (6)  is  an  even  function  of  6,  so  that  (19)  is 
equivalent  to 

TT 

£  —  2  I  /  (d)  sin  (k  x  sec  6)  cos  («•  y  sin  d  sec2  6)  dd  ...  (2o) 

*0 

We  can  write  down  the  velocity  potential  of  the  fluid  motion  for  the  wave  form  (19)  and 
so  obtain  the  pressure  and  velocity  at  any  point  of  the  fluid.  The  quantities  E  and  W 
of  (IS)  can  then  be  calculated,  with  suitable  limitations  on  the  function  f  (ft)  which  amount 
to  ensuring  that  E  and  W  are  in  fact  finite  and  calculable.  Under  these  conditions  it  is 
found  that  E  W  for  the  pattern  (19)  is  given  by  a  remarkably  simple  expression,  namely, 


K  -  W  -  7r  P  c3  {/  (6)}-  cos3  dde . (21 ) 


Hence  the  wave  resistance  of  a  body  moving  with  velocity  c  and  leaving  in  its  rear 
a  pattern  (19)  would  be  given  by 


K  —  77  p  c  2  I  {/  (d)Y  cos3  e  dd . (22) 


*  0 


12.  Suppose,  for  illustration,  that  the  amplitude  faetor  is  independent  of  fl  and  that 
we  have 


£  -  h  I  sin  (.**,  y)  dd . (23) 


a  simple  sine  pattern,  with  h  possibly  a  function  of  the  velocity  This  is  certainly  a 
hypothetical  ease •  (23)  is  like  the  first  term  of  (13)  or  (15),  so  presumably  the  sort  of 
body  which  would  produce  this  wave  pattern  would  be  the  bow  of  a  ship  of  great  draught, 
but  without  any  sides  or  stern.  However,  without  inquiring  any  further  into  that,  if  the 
wave  pattern  is  (23),  then  from  (22)  the  corresponding  wave  resistance  would  be 


K  =  77  p  e2  ,Y~  I  cos3  d  dd  |  7T  p  r2  h~ . (24) 

*  u 

*  /'/■<«•.  Hoy.  Sue.  .f.,  14  4,  p.  M4.  11*34. 
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Wo  might  oven  carry  this  calculation  a  step  further  and  divide  (lie  integration  into  two 
parts:  (i)  from  0  0  to  8  Ho  Hi',  (ii)from  t)  35°  Hi'  to  8  !'<)  ;  and  we  might  associate 
the  first  part  of  li  so  calculated  with  the  transverse  waves  of  the  pattern,  and  the  second 
part  with  the  diverging  waves.  On  that  basis  we  easily  find  that  for  (23)  the  transverse 
waves  account  for  about  77  per  cent,  of  the  wave  resistance,  anil  the  diverging  waves  for 
the  remaining  23  per  cent. 

The  formula  for  R  given  in  (22)  was  for  a  sine  pattern  (lit),  hut  the  same  expression 
holds  for  a  similar  cosine  pattern.  For  instance,  to  compare  with  (23)  we  may  take  the  case 

rr 

£  —  h,  f  cos  6  cos  (x,  y)  dd . (24a) 


which  is  like  a  term  of  (13)  or  (15)  giving  the  effect  of  the  curved  sides  of  the  model.  For 
this  pattern  the  corresponding  wave  resistance  is 


R  =  7T  P  c2  h2  J  cos5  6  dd  =  &  7T  p  c2  h2 . (25) 

'U 

If  we  make  a  similar  division  into  transverse  waves  and  diverging  waves  we  find  that 
the  former  now  account  for  a  greater  proportion  of  the  total  resistance,  about  8(>  per  cent. 
However,  this  is,  no  doubt,  carrying  the  dissection  too  far;  the  wave  pattern  as  a  whole 
should  he  treated  as  a  single  system. 

13.  As  an  example  of  (22)  we  consider  the  model  with  parabolic  lines  for  which 

the  wave  pattern  was  given  in  the  expression  (12).  We  have  at  once  the  wave  resistance 
given  by 

7T 

04  b2  o  c2  f7 

R  —  - TJT~  iKi  cos  (*  ^  sec  —  cos  ®  s*n  (*  l sec  ^)}2  cos3  &  dd  .  (20) 

On  expanding  this  expression  we  have 


32  b2  a  c2  “ 

R  =  '  — -  {k2  l2  |  cos2  8  -j-  k-  I2  cos  (2  k  l  sec  8) 


And  this  leads  to 


R 


—  2  k  l  cos  8  sin  (2  k  l  sec  8)  -f-  cos2  8  cos  (2  k  l  sec  0)}  cos3  6  d8  (27) 

rr 

o/r2V  8  /r2V  /  \  2  j 

-  (  )  | —  (  )  -|-  (  )  cos3  8  cos  (2  k  I  sc.  8)  dd 

3  Vs?  *  5V<7 1/  \y  U 


n 

—  2  (  ^  co> 

\y  lJ 


f  C2  v 

os4  8  sin  (2  k  I  sec  8)  dd  —  (  —  J  |  cos5  8  cos  (2  k-  I  sec  0)  dd  [  (28) 

/  ♦  o 


] 


The  result  has  been  put  into  this  form  for  direct  comparison  with  the  expression  lor 
the  waves  given  in  (13),  where  they  are  analysed  into  four  simple  patterns,  one  lor  the 
bow,  one  for  the  stern,  and  two  for  the  combined  effects  of  the  curved  sides  of  the  model. 
From  this,  and  the  calculations  of  the  previous  section,  we  can  now  identity  the  origin  of 
each  of  the  terms  in  the  expression  (28).  The  first  term  is  the  resistance  due  to  the  how 
and  stern  patterns  as  if  each  existed  alone,  while  the  second  term  is  similarly  due  to  the 
curved  sides  calculated  separately.  Tin*  last  three  terms  of  (28)  nave  been  left  in  the  form 
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<>f  integrals :  these  integrals  have  been  tabulated  for  numerieal  work,  but  we  are  only  con¬ 
sidering  here  some  general  inferences.  These  three  terms  represent  the  mutual  interference 
of  the  lour  simple  patterns  contained  in  (13).  and  it  is  obvious  from  the  power  of  the  factor 
(r-/f/ /)  whence  they  arise.  The  tio-t  of  these  represents  the  interference  of  bow  and  stern 
patterns,  the  second  the  interfereme  of  bow  or  stern  with  entrance  or  run,  and  the  last 
term  the  mutual  interference  of  the  two  patterns  from  the  curved  sides  or,  as  one  may  say. 
the  interference  of  entrance  and  run.  It  is  these  last  three  terms  in  (2 S)  which  have 
oscillating  values,  and  so  give  rise  to  the  well-known  humps  and  hollows  on  the  curve  of 
wave  resistance. 

14.  Wo  have  seen  that  the  wave  pattern  left  behind  by  a  ship  can  in  general  be  put 
into  the  form  given  in  (!•);  we  have  described  this  as  sine  and  cosine  patterns  with  known 
amplitude  factors.  The  calculation  of  the  quantity  E  —  \Y  can  readily  he  extended  to  this 
general  form  and  we  obtain  then  the  wave  resistance  for  any  general  ease. 

We  first  put  (!•)  into  the  equivalent  form 

77 

r  2" 

£  j  (F,  sin  A  eos  B  F2  cog  A  sin  B  j-  F3  cos  A  cos  B  -•  F4  sin  A  sin  B)  dd  (2b) 

“  o 

where  A  --  k  .»•  sec  0,  B  k  y  sin  0  see8  6,  and  the  F's  arc  functions  of  0,  in  general,  and  of 
the  form  of  the  ship  and  its  speed.  The  calculation  of  R  follows  as  in  the  simpler  case 
of  (lb),  and  leads  to  the  general  result 

77 

R  =  1 7T  P  c2  |  (F4s  -f  FA  -1-  F,s  +  F4-)  eos3  Odd  ...  (30) 

•4) 

The  determination  of  the  functions  F  is.  of  course,  another  matter.  Approximate 
methods  in  use  at  present  amount  to  replacing  the  ship  by  some  equivalent  distribution  of 
sources  and  sinks;  the  functions  F  then  usually  appear  as  integrals  taken  over  the  surface 
of  the  ship,  or  over  its  longitudinal  section  for  a  first  approximation.  One  of  the  out¬ 
standing  problems  of  ship  wave  resistance  is  the  improvement  of  methods  for  determining 
these  functions;  the  line  of  attack  open  at  present  would  seem  to  be  by  further  steps  of 
mathematical  and  numerical  approximation,  assisted  and  corrected  by  comparison  with 
experimental  results. 

The  object  of  the  present  paper  was  to  recall  some  of  the  elementary  properties  of 
wave  patterns  and  their  production  by  the  mutual  interference  of  simple  plane  waves,  to 
illustrate  these  by  examples  from  ship  models,  and  further  to  emphasize  the  direct  connection 
between  the  wave  pattern  and  the  wave  resistance. 
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].  The  wave  resistance  of  a  body  movin';  in  n  frictinnlcss  liquid  lms  boon 
calculated  by  various  methods.  In  a  few  cases  it  lias  been  found  directly  as 
the  resultant  of  the  fluid  pressures  on  the  surface  of  the  body.  Another 
method,  which  has  been  more  Generally  useful,  involves  the  introduction  of 
a  cex-tain  type  of  fluid  friction  into  the  equations  of  motion.  The  wave 
resistance  is  then  found  !>v  calculating  the  rate  of  dissipation  of  energy  and 
taking  the  limiting  value  when  the  frictional  roeflicient  is  made  vanishingly 
small.  This  method  has  certain  important  analytical  advantages,  nevertheless 
it  is  highly  artificial.  A  third  method,  dealing  directly  with  a  frictionless 
liquid,  consists  in  examining  the  flow  of  energy  in  the  wave  motion  ;  this  lias 
hitherto  been  used  only  for  two-dimensional  problems  when  the  wave  motion 
consists  of  simple  waves  with  straight  parallel  crests,  the  usual  theory  of 
group  velocity  being  directly  applicable. 

In  the  following  note  this  method  is  extended  to  three-dimensional  fluid 
motion.  Although  no  new  special  results  arc  obtained  so  far  as  expressions 
for  wave  resistance  are  concerned,  it  seemed  of  suflieient  interest  to  obtain 
them  by  this  direct  method,  namely,  by  considering  the  flow  of  energy  and  the 
rate  of  work  across  planes  far  in  advance  and  far  in  the  rear  of  the  moving 
body. 

These  quantities  are  examined  first  for  a  free  wave  pattern  of  simple  type. 
T  hen  a  general  expression  is  given  for  w  ive  resistance  in  terms  of  the  velocity 
potential  of  the  free  wave  pattern  to  which  the  disturbance  approximates  at 
a  great  distance  in  the  rear,  and  this  is  applied  to  a  general  form  of  wave  pattern 
and  to  some  special  cases.  Finally,  a  similar  examination  is  made  of  a  certain 
problem  when  the  water  is  of  finite  depth. 

2.  'With  tl  a*  origin  0  in  the  free  surface  of  deep  water  and  0 z  vertically 
upwards,  the  surface  condition  is 


dt*  9  ?t 


=  o, 


2  =  0, 


(1) 


where  <f>  is  the  velocity  potential  and  £  the  surface  elevation.  For  a  wave 
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pattern  advancing  steadily  with  velocity  r  in 
(1)  in  the  form 

^  o 


the  direction  ( 

:  -  0, 


we 


with  k0  =  gjc1. 

A  simple  plane  wave  advancing  in  a  direction  making  an  angle 
is  given  by 


inav  write 


ft  with  Or 


£  =  a  sin  {/Co  secs  6  (x  cos  0  +  y  sin  ft  —  rt  cos  ft)} 

<f>  ~r  tic  cos  0 *  cos  {xr0  sec2  ft  (r  cos  ft  f  y  sin  ft 


rt  cos  ft)} 


(3) 


We  may  generalize  this  to  obtain  a  free  wave  pattern  made  up  of  plane  waves 
advancing  in  all  directions,  so  that  the  pattern  itself  moves  steadilv  with 
velocity  c  in  the  direction  Or  ;  we  have  then 

C  =  |  /(ft)  sin  {/<■„  sec2  ft  (x  cos  6  j-  y  sin  ft  —  ct  cos  ft)}  db.  (4) 


We  shall  suppose  in  the  first  place  that  the  pattern  is  symmetrical  with  respect 
to  Oa:,  so  that  we  have 

X,  —  2  j  /  (ft)  sin  ( k0  x'  see  ft)  cos  (*0  y  sin  0  sec2  ft)  dft  1 


<f>  —  2c  f  /  (ft)  "  cos  (k0j  '  sec  0)  cos  (*c0  y  sin  ft  sec2  6)  cos  0  dft 

Jo 


y  ■  <a> 


with  x'  =  x  —  c<. 

Consider  a  fixed  vertical  plane  x  —  constant.  The  rate  of  flow  of  total 
energy  across  this  plane  is  given  by 


+ 


rfy  +  i.vpc  1  C2  <iy. 


(ft) 


The  variable  part  of  the  fluid  pressure  being  p d<f>/dt.  or  —  pc c<f>icx,  the  rate  at 
which  work  is  being  done  across  the  same  plane  is 


pc 


(?) 


We  shall  assume  that  the  wave  pattern  is  such  that  these  quantities  are  finite 
and  determinate. 

To  evaluate  these  expressions  with  the  values  (5)  for  <f>  and  X>  we  use  the 

following  theorem : 
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If 


Fi  iy)  =  (  (A.  cos  y«  +  Bx  sin  yw)  rfu,  | 
Jo  * 

'CO 

F2  (y)  =  j  (A2  cos  yu  -f  B2  sin  yu)  du, 


(8) 


A,  B,  being  functions  of  u,  tiicn 

I  Fj  (y)  F2  (y)  f/y  =  -  [  (AXA2  +  B^)  <i«, 

J  -  a 0  JO 

assuming  that  the  integrals  are  convergent. 

To  take  one  of  the  integrals  in  (6)  as  an  example,  we  have 


(9) 


df 

dx 


=  — -  2k0c  J  /  (0)  e*** sec‘ “  sin  (/r0x'  sec  6)  cos  (/r0y  sin  6  sec2  6)  dO.  (10) 

J  it 


To  put  this  into  the  form  (8),  we  write  a  —  /r0sin  6  sec2  0,  then  carry  out 
the  process  (9)  and  finally  replace  the  variable  u  in  terms  of  0  ;  it  is  clear 
that  we  shall  have  to  introduce  into  the  integral  in  the  final  form  a  factor 
dQjdu;  that  is,  a  factor  cos3  0/Vo(l  +  sin2  0).  Thus  we  have 


f. 


cos3  0  dtt 


—  |  dz  |  {/(O)}2  «**“* sin2  (*,/  sec  0)  - 

J-*  J ii  1  -j-  sm2  0 

r-  2to2  [  {/  (0)}2 sin*- (*</  sec  0)  -'-f  .  (11) 

Jo  1+  sm2  0 


From  (6)  we  find  in  this  way  that  the  rate  of  flow  of  total  energy  across  the 
vertical  plane  is 


rrpe3  f  {/  (0)}1,  ((3  —  sin2  0)  sin2  (k^x'  sec  0) 

Jo 


+  (14-  sin2  0)  cos2  (k^x'  sec  0))  -(°y-  ^  ^  ,  (12) 

1  f  sm-  U 

and  that  the  rate  at  which  work  is  being  done  across  this  plane  is 

2ttp<;s  f  {/  ( 0)}2  sin*  K+  sec  0)  .  (13) 

Jo  1  +  sin2  0 


It  is  the  difference  of  these  two  quantities  that  is  significant  for  our  purpose  ; 
it  is,  as  would  be  expected,  independent  of  the  time  and  of  the  position  of  the 
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plane.  Subtracting  (13)  from  (12),  we  find  that  the  rate  at  which  energy  is 
being  propagated  less  the  rate  of  work  reduces  to  the  simple  expression 

upc3  I  {/  (6)}2coss  0  dd.  (14) 

Jo 

It  may  be  noted  that  if  we  take  mean  values  of  (12)  and  (13)  we  have  as  the 
mean  rate  of  flow  of  energy 

2r.pc3  |W{/(6)}2--^4-  dd,  (15) 

Jo  1  -j-  sin2  0 

and  as  the  mean  rate  of  work 

rrpc3  (*'  {/  (0)}2  CQS-  \  dd.  (16) 

e  Jo  1  +  sin2  0 

The  connection  indicated  in  (15)  and  (16)  is  a  generalization  of  the  well-known 
result  for  simple  plane  waves  that  the  mean  rate  of  work  is  half  the  mean 
rate  of  flow  of  energy. 

3.  Consider  now  the  forced  wave  pattern  produced  by  a  body  moving  through 
the  liquid,  or  by  a  localized  pressure  disturbance.  The  complete  surface 
elevation  may  be  separated  into  a  local  disturbance  and  a  wave  pattern.  In  a 
frictionless  liquid  a  possible  solution  is  one  in  which  the  wave  pattern  extends 
to  an  infinite  distance  in  advance  of  the  body  as  well  as  in  the  rear.  The 
determinate  practical  solution  is  that  for  which  the  wave  pattern  vanishes  at 
a  great  distance  in  advance,  and  we  may  suppose  this  obtained  by  superposing 
over  the  whole  surface  a  suitable  free  wave  pattern.  In  that  case,  considering 
the  flow  of  energy  and  rate  of  work  across  two  fixed  vertical  planes,  one  far  in 
advance  and  the  other  far  in  the  rear,  we  see  that  (14)  is  equal  to  Rc,  where  R 
is  the  wave  resistance.  Hence  we  have 

R  =  repc2  \  {/(9)}2  cos3  0  dd,  (17) 

Jo 

when  the  wave  pattern  at  a  great  distance  to  the  rear  approximates  to  the  for  m 

W- 

For  example,  the  forced  wave  pattern  produced  by  a  submerged  sphere,  or 
more  precisely  by  a  horizontal  doublet  of  moment  M  at  depth  /,  approximates 
at  a  great  distance  behind  the  disturbance,  to  the  free  wave  pattern 

£  =  __fi —  sec4  0  e-‘^80C' 1  sin  {k0  ( x '  cos  0  4-  y  sin  0)  sec*  9}  dd.  (18) 

<5  J-J* 
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Hence,  from  (17),  the  wave  resistance  is 


K  =  167TpK04l\l2 


sec5  0  e  *  <i0, 

0 


(19) 


which  is  the  known  result  for  tliis  case. 

4.  Before  generalizing  these  results  we  may  put  (6)  and  (7)  into  an  explicit 
form  for  the  wave  resistance. 

The  kinetic  energy  of  the  liquid  in  a  strip  between  two  parallel  vertical 
planes  at  a  distance  8x  apart  is 


Transform  (215)  into  the  equivalent  form  of  a  surface  integral  over  the  boundaries 
of  this  portion  of  fluid,  assuming  the  wave  pattern  to  be  such  that  the  various 
integrals  ure  convergent.  Thus  we  obtain  the  rate  of  flow  of  kinetic  energy 
across  a  vertical  plane  as 


j  o  dv  +  4pc  'lz  j 


Further,  we  may  transform  the  other  terms  in  (6)  and  (7)  by  using  the  surface 
condition  (2)  together  with  gX,  —  —  cd(j>jdx  at  z  =  0. 

Finally,  equating  the  difference  between  (6)  and  (7)  to  Re,  we  obtain  for  the 
wave  resistance 


(25) 


In  this  expression  <j>  is  the  velocity  potential  of  the  free  wave  pattern  to  which 
the  disturbance  approximates  at  a  great  distance  in  the  rear.  Considering  the 
disturbance  produced  by  a  body  of  any  form,  it  appears  that  this  free  wave 
pattern  must  be  expressible,  in  general,  in  the  form 
ft"’ 

C  =  I  /(8)  sin  {*„  sec2  8  (x  cos  0  -j-  y  sin  0)}rf0 

J 

-f  j  F  (0)  cos  {k0  sec2  0  (x  cos  0  f  y  sin  6)}d0,  (26) 

• -t- 

that  is,  in  the  form 


£  —  |  (F,  sin  A  cos  B  j-  Pa  cos  A  sin  B  f  P*  cos  A  cos  B  d-  P4  sin  A  sin  B)  dQ, 

(27) 

where  A  —  Kyj  sec  0,  B  K^y  sin  0  sec*  0. 
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The  corresponding  velocity  potential  is 
ri* 

<f>  =  c  1  (Px  cos  A  cos  B  —  P2  sin  A  sin  B  —  P3  sin  A  cos  B 
Jo 

+  P4  cos  A  sin  B)  cos  0  d0.  (28) 

With  this  value  of  <f>  in  (25),  we  use  (8)  and  (9)  to  evaluate  the  integrations 
with  respect  to  y  as  in  §  2  ;  and  we  obtain  readily  the  general  result 

R  =  Htpc2  |*' (P*  +  P22  +  P32  +  P42)  cos3  6  d%.  (29) 

Jo 

The  actual  calculation  of  the  quantities  P  for  a  body  of  given  form  is,  of 
course,  another  problem.  Methods  in  use  at  present  amount  to  replacing  the 
body  by  some  approximately  equivalent  system  of  sources  and  sinks  ;  the 
functions  P  then  appear,  in  general,  in  the  form  of  integrals  taken  over  the 
surface  of  the  body.  We  need  not  consider  these  here  as  the  expressions  for 
R  given  above  lead  to  the  same  results  as  those  obtained  previously  by  different 
methods. 

5.  It  is  of  interest  to  examine  a  similar  problem  when  the  water  is  of  finite 
depth  h.  It  is  clear  from  the  derivation  of  (25)  that  we  may  use  it  in  this  case 
also,  taking  the  lower  limit  of  integration  with  respect  to  z  to  be  — h  instead 
of  —  oo . 

For  the  simple  symmetrical  type  of  free  wave  pattern  given  by  (4),  the  corre¬ 
sponding  velocity  potential  is 

<f>  —  2c  \  '  (0)  C08k-  ^  C08  (j KX ’  cos  0)  cos  (ay  sin  0)  cos  0  dQ,  (30) 

J  o  ‘  smh  kA 

the  relation  between  k  and  0  be'ing 

k  —  k0  sec*  0  tanh  xh  —  0.  (31) 

We  shall  assume  first  k01i  >  I,  that  is  e8<  gh,  so  that  (31)  as  an  equation  for 
k  has  one  real  root  for  each  value  of  0  in  the  range  of  integration.  In  evaluating 
(25)  we  carry  out  the  integrations  with  respect  to  y  by  means  of  (8)  and  (9). 
For  this  we  have  to  change  from  an  integration  in  9  to  one  in  a  variable  u 
given  by 

u  —  k  sin  0,  (32) 

together  with  (31).  The  corresponding  factor  d%jdu  has  now  the  value 

cos3  0  (eoth  xh  —  xk  cosech2  xh) 
k0  ( 1  -J-  sin8  0  —  xji  sech2  xh) 
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We  have,  for  example, 


dy 


t 


-  4 TO2 


ro  rin 

*  {/(0)}2 
.'-A  JO 


cosh2  k  (z  -f  h)  (coth  xh  —  xh  cosech2  xh) 
k0  sinh2  xh  ( 1  +  sin2  0  —  xfi  seeh2  xh) 


X  sin2  ( kx'  cos  0)  a2  cos7  0  dd 


=  2to2 


coth2  xh  —  x2h?  cosech4  xh 
x0  (1  -(-  sin2  0  —  x0h  sech2  xh) 


sin2  (ax'  cos  0)  a  cos7  Odd. 

(34) 


Evaluating  the  remaining  terms  in  (25),  we  obtain  after  a  little  reduction  the 
result 

R  =  7zpcs  I  {/  (0)}2  (coth  xh  —  xh  cosech2  xh)  cos8  0  <20,  (35) 

Jo 


with  a  given  in  terms  of  0  by  (31). 

This  may  be  compared  with  (IV)  for  the  similar  wave  pattern  in  deep  water. 
For  a  horizontal  doublet  M  at  depth  /  in  water  of  depth  h,  an  expression  for 
the  complete  surface  elevation  can  be  derived  from  results  given  previously.* 
We  have 


M  r  r*  cosh  a  (h 

7rc  J  Jo  cosh  r.h  (a  —  a0  sec2  0  tanh  xh  -f-  ip.  sec  0) 


(3f> 


where  we  take  the  limiting  value  of  the  real  part  for  p.  -*  0. 

From  thk  we  may  easily  deduce  the  free  wave  pattern  to  which  the  dis¬ 
turbance  approximates  at  a  great  distance  in  the  rear.  It  is  given  by 


c  =  tsi1  I "  sin  {„  (*.  cos  e  +  y  sin  6)}  dB. 

c  J  cosh  xh  ( ;  —  xQh  sec2  0  sech2  xh) 

(37) 

From  (35)  this  gives 

1C  M2  i*’  a3  cos  0  cosh 2  a  (A—/) 

K  =  16rrpa0M2  — — — - - - 1— — J '  -  ad. 

Jo  cosh2  xh  (1  —  xQh  sec2  0  sech*  xh) 


(38) 


It  will  be  found  that  this  agrees  with  the  result  obtained  by  a  different 
method  in  the  paper  just  quoted,  when  the  previous  expression  is  corrected 
for  an  obvious  slip  ;  in  formula  (37)  of  that  paper  32  should  be  replaced  by  16 
and  tanh  xh  (l  f  tanh  xh)  by  (1  -f  tanh  xh)2. 

*‘Proc.  Roy.  Soc.,’  A.,  vol.  118,  p.  33  (1928).  [This  paper  is  No.  22  of  this 
collection  and  the  error  mentioned  above  has  been  corrected. — Editor.) 
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When  K0h  <  1,  that  is  c2  ^>fjh .  the  equation  (31)  for  k  has  a  real  root  only 
for  a  more  limited  range  of  values  of  ft,  the  lower  limit  being  f)(1  -  cos  1\/(K0h) 
instead  of  zero.  It  is  readily  seen  that  the  expression  for  K  will  lx1  as  in  (38) 
with  0„  as  the  lower  limit  of  the  integral. 

Summary. 

An  examination  is  made  of  the  transfer  of  energy  in  a  free  wave  pattern, 
and  expressions  for  wave  resistance  are  deduced.  These  are  applied  to  certain 
cases  both  for  deep  water  and  for  water  of  finite  depth. 
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Ship  Waves:  The  Relative  Efficiency  of  Bow  and  Stern 

Bv  T.  H.  Havelock,  F.R.S. 

{Received  January  11,  1935) 

1.  It  seems  fairly  certain  that  one  of  the  main  causes  of  differences 
between  theoretical  and  experimental  results  is  the  neglect  of  fluid  friction 
in  the  calculation  of  ship  waves,  and  further  that  the  influence  of  fluid 
friction  may  be  regarded  chiefly  as  one  which  makes  the  rear  portion  of 
the  ship  less  effective  in  generating  waves  than  the  front  portion.  The 
process  may  be  pictured,  possibly,  in  terms  of  a  friction  belt  or  boundary 
layer  whose  more  important  effect  is  equivalent  to  smoothing  the  lines 
of  the  model  towards  the  rear.  Some  calculations  were  made  from  this 
point  of  view  in  a  previous  paper,*  the  purpose  then  being  to  show  how 
such  an  asymmetry,  fore  and  aft,  reduced  the  magnitude  of  interference 
effects  between  bow  and  stern  waves.  We  may  also  describe  the  frictional 
effect  as  a  diminution  in  the  effective  relative  velocity  of  the  model  ana 
the  surrounding  water  as  we  pass  from  bow  to  stern.  This  is  not  very 
satisfactory  from  a  theoretical  point  of  view ;  but,  on  the  other  hand,  it 
leads  to  a  comparatively  simple  modification  of  expressions  for  the 
waves  1  roduced  by  the  model.  From  a  formal  point  of  view,  we  may 
regard  the  modification  as  an  empirical  introduction  of  a  reducing  factor 
to  allow  for  decrease  in  efficiency  of  the  elements  of  the  ship’s  surface 
as  we  pass  from  bow  to  stern. 

There  are  now  available  experimental  results,  for  wave  profiles  as 
well  as  for  wave  resistance,  which  make  it  possible  to  attempt  such  a 
comparison.  The  following  work  is  limited  to  a  few  simple  cases,  and 
the  assumptions  are  made  in  as  simple  a  form  as  possible  for  the  purpose 
of  the  calculations ;  these  deal  with  the  wave  profile  and  wave  resistance 
of  a  model  of  symmetrical  form,  and  also  with  the  difference  between 
motion  bow  first  and  motion  stern  first  for  a  simple  asymmetrical  model. 

2.  Take  the  origin  O  in  the  undisturbed  free  surface  of  the  water,  with 
Ox  horizontal  and  O z  vertically  upwards ;  and  let  the  origin  O  be  moving 
with  uniform  velocity  c  in  the  direction  Ox.  We  suppose  that  there  is  a 
given  distribution  of  sources  and  sinks  over  the  rx-plane,  or,  alternatively,  « 

that  the  normal  fluid  velocity  is  given  over  this  plane ;  let  it  be  F  ( h ,  /)  at  ’ 

“Proc.  Roy.  Soo.,’  A,  vol.  110,  p.  233  (1926). 
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.  s 

the  point  (/?,  0,  — /).  Then  the  surface  elevation  C  due  to  this  travelling 
distribution  is  given  by 


v 

s 


Ke-Kf  i  tKV 


0  sec2  0  i [i.  sec  0’ 


(1) 


w  here  m  —  (x  —  h)  cos  0  +  y  sin  0,  and  the  limiting  value  iS'  to  be 
taken  as  the  positive  quantity  (j.  tends  to  zero. 

If  the  form  of  the  ship  is  given  by  y  as  a  function  of  h  and  /,  the  usual 
approximation  is  to  take  F  (/?,/)  as  equal  to  c  dyjch.  We  modify  this 
now  by  supposing  that  the  effective  value  of  c  in  this  expression  for 
F  (/;,/)  diminishes  from  bow  to  stern ;  we  introduce  what  may  be  called  a 
reducing  factor /(/?),  so  that  we  shall  use  in  (1) 


F(h,f)  =  c/(h)^. 


(2) 


We  have  assumed  that  the  reducing  factor  is  independent  of  the  depth. 
It  will,  no  doubt,  depend  upon  the  velocity  and  form  of  the  model,  and 
in  particular  upon  the  value  of  the  Reynolds  number;  but,  meantime, 
we  shall  neglect  any  such  considerations.  It  may  even  be  that,  in 
certain  circumstances,  the  factor  should  allow  for  an  increase  of 
apparent  efficiency  near  the  bow  of  the  model  However,  it  appears 
from  such  experimental  evidence  as  is  available  that  the  wave  profile 
near  the  bow  agrees  fairly  well,  for  simple  models,  with  calculations  made 
without  any  allowance  for  frictional  effects ;  so  that  the  chief  effect  of  the 
latter  appears  to  be  a  reduction  in  efficiency  over  the  rear  portion  of  the 
model.  In  view  of  these  considerations,  and  also  to  lighten  the  numerical 
calculations,  very  simple  expressions  have  been  used  in  the  following 
work.  Calculations  are  made  for  two  cases,  and  in  both  we  assume  the 
reducing  factor  to  be  constant  and  less  than  unity  over  the  rear  portion ; 
in  one  case  the  factor  is  taken  as  constant  and  equal  to  unity  over  the  front 
portion,  while  in  the  other,  to  avoid  possible  discontinuities,  it  is  assumed 
to  diminish  uniformly  from  the  bow  to  the  value  which  it  has  for  the  rear 
portion. 

We  shall  consider  only  models  of  great  draught  and  of  uniform  horizontal 
section ;  for  such,  (1)  and  (2)  give  for  the  surface  elevation 


'--»J7W  !*]>•* 


r® 


eiKS  dx 


Jo  K  ~  *o  sec2  0  4  sec  9 


(3) 


3.  We  consider  a  model  of  length  21  and  beam  2b,  and  of  symmetrical 
parabolic  lines  given  by 

y  =  b(l  -  h*ll*).  (4) 
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The  reduction  factor  /(/;)  is  to  mean  a  diminution  of  ciTective  velocity 
from  the  value  c  at  the  bow  to  a  smaller  value  (3c  at  the  stern.  In  order 
to  allow  the  calculations  to  be  made  in  terms  of  known  functions,  we 
shall  suppose  the  diminution  to  take  place  uniformly  over  the  front  half 
of  the  model ;  thus  we  assume 

f(h)  =  P  +  (l  -  P)  A/7,  0  </!</ 

=  3,  —/</?<  0.  (5) 


Using  (5)  and  (4)  in  (3)  and  carrying  out  the  integration  with  respect  to 
h,  we  obtain 


where 


h  r-T  r* 

K  =  —  sec2  0  d 0  - 

J  0  K3  (k  —  K 


Ac/k 


o  sec2  0  -f  i[i  sec  0)’ 


(6) 


A  —  {2  (1  —  (3)  sec2  0  4-  (2  —  (3)  /*/sec  0  —  k2/2}  it*-*) 

—  2  ( 1  —  (3)  sec2  0  (j'COStf  »/  s»ill  0) 

-  (/  (3W  sec  0  +  p/c2/2)  gin  [(•!'-}  0  cos  6+y  sinfl]  (7) 


This  expression  gives  finite  and  continuous  values  for  the  surface  elevation. 
It  is  convenient,  for  purposes  of  calculation,  to  separate  it  into  finite 
and  continuous  expressions  associated  respectively  with  the  bow  (.v  =  /), 
amidships  (.v  0),  and  the  stern  (.v  —  —  /).  Further,  for  points  on  the 

central  line  y  —  0,  we  can  express  these  in  terms  of  known  functions. 

Writing 


G  (q)  =  i 

i  sec  0  dO 

r*  e<.qvm«  jK 

(8) 

J  0  k  —  k0  sec2  0  -fig  sec  O’ 

G0  (q)  = 

IG  (q)  dq, 
Jo 

Gx  (q)  ~  l?G0  (q)  dq, 

Jo 

(9) 

and  so  on,  it  can  readily  be  shown  that  (6)  gives,  for  the  wave  profile 
along  y  —  0, 

-^-3{/2G0(.v-/)  (2-  MG^x-  /)  +  2(l  -  (3) G2(.v  —  /) 

-  2  (1  -  p)  G2  (x)  +  (3/2  G0  (*  +  /)-  (3/  Gx  (.v  +  /)}.  (10) 

In  the  limit,  when  we  take  ji.  zero,  we  have* 

G(?)=^2{Ho(Ko^~yo^o?)}’  ?>° 

=  -^2{H0(k0?)-Y0(k0?)}-4^Y0(k0?),  q  <0.  (1 1) 

*  ‘  Proc.  Roy.  Soc.,’  A,  vol.  135,  p.  5  (1932). 
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In  the  notation  used  in  previous  work,  we  have 

\ 

Qfl  00  =  ^  f  { H„  (//)  -  Y„  00}  du, 

Qi  00  =  f  Qo  00  du,  (u)  -  (  Qi  00  du, 

Jo  J  0 

Po00  =  -  £  f  Y0(u)du,  l  (12) 

^  Jo 

P0  1  00  -  fp0  (u)  du  1  +  Pa  00, 

J  0 

P<f2  («)  =  f  P<f 1  («)  du  =  u  +  p2  (it). 

Jo 

Summing  up  these  results,  we  obtain  finally  for  the  wave  profile 
S  =  “  ^  [~p  F°  (*o9i)  +  ^  Fi  (*o<7x) 

-  -2— p2  (*o?«)  +  |  F0  (k0<?3)  -  L  Fa  (K0qa)},  (1 3) 

with  k0  =  gjc 2,  />  =  *„/,  qx  —  x  -  l,  q2  =  x,  =  x  +  /.  Also  we  have 

Fo  («)  =  Qo  00,  k  >  0 

=  Qo  (— «)  —  4P0  (-u),  u  <  0, 

Fx  (u)  =  Qa  (w),  m  >  0 

=  —  Qi  (— «)  +  4P0_1  (  m),  u  <  0, 

Ft(w)  —  Q»(w),  w  >  0 

—  Qa  (—«)  -  4P0-2  (— w),  u  <  0. 

Using  tables  and  graphs  of  the  various  P  and  Q  functions,  the  wave 
profile  can  now  be  found,  for  any  speed,  for  any  assigned  value  of  fi. 
We  have  chosen  the  value  fi  =-  0-6,  and  calculations  have  been  made  for 
a  sufficient  number  of  values  of  x  to  give  the  wave  profile  for  two  different 
speeds ;  the  speed*  are  those  for  which  k01  —  6  and  kqI  =  3,  or  for 
I'l'Vigl)  equal  to  0-408  and  0-577  respectively.  The  wave  profile  has 
also  been  calculated  at  these  speeds  for  the  value  fi  =  1,  that  is  for  the 
usual  theory  without  any  allowance  for  frictional  effects.  The  four 
curves  are  shown  in  fig.  1,  the  full  curves  being  for  fi  =  1  and  the  doited 
curves  for  fi  =  0-6. 

These  curves  may  be  compared  with  some  given  recently  by  Wigley* 
in  a  comparison  of  experimental  and  calculated  wave  profiles. 

*  *  Proc.  Roy.  Soc./  A,  vn!  H4,  p.  144  (1934). 
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In  fig.  2  of  that  paper,  the  full  curves  are  calculated  from  the  usual 
theory,  that  is,  for  (4  =  1  in  the  notation  of  the  present  paper;  while 
the  dotted  curves  are  observed  values.  It  may  be  concluded  that  the 
value  [3  =  0-6  is  of  the  right  order  of  magnitude  to  bring  the  calculated 
values  into  better  agreement  with  observed  values,  at  least  for  medium 
values  of  cl\/(gl).  It  should  be  noted  that  Wigley's  model  is  slightly 
different  from  that  of  the  present  calculation,  in  that  it  has  a  certain 
amount  of  parallel  middle  body  inserted  between  the  parabolic  ends. 


Fig.  I 

For  that,  and  other  obvious  reasons,  it  is  not  worth  while  attempting  any 
closer  comparison  of  the  results  meantime. 

4.  It  is  of  interest  to  examine  the  corresponding  change  in  the  wave 
resistance  for  this  model.  It  can  easily  be  deduced  from  (6)  that  the 
wave  pattern  at  a  great  distance  to  the  rear  of  the  model  approximates  to 

C  =  —  (  1  {p2  sin  (a-  —  /,  y)  —  (2  —  (4)  p  cos  0  cos  (x  —  /,  y) 

—  2(1  —  (J)  cos2  0  sin  (x  —  /,  y)  +  2  (1  —  (4)  cos2  0  sin  (x,  y ) 

-j-  pp2  sin  (x  4-  /,  y)  -j -  [ip,  cos  6  cos  (x  4-  /,  y)}  di),  (15) 
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where  we  have  used  the  abbreviation 


by,  v)  =  jc„  sec-  0  (q  cos  0  -f  y  sin  0). 


In  (15)  the  wave  pattern  is  analysed  into  simple  constituents  associated 
with  the  bow,  amidships,  and  the  stern;  putting  the  expression  into  the 
form 

i*7r/2 

K  =  (A!  sin  (/<r0.v  sec  0)  -f  A2  cos  (kux  sec  0)} 


the  wave  resistance  is  given  by 


cos  (k0v  sin  0  sec2  0)  d 0, 


R=-  -- -2 


rn/2 

'■  (A^-f-A*2)  cos3  Odd. 

Carrying  out  the  reduction  we  obtain 

__  16ph2c2  1 2  (1  +  (52)  16 (52  128(1  -  (5)2  2(5  p 

R  —  1  3 p2  +  15?  4  w~  +  J*  ?A2p) 

+  ^2>  p.  w>  -  p5  (W  -  P.  OP) 

p5 <p)  +^-©  p,  (p)  -  p,(p)}.  08) 

In  terms  of  P  functions  which  have  been  tabulated  this  becomes,  for 
the  particular  case  (5  —  0-6, 


-Tpnc 


(16) 

(17) 


l  3 f 

2-88  _  (b8 

p3  p 5 

18-88 
7 y 

This  is  to  be  compared  with  the  value  for  the  same  model  without  any 
reducing  factor,  that  is,  with  (18)  when  (5  =  1,  or 


20-48 

+  /JJ 

0-32 

3  5pG 

+  \  pz 

'  P 1 

2-32  p 
P* 

5  (2 P)  + 

3-52  p 
7p*  : 

(p)~ 

/I4-4 

7  -68\ 

\  7 Y 

If-  ) 

R 


16p£2c2 

71 


16 


1 3p‘ +  is y 


p»*>  (2p)  -  p  P.  Op)  +  |p.(2p)}-  (20) 


The  curves  are  given  in  fig.  2,  and  show  the  variation  of  R/c2  with  the 
quantity  cj\/(gl );  in  addition  to  the  smaller  value  of  the  resistance  from 
(19)  compared  with  (20),  tnere  is  also  a  relative  decrease  in  interference 
effects. 

*  ‘  Proc.  Roy.  Soc.,’  A,  vol.  144,  p.  519  (1934). 
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5.  The  wave  resistance  of  a  ship  model  in  a  frictionless  liquid  is  the 
same  whether  it  is  moving  bow  first  or  stern  first,  even  when  the  model 
is  not  symmetrical  fore  and  aft.  If,  however,  we  introduce  a  reducing 
factor  to  represent  the  effect  of  fluid  friction,  it  is  clear  that  we  shall 
obtain  a  difference  between  the  two  cases,  and  it  is  also  easy  to  foresee 
the  general  character  of  the  result.  Suppose  that  the  bow  is  finer  than 
the  stern,  and  assume  that  the  reducing  factor  is  the  same  whether  going 
ahead  or  astern.  Then  it  is  obvious  that  the  resistance  will  be  less  when 
going  bow  first  than  when  going  stern  first;  and  further,  that  interference 
effects  between  bow  and  stern  waves  will  be  relatively  more  marked  in  the 
former  case  than  in  the  latter. 


OS  0-35  CM  0  45  0  5 


Cl  V  (gl) 

Fig.  2 

Wc  shall  now  work  out  a  particular  case,  a  model  of  great  draught 
with  parabolic  ends  and  with  some  parallel  middle  body.  The  lines  of 
the  horizontal  section  are  given  by 

y  =  b(l  -  h*/l2),  0  </?</ 

=-  h,  -  \l  <  h  <  0 

=-~j2(h*  +  lh),  -/<*<  -*/•  (2D 

In  this  model  the  change  of  gradient  at  the  stern  is  twice  that  at  the 
bow. 

In  order  to  simplify  the  calculations,  we  shall  assume  that  the  reducing 
factor  is  constant  and  equal  to  unity  over  the  front  half  of  the  model, 
and  has  a  constant  value  [i  over  the  rear  half ;  there  will  be  only  a  small 
difference  between  the  results  so  obtained  and  those  with  a  more  natural 
form  of  reducing  factor,  because  in  any  case  the  middle  portion  of  this 
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ftnodel  does  not  contribute  much  to  the  wave-making.  We  shall  not 
examine  the  wave  profile  in  this  case.  Foi  the  wave  resistance  we  have 

R  =  (4p/7t)  [r/  (A2  4-  B2)  cos  0  dO,  (22) 

Jo 

where 

A  —  j'B  =  —  \  il(2h  -\- 1 )  e-^^'dh 

—  —  he-iK°h*cr*  dh  (23) 

l  Jo 

This  leads  to  the  result 


r  =  »!  {?(?  +  «»  +  lic+jgp  +  If  P3  (2p, 

7T  l  3/r  15/r  pl 

-  4f  P.  (2 P)  +  P  P5  (2 P)  +  P  P.  (iP)  -  P  P,  (ip) 

-  ¥Ap)  +  Ps  _  isp  P,  (iP) 

+  8M]^ii)Pi(ip)j. 

This  expression  may  be  written  as 

R  =  R„  -f  (3RX  +  (32R2. 


(24) 

(25) 


The  form  (25),  with  (3  a  positive  quantity  less  than  unity,  applies  to  the 
model  when  going  bow  rirst.  It  is  easily  seen  that  the  corresponding 
result  for  motion  stern  first,  assuming  the  same  reduction  factor  (3,  is 


R  =  (32R0  +  (3RX  +  R2. 


(26) 


Numerical  calculations  have  been  made  from  these  expressions  for 
(3  =  0-6,  and  from  these  curves  have  been  drawn  showing  the  variation 
of  R/c2  with  speed,  on  a  base  of  c/y(g/);  these  are  given  in  fig.  3. 

The  curve  A  in  fig.  3  is  for  motion  bow  first,  the  curve  B  for  motion 
ste-  n  first.  The  curve  C  is  for  (24)  with  (3  =  1 ,  that  is,  it  is  the  resistance 
curve  for  motion  in  either  direction  when  no  allowance  is  made  for 
frictional  effects.  There  are  few  experimental  data  available  for  com¬ 
parison  ;  but  in  any  case  it  should  be  noted  that,  apart  from  other  simpli¬ 
fying  assumptions,  the  preceding  calculations  are  for  a  model  of  very 
great  draught.  However,  reference  should  be  made  to  some  experimental 
curves  given  by  Wigley  ;*  in  fig.  3  of  his  paper  there  are  three  resistance 

*  ‘  Trans.  Inst.  Nav.  Arch.,*  vol.  72,  p.  216  (1930). 
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curves  which  correspond  to  curves  A,  B  and  C  of  fig.  3  below,  and  the 
mutual  relations  of  the  three  curves  in  the  two  cases  have  much  in  common. 

6.  In  the  preceding  work,  the  reducing  factor  has  been  given  specially 
simple  forms  in  order  that  the  calculations  might  he  made  in  terms  of 
functions  which  have  already  been  tabulated.  However,  for  the  wave 
resistance  of  a  model  of  ordinary  form  and  draught,  the  calculations  are 
usually  made  by  numerical  and  graphical  methods  for  the  particular 
case;  the  introduction  of  a  reducing  factor  of  suitable  form  would  not 


Fig.  3 

add  any  great  complication.  The  usefulness  of  such  a  factor  would 
depend  largely  upon  whether  it  proved  to  be  sufficiently  independent  of 
speed  and  of  variation  of  form  of  the  model. 

Summary 

The  main  effect  of  fluid  friction  in  regard  to  the  production  of  waves 
by  a  ship  may  be  described  as  a  decreasing  efficiency  of  elements  of  the 
ship’s  surface  with  increasing  distance  from  the  bow.  A  reducing  factor, 
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of  a  semi-empirical  nature,  is  introduced  into  tire  theory  of  ship  waves  to 
represent  this  ell'ect.  With  certain  assumptions,  calculations  are  made 
for  the  wave  profile  for  a  simple  model,  and  cuiwes  are  also  given;  these 
are  compared  with  available  experimental  data.  It  appears  that,  as  a 
a  rough  estimate  for  such  forms  at  moderate  speeds,  the  eiliciency  of 
the  stern  is  of  the  order  of  60°,,  of  that  of  the  bow.  Curves  are  also 
drawn  to  show  the  corresponding  change  in  the  wave  resistance.  The 
introduction  of  the  reducing  factor  leads  to  dilferent  wave  resistances  for 
a  model  going  ahead  and  going  astern,  when  the  model  is  not  symmetrical 
fore  and  aft;  this  is  illustrated  by  calculations  and  curves  for  a  particular 
case. 

Reprinted  from  ‘  Proceedings  of  the  Royal  Society  of  London 
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Wave  Resistance:  the  Mutual  Action  of  Two  Bodies 

By  T.  H.  Havelock,  F.R.S. 

(. Received  March  27,  1936) 

1 —  Methods  of  calculating  wave  resistance  which  depend  upon  energy 
considerations  are  appropriate  for  a  single  body  or  a  single  system  for 
which  we  require  the  total  resistance.  There  are,  however,  certain  prob¬ 
lems  in  which  there  are  two  or  more  bodies  and  we  wish  to  calculate 
tne  resistance  of  each  separately,  or  more  generally  the  resultant  force 
on  each  body  in  any  required  direction.  For  instance,  the  effect  of  the 
walls  of  a  tank  upon  the  resistance  of  a  model  might  be  calculated  from 
the  resistance  of  one  model  among  a  series  of  models  abreast  of  each 
other.  Another  problem  is  suggested  by  experiments  made  by  Barrillon.* 
Two  or  more  models  were  towed  in  various  relative  positions  and  the 
resistances  measured  separately;  the  results  for  a  model  in  the  waves 
produced  by  other  models  in  advance  of  it  were  considered  to  show 
interference  effects  due  to  both  the  transverse  and  the  diverging  waves 
from  the  leading  models.  Without  attempting  to  deal  with  these  actual 
problems  at  present,  the  following  paper  contains  a  method  of  calcu¬ 
lating  wave  resistance  which  seems  suitable  for  the  purpose.  It  depends 
upon  obtaining  the  force  on  a  body  as  the  resultant  of  certain  forces  on 
the  sources  and  sinks  to  which  it  is  equivalent  hydrodynamically.  A 
general  discussion  is  given  first  and  then  a  simple  case  is  worked  out  in 
some  detail  ;  this  may  be  described  as  two  equal  small  spheres  at  the 
same  depth,  first  with  one  directly  behind  the  other,  then  with  the  two 
abreast  of  each  other,  and  finally  in  any  given  relative  positions. 

2 —  Consider  a  solid  body  held  at  rest  in  a  liquid  in  steady  irrotational 
motion.  We  shall  suppose  the  motion  to  be  due  to  a  uniform  stream 
together  with  given  sources  and  sinks  in  the  region  outside  the  body, 
and  we  suppose  the  effect  of  the  body  to  be  equivalent  to  a  certain  dis¬ 
tribution  of  sources  and  sinks  within  the  surface  of  the  body;  the  latter 
may  be  called  the  internal  sources.  It  is  known  that  the  resultant  forces 
and  couples  on  the  body  may  be  calculated  from  forces  on  the  internal 
sources  due  to  attractions  or  repulsions  between  the  external  and  internal 
sources  taken  in  pairs ;  the  fictitious  force  between  two  sources  m,  m'  is 
Anpmm'lr2  and  is  an  attraction  when  m  and  m’  are  of  like  sign.  Another 
way  of  expressing  this  theorem  is  that  if  m  is  a  typical  internal  source,  the 

*  ‘C.R.  Acad.  Sei.  Paris,’  vol.  182,  p.  46  (1926). 
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force  on  it  may  be  taken  as  the  vector  —  4rcp mq,  where  q  is  the  resultant 
fluid  velocity  at  that  point  due  to  all  the  other  sources,  in  which  the  remain¬ 
ing  internal  sources  may  be  included  as  their  actions  and  reactions  do 
not  affect  the  final  result. 

It  is  true  that  for  a  solid  of  given  form  an  important  and  difficult  part 
of  the  problem  is  the  complete  determination  of  the  internal  sources  so 
as  to  satisfy  all  the  required  conditions.  However,  assuming  this  has 
been  done,  we  can  proceed  to  calculate  the  resultant  forces.  Further, 
in  certain  problems  results  of  some  value  may  be  obtained  by  using  dis¬ 
tributions  of  internal  sources  which  satisfy  the  conditions  approximately. 


3 — Take  the  origin  O  in  the  free  surface  of  deep  water  which  «  stream¬ 
ing  with  uniform  velocity  c  in  the  negative  direction  of  Ox,  and  take  Or 
vertically  upwards.  Let  there  be  a  source  of  strength  m  in  the  fluid  at 
the  point  (0,  0,  — /).  The  velocity  potential  of  the  fluid  motion  is  given* 
by 


,  .mm 

4>  —  cx  + - 

ri  r2 


f  sec-  0  do  P - f'!'?*''" - 

TZ  J-jr  JO  K  —  *0  sec2  h  +  I(A  sec  6 


dx. 


(1) 


where  the  limit  is  to  be  taken  as  the  positive  quantity  jjl  tends  to  zero, 
and 

/•i2  =  a-2  +  ff ;  r22  =  x-  +  /  +  (z  -  ff ; 

rar  =  x  COS  0  +  y  sin  0 ;  *r0  —  g/cs. 


The  second  term  on  the  right  of  (1)  is  the  given  source,  the  third  term 
represents  an  equal  sink  at  the  image  point  above  the  free  surface,  while 
the  last  term  could  be  interpreted  as  a  certain  continuous  distribution 
of  sources  lying  in  the  plane  z  — /=  0.  The  expression  (1)  may  be 
generalized  by  summation  and  integration  for  the  velocity  potential  of 
any  given  distribution  of  sources  in  the  liquid.  We  shall  assume  that 
this  distribution  is  such  that  it  represents  a  solid  body  in  the  stream,  the 
total  source  strength  being  therefore  zero. 

4 — Consider  in  the  first  place  a  continuous  distribution  over  a  finite 
part  of  the  vertical  plane  y  =  0,  the  surface  density  of  source  strength 
being  a  at  a  point  ( h ,  0,  — /).  The  velocity  potential  is 

-Mf adhdfi*  sec2  0 </()[”- 

«  JJ  J-w  J.)  K 

*  Havelock,  ‘  Proc.  Roy.  Soc.,’  A,  vol.  138,  p.  340  (1932). 


+<*« r 


—  k0  sec2  0  +  i  (i  sec  8 


dx,  (2) 
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where 

r i2  =  (x  —  hf  +  +  (z  +  ff 

r£  =  (x  -  A)2  +  y2  +  (z  —ff 
tz  —  (x  —  h)  cos  0  +  y  sin  0. 

Using  the  theorem  given  in  §  2,  we  may  write  down  the  total  wave  resis¬ 
tance  for  the  body  which  is  represented  by  the  given  distribution.  It  is 
given  by 

R  =  47to  |j  a  ( h\f )  u  dh'  df,  (3) 


taken  over  the  distribution,  u  being  the  ^-component  of  fluid  velocity  at 
the  point  (h\  0,  —f). 

Consider  the  contribution  of  the  various  terms  in  (2)  to  the  value  of  u 
in  (3).  We  may  omit  the  uniform  stream  c  since  the  total  source  strength 
is  zero,  and  also  any  contribution  from  the  internal  sources.  Further,  it 
is  easily  seen  that  there  is  no  total  horizontal  force  on  the  internal  sources 
due  to  the  image  system  represented  in  (2)  by  the  term  involving  r2. 
Thus  the  only  part  of  it  which  gives  any  integrated  effect  from  (3)  comes 
from  the  ^-derivative  of  the  last  term  in  (2).  Thus  we  obtain  the  expres¬ 
sion 

R  =  4 K0pi  1 1  a'  dh'  df  j  j  a  dh  c/f  J  sec  0  c/0 


i8  (/4/') +<*(»'- A)  CO^  8 

- - . - : - r  K  dK.  (4) 

o  k  —  k0  sec“  0  4*  i  (j.  sec  0 


The  integrations  in  0  and  k  may  be  written  as 
2  j  sec  0  c/0  J  |- 


Regarding  k  as  a  complex  variable  we  may  transform  the  integrals  by 
taking  as  contour  an  appropriate  quadrant  bounded  by  the  positive  half 
of  the  real  axis  and  the  positive  or  negative  half  of  the  imaginary  axis 
according  to  the  sign  of  h'  —  h.  Reducing  the  expressions  and  finally 
putting  |x  zero,  the  integral  with  respect  to  k  in  (5)  is  equivalent  to 

_  2 1  f®  *o  sec2  0  sin  m  (/+  /')  --  /»  cos  m  (f  +/ ')  e_„, .  m  dnh 
J0  nt2  -f  k02  sec4  0  * 

fof  h'  -  h  >  0,  (6) 


gin.  (h'—h)  cos  8 


k0  sec2  0  +  /  (x  sec  0 

g-U(li'-h)  cos  e 


k  —  k0  sec2  0  —  /  (x  sec  0 


|c  k  d*.  (5) 
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and 

sec2  0  sin  in  (f  +  /')  —  m  cos  m  (/  +  /') 

1  ni2  -j  *02  sec4  0 

—  4to<0  i  sec2  6e-*« 6  cos  {*„  (A'  —  h )  sec  0}, 

for  h'  -  h<  0,  (7) 

the  function  defined  by  (6)  and  (7)  being  cc  ntinuous  at  h’  —  h  =  0. 
Writing  —  iF  (//',/',  h,f  0)  for  this  function,  we  have 


R  =  8«oP  [j  o'  dh'  df  'jj  o  dh  df  p‘  F  (/*%/',  h,f,  0)  sec  0  </6. 


It  is  obvious  from  (6)  and  (7)  that  the  part  of  F  from  the  integrals  in  m 
will  give  zero  result  when  integrated  twice  over  the  distribution;  and 
we  are  left  with 


with  h'  —  h  <  0,  the  integrand  being  zero  for  h'  —  h  >  0. 

This  is  the  wave  resistance  expressed  in  a  form  which  brings  out  more 
clearly  than  the  usual  forms  the  fact  that  the  solution  we  require  is  one 
in  which  the  regular  waves  trail  aft  from  each  element  of  the  distribution. 

It  is  easily  seen  that  the  limitation  h'  —  h  <  0  in  (9)  is  equivalent  to 
taking  one-half  the  result  of  the  repeated  integration  over  the  distribution 
without  this  limitation.  Hence  we  obtain  the  result 


R  —  16tck02p  j  (P2  +  Q2)  sec3  0  dO, 

Jo 

with 

P  +  *Q  =  jj  (je""'' »  dh  df.  (10) 

This  agrees  with  the  general  result  obtained  from  energy  considerations 
in  the  paper  already  quoted,  where  the  distribution  was  not  necessarily 
confined  to  the  plane  y  —  0.  There  is  no  difficulty  in  extending  the 
present  method  to  more  general  cases,  but  that  is  left  over  until  occasion 
arises  for  applying  the  results  to  some  particular  problem. 

5 — To  proceed  to  the  case  of  two  bodies,  it  is  only  necessary  to  suppose 
that  the  distribution  of  sources  is  divisible  into  two  parts,  each  contained 
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within  r.  distinct  closed  surface.  For  convenience,  we  shall  limit  the 
discussion  to  a  distribution  in  the  vertical  plane  y  —  0.  We  suppose  that 
the  total  distribution  a  of  the  previous  section  can  be  divided  into  two 
distributions  crl5  <r2,  each  representing  a  solid  body  and  one  being  aft 
of  the  other.  The  resistance  for  either  body  is' given  by  the  same  general 
expression  (3),  the  integration  being  taken  over  the  corresponding  partial 
distribution.  For  instance,  for  the  resistance  Rx  of  the  body  <rlt  the 
velocity  u  at  any  element  of  will  be  that  due  to  the  rest  of  and  to  ct2, 
and  the  integration  is  to  be  taken  over  <tx.  The  velocity  potential  is  given 
by  (2)  with  a  =  +  <r2.  It  is  convenient  to  regard  (2)  as  made  up  from 

the  following  parts :  the  uniform  stream  c,  the  given  distributions  and 
<t2,  distributions  ~a1  and  —  a2  over  image  positions  above  the  free  surface, 
and  finally  a  part  represented  by  a  certain  integral  taken  over  the  dis¬ 
tribution  (?!  +  o2. 

Consider  the  contributions  of  these  parts  to  the  value  of  Rx.  The 
uniform  stream  gives  no  resultant  effect  as  we  suppose  the  integrated 
source  strength  of  a1  to  be  zero.  We  have  now  a  resultant  force  from  the 
mutual  actions  between  and  <r2,  given  numerically  by 

4*,  JJ  „  A  dA  ff  .. A  4T,  {lh-  ,  („) 

the  sign  depending  upon  whether  Cj  is  in  advance  of  n2  or  to  the  rear  of 
it.  It  may  be  noted  in  passing  that  this  corresponds  to  the  apparent 
repulsion  between  two  bodies,  one  behind  the  other,  in  a  uniform  stream 
of  infinite  extent.  There  is  also  a  similar  resultant  due  to  the  actions 
between  —  <r2  and  dj,  given  numerically  by 

„  A  « |j ..  *.  *  i(h- ™ 

Finally  we  have  the  part  due  to  the  last  term  in  (2)  for  the  velocity  poten¬ 
tial,  and  this  will  be  given  in  the  notation  of  (8)  by 

8«0p  Jj  u\  dh\  df\  jj  (di  dhx  dfx  +  <r2  dh2  df2)  j  F  sec  0  </0,  (13) 
where  F  is  given  by  (6)  and  (7). 

The  terms  in  F  represented  by  the  integrals  in  m  will  give  a  resultant 
effect  different  from  zero  when  summed  over  the  partial  distribution  alt 
arising  from  the  part  due  to  s2  when  summed  over  ex.  From  the  term  in 
(7)  representing  the  regular  waves,  the  part  due  to  o1  when  summed  over 
ex  will  give  the  wave  resistance  of  ox  as  if  existing  alone ;  the  part  due  to 
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®2  will  give  no  effect  over  if  c2  is  aft  of  a1;  but  the  full  interference  effect 
of  the  two  systems  will  be  added  to  if  ^  is  aft  of  <r2. 

Summing  up  this  general  discussion,  we  see  that  the  total  resistance 
of  each  system  consists  of  various  parts :  the  resistance  of  each  as  if  exist¬ 
ing  alone,  mutual  actions  between  the  two  systems  which  are  equal  and 
opposite  and  may  be  classed  as  due  to  local  disturbances,  and  wave  inter¬ 
ference  acting  on  that  system  which  is  to  the  rear  of  the  other.  It  may 
be  noted  again  that  in  this  analysis  we  are  assuming  the  source  distri¬ 
butions  to  be  given.  It  has  been  shown  how  the  various  terms  in  the 
resistances  can  be  calculated  when  the  two  systems  are  in  one  and  the  same 
vertical  plane.  A  similar  analysis  could  be  made  for  more  general  cases ; 
but  we  shall  consider  in  some  detail  a  simple  distribution  consisting  of  two 
isolated  doublets. 


6 — Suppose  that  there  are  two  equal  horizontal  doublets  A,  B  each  of 
moment  M  in  the  liquid  at  the  points  (0,  0,  —f)  and  (— /,  0,  — /)  respec¬ 
tively;  thus  A  is  directly  in  advance  of  B.  If  the  points  are  sufficiently 
far  apart,  the  corresponding  bodies  would  be,  approximately,  spheres  each 
of  radius  b  given  by  M  =  \b*c.  However,  all  we  shall  assume  meantime 
is  that  the  doublets  are  far  enough  apart  to  represent  two  distinct  bodies, 
one  enclosing  each  doublet,  whatever  their  actual  shapes  may  be. 

The  velocity  potential  is  given  by 


(j>  —  cx  +  (f>A  +  <f>B, 


(14) 


where 


=  M*  _  M*  +  kjM  (•  sec  0  d8 

'i3  r  23  *  J_w  J<|K  —  K 


f00  £—*(/—  *)  -M*  (z COS 9+y Sine) 

sec2  0  +  i  [x  sec  0 


k  d.i, 

(15) 


and  <f>B  is  a  similar  expression  with  x  +  I  instead  of  x,  he  notation  being 
the  same  as  in  (1). 

The  form  which  (3)  takes  for  an  isolated  doublet  is 


R==-4.PM0. 


(16) 


where  in  32^/?.x2  we  must  omit  the  term  in  due  to  the  doublet  at  the 
point  in  question.  Thus  we  may  calculate  the  resistances  RA  and  RB 
separately.  In  the  process  we  have  to  evaluate  the  expression 


-  lim  i  f  cos  0  d0  f 

J —ir  JO 


£-2  co»0 

k  —  k0  sec2  0  4-  *>  sec  0 


K8  dK, 


(17) 
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By  the  method  already  described,  this  is  transformed  into 

4  fcos  I”  ^  11  f “  2m{~  ”»<=<» rf,„, 

Jo  Jo  m2  +  *02  sec4  0 

for  .v  >  0,  (18) 

-  4  I- cos  6 40  lo s.ec2  9 sin 2mf -_m_co&2mf 

Jo  Jo  m2  +  *02  sec4  G  ^ 

—  8tt «r03  I  secJ  cos  (*oY  sec  0)  40, 

J  0 

for  x  <  0,  (19) 

the  two  expressions  having  the  same  limiting  value  as  x  tends  to  zero. 

Writing  R0  for  the  resistance  of  either  doublet  if  existing  alone,  and 
using  these  expressions  in  (16),  we  get  at  once  the  known  result 

rirj*2 

R0  —  16ttp k0*  M2  I  sec5  (20) 

JO 

Considering  RA,  the  contribution  from  the  doublet  M  at  B  and  the  image 
doublet  —  M  is  easily  found  to  be  —  R'  where 


R'  -  247rpM2 1 1 


iW-ep)) 

(72  +  4/2)7/2 )  ' 


(21) 


It  may  be  noted  that  if  we  put  M  =  \bAc,  the  first  term  in  (21)  gives 
6-npb6  c2//4,  which  is  the  usual  approximate  value  of  the  repulsion  between 
two  equal  spheres  moving  in  the  line  of  their  centres  in  an  infinite  liquid. 
Finally,  for  RA,  there  is  the  term  which  comes  from  (18)  and  (16);  we 
denote  this  by  —  R",  with 


R"  =  16ic0pM2  r/"cosO40  I*  -°  °  Sin  2mf~ - COS Me-"' ■”* » m>  dm 

Ju  Jo  w2-f*o2sec40 

(22) 

If  we  calculate  RB,  remembering  that  A  is  in  advance  of  B,  the  forces  R' 
and  R"  are  reversed,  and  we  have  in  addition  the  effect  of  the  second  term 
in  (19).  We  obtain  finally 

Ra  =  R0  -  R'  -  R"  (23) 

Rb  —  Ro  +  R#  4-  R”  +  327rpK04M2  [  sec5  0e-2‘,/sct,(>  cos  (k0/ sec  0)40. 

Jo 

(24) 

The  sum  of  RA  and  RB  is  the  result  which  would  be  given  by  energy 
methods  for  the  two  parts  regarded  as  one  system.  In  (23)  and  (24) 
we  have  the  separate  resistances  with  the  wave-interference  part  assigned 
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to  the  rear  system.  In  addition  we  have  the  terms  R'  and  R”,  which  may 
be  regarded  as  a  local  action  and  reaction,  their  magnitudes  diminishing 
rapidly  with  increasing  distance.  It  may  be  noted  that  with  M  pro¬ 
portional  to  the  velocity  c,  R'  increases  as  the  square  of  the  velocity ;  this 
may  be  associated  with  the  fact  that,  although  the  regular  wave  system 
diminishes  to  zero  ultimately  with  increasing  velocity,  there  is  a  permanent 
local  surface  e'evation. 

7 — Suppose  now  that  the  two  doublets  are  abreast  of  each  other  at  a 
distance  2k  apart,  that  is,  suppose  equal  doublets  A  and  B  at  the  points 
(0,  0,  — /)  and  (0,  2k,  —f)  respectively.  The  velocity  potential  is 

<f>  —  ex  <j>\  +  <f> B,  (25) 

with  <f>A  given  by  (15),  and  <f>B  by  a  similar  expression  with  y  —  2.k  instead 
of  y. 

We  have 


evaluated  at  the  point  A  and  omitting  from  <£A  the  term  representing  the 
doublet  at  A. 

It  is  clear  from  the  symmetry  of  the  arrangement,  that  the  local  terms 
give  no  effect;  reducing  the  remaining  terms  we  obtain  the  result 

Ra  =  R0  +  167tpfc04M2  I  sec5  0e-2**/set’'’  cos  (2K0k  sin  0  sec2  0)^0,  (27) 

Ju 

with  R0  given  by  (20). 

Taking  M  —  we  may  regard  this  as  the  resistance  of  a  small 
sphere  at  depth  /  in  a  stream  and  at  a  distance  k  from  a  vertical  wall 
parallel  to  the  stream;  it  is  of  some  interest  to  estimate  the  influence 
of  the  wall  upon  the  resistance.  R0  has  been  expressed  previously  in 
terms  of  Bessel  functions ;  it  is  given  by  (using  the  notation  of  Watson’s 
Treatise  on  Bessel  Functions) 

Ro  -  e-  {K.  («)  +  (1+1 )  Kx  («)}  ,  (28) 

with  a  =  K of  =  gf  'iC 2. 

The  integral  in  (27)  is  equal  to  j<?2X/<9a2,  where,  with  fi~KQk, 

X  =  [  sec  0e_'-a  "  cos  (2  [3  sin  0  sec2  0)  dQ 

J  0 

—  (  e~'la  "  cos  ( (J  sinh  2m)  du  =  $e-a  K0  (V*2  +  |i*).  (29) 
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Using  these  results  in  (27),  we  obtain 


R  = 


^  e  -  [k0  (a)  4-  ( l  +  Kj  («)  +  %  Ko  (Va2  +  P2) 

+  {(as  +  p2)1'2  +  (a2  +  p2)3'2}  Kl  (v'a2  +  P*) 


(30) 


with  a  =  g/7c2,  p  —  gklc2. 

Values  have  been  calculated  from  this,  using  tables  of  Bessel  functions, 
and  graphs  are  shown  in  fig.  1. 

The  ordinates  are  values  of  Rplngpb6,  while  the  abscissae  are  those  of 
cIV(sf)-  The  curves  are  for  different  values  of  the  ratio  kjf\  the  curve 


for  k!f  —  oo  is  the  graph  of  R0,  the  resistance  in  an  infinite  stream,  and 
the  other  curves  show  the  increase  of  resistance  with  increasing  nearness 
of  the  wall. 


8— It  may  be  remarked  that  the  present  method  of  calculating  the 
forces  gives  not  only  the  wave  resistance,  which  is  the  resultant  force  in 
the  line  of  motion,  but  can  also  be  used  to  give  the  resultant  force  in  any 
direction ;  for  instance,  in  (3)  it  is  only  necessary  to  replace  u  by  the 
component  velocity  in  the  required  direction. 

For  the  problem  treated  in  §  7,  the  force  on  A  in  the  direction  towards 
the  wall  is  given  by 


Y  = 


cx  cyj 


(31) 
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Carrying  out  the  calculation  as  before,  we  find 


Y  •  ’'pMu*  (A*  +  pfA 

r 


—  16/<0pM2  j  sin  0  dQ 

rrt/2 


Jo 


«r0  sec2  0  sin  2m/—  m  cos  2m/  _.,mk 
m2  +  k02  sec4  fi 


sin  « m3  (jm 


—  16rcpx:04M2  [  sin  0  sec6  0e-2*»/set;,e  cos  (2 x0k  sin  0  sec2  0)  dO.  (32) 
Jo 


Here  again  with  M  =  \bzc,  the  first  term  is  the  usual  approximation  for 
the  attraction  between  two  spheres  moving  abreast  in  an  infinite  liquid 
at  a  distance  2k  apart. 

9 — When  one  sphere  is  directly  behind  the  other,  the  oscillating  part  of 
its  resistance  is  due  to  the  transverse  waves  in  the  pattern  made  by  the 
leading  sphere.  When  the  two  spheres  are  abreast  of  each  other,  there 
are  no  similar  oscillating  terms.  We  shall  now  consider  the  more  general 
case  of  any  relative  positions,  when  in  suitable  circumstances  we  can 
distinguish  between  interference  due  to  transverse  waves  and  diverging 
waves. 

With  the  same  notation,  we  take  the  doublets  A  and  B  to  be  at  the 
points  (0,  0,  — /)  and  (— /,  k,  —f)  respectively;  thus,  with  l  and  k  positive, 
B  is  a  distance  /  to  the  rear  of  A  and  a  distance  k  to  one  side.  The 
velocity  potential  is 

<l>  —  cx  -f  <f>  a  +  <f>  b,  (33) 


with  <f>A  given  by  (15),  and  <f>B  a  similar  expression  with  x  +  l  instead  of 
x  and  y  —  k  instead  of  y.  Each  resistance  is  given  by  the  expression  in 
(26),  evaluated  at  A  or  B  in  the  manner  already  explained,  and  the  calcu¬ 
lation  of  the  various  terms  follows  the  same  lines. 

For  the  term  corresponding  to  R'  in  (21)  we  now  obtain 


R'  =  12*pM2/  {— 


3  A:2  2/2  —  3k2  —  1 2/2) 

\(/2  +  *2)7/.  (/2  +  *2  +  4/ipJ  • 


(34) 


The  remaining  terms  arc  more  complicated  than  in  the  previous  simpler 
cases ;  for  their  contribution  to  RA  we  have  to  evaluate  an  expression 


i  |  cos  0  </0  j 


^,1*  </vo»9-t  >ln  91 

*  —  k„  sec*  0  +  i|i  sec  0 


■2,/  k3  d*. 


(35) 


We  first  reduce  the  integration  in  0  to  the  range  0  to  Then  the 
various  integrals  in  k  are  tiansformed  by  contour  integration,  the  form  of 
the  results  depending  upon  the  sign  of  /cos  0  —  Ac  sin  0;  this  involves 
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dividing  the  integration  in  0  into  the  ranges  0  to  a  and  a  to  where 
tan  a  --  I  k.  Reducing  the  various  expressions  we  find  that  the  part 
corresponding  to  R"  in  (22)  is  now  given  by 

cos  0  dO  r  Kn  sec2  -  sin  2mf~  U1 cos  2h1f 
Jo  ni1  4-  k{)-  sec4  0 

X  <0S«  !  l«inO)  f)p  (1, 1U  (36) 


The  remaining  terms  give  contributions  to  both  RA  and  RB.  It  is  found 
that  the  complete  results  for  the  two  resistances  can  be  put  into  the  form 


Ra  -  R0  -  R'  -  R" 

4-  16^p/c04M2  I  sec'  Oc  cos ( k0  sec2  0  (/  cos  0-{-k  sin  0)}  d0, 

J  -t r/2 

(37) 

Rb  =  R0  4-  R'  4-  R" 

4-  16-p*-04M2  f  sec’1  cos  {k0  sec'-  0  (/  cos  0 4  ^-'  sin  0)}  d 0, 

J  — a 

(38) 


where  R0  is  given  by  (20),  R'  by  (34),  R”  by  (36),  and  tan  a  —  Ijk. 

The  previous  results  for  A  and  B  in  line,  and  for  A  and  B  abreast,  are 
particular  cases  of  these  expressions  with  x  and  a  0  respectively. 

The  sum  of  (37)  and  (38)  could  have  been  obtained  from  expressions 
given  previously  for  the  total  resistance  of  A  and  B  considered  as  one 
system.  Perhaps  the  most  interesting  dillerencc  between  Rv  and  RB, 
compared  with  simpler  cases,  occurs  in  the  last  terms  in  (37)  and  (38). 
It  might  appear  that  both  A  and  B  experience  effects  of  wave-interference, 
in  the  usual  meaning  of  that  term,  although  A  is  in  advance  of  B. 
However,  this  is  not  so.  and  this  can  be  seen  most  easily  if  we  suppose 
A-0y'(/2  4-  k~)  to  be  large  and  apply  the  Kelvin  method  of  approximation 
to  the  integrals  in  question.  According  to  this,  the  important  parts  of 
the  integral  come  from  narrow  ranges  of  0  in  the  neighbourhood  of  the 
stationary  values  of  /  sec  0  -f  k  sec  0  tar.  0,  that  is,  near  values  of  0 
given  by 

tan  0  —  —  {  tan  a  ±  |  \/(*an2  a  ~  8).  (39) 

Such  values  only  exist  if  tan2  *  >8;  moreover,  even  if  they  do  exist,  they 
do  not  contribute  to  the  value  of  the  integral  unless  the  values  of  0  given 
by  (39)  lie  within  the  range  of  integration.  It  is  easily  seen  that  they  do 
not  come  within  the  range  for  the  integral  in  (37);  hence  the  resistance  of 
the  leading  sphere  does  not  exhibit  any  characteristic  interference  effects. 
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On  the  other  hand,  there  are  such  effects  for  the  other  sphere  if  tan2 '/  8, 

that  is,  if  ~  —  a  <  19  28'  approximately.  Thus  the  interference  effects 

occur  if  this  sphere  lies  within  the  wave  pattern  left  by  the  leading  sphere; 
and  the  tw  o  prominent  terms  in  the  evaluation  of  the  integral  correspond 
respectively  to  the  transverse  waves  and  the  diverging  waves  of  the  pattern. 

Summary 

A  new  method  is  given  for  calculating  wave  resistance  directly  from  the 
source  distribution  equivalent  to  the  body  producing  the  waves.  The 
method  can  be  applied  to  two  source  systems  representing  two  distinct 
bodies  in  any  relative  positions,  giving  the  resistance  of  each  separately. 
It  can  also  be  used  to  obtain  the  resultant  force  in  any  direction,  or  the 
resultant  couples. 

Results  are  obtained  for  a  simple  case  representing  two  small  spheres  in 
various  relative  positions.  With  the  two  spheres  in  the  line  of  motion, 
the  resistances  differ  by  certain  forces  of  action  and  reaction  and  also  by 
the  wave-interference  effects,  which  are  assigned  entirely  to  the  following 
sphere. 

Taking  the  two  spheres  abreast,  the  results  arc  interpreted  as  showing 
the  effect  of  a  vertical  wall  upon  the  resistance  of  a  sphere;  the  expressions 
are  given  in  terms  of  Bessel  functions  and  curves  show  the  magnitude  of 
the  influence  of  the  wall  for  various  distances  and  velocities.  An  expres¬ 
sion  is  also  given  for  the  force  towards  the  wall. 

Finally,  with  the  spheres  in  any  relative  positions,  it  is  shown  that 
effects  of  wave  interference  occur  when  the  following  sphere  lies  within 
the  wave  pattern  produced  by  the  leading  sphere,  and  arise  from  both 
the  transverse  waves  and  the  diverging  waves. 
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The  Forces  on  a  Circular  Cylinder  Submerged  in  a 

Uniform  Stream 

By  T.  H.  Havelock,  F.R.S. 

{Received  18  August ,  1936) 

1 — Although  many  investigations  have  been  made  on  the  wave  resistance 
of  submerged  bodies,  no  case  has  been  solved  completely  in  the  sense  of 
taking  fully  into  account  the  condition  of  zero  normal  velocity  at  the 
surface  of  the  body.  The  simplest  case  is  that  of  the  two-dimensional 
motion  produced  by  a  long  circular  cylinder,  with  its  axis  horizontal  and 
perpendicular  to  the  stream,  submerged  at  a  certain  depth  below  the 
upper  free  surface.  T'  :s  problem  was  propounded  many  years  ago  by 
Kelvin,  and  It  was  solved  later,  as  regards  a  first  approximation,  by 
Lamb;  in  that  solution  the  cylinder  was  replaced  by  a  doublet,  and  the 
effect  of  the  disturbance  at  the  surface  of  the  cylinder  was  neglected. 
Applying  the  method  of  images,  I  examined  a  second  approximation, t 
and  also  L  j  the  same  method  obtained  a  first  approximation  for  the 
vertical  force  on  the  cylinder.  J 

Although  the  problem  is  not  in  itself  of  practical  importance,  it  seems 
of  sufficient  interest  to  obtain  a  more  complete  analytical  solution,  and 
this  is  given  in  the  present  paper.  The  solution  contains  an  infinite 
series,  whose  coefficients  are  given  by  an  infinite  set  of  linear  equations ; 
expansions  are  given  for  the  coefficients  in  terms  of  a  certain  parameter, 
and  corresponding  expressions  obtained  for  both  the  wave  resistance  and 
the  vertical  force.  Numerical  calculations  have  been  made  from  these 
for  various  velocities  and  for  different  ratios  of  the  radius  of  the  cylinder 
to  the  depth  of  its  axis.  These  confirm  the  general  impression  that  the 
first  approximation  is  a  good  one  over  a  considerable  range.  The  effect 
of  the  complete  expressions  appears  in  an  increase  in  the  wave  resistance 
at  lower  velocities  and  a  slight  decrease  at  high  velocities;  this  may  be 
described  as  due  largely  to  a  shifting  of  the  maximum  of  resistance 
towards  the  lower  velocities,  an  effect  which  might  have  been  anticipated. 

The  similar  three-dimensional  problems  of  the  submerged  sphere,  or 
spheroid,  are  of  more  practical  interest,  as  the  first  approximations  which 
I  have  given  for  these  cases  have  had  certain  applications  in  ship  resis- 

t  ‘  Proc.  Roy.  Soc.,’  A,  vol.  115,  p.  268  (1926). 
t  ‘Proc.  Roy.  Soc.,’  A,  vol.  122,  p.  387  (1928). 
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tance;  the  corresponding  extension  of  the  solutions  would  require  more 
complicated  analysis  than  for  the  two-dimensional  case,  but  it  seems 
probable  that  the  general  deductions  on  the  range  of  applicability  of  the 
approximate  formulae  would  be  of  a  similar  character. 

2 — Consider  the  two-dimensional  fluid  motion  due  to  a  fixed  circular 
cylinder,  of  radius  a,  placed  in  a  uniform  stream  of  great  depth,  the  axis 
of  the  cylinder  being  at  a  depth  f  below  the  undisturbed  surface  of  the 
stream.  Take  the  origin  at  the  centre  of  the  circular  section,  with  Ox 
horizontal  and  Oy  vertically  upwards,  and  suppose  the  stream  to  be  of 
velocity  c  in  the  negative  direction  of  Ox.  We  write  the  velocity  potential 
of  the  motion  as 

<f>  =  cx  +  0o-  (0 

To  obtain  a  solution  which  gives  regular  waves  to  the  rear  of  the  cylinder, 
we  adopt  the  hypothesis  of  a  frictional  force  proportional  to  the  deviation 
of  the  fluid  velocity  from  the  uniform  flow  c,  thus  introducing  a  coefficient 
p/  which  is  made  zero  after  the  various  analytical  calculations  have  been 
effected.  The  pressure  is  then  given  byf 

-  =  const  —  gy  +  y.'<f>  o  —  W-  (2) 

P 

If  7]  is  the  surface  elevation  and  we  make  the  usual  approximation  for 
small  surface  disturbances,  we  have 


eb?  _  _  if. 

3x  3  v  ’ 


y=f> 


(3) 


Hence,  from  (2),  the  condition  to  be  satisfied  at  the  free  surface  is 


^  +  =  y=f. 


whe  e  *o  =  g/c2,  and  p.  =  pi' /c. 

We  may  regard  <f>0  as  made  up  of  two  parts,  one  part  having  singu¬ 
larities  within  the  circle  r  —  a,  and  the  other  having  singularities  in  the 
region  of  the  plane  for  which  y  >/.  The  first  part  is  the  potential  of  a 
system  of  sources  and  sinks,  of  total  strength  zero,  within  the  circle, 
and  can  clearly  be  expressed  by  the  real  part  of  a  series 


QO 

S 

i 


t  Lamb,  “Hydrodynamics,"  6th  ed.,  p.  399. 


(5) 
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where  z  =  x  +  iy,  and  the  coefficients  are  complex.  Now  we  have 

z~n  =  -4 — f  k"-1  e***  cfc,  y  >  0.  (6) 

Hence,  in  order  to  satisfy  (4),  we  write  <f>0  in  the  form 

<^0  =  f  F  (k)  eux~KV  d*.  -j-  f  G  (k)  eljtx+K  (y_2/)  dx,  (7) 

Jo  Jo 

where  the  real  part  is  to  be  taken,  and 

CO 

FM=  S(-/)«AnK»-V(«~  1)!.  (8) 

1 

Putting  (7)  in  (4),  we  obtain 

G  (k)  =  -  !L±JLo±.}^  F  (k)  (9) 

K  —  /C0  — f -  I  {JL 


With  this  value  in  (7)  the  surface  condition  is  satisfied.  Further,  we  may 
change  the  sign  of  i  throughout  the  second  term  of  (7),  and  we  obtain 

4=f  F(k)  eiKX  dtTKy-{  K+  K—  F* (k)  e~iKX  *K(y'2f)dK,  ()0) 

J0  J0  K-K^-tp. 

where  the  real  part  is  to  be  taken,  and  the  asterisk  denotes  the  conjugate 
complex  quantity.  It  may  be  noted  that  this  method  of  satisfying  the 
condition  at  the  free  surface  is  quite  general,  and  independent  of  the 
form  of  the  submerged  body. 

It  is  convenient  for  the  present  problem  to  alter  the  notation  slightly 
from  (8),  and  we  write 

F  (k)  =  —  ica2/  («•) 

/(*)  =  b0  -f  bx  («a)  +  £7  (K“f  +  j3,  {xaf  +  ... 

Further,  the  expression  (10)  is  a  function  of  the  complex  variable  z\ 
hence  we  have  for  the  complex  potential  function  w,  or  <f>  +  i<J*, 

fco  ^00 

/(*)  dK-ica 2  K+  Ko-^  /*(K)  e-i«z-z*f  (12) 

x  x.q  ip 

this  being  in  a  form  valid  in  the  liquid  in  the  region  >’  >0,  it  also  being 
noted  that  ultimately  (a  is  to  be  made  zero. 

3 — We  have  now  to  determine  the  function  /(*)  so  as  to  satisfy  the 
condition  d<f>jdr  —  0  for  r  —  a.  For  this  we  turn  the  second  term  in 
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(12)  back  to  the  form  (5);  it  gives,  with  the  form  (11)  for  /(«),  the 
series 

X  ca2  bn_x  z~n.  (13) 

1 

Further,  the  last  term  in  (12)  represents  the  potential  of  image  sources 
and  sinks  in  the  region  of  the  plane  for  which  >’  >2/,  and  hence  it  can  be 
expanded  in  the  neighbourhood  of  the  circle  |  z  |  —  a  in  a  series  of 
ascending  powers  of  z.  Thus  we  obtain  w  in  the  form 

w  —  const  +  cz  +  Sea2  ( ia)n  l  b z~n  -f  SB„  zn, 


B„  -  ca2  (—H 


1)111  r  - il £  e-'Z'/ /*  (K) 

n\  Jo  k  —  k0  —  i[x 


x  +  *n  —  ..»  -  —  2k 


d«.  (14) 


With  the  potential  in  the  form 


vc  =  const  +  X  (C„_n  +  Dne_n),  (15) 

1 

the  condition  of  zero  normal  velocity  on  the  circle  |  z  |  =  a  is  satisfied, 
provided 

D„  =  a'ln  C*n.  (16) 

Hence,  from  (14)  we  obtain  the  equations 

b,  =  I  -  a*  f  *iK°  +  ty- ,/(«)  e- W  <k, 

Jo  K  —  *0  +  l\x 

bn^=  -  r  K  +  K°  +  Knf(K )  c~~K*  dx.  (17) 

n  !  Jo  *  —  k0  +  iv- 

These  relations,  with  (11),  may  be  expressed  in  the  form  of  an  integral 
equation  satisfied  by  the  function  / (*a);  it  is  easily  found  to  be 


V’f(v)  -  r*—  UUZ.  yX  e~2,u'a  wi/(«)  Ii  (2  vV)  du,  (18) 

where  y  —  x0a,  lt  is  the  modified  Bessel  function,  and  the  limit  of  the 
integral  is  to  be  taken  as  the  positive  quantity,  pt  approaches  zero. 

For  purposes  of  calculation,  we  use  (17)  as  a  set  of  linear  equations  for 
the  coefficients  ba,  bx .  We  write 

lim  f°°M+ 1+f'fx  _„„/u  ,ir>, 

g‘  -  H-»0  J0  +  C e  J  d"'  (19) 
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Substituting  the  power  series  (11)  for  /(k)  on  the  right  of  (17),  we  obtain 
the  infinite  set  of  equations 

K  (l  +  «.r!)  +  -hr1*,  +  «?£  b,  +  3f£  b3  +  ...  =1 


2  ! 


3  ! 


02  Y8  u  |  /i  |  03Y4\A  i  04  Y5  h  |  0s  Y6  k  .  —  A 

TTdo  +  \1  +  Trj6i  +  2in^  hrm  3  f 

03Y 4  a  _i  04V 0  a  i  /i  I  0sY6  \  i,  f  5  1  —  0 

JT*° +  IT  bl  V1  +  iTT\)  2  +  JIT!  3  +  "  ~  0 


V.  (20) 


=  0 


From  the  integral  expression  for  qn  given  in  (19),  and  also  the  fact 
that  a  If  <  1,  it  can  readily  be  shown  that  the  infinite  determinant  formed 
by  the  coefficients  of  b0,  bu  ...,  on  the  left  of  (20)  is  convergent. 
Evaluating  the  expression  (19)  and  putting 


we  find 


0 n-r»~  is,  (21) 

s  =  2v:e~a,  (22) 


where  a  =  2k0/,  and  li  denotes  the  logarithmic  integral. 

For  any  given  values  of  a,f  and  c,  we  have  in  (20)  a  set  of  equations  for 
the  *’s  with  complex  numerical  coefficients. 

Although  expansions  in  terms  of  other  parameters  may  be  more  suit¬ 
able  for  special  ranges,  it  is  convenient  to  assume  that  the  coefficients  b 
can  be  expanded  in  power  series  of  the  quantity  y,  that  is  K0a.  These 
expansions  will  be  of  the  form 

b0  =  1  +  *02y2  +  *04y4  +  *06y6  +  ... 

hi  =  *i3Y3  +  *isY5  +  *i7  Y7  +  ... 

*2  “  *24Y4  4"  *26 Y6  4~  *28 Y8  4~  ••• 


Substituting  in  (21)  and  collecting  the  various  powers  of  y,  the  new 
coefficients  may  be  found  to  any  required  stage.  For  the  calculations 
which  follow,  it  was  found  sufficient  to  obtain  the  results: 


*02  —  —  01 
*04  =  01* 

*06  =  702®  “  01® 

■*06  =  01*  ~  0102®  +  ^  03® 
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^010  =  —  ?15  +  f  ^12?22— T^32—  T?22?3+  T7i?4 

^13  —  —  £#2 

^15  —  hQ  iQi 

^17  =  T^2^3  vQlQi 

*19  =  ~  \<li  +  $01*02  -  Wl92?3  +  *V0304 

*111  ~  ~k  +  4?12<?2<?3  2^lV2  +  201023  ~~  2*4010304  4*  ?4s0405 

*24  =  ^03 

*26  ~  i<7l03 

*28  —  .10 1*0  3  +  T70  20  4 

*36  =  ~  T*04 
*37  ~  2T0104 

*46  =  -  Ttorf*.  (24) 

4 — Consider  now  the  forces  acting  on  the  cylinder  per  unit  length.  The 
pressure  is  given  by 

Pi  ?  =  const  —  gy  —  $02.  (25) 

The  term  in  gy  gives  the  usual  buoyancy,  equal  to  the  weight  of  displaced 
liquid,  as  part  of  the  vertical  force  on  the  cylinder.  Apart  from  this 
term,  let  X,  Y  be  the  resultant  horizontal  and  vertical  forces  on  the 
cylinder  in  the  positive  directions  of  Ox,  O y.  Then,  by  the  Blasius 
formula,  we  have 

X-iY  =  ipi  <£(*!)“*,  (26) 

taken  round  the  circle  \z\—  a. 

We  note  that  —X  will  be  the  force  known  as  the  wave  resistance, 
while  Y  is  the  addition  to  the  upward  force  of  buoyancy  arising  from  the 
fluid  motion.  The  value  of  the  integral  in  (26)  is  Ini  times  the  residue 
of  the  integrand;  with  w  given  in  the  form  (15),  and,  using  (16),  this 
gives 

X  —  i Y  =  2t7PS  ^±_D  Dn  D*n+l.  (27) 

Using  (14),  we  have  the  result 

X  -  /Y  =  -  27tpc2ai{t.2606*a+  2.3&l&*2  +  ... 

+  n  (n  +  1)  *„-i*%  +  ...}.  (28) 

This  may  be  expanded  in  powers  of  y,  that  is  of  by  substituting  from 
(23)  and  (24),  the  results  given  there  being  sufficient  to  include  the  term 
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in  y11-  Using  the  notation  cf  (21),  and  separating  out  the  real  and 
imaginary  parts,  we  obtain,  after  some  reduction, 

—  X  =  4n2pc2a  (x0af  <?~2<<i/[l  —  2r1  (x3a)2  —  (r2  —  3 rt2  +  s2)(«-0fl)4 

-  (4/-!3  -  r o2  -  lrxr2  +  if4—  4rrr  +  s2)  {«0af 

+  { 5/*j4  -  3rxrf  —  3 rfr,  +  \r2-  +  -fr*  +  $ry8  +  jr2r3  -  7V  r4 

-  (  10/y2  -  3rx  -  3 rt  +  &)  s2  +  s4}  (x0af  +...],  (29) 

Y  =  4npc2a  ( K0a )3  [~br2  +  rxr2  («r0o)2  +  2{r2r3  —  3r?r2  -f-  r2s2)  (k^Y 

+  (2 rfr2  —  %r23  —  rxr2r3  +  TV  r3rx  +  lr2s2  —  2r1r2s2)  (k^af 
+  {fV23  -  Wr2  -  i/V 32  +  f/vV3  -  J#-22r4  -  |/y3r4  +  2-‘a  r4r5 
+  (5V/-2  -  £/y2  -  g-r 2r 3  -  fj-r2  +i  ''a  -  +  tt)  ^ 

-^4)(^)8+  (30) 

with  rn,  5  given  by  (22). 

The  first  term  in  (29)  is  the  expression  for  the  wave  resistance  of  a 
circular  cylinder  which  was  obtained  by  Lamb.  The  first  term  in  (30)  is, 
after  putting  in  the  value  of  r2  from  (22),  the  first  approximation  for  the 
vertical  force  which  I  obtained  by  the  method  of  images  in  the  paper 
already  quoted. 

5 — It  is  of  interest  to  obtain  the  wave  resistance,  which  should  be'equal 
to  —X,  from  considerations  of  energy  applied  to  the  regular  waves 
behind  the  cylinder.  The  current  function  <\>  is  given  by  the  imaginary 
part  of  the  expression  (12).  Putting  y  —  /+  y),  we  obtain  at  once  the 
complete  expression  for  the  surface  elevation  as 

V)  =  ia 2  fix)  eu*-“f  dx  +  ia 2  P  K-L.K°-~  1(1  f*  (*)  *-*«•-«/  dx,  (31) 

Jo  Jo  X  —  x0  —  I  (X 

where  the  imaginary  part  is  to  be  taken,  f(x)  is  given  by  (11),  and  p  is  to 
be  made  zero  ultimately.  This  expression  separates  into  two  parts,  a 
local  disturbance  y)x  which  decreases  with  increasing  distance  from  the 
cylinder,  and  a  system  of  regular  waves  rl2  to  the  rear,  that  is,  for  negative 
values  of  x.  The  latter  part  is  found,  by  methods  familiar  in  these 
problems,  to  be  given  by 

fit  —  —  4ttko o*/*  (x0)  <»-'«.*-«•/  (32) 

the  imaginary  part  to  be  taken. 

If  //is  the  amplitude  of  the  regular  waves  at  a  great  distance  behind  the 
cylinder,  the  wave  resistance  R  is  given  by 

R  -  U?h2.  (33) 
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Hence  from  (32)  we  have 

R  =  4 *  V<02«4/(*0)/*(k0)  e~2  K  <  (34) 

With 

/(* o)  =  b0  +  b,  («0a)  +  jj  ^o")2  +  — » 

and  with  the  equations  (20),  it  could  presumably  be  shown  that  (34)  is 
the  same  as  the  real  part,  with  sign  changed,  of  the  expression  (28). 
However,  it  has  been  used  here  simply  to  verify  the  previous  expansion ; 
substituting  from  (23)  and  (24)  we  obtain  from  (34)  the  same  result  as  is 
given  in  (29). 

6 — We  may  now  examine  the  expressions  (29)  and  (30)  numerically. 
It  is  easily  seen  that  if  the  ratio  a  f  is  small,  the  first  term  in  each  case 
gives  a  close  approximation  at  all  velocities.  Further,  the  ratio  of  the 
second  term  to  the  first  in  (29)  and  in  (30)  is  —  2r1K02a2,  that  is 

-  i  ~(l  +  2a -2a2e-° //«-)},  (35) 

with  a  =  2 K0f^  2 gf/r. 

The  quantity  in  brackets  in  (35)  approaches  the  value  —  1  as  c  becomes 
zero  and  the  value  + 1  as  c  becomes  infinite.  It  has  a  maximum  negative 
value  of  —2-57  at  a  =  4-5  approximately,  and  a  maximum  positive 
value  of  1  -9  at  about  a  =  0  6.  Hence  the  effect  of  the  second  approxi¬ 
mation  in  (29)  is  to  increase  the  wave  resistance  at  low  velocities  and  to 
give  a  rather  smaller  value  at  high  speeds. 

Taking  alf  =  i,  as  a  moderate  value  of  this  ratio,  and  calculating  the 
resistance  from  (29),  it  is  found  that  the  value  does  not  differ  by  more 
than  about  9%  of  the  value  of  the  first  approximation  at  any  velocity. 
As  an  example  of  the  numerical  values  in  this  case,  for  a  =  6,  that  is  for 
c  -  0-58  \/(g/),  the  following  are  the  values  of  the  successive  terms  in 
the  expansion  in  square. brackets  in  (29): 

1  +  0-0746  +  0-0134  4-  0-0015  +  0-0001. 

Another  case  which  has  been  worked  out  in  some  detail  is  a  f  -  4,  this 
being  definitely  outside  the  range  of  the  first  approximation  for  the  most 
part.  Numerical  values  were  calculated  for  both  X  and  Y  for  a  -  S.  6, 
5,  4,  3,  2-5,  2,  and  1.  On  account  of  slower  convergence  of  the  series  at 
the  higher  values  of  a,  an  estimate  was  made  of  the  next  term  beyond 
those  shown  in  (29)  and  (30).  The  results  are  shown  in  fig.  1. 

The  curves  R  and  Y  are  the  wave  resistance  and  vertical  force  calculated 
from  (29)  and  (30);  Yx  are  the  curves  given  by  the  first  approximations, 
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that  is  by  the  first  term  in  (29)  or  (30).  The  unit  of  force  in  each  case  is 
ngpa2,  that  is  the  weight  of  liquid  displaced  by  the  cylinder  per  unit  length. 
It  should  be  noted  also  that,  in  addition  to  the  vertical  force  Y,  there  is  the 
usual  hydrostatic  buoyancy.  The  curves  for  the  wave  resistance  show 
clearly  the  increased  values  at  lower  velocities  and  also  the  displacement 
of  the  position  of  maximum  resistance,  the  latter  occurring  at  a  lower 
speed  than  the  value  \/(gf)  given  by  the  first  approximation. 


Summary 

A  solution  is  given  for  the  two-dimensional  wave  motion  due  to  a 
circular  cylinder  in  a  uniform  stream,  taking  fully  into  account  the  con¬ 
dition  at  the  surface  of  the  cylinder.  Expressions  for  the  horizontal  and 
vertical  forces  on  the  cylinder  are  obtained  in  the  form  of  infinite  series 
in  ascending  powers  of  a  certain  parameter.  Numerical  calculations  are 
made  from  these  and  compared  with  the  known  first  approximations. 
The  main  effect  of  the  additional  terms  upon  the  wave  resistance  is  to 
increase  the  calculated  value  at  low  velocities  and  to  decrease  it  slightly 
at  high  velocities. 
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The  Resistance  of  a  Ship  among  Waves 
By  T.  H.  Havelock,  F.R.S. 

{Received  25  March  1937) 

1 —  The  wave  resistance  of  a  ship  advancing  in  still  water  may  be  calculated 
under  certain  assumptions,  which  amount  to  supposing  the  forced  wave 
motion  to  be  small  so  that  squares  of  the  fluid  velocity  may  be  neglected ; 
moreover,  the  ship  is  supposed  to  advance  with  constant  velocity  in  a 
horizontal  line.  It  does  not  appear  to  have  been  noticed  that  we  may  super¬ 
pose  on  the  solution  so  obtained  free  surface  waves  of  small  amplitude,  and 
that  tne  addition  to  the  resistance  may  be  calculated,  to  a  similar  degree  of 
approximation,  as  the  horizontal  resultant  of  the  additional  fluid  pressures 
due  to  the  free  surface  waves;  this  additional  resistance,  which  may  be 
negative,  depends  upon  the  position  of  the  ship  among  the  free  waves. 
Various  calculations  are  now  made  from  this  point  of  view.  We  consider 
first  transverse  following  waves  moving  at  the  same  speed  as  the  ship,  and 
then  a  ship  moving  in  the  waves  left  by  another  ship  in  advance  moving  at 
the  same  speed;  finally,  we  examine  the  more  general  case  of  a  ship  moving 
through  free  transverse  waves  of  any  wave-length.  All  the  cases  are  discussed 
with  reference  to  such  experimental  results  as  are  available. 

2 —  We  treat  the  problem  first  as  one  of  steady  motion  with  the  ship  at 
rest  in  a  uniform  stream  of  velocity  c  in  the  negative  direction  of  ()x\  we 
take  the  origin  O  in  the  undisturbed  water  surface,  and  Oz  vertically 
upwards.  The  velocity  potential  is  given  by 

<f>  =  cx  +  <j>v  (I) 

where  represents  the  disturbance  due  to  the  ship.  This,  on  the  usual 
approximations,  may  be  regarded  as  due  to  a  source  distribution  over  the 
longitudinal  section  of  the  ship;  the  source  strength  per  unit  area  is 
(c/27t)  <3y/0x,  with  y  =  f(x,  z)  as  the  equation  of  the  surface  of  the  ship,  and 
it  is  to  lie  noted  that  3y/3 x  is  assumed  to  be  small. 

We  now  take  <f>  =  cx  +  0i  +  0'> 

<f>'  =  hceK«*  cosfiq^r  —  //),  (2) 

where  k0  =  g/c*.  The  additional  term  represents  standing  surface  waves  of 
elevation  Asin(K0x  — /?).  We  should,  of  course,  require  further  terms  in 
order  to  satisfy  exactly  the  condition  at  the  surface  of  the  ship;  but  such 
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terms  would  be  of  a  smaller  order  of  magnitude,  and  of  a  similar  order  to 
those  which  have  already  been  neglected  in  obtaining  an  expression  for  <px 
on  the  assumption  that  the  angle  between  the  tangent  plane  and  the2a:-plane 
is  always  small.  The  pressure  equation  is  now 


pjp  =  const,  —gz  —  c 


dx 


and  the  wave  resistance  is  given  by 


(3) 


R 


=  -# 


dy 

p  ^-dxdz, 
ox 


(4) 


taken  over  the  longitudinal  section  of  the  ship. 

The  term  in  in  (3)  gives  from  (4)  the  expression  for  the  wave  resistance 
for  the  ship  advancing  into  still  water;  we  shall  denote  this  by  Rv  We  give, 
for  reference  later,  the  expression  for  Rx  in  terms  of  the  equivalent-  surface 
distribution  <rv  namely, 


where 


fi” 

Rx  =  167rxgpJ  (P\  + Q'\)  sec3  6  d0, 

Pi  +  iQi  =jjaieK 


pK,p  sec'-  0+  uLr  sec  0 


(5) 


The  term  in  <j>'  in  (3)  gives  from  (4)  the  additional  resistance  R'  due  to  the 
standing  waves;  we  have 


e^sin^x  —  //)  dxdz. 


(6) 


3 — Consider  a  simple  form  of  model,  of  uniform  draft  d  and  length  21, 
whose  surface  for  y  >  0  is  given  by 

y  =  />(1-2V2)(1-*V2).  (7) 


From  (<i)  we  obtain,  after  carrying  out  the  integrations, 


«'  -  [ *  - 3*  +  ^  + <“in  -  *J «*  V) <») 


The  factor  cos//  in  (H)  shows  l.ow  R'  varies  with  the  position  of  the  ship 
among  the  waves;  for  //  =  *>  or  //  =  n,  the  surface  elevation  is  anti-sym¬ 
metrical  with  respect  to  the  mid-section  of  the  ship.  Further,  the  factor 


{sin  k0I  -  A.y  cos  kJ)  (k01)3 


(») 
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gives  the  variation  of  R'  with  the  ratio  of  the  length  of  the  model  to  the 
wave-length.  It  is  obvious  that  the  greatest  positive  values  of  R'  will  occur 
when  there  is  a  crest  near  the  bow  and  a  trough  near  the  stern,  and  con¬ 
versely  for  negative  values  of  R' .  The  stationary  values  of  (9)  give  the 
corresponding  values  of  K0l,  or  2nljX\  one  such  value  gives  A/2 1  =  0-55 
approximately,  and  for  this  velocity  R'  is  negative  if  (i  =*  0  and  positive  if 

/?  =  7T. 


4 — For  numerical  calculations  we  shall  consider  a  model  for  which  theo¬ 
retical  and  experimental  values  of  the  wave  resistance  in  still  water  are 
known;  this  is  Model  1302  investigated  by  Wigiey  at  the  National  Physical 
Laboratory,  the  results  being  given  in  these  Proceedings  (Wigiey  1934). 
The  form  of  the  model  is  given  by  the  following: 

From  2  =  0  to  z  =  -  \d, 

y  =  b{l  —  (x  +  a)2/l2},  y  =  b,  y  =  b{\  —  (x  —  a)2  jl2} 

for  x  ranging  from  —l  — a  to  —a,  —  a  to  a,  a  to  l  +  a  respectively ; 

From  2  =  —  \d  to  2  =  —  d, 

y  =  |  b(  1  -  z2jd2)  {l-(x  +  a)2 /I2},  y  =  |6(  1  -  z~!d% 

y  =  -|6(  1  -  z2/d2)  { 1  —  {x~a)2/l2} 

for  the  respective  ranges  for  x  of 

—  l  -a  to  —a,  —a  to  a,  a  to  l  +  a.  (10) 

The  dimensions,  all  in  feet,  were  a  =  0-5,  b  —  0-484, 1  =  1-5  and  d  =  2. 
Carrying  out  the  integrations  of  (6)  over  the  longitudinal  section  of  the 
model,  we  obtain 


2^1 1  -  4(  ±  +  JLt-i.v(+8/_L  +  J_) 

%P  l  VsK^r  Kf/P! 


e^d\ 


x  (sin  k0(1  4 -a)-K0l  cos  k„(1  +  a)  -  sin  /c0a}  cos  /?.  (11) 


We  shall  take  /?  -  0  so  as  to  obtain  maximum  effects  as  far  as  the  position 
of  the  model  relative  to  the  waves  is  concerned.  In  the  following  table  values 
of  R'jc2h  are  shown  for  several  different  velocities,  R'  being  in  lb.  with  c  in 
ft .  sec.  and  h  in  ft.  The  column  RJc2  gives  the  corresponding  t  leoretical 
values  for  the  wave  resistance  in  still  water,  taken  from  fig.  6  of  Wigley’s 
paper. 

Rt  has  maxima  and  minima  according  to  the  interference  of  bow  and 
stern  waves;  while  R'  oscillates  between  positive  and  negative  values  in 
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accordance  with  the  factor  in  (11)  which  involves  the  quantity  kqI.  One 
..method  of  expressing  these  results  is  to  find  what  height  h  of  the  imposed 
waves  would  give  R'  the  same  numerical  value  as  at  each  velocity, 
regardless  of  whether  R'  is  positive  or  negative.  This  is  given  in  the  last 
column  of  the  table  as  h/A,  the  ratio  of  amplitude  to  wave-length  such  that 
R'  is  numerically  equal  to  Rv  In  comparing  these  figures  with  values  from 
observation  or  experiment,  it  should  be  noted  that  usually  the  height  of 
a  sea  wave  is  measured  from  trough  to  crest,  and  is  equal  to  2 h  of  these 
cumulations.  The  point  mp.de  now  is  that  for  quite  ordinary  values  of  the 
ratio  of  wave-height  to  wave-length  the  additional  resistance,  positive  or 
negative,  is  of  the  same  order  as  the  wave  resistance  of  the  model  in  still 
water. 


KqI 

c/V(gl ) 

li'jc2h 

Iijc* 

h/A 

8 

0-353 

0-5 

0-042 

0014 

7 

0-378 

-0-264 

0-03 

0-017 

6 

0-408 

-0-92 

00^2 

001 

5 

0-447 

-O-^S 

0-1 

0-013 

4 

0-5 

0-62 

0-053 

0-007 

3 

0-577 

1-05 

0-12 

0-007 

2 

0-707 

1-13 

0-233 

0-008 

5 — An  interesting  form  of  the  problem  is  the  case  of  a  model  in  I, he  waves 
left  by  another  model  at  a  fixed  distance  in  advance  and  moving  at  the  same 
speed;  it  is  a  case  for  which  some  experimental  results  are  available. 

Instead  of  (2)  we  now  have 

<j>  -  +  2,  (12) 

where  <px  represents  the  disturbance  due  to  the  rear  model  and  </>„  that  due 
to  the  leading  model.  We  may  replace  the  models  by  source  distributions 
(Tv  <r2  over  their  respective  longitudinal  sections,  and  the  usual  first 
approximation  is  taken  for  cr  in  each  case,  namely  cr  =  ( c/2n )  dyjdx. 

The  resultant  horizontal  force  on  each  model  has  been  considered  from 
this  point  of  view  in  a  previous  paper  (Havelock  1936),  and  a  general  dis¬ 
cussion  is  given  there  in  §§4,  5.  The  resistance  of  each  model  consists  of 
various  terms:  the  resistance  of  each  as  if  isolated,  mutual  actions  between 
the  two  models  which  are  equal  and  opposite  and  may  be  assigned  to  local 
disturbances  of  the  fluid  motion,  and  forces  due  to  wave  interference 
acting  on  the  rear  model  only.  It  is  easily  seen,  from  approximate  calcula¬ 
tions,  that  the  mutual  actions  due  to  local  effects  diminish  rapidly  with  the 
distance  between  the  models,  and  we  shall  neglect  these  terms  in  what 
follows. 
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The  resistances  Rv  R2  of  the  two  models  w'hen  far  apart  are  given  by  (5) 
with  Px  +  iQt  in  terms  of  cr1  and  P2  +  iQ 2  in  terms  of  cr2. 

In  addition  the  rear  model  experiences  a  resistance  P12  which,  from  (7) 
and  (13)  of  the  paper  just  quoted,  is  given  by 

Rl2  =  32nK%pJ  jo‘1dx1dz1j  jcr2dxsdz2 
ri* 

x  I  c»-„(z,+z:i)see2  0  cos{v0(x2  —  aq)  sec  0}  sec3  OdO,  (13) 

the  integrations  extending  over  the  two  distributions.  This  may  be  put  into 
a.  form  involving  the  same  quantities  Pv  Qv  P2,  Q2  as  are  required  for  Rl 
and  R2,  namely, 

P12  =  ‘&'2ttkIp  f  (P^o+QyQjse&OdO.  (14) 

Jo 

We  now  simplify  the  problem  by  supposing  the  two  models  to  be  similar 
in  all  respects;  then  if  k  is  the  distance  from  the  bow  of  the  leading  model  to 
the  bow  of  the  rear  model,  we  have 

P2  +  iQ2  =  (P1  +  iQ1)  e,V|t  ser  °.  (15) 

This  gives  R12  =  32m<%pj  (P\  +  Q\)co8(K0ksecd)me?Odd.  (lfi) 

Finally,  we  carry  out  the  integrations  for  a  model  of  great  draft  and  of 
uniform  horizontal  cross-section  given  by 

y  =  h(  1  — **/!*).  (17) 

The  results  may  be  expressed  in  terms  of  P  functions  used  in  previous 
investigations  and  defined  by 

P2ll(p)  —  (—  1)”  cos2n  dnin(p  see  0)d0, 

Jo 

Ah+j(P)  “  (—  1)”+1J(  cos2n+l 0 cos( p sec 0) dO.  (18) 

(I  am  indebted  to  the  Superintendent  of  The  William  Froudo  Laboratory 
for  graphs  of  the  first  nine  of  this  series  of  functions.)  We  obtain  then  for 
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the  resistance  J?2  of  the  leading  model  and  for  the  resistance  i?j  +  i?12  of  the 
rear  model  the  expressions 

#1  -  Hi  =  ifs  + W2  +  ^2P3(2k0J)  ~  2*0tf>4(2*„l)  +  P6(2*o*)},  (19) 

«12  =  +  + 

TTKqI 

+ K01{PM\) — P^-oh)} 

d"  ^Pai^o^'i)  ~  Pb(Ko^)  +  a-Fs ( ^’2 )  1  >  (20) 

where  kt  =  k—  21,  k2  =  k  +  21. 

6 — Before  making  numerical  calculations  we  may  refer  to  experiments 
made  by  Barrillon  on  models  in  tandem  and  other  formations  (Barrillon 
1926).  In  a  classical  series  of  experiments  W.  Froude  examined  the  inter¬ 
ference  between  the  bow  and  stern  waves  of  a  ship  by  introducing  into  the 
model  varying  lengths  of  parallel  middle  body  between  the  same  bow  and 
stern.  Barrillon  made  an  interesting  variation  by  running  two  models  in 
tandem  at  the  same  speed  and  measuring  the  resistance  of  each  model.  The 
results  were  similar  in  character  to  those  outlined  in  the  previous  section ; 
for  instance,  the  resistance  of  the  rear  model  was  found  to  be  an  oscillating 
function  of  its  distance  from  the  leading  model,  in  general  agreement  with 
what  would  be  expected  from  its  position  relative  to  the  w  aves  left  by  the 
leading  model.  We  noted  also  that  the  action  between  the  two  models  is 
made  up  of  a  mutual  action  and  reaction  due  to  local  effects  together  with 
a  wave  effect  upon  the  rear  model;  and  the  former  has  been  neglected  in  the 
present  calculations.  Barrillon  found,  for  his  models  at  a  certain  speed, 
that  the  action  upon  the  leading  model  was  insensible  if  the  distance  apart 
exceeded  1  m.,  while  the  action  upon  the  rear  model  w  as  appreciable  up  to  a 
distance  of  14  m.;  and  further  that,  apart  from  its  oscillations,  the  action 
upon  the  rear  model  only  diminished  slowly  with  the  distance. 

With  a  view  to  making  corresponding  calculations  from  (19)  and  (20)  wre 
notice  in  particular  two  measurements.  (I  am  indebted  to  Professor 
Barrillon  for  these  and  other  details  of  his  investigations.)  The  velocity  of 
the  two  models  was  2  m./sec.  and  the  length  of  the  rear  model  was  2-2  m. 
Turning  the  results  into  the  present  notation,  with  k  =  13-47  m.  and 
10-  19  in.  the  experimental  values  of  the  ratio  were  —  0-224  and  —  0-2 

respectively;  these  two  values  of  k  gave  consecutive  positions  of  maximum 
reduction  of  resistance  of  the  rear  model,  the  relative  reduction  being  of  the 
order  of  20  %. 
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We  now  use  these  measurements  solely  in  order  to  take  a  corresponding 
velocity  and  corresponding  distances  in  the  expressions  (19)  and  (20)  and 
so  to  calculate  the  ratio  R12jRv 

We  have  k01  =  gl/c. 2  =  2-7.  For  the  two  values  of  k,  the  corresponding 
values  of  K0k  are  33-07,  39-74  respectively.  With  these  we  obtain  from  (19) 
and  (20)  the  values  —  024,  —  0-3  respectively  for  the  ratio  RnfRv  a  relative 
reduction  of  resistance  of  between  '0  and  30  %. 

7 — We  have  considered  so  far  only  wave  motion  which  is  stationary 
relative  to  the  ship,  and  we  examine  now  a  ship  advancing  through  free 
transverse  waves  which  are  moving  with  the  velocity  appropriate  to  their 
wave-length. 

Suppose  first  that  the  waves  are  moving  in  the  same  direction  as  the  ship 
With  a  fixed  origin  0  we  now  have,  instead  of  (2), 

(j>  =  ^>1(x  —  ct,y,z)  +  hVeK:cosK(x—  Vt),  (21) 

where  F2  =  g/s,  and  the  additional  surface  elevation  due  to  the  free  waves 
is  h  sin  k(x  —  F<). 

The  variable  part  of  the  pressure  is  pd^/dt,  or 

—  pc  +  gpheKS  sin  k(x  —  Vt).  (22) 


To  calculate  R  from  (4)  and  (22),  transfer  to  an  origin  moving  with  the 
ship.  Then  the  first  term  in  (22)  gives  the  same  expression  for  Rt  as  in  (5), 
while  for  the  additional  resistance  due  to  the  second  term  we  have 


R’  =  —  2gphjj^eKSsin{KX- k(V  —  c)t}dxdz.  (23) 

This  is  the  same  as  in  (0)  for  relatively  stationary  waves,  except  that  xu, 
c  are  replaced  by  k,  V  respectively,  and  that  the  phase  /?  has  now  the 
varying  value  k(  V  —  c)t. 

For  transverse  waves  h  sin  k(x  +  Vt)  moving  in  the  opposite  direction 
(21)  is  replaced  by 

<f)  —  0j(.r  —  ct,y,  z)  —  hVeK'  cos  k(x  +  Vt),  (24) 

and  it  is  easily  seen  that  we  get  the  same  result  as  before  with  the  phase  /i 
equal  to  —  /r(F  +  c)t. 

The  result  is  that  the  additional  resistance  depends  only  upon  the  in¬ 
stantaneous  position  of  the  ship  relative  to  the  waves.  This  might  have  been 
anticipated  from  the  various  approximations  which  have  been  made.  We 
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have  assumed  the  free  waves  to  be  small,  the  corresponding  quantities  being 
of  the  same  order  as  those  of  the  forced  waves  due  to  the  ship;  moreover,  we 
have  neglected  any  direct  disturbance  of  the  free  waves  by  the  surface  of 
the  ship  for  the  same  reason  as  for  omitting  terms  of  a  like  order  in  obt  aining 
expressions  for  the  forced  waves.  The  additional  pressures  are  therefore 
simply  those  due  to  the  free  waves,  and  the  additional  resistance  is  the 
horizontal  resultantof  these  pressures  acting  upon  the  ship’s  surface,  'faking 
as  an  example  the  model  described  in  (It)),  the  resistance  is  given  by  A‘,  + It' , 
where  lix  is  the  resistance  in  still  water,  and 


*(>+*), 

K-l-  t  3  \k(1  K*d-/ 


»— bed 


+ 


8/_l_  1  \ 

3W  +  *a'/2/1 


,-K.l 


x  {sin  k(1  +  a)  —  kI  cos  (k  +  a)  -sin-A'rt}  cos  ft,  (2  f>) 


where  l'2  =  g/K,  /l  =  k(c  ±  F)  t  =  2ntjT. 

In  this  expression,  T  is  the  period  of  encounter  of  the  ship  with  the  waves. 

In  experiments  on  models  in  artificially  produced  waves,  a  critical  con¬ 
dition  occurs  when  the  wave-length  is  about  equal  to  the  length  of  the  model. 
We  take  therefore  as  a  numerical  example  A  =  2?t/a:  =  2(1  +  a),  and 
V2  =  gAfin  =  g(l  +  a)/7T. 

Putting  in  the  numerical  values  for  this  model,  we  get  from  (25) 

R'  =  89  Ih  cos(2nllT),  (20) 

It'  being  in  lb.  with  the  amplitude  h  in  ft. 

In  experiments  a  usual  assumption  is  a  wave-height  of  0  ft.  for  a  wave  of 
length  400  ft. ;  this  ratio  gives  for  the  wave-length  1 0  ft.  the  value  h  -■  o-  i  2  ft. 
In  that  case  we  have 

R'  =■-  10-7cos(27rt/T)lb.  (27) 

Values  of  Rx  for  this  model  are  known.  For  instance,  for  model  speeds  of 
7-08,  9-22,  11-04  ft./sec.  we  have  It l  =  4-9,  13,  29  lb.  respectively;  the  total 
resistance,  wave-making  and  frictional,  at  these  speeds  was  14-54,  30-11, 
52-  151b.  respectively.  We  see  that,  for  quite  a  moderate  ratio  of  wave-height 
to  wave-length,  R'  represents  an  alternating  force  of  relatively  large  ampli¬ 
tude.  It  should  be  noted,  however,  that  this  is  for  the  particular  case  when 
the  wave-length  of  the  free  waves  is  equal  to  the  length  of  the  model. 

8 — It  is  necessary  to  emphasize  the  basis  of  the  present  calculations.  It  is 
assumed  that  the  model  is  maintained  in  the  same  relation  to  the  un- 
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disturbed  water  surface  and  t  hat  it  is  driven  forward  horizontally  at  constant 
speed. 

In  experiments  on  models  in  waves,  such  as  those  made  by  Kent  at  The 
National  Physical  Laboratory  (Kent  102 2),  the  conditions  are  different-, 
being  naturally  designed  to  reproduce  to  some  extent  conditions  for  ships 
at  sea.  In  these  experiments  the  model  is  free  to  pitch,  and  obviously  an 
important  factor  is  the  relation  of  the  pitching  period  to  the  period  of 
encounter  with  the  waves.  Moreover,  the  model  can  move  fore  and  aft 
within  certain  limits  under  the  influence  of  the  waves.  Thus  Kent  makes  the 
statement:  “  When  the  model  was  to  wed  through  a  regular  series  of  advancing 
waves,  it  experienced  periodic  fluctuations  in  its  resistance  as  it  met  each 
succeeding  wave.  Each  fluctuation  in  resistance  was  partially  absorbed  by 
the  inertia  of  the  model,  but  a  portion  of  it  was  recorded  by  the  resistance 
pen.  The  fluctuations  were  of  small  amplitude  when  the  waves  were  of  short 
length  in  comparison  with  the  length  of  the  model,  but  became  much  larger 
when  the  wave-length  was  increased.”  The  actual  results  given  were  for  a 
certain  mean  resistance  over  the  whole  experiment  in  each  case.  The  precise 
relation  bet  ween  t  his  mean  resistance  and  the  horizontal  forces  acting  on  the 
model  at  each  instant  would  require  a  detailed  examinat  ion  of  the  condit  ions 
of  the  experiment  and  of  the  recording  apparatus.  However  that  may  be. 
the  present  calculations  serve  to  estimate  some  of  these  forces  and  indicate 
how  large  the  fluctuating  part  of  the  resistance  due  to  them  may  he  under 
certain  conditions. 

A  point  which  arises  is  the  dependence  of  the  amplitude  of  the  fluctuations 
upon  the  ratio  of  the  wave-length  to  the  length  of  the  model.  This  is  given, 
for  the  model  considered  here,  by  the  factor  of  (2f>)  which  involves  td.  Taking 
the  simpler  case  of  that  model  with  no  parallel  middle  body,  that  is  with 
a  ~  0,  the  factor  concerned  is 


(sin  u  —  u  cos  u)  w3,  (28). 

where  u  ~  nL/A,  with  L  the  total  length  of  the  model,  and  A  the  wave¬ 
length. 

An  interesting  result  is  that  there  arc  certain  values  of  the  ratio  A1  L  for 
which  (28)  is  zero;  for  these,  the  additional  resultant  horizontal  force  due 
to  the  waves  is  zero  independent  ly  of  the  position  of  the  model  among  the 
waves.  For  this  particular  model,  these  values  are  given  by  the  roots  of  the 

equation  tan  «  =  ?/  ;  the  corresponding  values  of  A  L  are  0-7,  0*41,  0*29 . 

Intermediate  values  of  the  ratio  give  maximum  values  for  the  amplitude  of 
the  fluctuations  in  resistance. 
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Summary 

The  wave  resistance  of  a  ship  in  still  water  can  be  calculated  to  a  certain 
degree  of  approximation  after  making  various  assumptions.  Similar 
calculations  are  now  made  for  a  ship  among  free  surface  waves  of  small 
height;  the  additional  resistance,  which  may  be  negative,  is  considered  as, 
to  a  similar  degree  of  approximation,  the  horizontal  resultant  of  the 
additional  pressures  due  to  the  free  surface  waves. 

The  cases  considered  are  (i)  when  the  waves  are  stationary  relative  to  the 
model,  free  transverse  waves  moving  at  the  same  speed,  and  also  the  case 
of  a  model  on  the  waves  left  by  another  model  in  advance  and  moving  at  the 
same  speed,  (ii)  a  model,  not  free  to  pitch,  in  transverse  waves  moving  with 
the  speed  appropriate  to  their  wave-length. 

It  is  shown  that  the  additional  horizontal  forces  may  be  of  the  same  order 
as  the  wave  resistance  in  still  water  even  when  the  ratio  of  wave-height  to 
wave-length  has  only  a  moderate  value. 

The  various  cases  are  discussed  in  relation  to  available  experimental 
results. 
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The  lift  and  moment  on  a  Hat  plate  in  a  stream 

of  finite  width 

By  T.  U.  Havelock,  F.R.S. 

( Received  S  February  1938) 

1.  The  problem  of  the  lift  on  a  Hat  plate  in  a  stream  between  parallel  rigid 
walls  has  been  solved  in  an  exact  form,  by  using  a  suitable  conformal  trans¬ 
formation,  by  Tomotika  (1934),  who  also  gives  an  expansion  for  the  lift 
in  the  particular  case  when  the  mid-point  of  the  plate  is  midway  between  the 
walls;  a  similar  solution  for  the  moment  on  the  plate  does  not  seem  to  have 
been  given.  The  method  used  in  the  following  paper  is  quite  different  and 
is,  perhaps,  of  sufficient  interest  to  justify  further  examination  of  the 
problem.  The  flat  plate  is  treated  as  the  limiting  case  of  an  elliptic  cylinder, 
and  the  method  of  solution  leads  directly  to  expansions  for  the  lift  and  for  the 
moment  suitable  for  any  position  of  the  plate  subject  to  the  parameters 
being  within  the  range  necessary  for  convergence.  Moreover,  by  a  simple 
modification,  expansions  for  lift  and  moment  are  obtained  when  the  stream 
is  bounded  by  parallel  free  surfaces,  taking  the  boundary  condition  in  an 
approximate  form;  and  a  further  modification  gives  the  corresponding 
results  when  one  surface  is  rigid  and  the  other  free.  A  brief  examination  is 
also  made  of  the  moment  for  an  elliptic  cylinder. 


General  expressions 


2.  Consider  the  two-dimensional  motion  due  to  a  cylinder  placed  in  a 
uniform  stream  bounded  by  plane  parallel  walls,  including  circulation 
round  the  cylinder.  Let  C  be  the  contour  of  the  cross-section  of  the  cylinder, 
and  take  the  origin  O  so  that  the  parallel  walls  aie  given  by  y  =  a,  and 
y  =  —  b,  respectively.  To  simplify  the  argument,  we  assume  that  a  position 
can  be  found  for  O  such  that  a  circle  can  be  drawn,  with  centre  0,  entirelv 
in  the  liquid  and  enclosing  the  contour  C. 

With  w  for  the  complex  potential  function,  we  take 


die 

dz 


r  +  I 

0 


;><  ■■  1 


w'A, 


.•1+1 


(1) 


In  (1),  c  is  the  velocity  of  the  stream,  in  the  negative  direction  of  Or, 
the  series  is  a  suitable  expansion  for  the  singularities  of  the  potential 

[  178  ] 


439 


179 


The  lift  and  moment  on  a  flat  plate 

func  tion  within  the  contour  C,  and  the  last  term  is  to  he  determined  so  as 
to  satisfy  the  boundary  conditions  on  the  walls.  These  conditions  are 

,dw  ...  . ,, 

/  —  =  0;  z  =  x  +  in,  z  =  x  —  to,  (-) 


where  I  denotes  the  imaginary  part. 

To  satisfy  these  conditions  we  replace  the  series  in  (1)  by 


where 


1%  00 

F(k)  eUzdK,  for  2  =  x  +  ia, 

Jo 

r*> 

—  F(  —K)e~iKZdK,  for  z  =  x  —  ib, 
F(k)  = 


(3) 


We  may  build  up  an  expression  for  dwfdz  by  successive  images.  Taking  the 
expressions  in  (3).  a  single  reflexion  at  a  plane  wall  changes  F(k)  into  the 
conjugate  complex  F*(k)]  if  the  reflexion  is  at  the  upper  wall  (y  =  a)  the 
contribution  to  dwjdz  valid  in  the  liquid  is 


(■*) 


while  if  the  reflexion  is  at  the  lower  wall  (y  =  —  b),  the  corresponding  form  is 


Taking  successive  reflexions  at  the  two  walls,  the  contributions  of  the 
infinite  sets  of  image  systems  may  be  summed,  and  we  obtain  finally 


dw 

dz 


_  *',+l»L4_ 
c+y  - — - 
0  2 


+ 


/: 


F*(k)  r-'"-2*"  -  F*(  -  k)  e(*s-iKb 


1 


*  F(-  K)e-lK:-tK,t  -  F(k)  ^ 


(«) 


where  d  =  a  +  b,  and  F(k)  —  l'AnKn. 

It  may  easily  be  verified  directly,  by  using  (4)  and  (a),  that  (•»)  satisfies 
the  lwundary  conditions  (2). 
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3.  We  now  calculate  the  forces  on  the  cylinder  from  the  expression 


X-iY  = 


We  write  (0)  in  the  form 

dui 


i "  r  1  //  '  d 

-  r  .  _ iTd 

-C-r-  —  /( h-X  > 


where  /?. 


■ 


*(-/)"  F*(k)  e--Kn  -  /"  F*(  -  k )  e-2kb  /c"  t 


(“) 


(*) 


_  fX  K-0"  t\-K)-i"F{K)\ 
Jo  I  —  C'*Vrf 


i’n  z>~2k»/  j.-n 


<»> 


From  (7)  and  (S),  we  obtain 


A’  -  iY  =  —  ‘lnp(icA0  -+•  A7"+1  n !  ZJJ. 


(10) 


If  F  is  the  circulation  round  the  cylinder,  we  have  /  —  27?vi0;  further, 
using  (9),  we  easily  obtain  A'  =  0,  and 


Y  =  pcF+ 


F(k)  F*(k)c  2k"  —  F(  —  a:)  F*(  —  x)  c_2vft 


,  0  1  —  e  2td 

For  the  moment  about  the  origin  we  have 


dK.  (11) 


*--**$•$)'* 


=  2npRi{cAl  p  I7"(n  + 1)M„+1.B„}, 

where  R  denotes  the  real  part. 

Using  (9),  this  may  be  expressed  in  the  form 


)  F*(K)e~2*'’-  F'(-k)  F*(  -K)C~i'l> 


jm{F'(  A- 


I 

(k)F(-k)~F'(-k)F(k)\,^ 


dK 


1  —c  ^ 


dK  . 


(12) 

(13) 


(14) 


To  complete  the  solution  of  the  problem  in  any  given  east;  we  have  to 
determine  the  function  F(k)  so  that  the  boundary  condition  of  zero  normal 
velocity  is  satisfied  over  the  contour  C. 
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Elliptic  cylinder 


181 


4.  We  take  the  contour  C  to  be  an  ellipse,  of  semi-axes  a'  and  with  its 
major  axis  making  an  acute  angle  0  with  the  positive  direction  of  Ox,  and 
we  take  the  origin  at  the  centre  of  the  ellipse. 

In  terms  of  a  complex  variable  f  (  =  £  +  <?;),  we  take 

z  =  peir> cosh  £,  (la) 

and  the  contour  C  is  given  by 

£  =  £0‘>  pcosh  £0  =  a’;  psinh£0  ^  b' .  ( 1  <>) 

We  now  write 

—  r /><?'" sinh  C+ —  y  i ’’  b  +  pei0 sinli  (17) 

of  'In  j  '  dz 

the  second  and  third  terms  being  in  a  suitable  form  in  the  elliptic  co¬ 
ordinates;  to  obtain  F(k)  in  terms  of  the  new  coefficients  bn  we  have  to 
compare  these  two  terms  with  the  series  in  (0),  noting  that 

dzjd£  —  pc'"  sinh  f. 

For  this  purpose  we  pu’  the  series  in  (0)  into  the  form  in  (3)  valid  for  the 
upper  surface;  under  the  same  condition  it  can  be  shown  that 

J  —  Hi"  btl  e~"£  =  pc'"  si  nil  ff  [  [  JJk'pe’0)  +  iHb„  J„(epei0)\  e'v- 1  Ik.  ( 1 K) 
2n  Jo  \'-n  } 

Hence,  by  comparison.  \  c  obtain 

F(k)  dn(k'pf  i")  +  ilbl,Jli(Kpci0),  (H») 


and 


die 

dr. 


i . 


—  rpi  '"sinh  f  -  (  —  Hi"  btlf~" 


'  J«,  I  -  c 


—  p> sinh  c 


•  ;  F,  -  x-) -  -  F(k)i ,k-;  i 


I  - 


-  3»</ 


Ik. 


We  now  express  this  in  tin*  form 


(-’I) 
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by  substituting  in  (20)  the  expansions 

/c/)e,-fte±,''-sinh  £  =  2  T  (  +  i)"  1  nJH(Kpti0)  sinh  //c, 

l 

We  obtain,  for  n>  1, 

{- i)11-1  F*(K)e~2K"  —  in~x  F*{  — K)f~2Kh  T/  ... ,  dx 

- 1  Z  e~^d - vJn(Kpe‘")  - 


(22) 


«■  =/; 

-j. 

A  =  -i'lbn- 

♦r 

J  n 


0°  {(.,-)»-!  F(-,)-i"-i^))e-^  ,  dv 

o  -  n.Jn(KP<  )  ™'  ’ 


f 00  ( -  i)"-'1  i,*(*r) e-2*"  -  i"-1  F*(-k) e-2Kb 

______ 

{( —  i)'1*1  F(  —  k)  —  i,,_1  F(K)}e~2Kd 


dx 


nJJh-pe")  - 

K 

dx 


1-e-2 ««* 


nJn(Kpei0)~,  (24) 

K 


while  for  a ,  —  1,  6\  has  the  additional  term  \cpei0  and  the  additional  term 
—  \cpe'°. 

The  boundary  condition  on  the  contour  C  is  that  the  real  part  of  dwjdC 
should  be  zero  for  £  =  £0;  this  gives 

D*=-e2^oCn.  (25) 

Using  this  in  (23)  and  (24)  we  obtain  an  infinite  set  of  equations  for  the 
coefficients  bn;  these  are,  for  n  >  1, 


f00  H(k)  dx 


(20) 


H(k)  =  {nq“F(x)  Jn(xperi6)  +  ( —  1 )"  nF*(x)  Jn(Kpei0)}  e~2Ka 

+  {( —  1  )n  nqnF(  —  k)  Jn(Kpaid)  4-  nF*{  —  k)  Jn(Kpcie )}  e-2*'* 

—  ft[{<2"ijF'*(  —  k)  +  ( —  1  )n  qnF*(x)}  Jn(Kpe~i0) 

+  {( —  1  )n  F(-x)  +  F(k)}  Jn(Kpew)] e~iKd, 
with  a  similar  expression  for  ib1  including  an  additional  term 

—  \cpei0  +  Icpqc.-'0, 

and  with  q  —  e2‘°. 

By  using  (19),  these  results  may  be  combined  into  an  integral  equation 
for  the  function  F(k);  it  is 

F(k)  =  ^J0(Kpci,')—\cp(ei0  —  qe-i0)J1(Kpei0) 


*/: 


’  W')  G1  ± /’*(«•)  A) e~2r"  +  (^*(  -  f)  u3  +  F(  -  r)  ru }  e-srt  dv 

1  —  e~2vd  '  '  '  v 

f F*(-r)Gl  +  F( -y)G2  +  F(c)  G3  +  F*(v)  Gt}r-2‘d  dr 
l-e~2,,d  v  ’ 


(27) 
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'.vith  Gx  =  Znq"  Ja(vpe~ie)  Jn(Kpei0), 

02  =  Z(-  1)"  nJn(vpei0)Jn(Kpei9), 

G3  =  ZnJn(vpei0)Jn(Kpei0), 

Gi  —  Z(-  1  )nnqnJn(vpe~ie)Jn(Kpeie). 

Flat  plate  between  parallel  walls 

5.  We  consider  the  limiting  case  obtained  by  making  £0  zero,  that  is, 
by  putting  q  =  1  in  the  previous  results.  The  cylinder  reduces  to  a  flat  plate 
of  width  2 p,  at  an  angle  Q  to  the  direction  of  the  stream,  and  with  its  mid¬ 
point  at  distances  a,  6  from  the  upper  and  lower  boundaries,  respectively. 

We  write  F  =  2nkcp  sin  (9;  F(k)  =  cp  sin  Of  (k).  (29) 

The  equation  for  /(/e)  is 

/(k)  —  kJ0(Kpeie)  —  iJ^Kpe*0) 

00  {f(v)  Gt  +f*(v)  G2}  e~2va  +  {/*(  -  v)G3+f(-v)Gi}e~2vb  dv 
o  1  —  e~2vd  v 

00  {/*(  -  v)  Gx  +f(  -  v)  f?2  +f(v)  G3  +f*(v)  G J  e~2vd  dv  /OA, 

o  1  —  e2vd  v  ’  (30) 

Gx,  G2 ,  (3*g,  (74  being  given  by  (28)  with  q  =  1. 

We  approximate  to  /(at)  by  successive  substitution  of  approximations 
for /(x)  in  the  integrals  of  (30),  repeating  the  process  as  far  as  may  be  desired. 
Our  object  is  to  obtain  the  various  quantities  ultimately  in  power  series  in 
pjd,  or  alternatively  in  p/a  or  p/6,  assuming  these  ratios  to  be  less  than  unity. 
The  expansion  for  /(*)  is  most  readily  obtained  by  replacing  the  Bessel- 
functions  in  (30)  by  their  power  series  as  far  as  necessary  so  as  to  give  all 
terms  up  to  a  required  order  in  the  final  results.  We  shall  develop  these 
expansions  up  to  terms  of  order  (p/d)4;  except  for  the  length  of  the  expres¬ 
sions,  the  expansions  could  readily  be  taken  to  a  higher  order.  It  is  sufficient, 
for  the  present  purpose,  to  take  as  the  first  approximation 

f(v)  =  k  —  hi  vpei0  —  \kvipieii0  +  ^siv3p3e3i0  +  f^kvipieiW.  (31) 
Further,  to  this  order,  it  is  sufficient  to  replace  Gx  by 
Gx  —  \Kpei0( \vpa~i0  —  T1gv3p3e~3/fl) 

+  \k2p2p~w( \n2p3er2ie)  —  -^K3p3e3ia(ivpe~i0),  (32) 

and  (3*2,  Gv  (3*4  by  similar  expressions. 
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We  now  obtain  the  result  of  putting  in  the  integrals  of  (30)  a  typical  term 
vnpnein0  or  ivnp"ein0  instead  of f(v);  we  then  apply  these  results  to  each  of 
the  terms  in  (31)  and  repeat  the  process  until  we  have  obtained  all  the  terms 
of  the  required  order.  For  the  integrations  with  respect  to  v  which  occur 
in  the  process  we  use  the  notation 


r 


ll 


r 


n 


e-2,-a 


-(-l)ne~2rh 
1  -  e2rd 


vndv. 


e-2vd 

l-e~2ld 


v”dv, 


(33) 

(34) 


n  not  being  zero  in  the  second  case;  these  integrals  may  be  evaluated  in 
finite  form. 

We  now  give  the  result  of  this  process;  we  obtain 
/( k )  =  fc  —  ^iKpBj^e*6  —  lK2j)2B2e2W  +  YSiK2j):iB3e3i0  +  + ...,  (35) 


with 


f?1  =  1  -f  kprQ  sin  0  +  ip2(r1  —  2r[  cos  20)  ' 

+  \kpz{r2(A  sin3  0  —  sin  0)  4-  4r0(r1  —  2 r[  cos  20)  sin  0} 

—  |p4{r3  cos  26  —  2r3 cos 40  —  2(rx  —  2 r[  cos  20\2}+ 

B2  —  k—  ll'/)2(r1  —  2 r[)  cos  26  +  \p2r2 sin  6  +  . . .,  ( 


7?3  =  1  +  &prosin0  +  ..., 
B  ^  ^  Jc  4-  •  «  • , 


(30) 


6.  We  consider  in  particular  the  case  in  which  the  circulation  is  such  that 
the  fluid  velocity  remains  finite  at  the  rear  edge  of  the  plate;  the  condition 
for  this  in  an  infinite  stream  is 


r  -  2ncp  sin  6,  or  /,'  =  1 . 

Returning  to  the  expression  (21)  for  the  elliptic  cylinder,  the  condition 
requires  that  the  imaginary  part  of  dw;d£  should  be  zero  for  £  =  £,0  +  ni. 
This  gives,  after  putting  £„  =  0  for  the  flat  plate, 


tT 


27T 


_+r(-i)»(rH-r*)  =  o. 


(37) 


From  (23)  we  obtain 

2?(  —  1  )n  Cn  =  —  \cpe'° 

i"-lF*{K)(-2k" -( F*(-K)e-iKb  7< 
- - - - M*/„(vpC 


d< 


+ 


F(*r)»  c~iKd 
Jo 


.  dtc 


l 


vJ„(Kp<  i'>)  -  .  (38) 
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Hence,  writing  At  =  J0(Kpe'°)  +  iJy{Kpew), 

A 


1  =  MKpe w)  +  iJi{Kpe 

2  =  d0(Kpci")-iJ1{Kpew)J 

£(-  l)"C„  =  -  -  lpe'u  |  ^  -±— - - - 


(39) 


this  gives 


iIk 


+ 


i^r 

Jo 


(40) 


1 0  1  -  e 

Hence  the  equation  for  i1,  to  give  the  required  circulation  2nkcp  sin  0,  is 
AJ*(k)  p- *«'  -  k)  e~ 2kh 


k  =  1  + 1  pc 


1 


I  —  e~iKl1  dK 

_  /Df «  f”  (di/(  -  *)-^,/(*)}e-,rf 

'  Jo  ’  1  —  e~-Kd 


dK,  (41) 


with  Av  A 2  given  by  (39), 

We  substitute  (35)  in  (41)  and  also  use  the  power  series  for  Ay  and  A.,: 
carrying  out  the  integrations  and  using  the  same  notation  as  before,  we  find 


k  =  1  +  kprQ  sin  0+\  ]>2ri(k  cos  20  +  By)  —  p2r[(k  +  By)  cos  20 

—  1  p3r2(k  sin  W  +  Bx  sin  0  —  B.z  sin  0) 

—  re P*ra(k  cos  \0  +  2 By  cos  20  +  2B.,+  B.t  cos  20) 

+  ^  p'ie 3 (k  +  2  By  4-  2 B.,  +■  B3)  cos  \()  +  . . . .  (42) 

Finally  we  substitute  from  (30)  and  solve  the  equation  for  /.■;  we  obtain 


k  =  1  +ayp  +  a2p2  +  a3i):i  +  ai  p*+  ..., 


ai  —  c0sin  0, 


a.,  —  rjj  sin2  0  +  Ty  cos2  0  —  2/q  cos  20, 

a3  —  rjj  sin3 0  +  2r0r1sin^cos2d  —  j/\,sin  3 0  -  4 rnr[  si \\0  cos  20, 
a  j  =  /  jsin4^4-3q2/-jsin2^cos2^—  \r()r2  sin  0  sin  '.10 


(43) 


+  }rj(3  —  Osin2  ty  +  4  sin  *0)  —  ,1ur.,(2  +  3  cos  20  +  cos  4 0) 

—  I)r2  >'[  sin2  0  cos  20  —  3/q  r\  cos2  0  cos  20  +  3/  J2  cos2  20  +  3 /•.'  cos  4 0. 


7.  We  may  now  obtain  1  lit*  lift  from  (11)  and  we  express  it  in  terms  of 
the  corresponding  lift  in  an  infinite  stream:  that  is,  we  write 

)  =  L  .  =  A„  =  2n/tc-p  sin  0. 
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Using  (35)  in  (11)  we  obtain 

L/L0  =  k  +  k2pr0  sin  0  4-  kp2rlBl sin2  0  —  {p3r„(2kB.,  cos  '20  —  B\)  sin  0 

—  lp*r3(kB3ain W  —  IB^B^ sin 0) sin 0 -K  ....  (44) 

Substituting  from  (3(>)  and  (43)  and  collecting  the  terms  we  obtain 
L/L0  =  \  +  b1p  +  b2p2  +  bzp3  +  bip*  + ..., 
bx  =  2rosin0, 

ft2  =  3  rg  sin2  0  -f  —  2/-^  cos  '10, 

ft3  =  4r\  sin3 0  +  2r0r1(2  sin  0  —  sin3  0)  —  r2  sin  0  cos  20  —  8 r0  r[  sin  0  cos  20, 
bi  =  5rjsin4t?4-3rgr1(3sin2^—  2sin40)  +  —  jj  >3  cos  20 

—  hr0r2( 7  sin2  0  —  12  sin4  0)  —  lH/jjfjsin2  0  cos  20  —  3rj  r{  cos  20 
+  3r^2  cos2  20  +  cos  40. 

(45) 

The  integrals  given  in  (33)  and  (34)  give  for  the  coefficients, 


7 T 


r°  =  Id tan  a’ 


r ,  = 


n  \- 


r*  =  2 


sec-  a, 


sec2  a  tan  x. 


r3  =  2l  — ^ )  sec2 x(sec2  a  +  2  tan2  x), 


v- 


n* 


ri  24c/2’  '*  2  4  Of/4’ 


(4G) 


with  a  =  ir(b  —  d)  2d. 

We  may  derive  limiting  cases  from  (45).  If  we  make  ft  and  d  infinite,  we 
have  a  semi-infinite  stream  bounded  by  an  upper  plane  wall:  the  limiting 
values  of  the  coefficients  are  then 


rn  = 


1 

2<>  ’ 


4r/2‘ 


4a3’ 


r.,  = 


3 

fv<4  ’ 


r.  =  U. 


(47) 
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With  these  values  we  obtain 


i/4,  -  '  +  2  (f )  sin  o + i  (^)‘( 1  +  3  «n«  0) 

+ 1  ^ j3(sin  0  +  3  sin3  6)  -  |^j4(3  -  1 3  sin2 0  -  22  sin4  0)  +  . . . . 

(18) 

This  agrees  with  the  expansion  which  may  be  found  by  the  same  method 
applied  directly  to  this  case.  If  we  make  a  and  d  infinite,  the  stream  is 
bounded  by  a  lower  plane  wall.  In  this  case  the  coefficients  have  the  same 
numerical  values,  but  r0  and  r2  are  now  negative,  and  we  see  that  the  result 
is  the  same  as  (48)  but  with  the  terms  in  the  odd  powers  of  2 pja  negative. 

Another  special  case  is  when  the  mid-point  of  the  plate  is  midway  be¬ 
tween  the  walls,  or  a  =  b  —  \d.  In  this  case 

=  0;  r1  =  7r2/4d2;  r2  =  0;  r3  =  7r4/8d4; 

r[  =  ir*/'24d2;  r3  =  7r4/240d4,  (49) 

and  we  obtain 

i/io  =  •  +  )  0  +  ^ 1 1  - 53 sin'S - 22 sin* »)  + . . . . 

(50) 


This  agrees  with  the  expansion  given  by  Tomotika  (1934)  for  this  parti¬ 
cular  case. 

In  general,  calculations  may  be  made  from  (45)  and  (46),  and  the  variation 
in  lift  examined  as  the  plate  is  moved  across  the  channel.  The  following 
values  illustrate  this  for  one  particular  case: 


0  =  10°;  2pid  =  0-2 

ja/d  0-3  0-4  0-5  0-6  0-7 

L/L0  1-071  1  037  1  017  1-002  0  089 


8.  We  now  obtain  a  similar  expansion  for  the  moment  of  the  forces 
about  the  origin.  If  Ma  is  the  moment  in  an  infinite  stream, 

J/0  =  npc2])2  sin  0  cos  0.  (51) 

Using  (35)  in  (14),  we  obtain,  after  some  reduction, 

M  J/0  —  By  +  l,  j>ra  Bx  sm  0  +  2h[rry  B„  sin2  0 

—  4 p2r[(k'B2  —  1  B'\)  sin2  0—\ p3r2{3kB3( sin  0  —  4  sin3 0)  —  2 By  B2 sin 0} 

—  &  Pir  J4k'Bi  cos  20  — 2 By  B3)  sin2  0 

+  p*r3(k By  -  25j  Z?3  +  2BI)  sin2 0 cos  20+  ....  (52) 
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Substituting  from  (30)  and  (43),  and  collecting  the  various  terms,  we 
obtain 

M/M0  =  1  +  c1p  +  c2  p2  4-  c3  p 3  +  cipi+  .... 
ci  =  2rosin0, 

c2  =  3rj;sin20  +  Ar^l  +4  sin2/?)  —  r'v 

c3  =  4 rl  sin3  0  +  r0  rx(3  sin  0  +  2  sin3  0) 

—  Jr2(sin  0—  8  sin3  0)  —  2r0rj(3  sin  0  —  4  sin3  0), 

c4  =  5  rl  sin4  0  +  r4  sin2  0  —  2r0r2(sin2  0—3  sin4  0) 

+  Ir'f  ( 1  +  14  sin2  0  —  12sin40)- Jr3(l  -  8sin40) 

—  3rg  rl(5  sin2  0  —  S  sin4  0)  -  r 4  r4(  1  +  10  sin2  0  —  20  sin4  0 )  I 

+  r;2(l  +  Gsin20-  1  Osin1 0)  +  $r'(l  -4sin20).  J 

When  b  and  d  are  made  infinite,  this  reduces  to  the  expression  for  a  semi¬ 
infinite  stream  with  an  upper  plane  boundary,  namely 

M I M0  =  1  +  +  (1  4-  lOsin20) 

+  lfg(2^)  (sin04-4sin30)-^|"J^  (1  -  14sin20-4Osin40)-i- ....  (55) 

There  is  also  a  similar  reduction  for  a  lower  plane  boundary. 

With  a  =  b  -  \d,  the  mid-point  of  the  plate  being  midway  between  the 
walls,  we  have,  from  (40), 

J//J/0=  1+^(“)8(1+O»ms0) 

-  a-™ (  j )\ N  -  1 74 sin2 <9-170 sin4 0)  +  ....  (50) 

For  the  general  case,  we  have  (54)  with  the  coefficients  given  by  (40). 
As  a  numerical  example,  we  obtain  the  following  values: 

0  =  10°;  2/,  <1  =  0-2 

u'd  0-3  0-4  0-5  0-0  0-7 

M  M0  1-059  1-030  1-O10  0-994  0-977 

Ft. AT  PLATE  BETWEEN'  FREE  ST' I! FACES 

!*.  Those  results  may  easily  be  modified  to  give  approximate  expressions 
when  the  stream  is  bounded  by  parallel  free  surfaces.  At  a  free  surface  the 


(53) 


(54) 
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resultant  velocity  is  constant;  we  shall  take  the  usual  approximate  form  oi 
this  condition  which  amounts  to  assuming  the  deformation  of  the  free 
surface  to  be  small  and  making  the  tangential  component  of  the  fluid 
velocity  constant. 

Thus,  instead  of  (2),  we  have  the  boundary  conditions 


z  —  x  +  hi ; 


z  =  x—  ib. 


(57) 


Following  out  the  same  process  as  in  §  2,  the  appropriate  form  is  now 


(liv 

clz 


=  c  +  2, 


in+1  n !  A n  F*(k)  —  F*(  -  x)  eiK: 


?H  +  1 


u-j: 


1  -  er-Kd 

F{  -  k)  eriK:--Kd  -  F(k)  eiK---Kli 


<Ik 


1  —  c 


Jxtl 


dx, 


(5S) 


and  it  may  be  verified  directly  that  this  form  satisfies  the  boundary  con¬ 
ditions  (57). 

It  follows  that  the  expressions  for  the  lift  and  moment  are  now 


T  =  pcF—  2 np J 

M  =  27;p  -  J 


*  F{k)  F*(k)  er2k'a  -  F(  -  k)  F*{- x)e.-iKh  ^ 


(59) 


dx 


1  _  e-iKd 

F’(x)  F*(x)  e~-K"  -F'(-  k)  F*(  -  x)  e~2lcb 


It  is  clear  that  we  may  write  down  the  expansions  from  those  in  the 
previous  sections  by  replacing  each  coefficient  rn  by  —r„,  and  leaving  the 
coefficients  r'  unaltered  in  sign. 

Hence,  instead  of  (45)  we  have, 


L  /,„  -  1  +b1p  +  bipi  +  b.i2>*  +  bip*+  .... 

bx  =  —  2/0  sin  0, 

/>.,  =  3/f,sin2f/  —  r,  —  2/-j  cos  2d, 

/).,  -  —  4/-;{ sin3 0  +  2r0r,(2 sin 0- sin3 0) 
f  sin  tt  cos  ’10  f  sin  0  cos  ‘20. 

/y ,  =  5/,’  sin4  0  —  sin2  W  —  2  sin4  0)  -4  J rj -  cos  20 

—  lr„  r.,(7  sin- 0  —  l2sin4W)—  sin2  Woos  20 

r  :i/-j  r\  cos  20  +  »rj2  cos2  20  *-  •>/•'  cos  4 0. 


(61) 


(92) 
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With  b  and  <1  infinite,  this  gives,  for  a  semi-infinite  stream  with  an  upper 
free  surface, 


sin#  — 


1 

16  \  a 


.■>  \  *» 


(1-3  sin2  U) 


+  3^(?)  (3  sin  5  si«30)  +  572(77)  (<i~4l>'n2#  +  40sin4#)  +  ....  (63) 


With  a  =  b  =  hi,  we  obtain 


r2  /‘» 


LiLo  =  *-;hhr  (2~sin2^ 


24  \d 
n 4  /2n'il 


'680  \  d 


(64  - 1)7  sin2  (9  +  66  sin4  ())  +  .... 


(64) 


For  numerical  comparison,  we  take  the  same  case  as  before,  and  obtain 
the  following: 

0  =  10°;  2 p:d  ~  0-2 

a/d  0-3  0-4  0-5  (Mi 

L/L0 


0-924 


0-951 


0-969 


0-983 


0-7 

0-994 


(60) 


Similarly,  for  the  moment,  we  have 

MjM0  =  1  +  Ci/>  +  e2i>2  +  c3i)3  +  cj;>1  +  •••> 

cx  =  —  2r0sin(9, 

c2  =  3r|  sin2  0—  Jr,(  1  +  4  sin2  0)  —  rj, 
c3  =  —  4/f,  sin3  0  +  r0  rx(3  sin  0  +  2  sin3  0) 

+  Jr2(sin  (9  —  8  sin3  0)  +  2r0  r|(3  sin  0  —  4  sin3  0), 
ct  ~  5ro  S4n4  ^  —  s‘n'  ^9—  2r0r2(sin2  0  —  3 sin4 ft) 

■+iril'  +  14  sin2  0—  12  sin4  0)  +  Jr3(I  —  s  sin4  ft) 

—  3rjr((asin2(9  -  8  sin4#)  +  r,  rj(  1  +  10,- sin2  ft  —  20  sin4 0) 

+  r(2(l  +  6  sin2  0  —  16  sin4  0)  +  \r!i(  1  -  4  sin2  ft). 

With  b  and  d  infinite,  we  obtain 

M/Mu  =  1  -  ‘  ( “f )  sin  0  -  .‘,(’;'f(  l  -  2  sin2 0)  +  ( ^  )*(7  sin  «  -  1 2  sin ‘o, 


m 


1  /  2p\* 

256  \  a  I 


( l  -  s  sin2  ft  •  s  .mii4  ft)  •  _ 


(*o) 
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and  with  a  =  b  —  \d,  wo  have 

l-^(f)2(l+3sin2  0) 

+  r^)(32  +  237  sin2  0  -  395  sin4  6)  +  ....  (68) 

For  numerical  comparison  with  previous  sections,  we  take  the  same 
numerical  case: 

0  =  10°;  Ip \d  =  0-2 

aid  0-3  0-4  0-5  0-6  0-7 

M/M0  0-938  0-965  0-982  0-998  1-011 


Plane  boundary  and  free  surface 

10.  Although  the  problem  is  not,  perhaps,  of  practical  interest,  we  may 
note  that  the  same  method  can  be  extended  to  the  case  when  one  boundary, 
say  the  lower,  is  a  rigid  plane  while  the  other,  upper,  boundary  is  a  free 
surface;  we  note,  again,  that  for  a  free  surface  the  boundary  condition  is 
taken  here  in  an  approximate  form. 

■  Considering,  as  in  §  2,  the  image  systems  formed  by  successive  reflexions 
in  the  two  surfaces,  we  see  that  these  infinite  series  of  images  now  consist 
of  terms  of  alternate  signs;  summing  these  series  we  obtain 

*"  F*(k)  e-Us-2Ka  +  F*(  ~  k)  eiKi~Ub 


dw 

-r  =  c+I 
dz  z 


n\An  f 

"+1  Jo 


1+e 


-2  K<i 


dx 


f K  { F(  -  K )  e~iKt  -  F(k)  e***}  e~^d 

+  Jo  l+e-2“*  dK' 


(69) 


It  may  be  verified  directly  that  (69)  satisfies  the  boundary  conditions 


..dw 

R  j-  =  c;  z  —  x  +  ta, 
dz 


,dw 

dz 


0;  z  —  x  —  ib. 


(70) 


The  expressions  for  the  lift  and  the  moment  are 

F(k)  F*(K)t  -2*"  +  F(  -  k)  F*(  -  k)  f 


Y  -  pci'-  2np  j* 

„  ,,-r  ,  f« /*”(*) /’*<*) e  +  F 

- 


dK, 


1  +  f  -Kd 

4-  F’(k)  F*(  —  k)  e  uh 


(Tl) 


dK 


r 

Jo 


°>\F'(k)F(-k)-  F'(-k)  F(k)\  e 


1  -M-  ud 


2xd 

—  dK  I . 


(72) 
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We  use  the  notation 


‘  Jo 


+  (  -  1 )"  <■  2rb 


1  T  C~-rd 


v"Jr. 


>  <•  2'" 

.s'  =  |  --  -  —  r"<lr. 

11  l+e-8rrf 


J3) 


By  comparison  with  the  expressions  tor  the  flat  plate  between  two  rigid 
boundaries,  it  is  easily  seen  that  we  may  write  down  the  corresponding 
results  bv  replacing  the  coefficients  /'„  by  —  .s„  and  /'  by  —.s'. 

Thus  we  obtain,  making  these  changes  in  (45), 


Ij  L0  —  1  +  p  +  />2  p~  +  ]>*  +  y>*  4- . . . , 

6j  =  —  2s0  sin  0, 
h  ,  =  tl.s*  sin2  0  —  .Sj  2.<?j  cos  10. 

0A  —  —  4s3  sin30  +  2.90s1(2sin(,y  —  sin3#)  +  £2sintV  cos  10—  ^s0s[  sin  0  cos  20,  ' 


=  3.s4  sin4  0  —  355^4(3  sin2  0  —  2  sin4  0)  +  J.sj  +  3.s3  cos  10 

—  ,1.s0.s2(7  sin2  0  —  12  sin4  0)  4-  1  s.sf,.s(  sin2  0  cos  10  —  3.Sj  .s'  cos  10 
+  3,s[2  cos2 10  —  3,s3  cos  40. 

Similarly,  for  the  moment, 

M  M0  =  1  +c1;i  +  c2/j2  +  c3^1  +  c4j>4-j- .... 

Cj  =  —  2,s0sin  0. 

<\>  -=  3*5  sin2  0  -  A.s,(  1  +  4  sin-t/j  •+  ■>'. 
c:t  -  -  4.v;* sin3 0  +  <s0vsl(3 sin  0  f  2 sin3 0) 

+  {#4(siiiW  — KsinV/)-- 2.s0.s|(3sin  0-  4  sin3t/), 
r,  =  5.s4sin4t/-  sin2 0  -  2s().v;!(sin2 0  -  3  sin4 0) 

♦  4  vf(  I  1 4  sin2 0  —  1 2  sin*  0)  a  >  v:i(|  -Nsin4^) 
3.v2.vJ(5sin2t/  - s sin4 (')  -,s,.sj(|  .  lo.dn2^—  2nsin4t/) 
•f  .vj-(  1  -r  ti  sin*  n  -  Hi  sin*  (>)-  l  -  4  siii2b>. 


(75) 
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From  (73),  the  coefficients  are  given  by 


,s’0  =  see  x ;  «s-j  =  J  see  3  tun  a 


=  |^l  see  oc (see2  jc  +  tan2  a), 


,v3  =  I  oyl  sce  jf  tan  Jt(5 sec-a  + tan2a). 


.sj  =  n2j4Hd2;  n'j  =  77r4/l920d4, 


(76) 


with  jc  =  n(b  —  u):2d. 

It  may  be  verified  that  it  we  make  b  and  d  infinite,  or  a  and  d  infinite, 
tiiese  expressions  reduce  to  the  former  results  lor  a  semi-infinite  stream 
bounded,  respectively,  by  an  upper  free  surface  or  by  a  lower  rigid  plane. 
For  the  particular  case,  n  =  b  —  \d,  we  obtain 


=  1  -  J  •s‘|i  0  +  ~  (1  +  18  sin2  0) 


(sin  0—  14  sin3  U) 


TTX 

122S81) 


(II  +  M328itt*  0-37 12  sin4  0)  +  ..., 


(77) 


and  .1/  ■  dfy  =  1  -  ^  j  j  sin  ft  +  j  (1  +  30  sin2  ft) 

~  (7  )4(  n  +  930  sin2  U  -  1 2800  sin4  0)  +  . . ..  (78) 


The  following  numerical  values  may  be  compared  with  those  in  the 
previous  sections: 

0  -  10+  2/,/J  =  0-2 


II  li 

0-3 

0-4 

or» 

0-0 

0-7 

0  924 

o-f)42 

0-953 

0-950 

0-900 

M  Mu 

0-928 

0943 

0-949 

0-951 

0-948 

In  this  case  the  relative  variation  near  the  middle  of  the  channel  is  much 
less  than  when  the  boundaries  are  of  the  same  kind. 


« 
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Kluitjc  cyljndkk 

11.  The  expressions  lor  a  Hut  plate  have  keen  obtained  as  limiting  eases 
of  those  for  an  elliptic  cylinder.  We  shall  consider  now  the  general  ease 
when  the  cylinder  is  in  a  stream  between  plane  parallel  w  ails,  and  w  e  shall 
examine  the  moment  of  the  forces:  further,  in  order  to  simplify  the  calcu¬ 
lations,  we  assume  in  this  case  that  there  is  no  circulation. 

Referring  to  §4,  we  have  to  determine  F(k)  from  (27)  and  (2S)  with 

/’  =  o. 

The  process  of  approximation  is  carried  out  as  before,  and  we  record  the 
result  up  to  terms  necessary  to  give  the  moment  to  the  repaired  approxi¬ 
mation.  We  obtain 

F(k)  =  —  },rp(},KpBl('w  + 

-  +  3J4 K5/WV3*'"  +•••),  (7 ») 

/ij  =  e <"-(/< ~iu+  \  p-ft (2i y'-e  iv  —  r  <") 

—  ), —  </<:'"  -  </>  a'"  +  (]-<:  '") 

~h  !>*>'* {-'/(<•  +  +r)R"'  +  (/  'M")\ 

+  A  P ''IK 1  +  ;i7‘)  <J"  -  H\ +  <r)  *  1 

+  iphviKvr1''--  (1  +  '-IT)  (»■'" 4-  e  4  27(l  +  </-), 

+  \  a'"  +  7(1  r -<{')<:  4-  —  Ch‘u\ 

+  i  />%((/>  r*'"  +  <]-<  a'" -  7< :l'"  4-  t-5"')  +  .... 

/j3  =  '"+..., 

—  e —  <!<'  w  +  .... 

B.,  and  Bx  are  of  order  \iA  and  do  not  contribute  to  the  value  of  the  moment 
up  to  terms  in  \P. 

I’sing  (7b)  and  (SO)  in  (M),  we  obtain,  after  some  reduction, 

M  7Tf>c~p~  sin  0  cos  7  =  l  +  +  r((7  —  2  cos  27)  j 

+  A  p‘|/y(  I  4  Hi/2)  +  /a(  1  -r  if-  -  4  cos  27)  +  4r,  r'  ( I  4  \hf-  -  s  cos  27) 

4-  4/'j~( If  4-  ‘.hf-  —  S7 cos  27  •  0 cos 47)  f  2/'j(!l  •  7*—  S7 cos 27 4-  (5 cos 47))  4- .... 

(HI) 

In  this  expression.  7  is  the  angle  the  major  axis  makes  wit  li  the  direction 
of  the  stream,  a.  h  are  the  distances  of  t  he  cent  re  of  the  ellipse  from  the  two 
walls,  and  t he  coellicienls  /  are  given  in  (40).  further,  il  // are  the  semi- 
axes  of  the  ellipse,  we  have a'-  7  - ami  7  (a'  4-  h')  pt'  —  //). 
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The  moment  for  a  flat  plate  in  a  stream  between  plane  walls,  and  without 
circulation,  has  been  obtained,  by  conformal  transformation,  by  Tomotika 
(1933),  who  also  gives  an  expansion  for  the  case  a  —  b  ~  \d\  it  is 

•*2SSo(f)4(ll'l08l,i,'S9'(i09in,<',+  •  <**> 

If  in  the  general  result  (81 )  we  put  q  =  1  and  use  the  values  of  the  coeffi¬ 
cients  given  in  (4(i)  and  (40)  we  obtain  again  this  particular  result. 

We  shall  use  (81 )  to  illustrate  one  point,  namely  the  change  in  the  moment 
when  a  flat  plate  is  replaced  by  an  elliptic  cylinder  whose  major  axis  is  of 
length  equal  to  the  width  of  the  plate;  thus  we  examine  the  effect  of  rounding 
the  edges  of  the  plate  and  giving  it  a  finite  thickness. 

To  simplify  the  calculation,  we  take  the  cylinder  in  the  position  given  by 
a  =  6  =  ^d.  Then  (81)  gives 

M  jnpc2a' 2  sin  0  cos  8  =  aJ^I  +  -Y(2g  —  cos  20) 

7t4A2  ia'\l  1 

+  2304(j  (  ^  ^8 qi  —  (300  +  44q )  cos  26  4-  33  cos  ±0}  +  . . .  I ,  (83) 

where  A  =  l—b'-/a'2,  q  =  (a'  +  b’)/(a'  — //). 

We  begin  with  a  flat  plate  of  width  2a',  and  then  keeping  a'  constant  we 
increase  b'\  to  simplify  the  calculations  we  have  taken  the  position  given 
by  6  =  4b°  and  the  following  table  shows  the  result  of  the  calculation  for 
various  values  of  the  ratio  a  \d. 


a' jd 

0 

0-1 

0-2 

0-3 

0-4 

b'/a ' 

0  „ 

1*0 

1-0105 

1-0673 

1-1561 

1-2885 

0  05 

0-9977 

1-0159 

1-0714 

1-1090 

1-3149 

009 

0-9917 

1-0113 

1-0717 

1-1734 

1-3361 

013 

0-9830 

1-0038 

1-0079 

1-1799 

1-3484 

0-2 

0-9000 

0-9829 

1-0535 

1-1773 

1-3640 

0-5 

0-7500 

0-7780 

0-8055 

1-0227 

1-2664 

For  an  infinite  stream  (a'/d  =  0),  this  process  of  increasing  the  ratio 
1/ /a’  with  a’  constant  gives  a  moment  which  steadily  decreases  to  zero  when 
b'  =  a'.  .An  interesting  point  which  arises  from  these  calculations  is  that  in 
a  stream  of  finite  width,  w  ith  plane  walls,  the  moment  rises  to  a  maximum 
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before  decreasing  to  zero;  with  decreasing  width  of  the  channel,  this  maxi¬ 
mum  increases  in  amount  and  occurs  at  a  higher  value  of  the  ratio  b'  ja' . 


Summary 

The  paper  gives  a  new  treatment  of  the  problem  of  a  flat  plate  in  a  stream 
bounded  by  plane  parallel  walls,  including  circulation  round  the  plate.  The 
plate  is  considered  as  the  limiting  case  of  the  elliptic;  cylinder;  an  integral 
equation  is  obtained,  whose  solution  by  continued  approximation  leads  to 
expansions  for  the  lift  and  moment  on  the  plate.  The  solution  is  modified 
to  give  similar  results  when  the  stream  is  bounded  by  parallel  free  surfaces, 
taking  the  condition  at  a  free  surface  in  an  approximate  form ;  and  a  further 
modification  gives  the  case  when  one  boundary  of  the  stream  is  a  plane  wall 
and  the  other  is  a  free  surface.  The  problem  of  the  elliptic  cylinder  in  general 
is  also  considered  with  reference  to  the  moment  of  the  forces  when  the 
stream  is  bounded  by  plane  walls  and  when  there  is  no  circulation. 
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Note  on  the  sinkage  of  a  ship  at  low  speeds. 

Bv  T.  H.  Havelock  in  Newcastle-on-Tvne. 

Zusammenfassung.  I’m  cinen  Anhalt  fiir  die  Zunahme  des  Tiefganges  eines  Scliiffes 
hei  genilgend  kleinen  (ioschwindigkeiten  zii  liahen,  orsetzt  \  erf.  den  eintiuichenden  I  oil  des 
Scliiffes  durcli  ein  Ilalbollipsoid,  tiessen  ehene  (!renzllitclio  init  den  Ilalhaclisen  <t  mid  b  in 
der  i  lithe  des  Wasserspiegels  liegt.  Uni  diesen  Kiirper  nimint  er  eine  Potent  ialstrftmung  an, 
fiir  die  die  Wasseroberflilche  eben  hleibt.  A  us  dieser  wird  die  Ahualime  Q  des  Druckes  nacb 
oben  bereclinet  und  die  Zunahme  h  des  Einsinkens  mittels  der  Gloichung  Q  —  a  b  rr  p  y  -  h 
hestinnnt.  Die  so  gefundenen  nuiuerischen  Resultate  stimmen  mit  denen  aus  einer  enipirischen 
Forinel  von  Horn  fiir  wirklieho  Schiffskorper  der  Griifienordmmg  nacb  gut  (therein.  Weiter 
geht  Vcrf.  auf  eine  andere  Hornsche  Nilhenmg.sformel  ein,  die  es  erlaubt,  aus  dein  Einsinken 
die  Zunahme  des  Ueibungswiderstandes  eines  Modelles,  verglichen  mit  dein  einer  ehenen 
Platte,  abzuschfltzen. 

1.  The  general  problem  of  the  position  of  relative  equilibrium  of  a  ship  in  uniform 
motion  is  a  complicated  one.  and  the  following  note  deals  only  with  a  simplified  form  of  the 
problem  suitable  for  low  speeds.  It  is  generally  assumed  that  at  sufficiently  low  speeds 
the  fluid  motion  approximates  to  the  stream  line  'flow  round  the  ship,  neglecting  the  distur¬ 
bance  of  the  surface  of  the  water;  the  sinkage  is  then  due  to  the  defect  of  vertical  pressure 
caused  by  the  fluid  motion  and  should  lie  proportional  to  the  square  of  tiie  speed.  '1  here  do 
not  seem  to  have  been  any  calculations  made  to  test  whether  these  assumptions  lead  to  results 
of  the  right  order  of  magnitude.  Such  calculations  might  be  carried  out  numerically  for 
ordinary  ship  forms,  hut  it  is  sufficient  for  the  present  purpose  to  take  a  simple  form.  We 
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itssiniM*  the  siiIhihti'imI  part  of  tin*  ship  to  hr  i*llipsni»ial.  Th<*  >*»Iu*h»ii  <» f  tin*  roivospninliiiLT 
potor.i  ial  problem  is  well-known.  and  an  exact  expression  can  easily  l.e  found  for  the  total 
defect  of  vertical  pressure,  and  hence  we  obtain  a  certain  equivalent  siukage. 

The  prohji'tn  is  of  some  interest  since  I’rofessor  Horn  I  has  proposed  b>  estimate  the 
so-railed  form  effect  upon  resistance  by  an  approximate  formula  involving  the  siukage  at  low- 
speeds.  The  expressions  obtained  here  for  ellipsoidal  forms  are  compared  numerically  with 
these  results  and  with  other  experimental  data. 

•J.  A  solid,  whose  surface  is  given  by 


tr 


// 

lr 


1 : 


is  moving  through  an  infinite  liquid  with  velocity  /  parallel  to  the  axis  O.r 
potential  of  the  lluid  motion  is  given  by 

J 

(I  b  r  il  /. 

1  -  «„  *  '*  .  («*  +  +  A I' ' '■*  (cs  + 

/. 

in  which  (.r,  //,  s)  are  given  in  terms  of  orthogonal  coordinates  (/..  //,  r)  by 

(<r  +  /.I  in-  -f-  /il  in-  !  ri 
(u-  —  Ir)  (u-  c-| 

with  similar  expressions  for  //  and  z. 

In  these  coordinates  the. ellipsoid  (1)  is  given  by  and  we  have  also 


The 


.  Ill: 
velocity 

.  .  Ci|. 

.  .  CD. 


<t  hr  \ 


<n 


n  h  r 


.1  |cia 4  /da'* (/c+  /.I  (<•-’  +  /.)'  5  (u-  c3)'1* 

a 

E  being  elliptic  integrals  witli  parameters  given  by 

sin  <t  =  {«3  —  h3)/iu3  c3)}1'3;  sin  y  =  pr  j<i 


El 


(If 


(•>). 


’Pile  flui<l  pressure  is  given  by 


,  <H  1  . 

r>---p«+o  ^  - -o '"/■=/' * 


i 


(x .  ,  .  -  •_>  a  r 


(Hi. 


If  (I,  »i,n)  are  the  direction-cosines  of  the  normal  at  any  point  of  the  ellipsoid,  the  required 
total  defect  of  resolved  pressure  (J  is  given  by 

ii(  V  «\v  1 


(f  =  o  \  \  ( t:  ^  +  -o  7s) » <> s 


(•h 


the  integral  being  taken  over  the  half  surface  of  the  ellipsoid  lying  on  one  side  of  the  .<•  //-plane, 
l'sing  well-known  properties  of  the  coordinates  /..//,»•  (as  given,  for  example,  in  I,  a  mb's. 
Hydrodynamics,  p.  l  ltt),  it  can  he  shown  that,  on  the  ellipsoid  -  0.  we  have 


A '/  /'  |  '2b'r-  (<i-‘  +  ««| hi3  4-  r)| 

A  x  2  —  <i„  f  UiJ  —  E- 1  (cr  r-|  //  v  |  ’ 


and 


3  d'l  'I’Y  I  /('  v  .-7..  f/s  CJ  to3 -f  ,«t  («•'+ rl 

'I  [fix/  \A ///  (u‘-  lr)[ir  c*| //  * 

,  /  n«  V'  fjs  I  (b*  +  <«l(c3-t-n)  lb’  -f  »')  /•••'  -4-  r)  |  irjir  1  fill  ir  +v) 

\-  uj  in  (il3  4-/'M//  rt  r  (<r‘ +  c|  (r  —  u)j  (<is  —  Ir)  (<T — c  2) 


IN. 


Further,  we  also  have 

1 


.  i/a 


, 1,"  -  -  •')  Ir  ii  |  , 

111  4  "  M(c3  u'llr*  -fc3|(«* +  /«|(fc3  -f  //l(<l!-t-r|(bi:  +  |/)|  I1'  V’ 


t'.l) 


*)  Horn,  Intern.  Tttjrt;.  tier  d»*r  Srlili’ppversut’hfctuiMHlten,  1  s  -.*o. 


459 


204 


II  ;i  v  <•  I  o  c  k  ,  Note  mi  the  sink :i of  :i  ship  :i !  low  spools 


iiiw.i’w.  M ul li.  Mt'i  li. 
II. I.  Ill  Nr.  4  Aiitf.  l'i:i|i 


Hence  we  obtain 


Q 


ll  li  n  IJ- 

{X<F— P)  ( y~-~ 


1  \  Ir  r-  ((»-  u)  (n-  -f-  ►) 

2  /  («*  ir)  (It-  (■■)  ft  )' 


4- 1  V  («*  +  »•)  (  (fc»  +  /Q  (<•*+/<)  (//•'  +  »')  (ca  +  V)  \  ] 

\2  nj  2  (V  6a)(ri*  ~es)  )it  (rt* +//)  (,u  »•)  i’  («-  +  c)  ()•  —  d)j  ] 

(it  v)  (i*  /i)  I11* 

+  ,")  (**  +  ,")  +  >')  (fr  +  >’)j 


(lurrying  out  the  integrations,  and  writing 


0  -  it  if  if  It  ll  ll  . 

we  obtain,  for  it  >b>r, 

<jh  u„ _ 2  +  d„ _ hr _ /  a„  V  ti  (tt*  +  a  It  c'-') 

//*  2  «0  2(2  u„)  (a  + 1>)  (n-  c-)  \2  aj  2(«  +  t)(n!  c:!) 

2  it  li  r-  h  (it"  c,)‘l-  4  <i  (b1  ra)l,a 

~  (2  Oa  bP  ra)a,a  (IS  Pf  "■  MV  r'),,a+.  r  (IS 


(10). 


(11), 


(12). 


2.  We  require  also  the  corresponding  expression  for  an  ellipsoid  with  it  >  c  >  h.  This 
may  be  deduced  directly  from  (12);  or,  alternatively,  we  may  proceed  as  in  the  previous 
section  but  replacing  nrfS  in  (7)  by  tnilS,  given  by 


»t  (I  S 


J_  ( _ (,'i  >-)(»'  /t) _ C'5  . 

t  «  r  1(6--  -  C-)  (Ir  («a)  («a  4  ,,)  («*  +  r)  (c*  +  ,,)  (ra  4  r)|  " "  ” 


(13). 


After  carrying  out  the  integratioi  s,  we  interchange  h  and  c  so  that  we  may  express  the 
result  by  means  of  (11). 

We  obtain,  for  a  >  r  >  b 


!l_h  ;  fi0  2  +  u„ _ h  r-  _ /  <t„  V  n  (n1  +  <,J)  1 

H*  2  «/„  2  (2 -«,)(« + />)(«*- c*)  \2  oj  2|(I+/||((I!  C* 


It  li  c 1 


(2  -  d„)a  (n1  —  ca):,'a(ca  —  6a),,a 
In  this  case,  instead  of  (1)  and  (5),  ,ve  have 

2  n  h  r 


arctan 


!(«s  (r-  b1))' 


it  h  +  r* 


(14). 


n-(da  -  ra)  («*  —  It3) 
sin  a  —  ((«a  -  c*)/V  (<a)}wa, 


(A’  —  A), 

sin  ^  •—  («*  —  IS)'11  jit 


(15). 


4.  The  prolate  spheroid  may  be  considered  separately,  or  may  be  (Induced  from  tin- 
two  previous  cases.  Taking  limiting  values,  both  (12)  and  (14)  reduce  to  the  expression  for 
this  case. 


For  a  >  b ;  b  =  c ,  we  obtain 


Uj 

(/» 


and  in  this  we  have 


2  '4  «0 

2 1,2  «' 

2(1  e») 

/  1  .  1 

12  1 

1  e 


-  C); 


(  <•„  V  It  (ll  4  -  ’>) 
\2  —  nj  2(ii4(i)“ 


r‘  —  1  -  ISjt Is  . 


(Id) 


(17). 


o.  To  apply  these  results  to  the  problem  under  consideration  we  imagine  a  ship  for 
which  the  immersed  portion  is  ellipsoidal,  the  xi/plnne  being  the  water  surface  and  the  sides  of 
the  ship  above  water  being  vertical.  Owing  to  the  defect  of  buoyancy,  which  has  been 
denoted  by  Q,  the  ship  will  sink  in  the  water.  This  will,  of  course,  alter  the  fluid  motion; 

but  for  approximate  comparison  with  experimental  results,  we  define  the  equivalent  sinkage 

h  so  that  Q  is  equal  to  the  weight  of  a  volume  of  water  of  height  h  and  c*  cross  section 

equal  to  the  section  cf  the  ship  bv  the  water  surface;  that  is,  h  is  defined  by  (11). 
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If  the  h-mdli.  beam  ami  tlnift  of  tin*  ship  arc  /,,//./>  respectively,  then  /,  2  <i  . 
I!  --l>.  I)  —  r:  fi,r  />>.  '.  2  1)  we  use  the  expressions  1 |2l,  ittl  and  tlf.l  respectively.  The 
numerical  values  shown  in  Table  I  have  been  calculated  from  these  formulae 

Table  I.  \  allies  of  i/h.l'' 


lilt  LI)  in  Ljl)  If. 


1  t  h  >25:  t  o.ol.Ts 

2  oi5:t  02:?  1 

.of,12  .o:?is 

t  ,t»7:?o  .o:?;*7 


The  niciisnrml  sink-tee  ef  ship  models  at.  low  speeds  has  . . .  analysed  by  Horn1), 

who  has  given  an  empirical  formula  derived  as  an  average  from  iivailahle  data  for  many 
different  forms  of  model.  His  expression  for  the  sinkage  is.  in  the  present  notation 


i  ( 11,2.1 


l  :■ 

H  )  ' 


11  ) 

lo  b’ 


(IS). 


where  L.  II,  1)  are  length,  beam  and  draft  respectively,  and  7‘  is  the  prismatic  coefficient  of 
the  form;  tin1  formula  is  valid,  as  an  average,  for  suitable  ranges  of  these  parameters. 

It  should  lie  noted  that  this  formula  is  for  actual  measured  sinkage.  and  is  probably 
derived  from  velocities  rather  higher  than  those  for  which  the  preceding  simple  calculation 
is  valid;  moreover,  the  ellipsoid  is  not  one  of  the  ship  forms  included  in  the  data.  However 
we  may  use  it  to  test  the  order  of  magnitude  of  the  results.  If  we  apply  (IN)  to  an 
ellipsoidal  form  with  />//i  =  8  and  HID  -  2,  we  obtain  h  =  0.02.S3  this  compares  with 

the  value  0.0231  (.’•/f/  for  this  ease  given  in  Table.  I. 

Horn1)  has  suggested  using  the  sinkage  at  low  speeds  to  estimate  the  increased 
frictional  drag  for  a  model  compared  with  a  flat  plate;  his  formula  for  the  percentage  increase 
in  the  resistance  R  is 

100  J ///«  =  200/y /f/r* . (10) 

For  the  prolate  spheroid  with  L:ll-  S,  the  value  of  h  in  Table  1  gives,  according  to  the 
formula  (10),  an  increase  of  4.0  per  cent  in  the  resistance. 

Amtsberg5)  has  recently  determined  the  resistance  of  a  submerged  prolate  spheroid 
experimentally;  he  gives  two  values  for  the  increase,  namely  5,2  per  cent  and  3.7  per  cent, 
the  smaller  value  being  obtained  after  applying  certain  corrections.  Amtsberg  also 
investigated  certain  other  surfaces  of  revolution,  for  which  the  velocity  potential  is  given  by 
a  source  distribution  along  the  axis.  He  gives  numerical  values  of  the  ordinates  of  the 
surface  and  of  the  theoretical  distribution  of  velocity  along  the  contour;  from  these,  it  is 
possible  to  evaluate  numerically  the  integral  we  h  tve  denoted  by  Q  in  the  preceding  sections. 
Taking,  for  example,  the  values  given  by  Am  sberg  for  his  model  R  125~,  we  obtain 
approximately  ( }  —  0.0284  o  IIs  (area  of  section).  'I  his  gives  an  equivalent  sinkage  of  0.0284  7  J/.y 
and,  according  to  (ID),  an  increase  of  resistance  «'?  about  5.7  per  cent;  the  values  deduced  by 
Amtsberg  from  his  experimental  results  are  7.3  and  4.D  per  cent,  the  latter  being  the 
corrected  value. 

It  is  well-known  that  in  models  of  this  type  the  measured  distribution  of  pressure  over 
the  surface  only  differs  appreciably  from  the  theoretical  value  near  the  rear  end  of  the  model. 
Hence  the  effect  of  this  divergence  upon  the  resolved  vertical  pressure  will  only  he  a  small 
correction;  taking,  for  example,  model  R  1257  and  using  A  nits  berg’s  measured  values  of 
the  pressure  instead  of  the  theoretical  values,  a  rough  approximation  gives  a  factor  of  0.0288 
instead  of  0.0284. 


7.  Summary.  The  sinkage  of  a  model  at  sufficiently  low  speeds  is  assumed  to  he  due 
to  stream  line  fluid  motion  round  the  submerged  part  of  the  model,  neglecting  the  disturbance 
of  the  water  surface.  Taking  an  ellipsoidal  form  for  the  submerged  part,  exact  expressions 
are  found  for  the  total  defect  of  vertical  pressure  and  hence  for  a  certain  equivalent  sinkage. 
The  results  are  compared  numerically  with  available  data  and  are  found  to  he  of  the  right 
order  of  magnitude.  Further,  reference  is  made  to  Horn’s  approximate  formula  connecting 
the  sinkage  with  the  increase  of  resistance  of  the  model  compared  with  that  of  a  flat  plate. 
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H  aws  produced  by  the  Rolling  of  a  Ship. 

By  T.  H.  Havelock,  F.R.S. 

1.  Tin:  first  part  of  the  following  paper  deals  with  the  surface  waves 
produced  by  an  elliptic  cylinder,  or  a  fiat  plate,  submerged  in  water 
and  performing  small  linear  or  rotational  oscillations.  The  second 
part  contains  a  short  discussion  of  the  energy  dissipated  in  wave  motion 
by  a  rolling  ship,  together  with  an  estimate  of  the  magnitude  of  this 
effect  obtained  from  the  preceding  results. 


Submerged  R  Hi  pile  Cylinder. 


2.  The  method  adopted  is  to  replace  the  oscillating  body  by  some 
suitable  distribution  of  sources  and  sinks  or  of  doublets.  Although 
the  analysis  could  bo  extended  to  three-dimensional  problems,  we  limit 
consideration  at  present  to  two-dimensional  motion  in  a  frictionless 
liquid.  We  begin  with  the  solution  for  a  horizontal  doublet  which  was 
obtained  for  an  oscillating  cir-ular  cylinder  (Havelock.  1917).  Take 
the  origin  ()  in  the  free  surface  of  deep  water,  Ox  horizontal  and  Oy 
vertically  upwards.  Let  there  be  a  horizontal  doublet  of  oscillating 
moment  M  cos  at  at  the  point  (0,  —f)  in  the  liquid.  The  velocity  potential 
<f>  is  given  by 


<f,=  ^ 

v  g« 


1  o 

-  -  CT“ - 


?/4  iJ 


K/-v)s;n  KtrdK> 


(i) 


(Jk — o--— |-  ip.' a 

with  i  ,2— F'-f  The  real  part  of  the  expression  is  to  be  taken, 

and.  further,  the  limiting  value  when  the  positive  quantity  p  tends  to 
zero  ;  this  latter  process  ensures  that,  at  great  distances  from  the  or, gin, 
the  motion  will  reduce  to  waves  travelling  outwards  on  either  side.  We 
may  write  (1)  in  the  form 

,  fx  f-K</-i'>sin  kx 
J  0 

with  r22  =  x2  4-  (/  —  y)2  and  p  —  p'o/y,  *0= 

The  integral  in  (2)  may  be  transformed  by  taking  k  to  be  a  complex 


<  Mx  .  .  ,  M;r 

75  e  +  77e  -'--"o 

r,  Tn- 


/, 


ip 


(Ik, 


(2) 
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variable  and  integrating  round  suitable  contours  according  a~-  r  is  positive 
or  negative.  Wo  obtain,  taking  the  real  part  and  making  p  zero. 


< f>  ■  1 — -cos  at  •}•  - — cosir/^f'JK  'cuslc/ 

r{-  r.r  u 


M 


xor 


-•  cos  at 


’J  Kn  cos  «•(/-  -//)•;-«  sin  «•(/-//) 


I  (3) 


the  upper  or  lower  signs  to  fie  taken  according  as  ,r  is  positive  or  negative 
The  corresponding  surface  elevation  7?  is  given  by 


277K’()fjM 

'/ 


r,  -  K  /. 


si  a  (at  *-hr0.i)  — 


_>  Mrx 


■  sin  at 


i / 


sin  at 


k'(,cos  k/  -  k  sin  ^  T *x((K 
K-  f 


(4) 


The  first  term  represents  the  regular  waves,  while  the  other  two  terms 
give  a  local  oscillation  whose  magnitude  diminishes  with  increasing 
distance  from  the  centre  of  disturbance. 

.Similar  expressions  may  be  obtained  for  a  source  of  oscillating  mag¬ 
nitude  or  for  a  doublet  with  its  axis  in  any  direction.  It  may  be  remarked 
that  for  a  doublet  at  a  given  point  in  the  licpiid.  so  far  as  the  regular 
waves  are  concerned  the  direction  of  the  axis  affects  only  the  phase  of 
the  waves  and  not  their  amplitude. 


3.  Consider  the  motion  produced  by  an  elliptic  cylinder  moving  through 
an  infinite  liquid.  If  the  motion  of  the  cylinder  is  one  of  translation, 
it  is  well  known  that  the  fluid  motion  is  that  due  to  a  certain  distribution 
of  doublets  along  the  line  joining  the  foci  of  the  elliptic  section  of  the 
cylinder ;  a  similar  proposition  may  also  he  readily  proved  when  the 
motion  is  one  of  rotation. 

In  particular,  let  the  cylinder  be  moving  with  velocity  V  parallel 
to  the  minor  axis  of  the  section  :  let  S,  S'  he  the  foci  of  the  section  and 
h  the  distance  of  a  point  on  SS'  from  the  centre  C.  The  moment  per 
unit  length  of  the  doublet  distribution  is 

a'\  (a-e.- — h-)^  -n{o.  — b) . (.“») 

in  the  usual  notation,  the  axes  of  the  doublets  being  perpendicular  to  SS'. 

If  the  cylinder  is  rotating  round  C  with  angular  velocity  o>.  the  moment 
per  unit  length  aiong  SS'  is 

u){a-\-b)h[(i'(r—h-)*'2v{a  —  b), . ((>) 

the  axes  being  perpendicular  to  SS'. 

Combining  (f>)  and  ((’>)  with  a  suitable  value  of  V.  we  may  obtain  the 
distribution  when  the  cylinder  is  rotating  about  any  point  on  the  major 
uxis. 
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4.  Suppose  that  the  cylinder  is  wholly  immersed  in  liquid  with  the 
axis  of  the  cylinder  horizontal  and  at  ;«  depth  /  helow  the  free  surface 
of  the  liquid,  and  let  the  cylinder  he  making  small  rotational  oscillations 
about  its  axis.  Let  the  angle  0  between  the  major  axis  of  the  sec  tion  and 
the  vertical  be  given  by 

0--0om\al, . (7) 


where  60  is  small. 

For  a  first  approximation  we  neglect  the  effect  of  the  free  surface. 
'I’lie  angular  velocity  of  the  cylinder  is  a0„  cox  at,  and  the  velocity  potential 
is  that  due  to  a  certain  distribution  of  doublets  along  the  instantaneous 
position  of  the  major  axis.  We  shall  make  a  further  approximation  for 
small  oscillations  and  assume  that  this  distribution  is  along  the  mean 
position  of  the  major  axis,  that  is.  the  vertical  through  the  centre  ol  the 
ellipse.  Thus  we  consider  the  motion  to  be  due  to  a  distribution  of 
horizontal  doublets  of  oscillating  magnitude  along  the  line  between  the 
foci  of  the  ellipse  in  its  mean  position.  From  (<i),  the  moment  per  unit 
length  at  a  distance  h  from  the  centre  of  the  ellipse  is 


o9n(a-\-h) .  .  .o. ,  . 

— - - —h(a~e- — h~y cos  at, 

—  b) 


(*) 


the  limits  for  h  being  J^ae. 

We  replace  M  in  (.’I)  by  this  expression,  write  J-\-h  for/,  and  integrate 
with  respect  to  h  ;  we  obtain  then  the  velocity  potential  for  the  given 
distribution  when  the  condition  at  the  free  surface  is  satisfied  Similarly, 
from  (4)  we  may  obtain  complete  expressions  for  the  corresponding 
surface  elevation.  This  consists  of  a  local  oscillation  whose  amplitude 
diminishes  rapidly  with  distance  from  the  cylinder,  together  with  regular 
waves  travelling  out  on  either  side.  We  shall  examine  here  only  the 
amplitude  of  these  regular  waves  ;  from  (4)  and  (S)  the  amplitude  A  ol 
these  waves,  that  is,  the  coefficient  of  sin  (at—K0x)  for  positive  values  of  x, 
is  given  by 

A  =  - ko20o  h  (aW-h-)*c~  h)dk 

=  -k02  V(a2  —  b2)  ( a  4-  b)200e-K*f  j'sin2  0cos0e~Kaae  co*  6 dO.  .  .  (0) 

This  may  he  expressed  in  terms  of  the  modified  Bessel  function  ln(.r), 
and  we  obtain 

.  .  .  (10) 

If  Kuae  is  small,  that  is,  if  the  wave  length  is  large  compared  with  the 
linear  dimensions  of  the  cylinder,  the  first  term  in  the  expansion  of  (lo) 
gives,  as  an  approximation, 

A  = >(a  -b  )(<i  +  b  f \-0V  - 1 l . (11) 
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ConsultT  u  cy ■  limit*!"  of  given  vertical  dimension  '_v/ .  with  vaiying  breadth 
'2b.  Naturally,  for  the  circular  cylinder  (b  a)  the  disturbance  is  zero. 
It  is  of  interest  to  note  that  for  the  approximation  (11)  the  maximum 
wave  amplitude  occurs  for  b  \a.  its  value  being  then  nearly  twice  tiie 
value  tor  the  limiting  ease  of  the  Hat  plate  (b  0). 

Suppose  that  the  cylinder  has  its  major  avis  vertical,  and  is  making 
iinear  horizontal  oscillations  in  which  the  displacement  is  d  sin  at.  Then 
from  (4)  and  (;>)  the  amplitude  ot  the  regular  waves  is 


A 


‘V  -tnl  ae 
(i—b  J_M 


Ii(/c0/a;)e"K"/. 


( 1-) 


If  k0uc  is  small,  this  gives,  approximately, 

A  ~7TI(fp  (it  -  h  )</ <  ~  K'-  ' 


(11!) 


Finally,  comhining  ( 1 0)  and  (12)  with  tl  ud0.  we  obtain  the  amplitude 
for  an  elliptic  cylinder  with  its  major  axis  vertical  in  its  mean  position, 
and  making  small  angular  oscillations  given  by  O—O^sinot  about  the 
upper  end  of  its  major  axis  ;  in  this  case  we  obtain 

A— jt0o (^~bj  {»<-o«c(«  +  6)Io(V"')  —  -("■+  r-  ( 1  •) 

For  K0ae  small,  the  first  term  in  the  expansion  is  the  same  as  (13)  with 
U-u0o. 

In  all  these  eases  the  expressions  take  simpler  forms  in  the  limiting 
ease  of  the  flat  plate,  lor  which  we  made  b  zero  ;  but  it  should  be  noted 
that  the  ideal  solution  then  implies  iniinitc  fluid  velocity  at  the  edges 
of  the  plate.  In  ]  articular,  consider  a  plate  of  height  -a.  making  small 
oscillations  about  its  upper  edge,  the  centre  of  the  plate  being  at  a  depth  /. 
If  Kua  is  small,  the  first  term  in  the  expansion  of  (14)  gives 

A  --  t tk  0-a'Hl0c  . (la) 

This,  naturally,  is  equivalent  to  replacing  the  oscillating  plate  by  a  single 
doublet  at  its  centre.  If,  in  addition.  k0J  is  small,  we  may  take 
as  a  first  approximation  for  the  amplitude  of  the  regular  waves.  A 
similar  approximation  could  be  made  for  a  cylinder  of  any  cross-section, 
using  the  corresponding  inertia  coeflieient  for  linear  motion  and  the  mean 
horizontal  velocity  of  the  cylinder. 


Rolling  Ship. 

o.  The  expressions  given  in  the  previous  section  are  approximations 
suitable  for  wholly  submerged  bodies  ;  it  is  not  permissible,  in  general, 
to  apply  them  to  the  oscillations  of  flouting  bodies.  The  approximation 
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used  lor  the  doublet  distribution  lose  accuracy  with  diminishing  depth 
of  ; uhmergonee  of  the  laxly  ;  moreover,  when  the  surface  of  the  laxly 
cuts  the  free  surface  some  of  the  expressions  for  the  surface  elevation  may 
take  Mi  finite  values.  It  may  he  noted,  however,  that  such  infinities 
generally  occur  in  the  local  part  of  the  disturbance,  the  expressions  for 
the  amplitude  of  the  regular  waves  at  a  distance  from  the  body  remaining 
finite. 

For  the  rolling  ship  the  period  is  such  that  the  wave-length  of  the 
corresponding  waves  is  large  compared  with  the-  draught  of  the  ship.  'Thus 
it  we  consider  the  analogous  problem  of  the  oscillating  plate  with  its  upper 
edge  in  the  surface,  the  quantity  x{)a  of  the  previous  section  is  small, 
in  most  eases  about  01.  In  these  circumstances,  treating  the  motion 
as  two-dimensional,  we  propose  to  regard  the  ship  as  a  single  oscillating 
doublet  at  a  depth  which  is  small  compared  with  the  wave-length; 
thus,  from  (  I),  we  take  tbrx-^rM  y  as  a  first  approximal ion  b>r  the  amplitude 
ot  the  waves  at  a  distance  from  the  ship.  Further,  as  we  cannot  expect 
more  than  an  estimate  of  the  order  of  magnitude  from  this  assumption, 
we  shall  regard  the  ship  as  a  plank,  of  length  L  and  draft  I).  oscillating 
about  the  water-line  through  an  angle  0n  on  either  side  of  the  vertical  ; 
using  the  result  given  at  the  end  of  §  4  and  writing  '1'  for  the  complete 
period  of  ’oiling,  this  gives  for  the  height  of  the  regular  waves 


r/-T» 


(Hi) 


It  should  he  noted  that  the  wave-height,  as  the  term  is  commonly  used, 
is  measured  from  trough  to  crest  and  is  twice  the  amplitude. 


(i.  Before  applying  this  result,  we  may  review  briefly  calculations  which 
have  been  made  from  a  differem  point  of  view. 

The  part  played  by  wave  propagation  in  causing  resistance  to  rolling 
was  first  u -cognized  by  \V.  Froudc  ( 1  s 7 z? )  and  was  advocated  by  him  in 
a  series  ol  papers  Froudc  showed  that  the  energy  propagated  outwards 
in  the  wave  motion  corresponds  to  a  resisting  couple  proportional  to  the 
angular  velocity  of  rolling,  and  also  that  the  energy  actually  dissipated 
in  rolling,  or  a  large  part  of  if.  could  he  accounted  for  by  waves  of 
extremely  small  height  ;  in  one  case,  for  example,  his  calculation  gave 
a  height,  of  I]  inches  for  waves  .'{go  ft.  long.  The  same  method  has  been 
applied  by  other  writers  subsequently,  and  it  may  he  worth  while  repeat  ing 
the  argument  in  a  somew  hat  different  form  from  that  in  which  it  is  usually 
given. 

Suppose  the  ship  to  he  rolling  about  a  horizontal  axis  through  its 
centre  ol  gravity,  and  take  the  equation  of  motion  in  its  simplest  form  as 

Id  ,  Nfl-I  Wwd  ir . (17) 
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where  I  is  t  hf  moment  of  inertia.  \V  the  weight ,  nt  the  inetaeent  rie  height , 
anil  Xd  the  resisting  ei  tuple. 

The  exact  solution  of  (17)  fives  damped  oscillations  with  a  damping 

eoellieieut  h  X  2 1 .  a ml  t  he  rat e  of  dissi pa t  ion  ot  energy  is  XV- .  Suppose 
now  that  the  dissipation  is  small  and  assume  an  undamped  motion 
0  d0sin  ut .  holding  approximately  tor  a  sufficient  time,  with 

A  W mi,  I  477-  T-. 

Wit  it  this  assumption,  the  average  rate  of  dissipation  of  energy 

lN<j-d()-  \\  >nhOu~. 

In  t  he  Usual  notation  ft  >r  the  rolling  of  ships.  nOlt  is  the  decrement  ( if  rolling 
angle  for  one  suing  :  lienee  a  AT.  Thus  the  average  rate  of  dissipation 
of  energy  is  2\V?/e/h()-  T.  Assume,  with  Fronde,  that  when  the  ship 
is  rolliiif.  regular  straight -crested  waves  are  sent  out  on  either  side,  the 
breadth  of  each  train  being  approximately  equal  to  the  length  L  oi  the 
slap  :  tin tiier.  let  A  he  the  amplitude  of  the  waves,  A  the  wave-length. 
T  the  period,  with  A  </T- '2tt.  In  each  train  energy  is  propagated  out¬ 
wards  at  halt  the  wave  velocity  V.  that  is.  at  an  average  rate  JgpA-VL 
on  each  side.  Hence,  equating  the  average  rate  of  dissipation  of  energy 
to  the  average  rate  of  propagation  of  energy  outwards  in  the  waves 
on  both  sides,  we  have 

2W»m«0o21.T~  Af/gA-VA, 
or 

YV  »««0O3—  |f/pA-AL . ( 1  s) 

This  is.  in  effect,  the  equation  given  by  Froude  and  Used  by  later  writers, 
the  left-hand  side  of  (is)  being  the  loss  of  energy  in  one  swing  ;  the  other 
side  of  Froude's  equation  was,  however,  twice  that  given  in  (IS),  owing 
apparently  to  neglect  of  the  difference  between  group  velocity  and 
wave  velocity.  The  statement  given  here,  besides  including  this  correc¬ 
tion.  shows  the  various  assumptions  and  brings  the  argument  into  line 
with  the  usual  method  of  approximating  to  the  dumping  eoellieieut  in 
isochronous  damped  oscillations  when  the  damping  is  suil  ciently  small. 
Fronde  recognized  that  his  solution  was  not  in  any  sense  rigorous  and 
hoped  that  it  would  he  supplemented  by  some  direct  estimate,  even  if  with 
no  greater  exactness,  of  the  wave-making  property  of  a  ship  w  hen  rolling  ; 
it  is  also  of  interest  that  lie  proposed  to  attempt  direct  observation  of  the 
waves  produced  by  the  rolling  of  models  of  simple  form.  However, 
nothing  further  seems  to  have  been  done  on  this  particular  aspect  of  the 
problem  since  that  time.  Other  writers  have  used  Froude's  expressions 
to  estimate  the  wave  height,  and  it  appears  to  he  accepted  that  wave 
motion  accounts  for  a  large  part  of  the  dissipation  of  energy  in  rolling, 
that  due  to  fluid  friction  or  eddy-making  being  relatively  small  apart 
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from  exceptional  resistance  duo  to  bilge  keels  ;  it  has  been  remarked, 
for  instance,  that  no  reasonable  values  of  head  resistance  and  skin  friction 
coefficient  account  for  more  than  one-third  of  the  actual  decrement 
obtained  by  experiment,  and  in  one  case  such  a  calculation  gave  only 
one-seventeenth  of  it  (Baker,  1914).  Nevertheless,  no  attempt  appears 
to  have  been  made  to  compute  the  wave  resistance  to  rolling  from  the 
characteristics  of  the  ship. 

7.  We  shall  now  compare  wave  heights  calculated  from  (16)  with 
various  cases  to  which  Froude’s  energy  method  has  been  applied. 

In  the  ease  examined  in  Froude’s  first  paper  already  quoted,  the  data 
are  T— 8  sec.  ;  60=  5-65°.  The  draught  of  the  ship  was  not  stated,  but 
we  may  assume  D=15  ft.  With  these  values,  (16)  gives  h  ==1-2  inch. 
Froude’s  estimate  from  energy  dissipation  was  a  wave  height  of  1|  inch. 
Other  writers  who  have  used  the  same  formula  assume  that  that  part  of  the 
resisting  couple  which  is  proportional  to  the  angular  velocity  of  rolling 
may  be  attributed  to  the  loss  of  energy  in  surface-waves.  Thus 
Sir  W.  White  (1895),  for  the  rolling  of  H.M.S.‘  Revenge  ’  without  bilge 
keels,  deduced  a  wave  height  of  about  J  |  inch.  In  this  case  T=  15-5  sec.  ; 
0O=13°  ;  D=27  ft.  ;  and  these  give  from  (16)  a  wave  height  of  just  over 
1  inch. 

L.  Spears  (1898),  from  the  rolling  of  U.S.S.  ‘  Oregon,’  deduced  a  wave 
height  of  0-62  inch.  Here  T=  15-2  sec.  ;  fi0— 12°;  D— 23  ft.  ;  and  (16) 
gives  a  wave  height  of  0-67  inch. 

It  should  be  remarked  that  in  all  these  cases  Froude’s  formula  was  used  ; 
according  to  the  argument  given  in  §  6  and  expressed  in  equation  (18), 
these  estimates  of  wave  height  should  be  increased  by  a  factor  V2. 
A  final  example  is  taken  from  a  recent  paper  by  G.  S.  Baker  (1939) 
on  the  roll  ag  of  ships  under  way.  We  take  the  data  for  model  R  8(a), 
for  rolling  at  zero  speed  ahead,  given  in  Tables  1  and  3  of  the  paper  ; 
in  the  notation  already  used 

W=  10,150  ton  ;  m=4-4  ft.  ;  T=ll-52see. ; 

A=680  ft.  ;  L=400  ft.  ;  D=23-2  ft.  ;  a=0022. 

In  this  case  we  shall  use  equation  (18)  to  see  what  height  of  waves  would 
suffice  to  account  for  the  whole  of  the  dissipation  of  energy,  neglecting 
for  the  moment  any  due  to  friction  or  eddy  making.  With  the  given 
values  we  find  from  (18),  h= 2A=2-65  inch.  Again,  using  the  values 
of  D  and  T  in  (16),  we  find  h=  158  inch. 

It  should  be  noted  that  (16)  was  derived  by  regarding  the  ship  as  a  thin 
plank.  The  formula  could  be  modified  in  an  empirical  manner  to  take 
into  account  the  displaced  volume  and  the  inertia  coefficient  of  the  ship  ; 
this  might  be  represented  by  multiplying  ( 1 6)  by  a  factor  whose  probable 
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value  would  lie  between  1  and  2,  but  the  modification  is  not  worth  while 
at  this  stage. 

Both  the  energy  method  and  the  present  calculation  are  no  more  than 
first  approximations,  and  therefore  we  may  not  attach  any  great 
accuracy  to  the  estimates  by  either  method  ;  nevertheless,  it  is  interesting 
that  both  methods  give  results  of  the  same  order  of  magnitude.  On  the 
theoretical  side  the  problem  should  be  treated  as  three-dimensional, 
and  also  the  boundary  conditions  at  the  surface  of  the  ship  satisfied 
more  closely  ;  in  addition,  the  actual  motion  of  the  ship  and  its  axis 
of  rotation  are  important  factors  in  a  more  detailed  investigation.  On 
the  other  hand,  it  would  be  desirable  to  have  experiments  on  models 
of  suitable  form  designed  to  provide  better  estimates  of  frictional  and 
eddy-making  resistance  to  rolling,  and  so  to  afford  more  reliable  knowledge 
of  the  amount  left  to  be  accounted  for  by  wave  propagation. 

Summary.  , 

Expressions  are  obtained  for  the  surface  disturbance  produced  by  a 
cylinder,  of  elliptic  cross-section,  submerged  in  water  and  making  small 
oscillations.  A  simple  form  of  these  results  is  used  as  a  first  approxi¬ 
mation  for  the  height  of  the  waves,  supposed  two-dimensional,  sent  out 
on  either  side  by  a  rolling  ship.  Numerical  calculations  are  made 
for  cases  for  which  a  similar  estimate  has  been  made  by  an  energy  method 
due  to  W.  Froude  ;  the  results  by  the  two  methods  are  of  the  same  order 
of  magnitude. 
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The  pressure  of  water  waves  upon  a  fixed  obstacle 

By  T.  H.  Havelock,  F.R.S. 

(Received  29  March  1940) 

The  diffraction  of  plane  water  waves  by  a  stationary  obstacle  with  vertical 
*  sides  is  examined,  in  particular  the  variation  of  amplitude  along  the  sides 
and  the  average  steady  pressure  due  to  the  wave  motion.  Results  similar 
to  those  in  other  diffraction  problems  are  obtained  for  an  infinite  plane  and 
for  cylinders  of  circular  or  parabolic  section,  and  approximations  are  made 
for  sections  of  ship  form.  The  examination  was  made  in  view  of  possible 
applications  in  the  problem  of  a  ship  advancing  through  a  train  of  waves, 
and  the  results  are  discussed  in  relation  to  the  average  additional  resistance 
in  such  circumstances.  It  appears  that  the  mean  pressure  obtained  on 
diffraction  theory  from  the  second  order  terms  can  only  account,  in  general, 
for  a  small  proportion  of  the  observed  effect  ;  the  motions  of  the  ship, 
and  in  particular  its  oscillations,  are  essential  factors  in  the  problem. 

1.  The  problem  to  be  considered  is  the  resultant  fluid  pressure  upon  an 
obstacle  held  in  position  in  a  train  of  plane  waves  advancing  over  the  surface 
of  the  water.  In  a  previous  paper  (1937)  I  considered  the  additional 
resistance  on  a  ship  moving  through  waves,  the  work  being  restricted  to  the 
first  order  effect,  a  purely  periodic  force  which  may  have  an  amplitude 
comparable  with  the  resistance  to  the  ship  in  still  water;  further,  for  the 
type  of  ship  considered,  the  usual  approximations  were  made  and  these 
included  neglecting  the  effect  of  reflected  or  scattered  waves  as  being  of  the 
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second  order.  One  purpose  of  the  present  work  is  to  examine  that  assump¬ 
tion;  the  approximate  method  is  extended  in  a  certain  ease  to  give  the 
variation  in  amplitude  of  the  surface  oscillation  along  the  side  of  the  ship. 

The  view  lias  been  put  forward  recently  that  the  mean  extra  resistance 
to  a  ship  advancing  through  waves  is  due  to  the  reflexion  of  the  waves  by 
the  sides  of  the  ship,  being  in  fact  analogous  to  the  pressure  of  radiation  : 
j  it  has  been  stated,  for  instance,  that  the  resultant  amplitude  at  the  bow  is 
about  one-third  greater,  and  that  at  the  stern  one-third  less,  than  the 
amplitude  of  the  incident  waves,  and  empirical  formulae  for  the  pressure 
have  been  constructed  on  that  basis.  The  problem  requires,  however, 
a  consideration  of  second  order  terms  which  does  not  appear  to  have  been 
made  for  water  waves  even  in  simple  eases.  We  consider  total  reflexion, 
normal  or  oblique,  by  a  plane  wall,  and  diffraction  by  a  cylinder  of  circular 
*  or  parabolic  section,  together  with  approximations  for  a  seetio^  of  ship 
form:  the  results  are  discussed  in  relation  to  the  ship  problem,  j 


Dm- R ACTIO V  OF  WATER  WAVES  j 

-■  Consider  a  fixed  cylindrical  obstacle  in  the  water,  the  Nicies  vertical 
and  extending  down  to  an  infinite  depth;  let  0, be  the  contour  of  any  hori¬ 
zontal  cross-section.  We  suppose  plane  waves  of  amplitude  hi o  be  travelling 
in  the  negative  direction  of  Ox ;  the  origin  O  is  in  the  frecy surface  and  Oz 
is  vertically  upwards.  The  velocity  potential  of  the  fluid/motion  is  of  the 
form  * 


0 


(jHtI  r k.c)  >-k: 

(T  ' 


4-  ei,Tl  i  K-(i>'(x.  >/). 


w 


(1) 


The  pressure  condition  at  the  free  surface  is  satisfied,  to  the  usual  first  older 
terms,  by  <r 2  =  ijk.  Further,  we  have 


/ 

0-(j) 


;  +  ks>'  =  o, 


(2) 


and  dtfjciv  =  (>  on  the  contour  C.  The  potential  may  be  expressed  in  terms 
of  a  source  distribution  over  the  surface  of  the  cylinder,  but  that  in 
general,  merely  a  restatement  of  t  lie  problem.  We  arc  concerned  meantime 
with  an  approximate  solution  when  the  contour  C  is  of  ship  form:  that  is, 
we  assume  C  to  be  a  contour  of  small  Ireadth  compared  with  its  length. 
We  take  Ox  in  the  direction  of  the  length  and  to  be  an  axis  of  symmetry 
of  the  contour.  The  approximation  is  the  same  as  that  used  in  determining 
the  waves  produced  by  a  moving  shift.  We  take  the  source  strength  at  any 
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point  to  be  determined  by  the  horizontal  fluid  velocity  in  the  primary 
motion  and  by  the  gradient  of  the  surface  at  the  point.  We  then  replace  the 
obstacle  by  a  plane  distribution  of  sources  over  the  vertical  section  by  the 
-plane.  The  primary  fluid  motion  in  the  present  case  is  that  of  the  plane 
waves.  Thus,  if  (£,  0,  — /)  is  a  point  on  the  vertical  section,  and  if  0y/3£ 
is  the  gradient  at  the  corresponding  point  on  the  contour,  the  required 
distribution  of  sources  over  the  vertical  section  is  of  strength  per  unit  area 
given  by 


'2mr  dE, 


(3) 


Consider  now  a  point  source  mcoacrt  in  the  liquid  at  the  point  (0,  0,  — /). 
The  velocity  potential  was  obtained  by  Lamb  (1922)  and  we  use  his  result 
with  a  slight  change  of  notation.  The  surface  elevation  £  is  given  bv 
</£  =  d<fi/dt  with  z  =  0;  we  have 


£  =  -inKe-*tH$>{Kr) 


_25i’M  f° 

^  J  0  J  0 


r*^+*co./. 


K2  +  V2 


f- 


(4) 


where  r2  —  x2  +  y2,  k  =  cr2/y,  H\2)  =  J0  —  iY0 ,  and  the  real  part  of  the  expres¬ 
sion  is  to  be  taken. 

Let  there  be  a  vertical  line  source  extending  from  the  origin  downwards, 
the  source  strength  per  unit  length  at  depth  /  being  me~Kf.  We  substitute 
this  value  for  m  in  (4)  and  integrate  with  respect  to  /  from  0  to  00.  For  the 
last  term  in  (4)  this  integration  gives 


2/c f 00  f*>e-"rcosh“  .  ,  2k  f  A „(«»•). 

-  -rrr  dudo  - - -w  5  dv 

njo  Jo  K-  +  V2  nj  „  k-  +  v- 


-J 


e 


-Kf 


0  (r2+/2)*  • 


df. 


(5) 


Hence  the  terms  in  (4)  which  represent  the  local  oscillations  disappear 
from  the  integrated  result  for  this  particular  vertical  source  distribution; 
and  we  obtain  the  simple  result 


O- 


1 Term 


i*  Vj 

eMHf{KA  -  e*rl~*r  cosi>  U)du, 

!/  Jo 


(«) 


representing  circular  waves  diverging  from  the  origin.  Returning  to  (.'{) 
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f 


/ 


M 


we  see  that  the  source  distribution  is  made  up  of  vertical  line  sources  of  this 
type,  and  we  obtain  for  the  complete  surface  elevation 


£  =  eiK* <Ik.  (7) 

In  (7),  the  first  term  represents  the  incident  waves ;  further,  r2  =  (x  —  £)2  +  y2, 
and  the  integration  extends  over  the  axial  length  of  the  form.  It  should  be 
noted  that  this  result  is  comparatively  simple  because  we  have  taken  the 
obstacle  to  be  of  infinite  draft;  for  a  ship  of  finite  draft  there  would  be  terms 
representing  a  local  surface  elevation  in  addition  to  the  diverging  wa  ves 
from  each  element.  Further,  the  result  is  only  an  approximation  and 
assumes,  in  fact,  that  the  additional  surface  elevation  is  relatively  small. 

3.  We  shall  apply  (7)  to  one  case  only,  so  as  to  estimate  the  magnitude 
of  the  effect  due  to  the  scattering  of  waves  by  a  narrow  ship  of  great  draft 
and  of  form  similar  to  those  for  which  previous  calculations  of  wave 
resistance  have  been  made. 

The  model  is  of  symmetrical  form  with  straight  sides,  of  total  length  21, 
beam  2b,  and  with  a  parallel  middle  body  of  length  2a;  the  bow  and  stern 
are  equal  wedges  of  axial  length  l~  a  and  of  semi-angle  a,  whore 
tana  =  bj(l  —  a).  We  take  the  origin  at  the  centre  of  the  axis,  with  the 
positive  direction  of  Ox  from  stern  to  bow.  Thus  we  have 


dyjdi  =  a, 

for 

—  l<£,<  —a 

-  <>, 

for 

—  a  <  £<a 

=  —  a,  for 

a  <  £  <  l. 

From  (7),  the  surface  elevation  at  any  point  (x,  y)  is  given  by 

£  =  iheli,Tl+KJ"‘ —  \ inhaie'"1 1  //}f '(vr) eiK‘ d£  +  \iKhaei(rt l  H^'(kt)  eiK$ dg.  (9) 

J  ~l  J  a 

We  shall  use  this  only  for  the  elevation  along  the  axis  y  =  0,  as  in  the 
corresponding  calculation  of  wave  profiles  for  a  ship.  We  note  that  in  these 
expressions  the  quantity  r  is  essentially  positive.  As  an  example,  for  a  point 
in  the  bow  wedge,  that  is  for  a<x<  l,  we  have 


ft-'"’7  =  ihtiKX—  liKhctj  h¥>{K(x-Z)}e“*di 

+  liKhocj  Hf){K(x  —  g)}eiKldg+liKh-xj  H^]{k(£,  —  x)\ e1'^ (10) 
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be  shown  to  have  the  following  values: 


j  H'f)(u)e~i" du  -■  )>e  _'y,{//|f'(p)  +  +-  . 

Jo  n 

I  H'f\u)ei"  du  =  —  mf’(j))}  — 

J  II  TT 


Is  which 

may 

(11) 

(12) 

also  put 

r. 

(13) 

We  select  five  points  at  which  to  make  the  calculations,  the  bow,  stern, 
shoulders  and  amidships;  and,  in  the  notation  indicated,  we  have 

W)  =  -  iajz(pi)  -  L(pt)  -  L(i>a)  -  “jl , 

£(«)  =  _  laJ  _  L(pp  _  i/(yj3)  4  ~Jj, 

£(<>)  =  +  (14) 

£(-«)  =  ike««~  ">[  1  -  la|  L(p3)  +  M(Pi)  -  M(pf)  +  ?  j  j . 


,r 


£(  - 1)  =--  ihc**-*  1  -  la  i¥(p,)  +  M(Pl)  -  M(p,)  - 

I  n 


2)1 


Wc  apply  these  results  to  Model  No.  1144  of  the  National  Physical 
Laboratory.  This  was  a  model  of  the  given  form  used  by  Wigloy  (1931) 
in  comparing  calculated  ant'  observed  wave  profiles  along  the  sides  of  the 
model  when  advancing  tluo  lgh  still  water.  For  the  present  purpose  we 
suppose  the  model  held  at  rest  while  regular  plane  waves  of  amplitude  h 
and  wave-length  'ln;K  are  moving  past  it  .  The  dimensions  of  the  model  were 


I  =  S  ft  .;  a  =  2- 11)  ft.:  h  -=  0-75  .ft.  (15) 

We  calculate  only  one  case,  namely,  when  the  wave-length  is  equal  to  the 
total  length  of  the  model.  Thus,  in  the  notation  of  (13)  we  have 


Pi  =  fr2S;  p2  —  4-1);  p3  =  2-28;  p4  -  1-72.  (Hi) 

We  have  also  a  =  0-129.  Using  tables  of  Bessel  functions,  £  may  be  calcu¬ 
lated  from  (14).  We  are  not  concerned  witli  the  phase  of  the  total  oscillation 
it  e;.  h  point,  but  only  with  its  amplitude.  We  find  the  ratio  of  the  amplitude 
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to  that  of  the  incident  waves  at  the  points  .?•  =  1,  a ,  0,  —  a.  —I  to  he  1  •<>.>. 
1-0S,  1-09,  0-99  and  0-95  respectively. 

The  alteration  in  amplitude  at  bow  and  stern  would  be  greater  for  a  fuller 
model,  and  especially  for  a  bluff-ended  form.  Nevertheless,  these  approxi¬ 
mate  calculations  confirm  the  view  that  for  a  fine  model  the  modification 
caused  by  the  reflexion  of  the  incident  waves  may  be  treated  as  a  second 
order  correction.  It  should  also  be  noted  that  these  results  are  for  a  model 
of  infinite' draft;  it  may  be  presumed  that  the  effect  would  be  much  smaller 
for  one  whose  draft  is  small  compared  with  the  wave-length. 

4,  For  a  vertical  obstacle  of  infinite  draft,  we  may  readily  Transfer 
results  from  other  diffraction  problems.  The  effect  of  a  cylinder  of  elliptic- 
section  would  be  of  special  interest,  but  the  analytical  solution  does  not 
lend  itself  to  computation  when  the  wave-length  is  of  the  same  order  as 
the  length  of  the  axis.  It  is,  however,  worth  while  examining  briefly  two 
other  cases  from  the  present  point  of  view. 

Let  the  cylinder  be  circular,  its  water  plane  section  being  the  circle  r  =  a. 
For  plane  waves  of  amplitude  h  moving  in  the  negative  direction  of  Ox. 
the  complete  solution  is  given  by 

^  =  ( ghjo ■)  eiat+«z'yJ0(Kr)  +  2  2  ;"J„{Kr)  cos  nO 

-  (yhjcr)  eM+x^)^Hf){Kr)  +  22  i"bnII(2)(Kr)  cos  a# j  , ,  (17) 

where  a2  =  (jk,  aid  bn  =  J'n{Ka)jHfv{Kn). 

Putting  r  =  a  in  the  expression  for  the  surface  elevation,  and  reducing  by 
means  of  relations  for  the  Bessel  functions,  we  obtain  on  the  cylinder 

C  =  --  C(o+22i^eos«0  ,  (IS) 

TtKd  \  x  / 

where  =  1  /H{2y(Ka). 

Computation  from  this  expression,  which  involves  tabulation  of  J'n2+  )’’2, 
ean  be  carried  out  without  much  difficulty  except  when  m  is  large.  A  detailed 
study  might  oe  of  interest  ,  but  for  the  present  purpose  the  following  results 
suffice  to  show  the  variation  of  amplit  ude  round  the  cylinder.  The  numbers 
in  table  1  give  the  ratio  of  the  amplitude  at  each  point  to  the  amplitude  of 
the  incident  waves;  0  —  0  corresponds  to  the  how  and  0  —  180'  to  the 
stern. 
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0-5 

1-44 

10 

1-71 

30 

1-92 

5-0 

1-96 

Table  1 


45° 

90° 

1-28 

0-97 

1  -62 

110 

1-75 

1-35 

1-80 

1-30 

135° 

180° 

0-91 

L00 

0-68 

0-82 

0-82 

0-62 

0-64 

0-48 

5.  For  the  parabolic  cylinder  we  may  use  the  expressions  given  by  Lamb 
(1906)  for  the  diffraction  of  sound  waves,  making  the  necessary  modifica¬ 
tions  for  water  waves.  In  this  case  we  take  the  plane  waves  to  be  moving 
in  the  positive  direction  of  Ox\  the  water-plane  section  of  the  cylinder 
is  given  by 

«2y2  =  L/o  +  4k  fix.  (lh) 

In  the  parabolic  co-ordinates  defined  by  k{x  +  iy)  =  (£  +  iy)2,  the  section 
of  the  cylinder  is  given  by  //  =  y0. 

The  velocity  potential  of  the  motion  is 


=  (ghjcr)  e«<rt-A-*)+«j  1  +  cj  d/J , 
where  the  constant  C  is  given  by 

2irjl  1  4-  C  f  —  Ce~ih>»"  =  0. 

'  J  v>  ’ 

For  the  surface  elevation  on  the  cylinder,  we  have 


(20) 


(21) 


£ 


ihe><rr/-KxJ  1  pC\  e  2it~ dt 


CO 

j  ' 

J  Vo 


(22) 


It  follows  that  the  amplitude  of  the  oscillation  is  constant  round  the 
boundary.  From  (21)  and  (22)  we  find  that  this  amplitude  is  hjp,  where  p 
is  given  by 


P2  =  1  +  2/d //„{(.( - r ) sin  2y2 -  ( 1  - *)  cos  275}  +  +  .s)2},  (23) 


in  which  c  and  a  denote  Fresnel  integrals  of  argument  2//07T_i. 

From  (10)  we  have  2 tjft  -  ku,  where  a  is  the  radius  of  curvature  of  the 
parabola  at  its  vertex,  'l  able  2  gives  the  ratio  of  the  amplitude  of  the 
oscillation  to  that  of  the  incident  waves,  calculated  from  (23)  for  certain 
values  of  ku  : 

Table  2 

m  005  o-l  1-0  30  .»•<> 

amp. /h.  I '28  1-40  1  05  ISO  1-93 
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These  may  be  compared  with  the  corresponding  values  at  U  —  o  for  the 
circular  cylinder.  When  ku  is  small,  we  obtain  from  (23)  the  approximate 
value  1  +  (7TKa/2)4  for  the  ratio  of  the  amplitude  to  that  of  the  incident  waves. 
We  may,  possibly,  use  this  to  give  an  upper  limit  for  the  resultant  amplitude 
at  the  bow  of  a  ship  if  we  regard  the  front  half  of  the  ship  as  a  parabola  with 
its  vertex  at  the  bow.  For  instance,  consider  the  model  examined  in  §  3. 
Instead  of  a  wedge-shaped  bow,  suppose  it  is  rounded  off  into  a  parabola 
with  its  vertex  at  the  bow  and  joining  on  to  the  parallel  middle  body  at 
a  distance  of  5-81  ft.  from  the  bow,  the  beam  at  that  point  being  1-5  ft. 
With  these  data,  and  taking  the  same  wave-length  of  16  ft.,  we  find  that 
kci  =  0-019.  From  the  approximate  formula,  this  gives  a  relative  amplitude 
at  the  bow  of  1-17.  Comparing  with  the  previous  calculations,  this  seems 
a  reasonable  estimate,  in  spite  of  the  various  assumptions;  the  ratio  would, 
of  course,  be  greater  for  smaller  wave-lengths. 


The  pressure  of  water  waves 


6.  For  the  resultant  pressure  upon  the  obstacle,  the  first  order  effect 
is  a  purely  periodic  force  with  zero  mean  value;  this  was  the  effect  considered 
in  the  previous  paper  (1937)  and  applied  to  a  ship  among  waves.  To  obtain  a 
steady  mean  force  different  from  zero  we  have  to  proceed  to  second  order 
terms;  although  much  work  was  done  at  one  time  on  the  pressure  of  vibra¬ 
tions,  water  waves  do  not  seem  to  have  been  considered  in  this  connexion. 

We  begin  with  plane  waves,  and  the  only  general  result  we  need  is  that 
given  by  Rayleigh  (1915),  that  the  usual  first  order  expression  for  the 
velocity  potential  is  also  correct  to  the  second  or^r-i,  the  next  term  being 
of  the  third  order;  this  was  shown  to  be  the  case  both  for  progressive  waves 
and  for  stationary  oscillations.  There  are,  however,  second  order  terms  in 
the  surface  elevation. 

Consider  plane  waves  incident  directly  upon  the  plane  x  =  0  as  a  fixed 
boundary.  We  take 

0  =  (2gh/tr)  eKZ cos kx  sin  at,  (24) 

C  =  2 h  cos  kx  cos  at  +  2x7; 2  cog  2 kx  cos2  at,  (25) 


with  a%  =  (jk.  We  have  cfijdx  ~  0  at  x  =  0;  for  the  pressure  we  have 


(26) 


It  may  be  verified  that,  with 

p  -----  —Zgpich- cos  2(rt  —  gpz  +  ‘-.jplie*'  cos  kx  eoso7  —  2<//>x7;2c20  sin2  at,  (27) 
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the  pressure  conditions  at 
order,  namely  p  —  0  and 


z  =  £  given  by  (25),  are  satisfied  to  the  second 


rp  <:<})  op 
<t  ox  ox 


t  (/)  cp 

vz  dz 


=  0. 


To  the  first  order,  (24)  and  (25)  represent  plane  waves  of  amplitude  h 
reflected  at  the  plane  x  =  0.  We  may  now  evaluate  the  additional  pressure 
upon  this  plane  per  unit  width.  We  put  x  —  0  in  (27)  and  integrate  with 
respect  to  z  from  —  x>  to  'C.  The  first  order  term  is  the  periodic  force 
(igph'.K)  cos  at ;  for  the  additional  quadratic  terms  we  obtain 

-  lyp£-  +  '2cjph£ cos -  yph" sin2 at,  (28) 

the  second  term  in  (28)  coming  from  the  expansion  of  <?*•'£.  We  put  in  the 
value  of  K  from  (25),  noting  that  we  only  need  this  to  the  first  order;  and  we 
obtain  for  the  additional  steady  force  P  per  unit  width  of  the  plane,  taking 
mean  values, 

P  =  \(!ph2.  (29) 

where  h  is  the  amplitude  of  the  incident  waves. 

It  may  be  remarked  t  hat  instead  of  using  the  fact  that  the  second  order 
term  in  the  expansion  of  <j>  is  zero,  it  would  have  sufficed  for  the  present 
purpose  to  assume  £  to  be  purely  periodic,  an  assumption  made  by  Larmor 
(1920)  in  the  corresponding  calculation  for  sound  waves.  It  is  well  known 
that  waves  of  finite  amplitude  possess  linear  momentum  in  the  direction 
of  propagation;  the  average  amount,  to  second  order  terms,  is  nph2V  per 
wave  length,  V  being  the  wave  velocity.  On  the  other  hand,  if  we  calculate 
the  rate  of  transfer  of  linear  momentum  across  a  vertical  plane,  we  obtain 
an  average  rate  of  igph2;  this  gives  in  one  period  one-half  the  average 
momentum  in  one  wave-length.  The  average  pressure  P  given  by  (29)  may 
be  regarded  as  due  to  the  reversal  of  this  flow  of  momentum.  We  notice 
also  that  P  is  equal  to  one-half  the  average  density  of  energy  in  the  standing 
oscillations,  and  this  may  again  be  connected  with  the  fact  that  the  group 
velocity  for  water  waves  is  one-half  the  wave  velocity.  For  plane  waves  of 
amplitude  h  incident  upon  the  plane  x  —  0  at  an  angle  x  to  the  plane,  we 
may  take 

£  —  (2 (jh  a)  (■‘•c os  (v.r  sin  a)  sin  (at  -  kij  cosa),) 

}  (30) 

£  =  2 h  cos  (k  v  sin  a)  cos  (at  —  v/y  cos  x)  j 

We  obtain  now.  instead  of  (28),  the  quadratic  terms  for  the  additional 
pressure  as 

-  \<k>€~  +  2,7 pli1  cos  (at  —  kij  cos  a) 

-  i/plt '-j  os2  x  cos'-  ( at  -  kij  cos  x)  x  sin'-’  (at  -  kij  cos  a)}.  (31) 
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4 


Taking  mean  values,  this  gives 

P  —  \gph2  sin-  x. 


(32) 


7.  We  proceed  similarly  for  any  fixed  cylinder  of  infinite  draft  with 
vertical  sides;  it  is  not  necessary  to  examine  the  second  order  terms  for  the 
surface  elevation,  and  we  assume  that  the  velocity  potential  is  correct  up 
to  that  order,  or  at  least  that  any  second  order  term  is  purely  periodic. 

Consider  the  solution  for  the  circular  cylinder  which  was  given  in  §4. 
We  write  ff  as 


<!>  =  (gh/a)  cK=(  L  cos  at  —  M  sin  er(),'| 
c  =  —  h(L  sin  at  +  M  cos  at),  f 


(33) 


where  L,  M  are  functions  of  r,  6  which  may  be  obtained  from  (17). 

At  any  point  on  the  cylinder  we  have 

p  =  F(t)  —  gpz  —  gpheK-(L  sin  at  +  M  cos  at) 

—  (pj2a2)  e2h~\K2a2(L  cos  at  —  M  sin  at)2  +  (V  cos  at  —  M'  sin  o7)‘*j  ,  (34) 


with  r  —  a,  and  the  accent  denoting  djcO. 

We  integrate  with  respect  to  2  from  —  00  to  £  and  expand  to  second  order 
terms;  then  for  the  resultant  force  we  multiply  by  a  cos  Odd  and  integrate 
round  the  circle. 

It  is  readily  seen  that  the  first  order  term  in  the  additional  force  is  a 
periodic  effect  of  amount 

4gph  J[(Ka)m\at  +  Y[cosat 
'j?(Ka)+Y?(Ka)  ~  • 


From  the  quadratic  terms  we  get,  after  taking  mean  values,  the  steady 
additional  force 


Jt  =  j <jph*a  pj L-  +  M2  -  Jfi,  ( L"1  +  d/'2)|  cos  OdO, 

(36) 

where 

L  +  !M  —  —  1  -i-  2  v  cos  n()  |  > 

TTKU  \  l  ' 

(37) 

and  bn  -  i"!l  ,i2)'{k<i). 
We  have 


fU* + M-)  cos  ode  -  J  v  ,  +  h*h„+l)t 

J(l  TIK-O-  11 


( L'2  +  M '*)  cos OdO  =  -  v  +  I )  (b„  ,  +  K K  •  1).  I 

o  7Th‘(i“  i 
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where  the  asterisk  denotes  the  conjugate  complex.  Putting  in  the  value 
of  bn  and  using  properties  of  the  Bessel  functions,  these  expressions  may  be 
reduced  to  a  simple  form;  we  obtain  finally 


D  ±gph2a™  (,  n(n+l)\2  1 

nwfl1  kW  /  (j;*+r;*)(j;*+1+y;*+1)’ 


(39) 


the  argument  of  the  Bessel  functions  being  Ka. 

The  series  in  (39)  occurs  also  in  an  expression  given  by  Nicholson  (1912) 
in  a  similar  problem  for  electromagnetic  waves.  Some  values  had  been 
calculated  before  this  reference  was  known,  and  with  Nicholson’s  values 
for  the  series  we  have  the  results  in  table  3. 


Table  3 

Ka  0-5  1  0  20  30  5-0 

R/$gph*a  0-429  0-998  0-940  0-950  0-966 


It  was  shown  by  Nicholson  that  when  Ka  is  large,  the  series  approximates 
to  the  value  J7r2/c3a3;  hence  when  the  wave-length  is  small  compared  with 
the  diameter  of  the  cylinder,  we  have  approximately 

P  =  fs ,ph*a.  (40) 

This  agrees  with  the  limiting  value  if  we  assume  total  reflexion  over  the  front 
half  of  the  cylinder  and  a  complete  shadow  over  the  rear  half,  and  apply 
to  each  element  the  expression  (32)  for  total  oblique  reflexion  from  a  plane; 
for  we  then  have 

P  —  f  IgphtacofPddd  —  $gph2a.  (41) 

J  -in- 

Although  this  limiting  value  is  obtained  theoretically  as  an  extreme  case 
for  short  waves,  it  is  interesting  to  note  from  the  preceding  table  that  it  is 
practically  attained  for  comparatively  long  waves  of  wave-length  even 
larger  than  the  diameter.  This  consideration  suggests  using  the  method  to 
give  an  upper  limit  for  cylinders  whose  section  is  more  like  that  of  a  ship. 

8.  Consider  a  cylinder  with  vertical  sides,  the  horizontal  section  being  of 
ship  form  and  symmetrical  about  Ox.  We  assume  total  reflexion  by  the 
sides  of  the  ship  from  the  bow  back  to  where  the  sides  become  parallel  to 
Ox,  and  we  assume  a  complete  shadow  aft  of  that  point. 

For  the  model  of  §  3,  in  which  the  bow  is  a  wedge  of  semi-angle  a,  we  obtain 
for  the  total  resistance 

R  =  \gph2B  sin*  a,  (42) 

where  B  =  2b  =  beam. 
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In  general,  for  any  form  of  the  front  portion  of  the  model,  we  have 

R  =  \  jph2j  sin2  ad;/  =  ),gph2B  sin2  a.  (43) 

In  (43),  a  is  the  angle  the  tangent  to  the  form  makes  with  Ox,  and  the  bar 
denotes  the  mean  value  of  sin2  a  with  respect  to  the  beam  of  the  ship. 

Suppose,  for  instance,  that  the  section  of  the  model  is  the  ellipse 
x2ja2  +  y2/b 2  =  1 .  It  is  easily  shown  that  in  this  case 


sima  = 


b 2 


.  tan 


-i  V^2!^2) 
b 


-1 


(44) 


a2  — 62  \bj(a2-b2) 

This  would  be  a  full  form  of  model.  If  we  take  a  =  86,  as  an  average  ratio  of 
length  to  beam,  we  find  from  (44)  that  the  mean  value  of  sin2a  is  0T7. 
The  mean  value  is  less  for  models  with  moderate  bow  angle;  probably  an 
average  value  would  be  about  0-1,  with  still  smaller  values  for  models  with 
fine  lines. 

In  a  recent  paper  Kreitner  (1939)  has  put  forward  the  proposition  that 
the  extra  resistance  to  a  ship  among  waves  is  nothing  else  than  the  radiation 
pressure  of  the  ocean  waves.  The  semi -empirical  formula  given  by  Kreitner 
for  this  force  upon  a  ship  at  rest  in  a  train  of  waves  is 


R  —  gph2B  sin  a,  (45) 

in  the  present  notation,  in  which  h  is  the  amplitude  of  the  incident  waves; 
the  last  factor  is  a  mean  value  for  the  angle  of  entrance  not  clearly  defined. 
The  derivation  of  this  formula  is  not  clear,  but  it  appears  to  be  based  upon 
an  estimate  of  the  difference  of  resultant  amplitude  at  bow  and  stern,  and 
upon  taking  the  mean  value  of  the  hydrostatic  pressure  due  to  the  surface 
elevation.  This  latter  assumption  is  incorrect;  and  further,  we  found  in  (43), 
that  the  last  factor  should  be  the  mean  value  of  sin2  a  taken  across  the  beam. 
Numerically,  for  usual  ship  forms,  these  differences  result  in  (43)  giving 
about  one-fifth  of  the  value  from  (45). 

For  a  certain  model,  a  ship  with  full  lines,  the  relevant  data  are 
B  —  69-2  ft.,  L  =  530  ft.,  h  =  2\  ft.  If  we  assumed  the  fore  half  of  the  ship 
to  be  an  ellipse  and  used  (44),  we  should  have  0-175  as  the  mean  value  of 
sin8a;  but  this  is  certainly  too  large  and  we  take  a  smaller  value,  say  0-12. 
With  these  values,  (43)  gives  a  force  of  0-8  ton.  This  is,  moreover,  an  upper 
limit  and  also  assumes  the  ship  to  have  vertical  sides  and  to  be  of  great 
draft.  The  recorded  extra  resistance  for  this  ship  is  given  as  about  2-8  tons; 
but  this  was  for  a  model  advancing  through  the  waves. 

The  steady  pressures  we  have  been  considering  will  certainly  be  increased 
if  the  ship  is  itself  in  steady  motion  through  the  waves,  but  the  problem 
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then  becomes  complicated  and,  in  practice,  many  other  factors  must  be 
taken  into  account.  The  wave  resistance  of  the  ship,  as  calculated  for 
uniform  motion  through  still  water,  is  probably  altered;  moreover,  the 
motion  of  the  ship,  and  in  particular  its  pitching  and  other  oscillations, 
must  have  an  important  influence.  It  may  well  be  that  interactions  between 
first  order  effects  which  in  themselves  are  purely  periodic  may,  through 
phase  differences,  give  rise  to  steady  additional  resistances. 

The  calculations  which  have  been  made  here  refer  to  a  model  hold  at 
rest  in  a  train  of  waves.  The  only  reference  to  experiments  of  this  nature 
appears  to  be  in  a  paper  by  Kent  and  Cutland  (1935).  The  model  was 
No.  1255  of  the  National  Physical  Laboratory,  and  the  dimensions  were: 
length  =  16  ft.,  beam  =  1*92  ft.,  draft  =  0-52  ft.  For  this  model  the  mean 
value  of  sin2  a  was  probably  not  more  than  0-1.  If  we  suppose  the  wave 
amplitude,  that  is  half  the  wave  height,  to  be  2  in.  for  waves,  say,  5  ft.  in 
length,  then  (43)  gives  as  an  upper  limit  a  force  of  0-17  lb.  The  experimental 
results  were  not  published,  no  doubt  because  this  particular  experiment 
was  only  incidental  to  the  main  investigation;  but  it  may  be  taken  that  the 
calculated  value  obtained  here  is  of  the  order  of  one-half  the  measured 
value  for  waves  of  the  given  height  and  length.  Here,  again,  although  the 
model  is  said  to  be  at  rest,  it  has  necessarily  a  certain  small  amount  of 
freedom  for  oscillatory  motion.  While  such  motion  might  be  expected  to 
diminish  the  magnitude  of  the  pressures  we  have  been  considering,  it  may 
also  bring  other  effects  into  operation.  Further  experiments  of  this  nature, 
with  more  detailed  measurements,  would  be  of  great  interest. 

The  immediate  object  of  the  present  work  wras  to  examine,  in  cases 
amenable  to  calculation,  the  magnitude  of  the  mean  force  obtainable  on 
the  analogy  of  radiation  pressure.  The  general  conclusion  is  that  while  such 
a  force  exists  as  a  contributory  cause,  it  is  insufficient  to  account  for  the 
extra  resistance  observed  in  a  ship  advancing  through  waves;  in  those 
circumstances  the  total  effect  is  probably  the  result  of  several  factors  of 
approximately  equal  importance. 
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The  Drifting  Force  on  a  Ship  among  Waves. 

By  T.  H.  Havelock,  F.R.S. 

1.  When  a  ship  is  advancing  through  a  train  of  waves  it  experiences 
an  average  steady  resistance  greater  than  that  at  the  same  speed  in 
smooth  water.  There  are  no  doubt  several  factors  operative  in  producing 
this  result  ;  one,  for  instance,  may  he  described  as  wave  pressure  due 
to  the  reflexion  or  scattering  of  the  ocean  waves  by  the  surface  of  the 
ship  (Kreitner,  1939).  This  must  certainly  be  taken  into  account  in  a 
complete  theory,  but  investigation  of  it  involves  second-order  terms  in 
the  hydrodynamical  equations  and  a  satisfactory  solution  of  the  problem 
would  be  difficult.  Certain  calculations  which  I  have  given  recently 
(1940)  seem  to  show  that  this  cause  is  not  likely  to  account  for  more 
than  a  small*  fraction  of  the  observed  results.  Experiment  shows  that 
the  effect  is  most  prominent  when  the  period  of  encounter  of  the  ship 
with  the  waves  is  near  the  natural  periods  of  the  ship’s  oscillations  ; 
whether  directly  or  indirectly,  the  phenomenon  is  clearly  associated  with 
the  heaving  and  pitching  motions  of  the  ship.  In  the  paper  already 
quoted  (1940)  it  was  suggested  that  it  may  well  be  that  interactions 
between  first-order  effects  which  in  themselves  are  purely  periodic  may, 
through  phase  differences,  give  rise  to  steady  additional  resistances. 
The  object  of  the  present  note  is  to  give  some  tentative  calculations 
amplifying  and  illustrating  this  suggestion.  For  this  purpose  we  fall 
back  on  the  approximate  theory  which  neglects  the  disturbing  effect  of 
the  ship’s  surface  upon  the  wave  motion.  In  suitable  cases  we  may 
perhaps  regard  the  necessary  additions  for  the  reflected  waves  to  be 
small  corrections,  as,  for  instance,  for  a  long  narrow  ship  (1937).  This 
assumption  was  the  basis  of  the  theory  developed  by  W.  Froude  in  his 
work  on  the  rolling  of  a  ship  among  waves,  in  which  case  the  wave¬ 
length  is  assumed  large  compared  with  tic  beam  of  the  ship.  It  was 
also  used  explicitly  by  Kriloff  in  his  well-known  analysis  of  the  heaving 
and  pitching  of  a  ship  among  waves.  This  latter  work  dealt  only  with 
the  oscillations  of  the  ship,  and  not  with  the  extra  resistance  to  motion 
which  is  now  under  consideration.  It  is  true  that  the  problem  involves, 
in  some  form  at  least,  second-order  terms,  and  any  partial  separate 
examination  of  suoh  terms  is  unsatisfactory  ;  the  following  calculations 
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are  therefore  subject  to  correction  by  a  more  complete  analysis,  but 
they  may  serve  to  bring  out  a  new  point  of  view. 

2.  It  is  interesting  to  recall  the  development  of  the  similar  problem 
in  rolling.  Some  years  ago  Suyehiro  (1924),  experimenting  with  a  small 
model,  announced  the  discovery  of  a  drifting  force  sideways  upon  a  ship 
when  rolling  in  waves.  This  interesting  result  does  not  seem  to  have 
been  studied  by  other  workers,  and  either  confirmed  or  disproved.  The 
effect  is  small  and  probably  needs  suitable  conditions  of  forced  rolling 
in  resonance  with  the  natural  period  of  roll.  Suyehiro  himself  ascribed 
the  force  to  reflexion  of  the  waves  by  the  side  of  the  ship  and  supported 
this  view  by  observation  of  the  motion  of  the  fluid  particles  near  the  ship. 
No  calculation  was  made  of  the  reflexion  or  scattering  of  the  waves  by 
the  ship,  and  this  is  a  problem  which  still  awaits  solution.  Here,  again, 
no  doubt  this  form  of  wave  pressure  contributes  to  the  result,  but  there 
is  no  reason  to  suppose  it  adequate  in  itself ;  moreover,  the  experiments 
showed  a  close  association  of  the  drifting  force  with  the  rolling  of  the 
ship.  Recently  an  alternative  theory  has  been  put  forward  by  Watanab6 
(1938).  Starting  from  the  Kriloff  equations,  Watanab6  deduced  an 
expression  for  the  drifting  force  involving  the  angle  of  roll  and  the  phase 
lag  between  the  roll  and  the  actuating  moment ;  applied  to  Suyehiro ’s 
model,  this  expression  gave  a  force  of  rather  more  than  half  the  observed 
value. 

In  the  following  seotions  we  derive  similar  expressions  for  the  drifting 
force  due  to  heaving  and  pitching  when  the  ship  is  head-on  to  the  waves  ; 
we  assume  throughout  the  usual  theory  of  irrotational  waves  of  small 
height. 

3.  Take  the  origin  O  in  the  undisturbed  surface  of  the  water.  Ox 
horizontal  and  perpendicular  to  the  wave  crests  and  in  the  direction  of 
the  ship  from  stem  to  bow,  0 y  horizontal  and  Oz  vertically  upwards. 
We  shall  suppose  first  that  the  ship  has  no  forward  motion  or,  more 
precisely,  we  may  suppose  it  constrained  so  that  it  is  free  to  make  small 
vertical  oscillations  and  free  also  to  make  small  rotational  oscillations 
about  a  horizontal  axis  parallel  to  0 y  through  some  point  G.  We  consider 
plane  waves  of  small  amplitude  h  and  of  wave-length  2»r//c  moving  in  the 
negative  direction  of  Ox.  To  the  first  order  the  velocity  potential  is 
given  by 

(f> — {ghji 7)e«  sin  (<rf-b  kx),  . ( 1 ) 

with  o*—gie,  and  the  pressure  by 

P=P9-gp*+Pji . (2) 

~‘Po-gp*+gph<*  oos  (ot+Kz) . (3) 

p0  being  the  pressure  at  the  free  surfaoe. 
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A  complete  solution  would  include  an  addition  to  (1)  necessary  to 
satisfy  the  boundary  condition  at  the  surface  of  the  ship  in  its  actual 
motion  and  also  the  condition  of  constant  pressure  over  the  free  surfaoe 
of  the  water.  We  are,  meantime,  neglecting  this  additional  term,  and 
assuming  the  conditions  such  that  for  a  first  approximation  we  may 
calculate  the  resultant  forces  from  the  pressure  given  by  (3).  The 
resultant  horizontal  force  backwards  is  given  by 

F=jjpldS, . (4) 

taken  over  the  immersed  surface  of  the  ship  in  any  position,  (l,  m,  n) 
being  the  direction-cosines  of  the  outward  drawn  normal  at  any  point. 
This  may  be  transformed  into  a  volume  integral  taken  throughout  the 
immersed  volume  V  of  the  ship,  and  using  (3)  we  have 


=-gpxhjjj  e^sin  (ot+Kx)dV . (6) 

Let  S0,  V0  be  the  immersed  surface  and  volume,  respectively,  when  the 
ship  is  in  its  equilibrium  position  in  smooth  water.  If  the  ship  is  held  in 
this  position  in  the  waves,  the  corresponding  force  F0  calculated  from  (6) 
is  a  purely  periodic  force  with  mean  value  zero  (1937).  Suppose  now  the 
ship  to  be  in  a  slightly  displaced  position  S  due  to  heaving  and  pitching. 
The  additional  horizontal  force  is  given  by  (6)  integrated  throughout  the 
volume  between  S0  and  S.  If  Sv  is  the  distance  from  any  point  of  S0 
normally  outwards  to  S,  we  have  dV  — 8vdS0.  Let  the  pitch  be  measured 
by  a  small  angle  8  of  rotation  round  an  axis  through  a  point  G  on  Oz 
at  a  height  c  above  O,  taking  8  to  be  positive  with  the  bow  up  ;  and  let 
the  heave  be  given  by  a  small  vertical  displacement  £  upwards.  Then, 
to  the  first  order  in  £  and  8,  we  have 

8v=n£H  {nx— l(z— c)}8. . (6) 

Hence  the  horizontal  force  backwards  in  the  new  position  is  given  by 

F=F0— (7/mcA£  JJ  e“*  sin  Kx)ndS0 

—gpxhdjj  e"*  sin  {ot+  Kx){nx— i(z— c)}dS0,  .  (7) 

where  the  integrals  are  taken  over  the  equilibrium  position  of  the  ship’s 
surface. 

Calculations  may  be  made  direotly  from  this  expression,  but  we  put 
it  into  another  form  to  show  that  it  leads  to  an  average  steady  force 
backwards. 

Let  B  be  the  extra  buoyancy  for  the  ship  in  its  equilibrium  position 
due  to  the  wave  motion,  that  is,  the  additional  foroe  upwards  arising  from 
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the  term  pd(f>/dt  in  (2).  Similarly,  let  P  be  the  additional  moment  of 
this  pressure  about  the  axis  through  G  in  the  direction  of  6  increasing. 
Then  we  have 

B  =  —gph  J*J* cos  (ot~rKx)ndS0> .  (8) 

l?=gph  j  j  eK*  cos  (crt -\-Kx){l(z—c)—nx}dS0.  .  .  (9) 

Hence  we  may  write  (7)  as 

■  •  ■  ,10> 

The  usual  approximate  equations  for  the  motion  of  the  ship  are  obtained 
by  taking  into  account  also  the  hydrostatic  buoyancy  and  moment  arising 
from  the  term  gpz  in  (3).  With  M,  I  as  effective  mass  and  moment  of 
inertia,  respectively,  and  assuming  a  simple  law  of  damping  in  each  case , 


the  equations  are 

M£+N£+<7pA£=B . (Ill 

ie+N;e+gpmv0e='p . (12) 


A  being  the  area  of  the  water  plane  section  and  m,  the  metacentric  height 
for  pitching. 

When  calculated  from  (8)  and  (9),  B  and  P  are  of  the  form 

B=B0  sin  (<rf-f-a)  ;  P=P0  sin  (ot+ct.'),  ....  (13) 

B0,  P0,  a,  «'  depending  upon  the  wave-length  and  the  form  of  the  ship. 

To  obtain  from  (10)  quadratic  terms  giving  a  mean  value  different 
from  zero,  we  need  consider  only  the  forced  oscillations  in  £  and  6.  These 
are  given  by 

C=kB0  sin  (<7<+«— ft)  \ 

0=FPo  sin  (<rf+*'-0')J . 

k,  k'  being  the  usual  magnification  factors,  and  ft,  ft'  the  corresponding 
phase  lags,  obtained  by  solving  (11)  and  (12)  for  the  forced  oscillations. 
Using  (13)  and  (14)  in  (10)  and  taking  mean  values  of  the  quadratic 
terms,  we  obtain  for  the  mean  backward  force 

R  =  ^KifcB08sin)3-(-iKA:'P08sin)3', . (15) 

an  expression  which  is  essentially  positive. 

With  £0  and  0O  the  amplitude  of  the  forced  heaving  and  pitching, 
respectively,  and  B0,  P0  the  amplitudes  of  the  buoyancy  and  pitching 
moment  as  in  (13),  we  have  from  (15) 

R=s^B0£o  sin  ft+  $*PO0O  sin  ft' . (16) 

4.  We  have  only  used  equations  (11)  and  (12)  to  show  that  the  average 
steady  force  is  a  resistance.  In  attempting  comparison*  with  c.vjjeri- 
mental  results  one  cannot  rely  upon  calculations  from  these  equations, 
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except  for  general  descriptive  purposes.  Among  other  reasons,  there  is 
a  lack  of  precise  information  about  the  damping  of  natural  heaving  and 
pitching.  A  common  statement  is  that  the  damping  in  both  cases  is 
large,  the  natural  oscillations  in  uniform  waves  diminishing  rapidly  and 
the  motion  reducing  to  the  forced  oscillations.  On  the  other  hand,  this 
is  difficult  to  reconcile  with  certain  experimental  results  when  the  period 
of  encounter  with  the  waves  is  near  a  natural  period  ;  in  such  cases  the 
amplitude  of  the  resultant  oscillation  has  a  slow  periodic  variation  from 
a  minimum  to  a  maximum  in  a  manner  suggesting  the  superposition  of 
natural  and  forced  oscillations  of  nearly  equal  period.  The  only  published 
estimate  from  experimental  results  appears  to  be  that  given  by  Horn 
(1936),  who  states  that  the  damping  of  heaving  and  pitching  is  of  the 
same  order  of  magnitude  ;  his  estimate  gives  a  logarithmic  decrement  of 
about  1-4,  an  extremely  large  value  compared,  for  instance,  with  the 
damping  of  rolling. 

We  have  assumed  the  Ship  to  have  no  forward  motion,  but,  so  far  as 
the  present  approximation  goes,  we  may  .suppose  it  moving  with  uniform 
speed;  the  only  difference  is  that  the  quantity  a  in  (13)  is  such  that 
2'7t / cjt  is  the  period  of  encounter  of  the  ship  with  the  waves. 

We  may  make  a  rough  estimate  of  the  order  of  magnitude  of  the  extra 
resistance  given  by  (16).  For  a  cargo  boat  of  400  ft.  in  waves  of  500  ft. 
in  wave-length  and  of  height  6  ft.,  the  amplitude  P0  of  the  pitching 
moment  may  be  about  80,000  ft. -tons  while  the  amplitude  B0  of  the 
buoyancy  might  be.  say,  300  tons.  Hence  from  (16)  we  should  have 

R  =  l'9£o  sin/8-f5O2  0o  sin/?' . (17) 

If  the  period  of  encounter  is  not  near  a  natural  period  we  might  assume 
a  total  heave  of  4  ft.  and  a  pitch  of  3°  ;  whence 

R  =  3-8  sin  /3-fl3  sin  /S' . (18) 

A  value  of  15°  for  the  phase  lags  /8,  /S'  would  not  be  unreasonable.  This 
would  give  R  =  4-4  tons,  of  which  three-quarters  would  be  associated 
with  pitching  and  one -quarter  with  heaving. 

5.  For  a  more  detailed  analysis,  we  consider  a  simple  form  of  wall- 
sided  model  of  uniform  draft  d,  with  a  rectangular  middle  body  of  length 
2a  and  beam  26.  and  with  entrance  and  run  each  of  length  /  and  of 
l>arabolio  form.  Thus  with  O  at  the  centre  of  the  parallel  middle  body, 
the  equation  of  the  contour  from  x—a  to  x=>l-\-a  is 

y  =b{  1 — (a;— a)*//*} . (19) 

at  all  depths,  from  i  =  —d  to  z  — 0  :  and  there  is  a  similar  equation  for 
the  run  at  the  stem  from  (/-fa)  to  x~— a. 
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The  model  is  symmetrical  fore  and  aft,  and  for  simplicity  we  assume 
G,  the  position  of  the  axis  of  rotation,  to  be  at  O  ;  thus  we  take  c  —  0  in 
(9).  The  integrations  in  (8)  and  (9)  over  the  sides  and  keel  of  this  model 
are  readily  carried  out,  and  we  obtain  eventually 


B==~ZTe~*(sin  (P+Pi)~ V  c°s  (P+2h)  — sin  Pi)  cos  at.  .  .  (20) 

KP 

P==~^xU(P'+i,i-3)  si»  (P+lh)-(Pi+3p)  cos  (p+pj 

K  p 

-Msinpi-p!  cospJe-'H^l-e-*-^-®)  (sin  (p+px) 

— p  cos  (p-j-  px)— sin  p,}]  sin  at,  •  (21) 


where  p  —  xl,  p1~Ka,  q  —  xd. 

In  (21)  under  usual  conditions,  the  second  part  is  small  compared  with 
the  part  which  is  factored  by  e~ 9  ;  if  this  latter  factor  be  also  neglected, 
the  expression  is  simply  the  conventional  pitching  moment  obtained 
from  the  hydrostatic  pressure  due  to  the  wave  elevation  integrated  over 
the  water-plane  section  of  the  ship.  This  form  of  model  is  not  quite 
suitable  for  the  approximations  on  which  the  calculations  have  been 
made,  but  there  are  no  experimental  results  available  for  simple 
symmetrical  models  of  small  beam. 

From  experiments,  carried  out  at  the  National  Physical  Laboratory, 
on  a  model  of  a  single-screw  cargo  ship,  Kent  and  Cutland  (1941)  have 
obtained  some  very  interesting  results.  We  give  the  relevant  data  for 
the  ship  :  length  400  ft.,  beam  55  it.,  draught  24  ft.,  and  displacement 
11,332  tons.  The  natural  pitching  and  heaving  periods  are  given  as 
fi-2  and  7  42  sec.  respectively.  Measurements  were  made  of  pitch  and 
heave,  of  resistance  and  of  other  quantities,  under  various  conditions  in 
waves  of  175  ft.,  350  ft.,  and  490  ft.  In  the  shortest  waves  it  is  probable 
that  a  considerable  part  of  the  increased  resistance  arises  from  the 
reflexion  of  the  waves  by  the  ship.  Applying  an  expression  which  I 
gave  recently  (1940)  for  this  resistance,  Kent  and  Cutland  show  that  it 
accounts  for  rather  more  than  half  the  measured  resistance  for  a  ship 
moored  in  the  waves.  That  expression  gave  a  limiting  value  for  a  ship 
of  great  draught  held  at  rest,  assuming  total  reflexion  by  the  front 
portion  of  the  ship.  It  seems  reasonable,  therefore,  to  suppose  that  the 
force  arising  from  reflexion  would  lie  much  smaller  for  a  ship  of  usual 
form  floating  on  the  water,  and  especially  so  for  the  large  wave-lengths. 
Moreover,  in  the  short  waves  the  pitch  and  heave  are  slight  and  are 
irregular  in  period  :  in  the  medium  waves  the  periods  are  approximately 
equal  to  the  period  of  encounter  between  ship  and  wave,  but  the  amplitude 
changes  from  a  minimum  to  a  maximum  in  regular  cycles  :  in  the  long 
waves  the  pitch  and  heave  are  approximately  uniform.  In  the  present 
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calculations  the  amplitudes  in  (lfi)  are  those  of  the  forced  oscillations  oi 
heave  and  pitch  ;  hence  we  attempt  only  a  comparison  with  the  results 
of  Kent  and  Cutland  for  the  490  ft.  wave-length,  when  presumably  the 
motions  are  purely  forced  vibrations.  Another  reason  for  limiting 
comparison  to  waves  oflength  greater  than  the  ship  is  that  the  expressions 
for  the  buoyancy  and  pitching  moment  are  probably  better  approxima¬ 
tions  than  for  shorter  waves.  Without  attempting  any  close  approxima¬ 
tion  to  the  form  of  the  ship,  we  shall  simply  use  the  expressions  (20)  and 
(21 )  with 

a  =  140  ft.  ;  J  =  60  ft.  ;  d  =  20ft.  ; 

6  —  27-5  ft.  ;  A -2-5  ft.  ;  A  =  2*/*- 490  ft.,  .  .  .  (22) 

these  dimensions  giving  a  ship  of  about  the  same  displacement,  and 
waves  of  490  ft.  in  length  and  5  ft.  in  height. 

With  these  values  (20)  and  (21)  give 

B  =  345  cos  at  ;  P  =  —  83880  sin  at,  ....  (23) 

in  tons,  and  ft. -tons  respectively. 

The  numerical  factors  in  (23)  are  the  values  of  B0  and  P0  in  (16).  The 
amplitudes  £0  and  60  we  shall  take  from  the  observed  results,  assuming 
that  these  refer  to  forced  vibrations  in  the  period  of  encounter.  The 
remaining  factors  are  the'  phase  differences,  and  these  are  more  uncertain. 
It  may  be  noted  that  the  effect  which  is  under  discussion  arises  from  the 
damping  and  the  phase  lag  produced  thereby  ;  if  there  is  no  phase  Jag 
there  is  no  force.  On  the  simple  theory  expressed  in  equations  (11) 
and  (12)  the  phase  factor,  sin  /3  or  sin  8',  has  its  maximum  value  of  unity 
at  resonance  and  diminishes  on  either  side  of  this  period,  the  diminution 
being  more  rapid  the  less  the  damping.  The  importance  of  the  phase 
of  the  ship’s  motion  in  relation  to  that  of  the  waves  from  a  practical 
point  of  view  is  well  known,  but  there  are  not  many  precise  measurements 
suitable  for  the  present  purpose.  The  problem  was  attacked  in  an  early 
paper  by  Kent  (1922),  and  the  recent  paper  by  Kent  and  Cutland  (1941 ) 
gives  further  detailed  observations.  They  give  a  diagram  showing 
positions  of  wave  crest  and  trough  along  the  ship  at  maximum  pitch 
with  the  bow  down,  and  from  this  one  should  be  able  to  deduce  the  value 
of  8'  for  use  in  (16).  However,  it  must  be  remembered  that  the  model 
was  not  a  simple  symmetrical  form,  with  the  axis  of  pitch  at  the  centre 
of  the  water-plane  section  ;  in  fact,  the  position  of  this  axis  probably 
varied  during  the  motion.  It  is  also  clear  that  the  motion  is  not  ade¬ 
quately  covered  by  the  theory  of  equations  (11)  and  (12).  For  the 
authors  state :  “  In  general,  as  the  ship’s  pitching  period  was  not 

isochronous  owing  to  the  changing  resistance  to  pitch,  successive  pitches 


489 


•*rrwwm 


i  74 


Prof,  T.  H.  Havelock  on  the 


showed  a  pc <  imlic  movement  of  the  wave  crest  position,  backwards  and 
forwards  along  the  hull.”  The  diagram  given  in  the  paper  shows  the 
mean  positions.  Fr  mi  this  diagram,  it  seems  that  we  may  assume  there 
was  no  measureuble  phase  lag  for  the  ship  moored,  with  zero  speed,  in 
41M )  ft.  waves.  Hence,  from  (1<>),  the  corresponding  mean  force  is 
negligible,  and  this  agrees  with  the  observations.  For  the  same  wave¬ 
length  when  the  ship  had  a  speed  of  S  knots,  a  rough  estimate  of  the 
phase  lag  from  the  diagram  is  about  12o  .  and  we  take  that  value  for 
f}'  in  (lb).  As  the  free  periods  of  heave  and  pitch  are  nearly  equal,  and 
the  damping  probably  of  the  same  order,  we  take  the  same  value  for  ji 
in  (1(>).  From  the  measurements  given  in  the  paper  for  o  l't.  waves,  we 
have  £0--2-l  ft..  0o~ T<»°.  With  these  values  in  (10)  we  get  the  extra 
resistance  for  the  ship  in  tons  ;  expressing  the  result  for  t'he  model, 
10  ft.  long,  we  obtain  from  (10)  a  mean  resistance  of  0  03  lb.  The 
measured  value  was  0-37  lb. 

Tt  is  not  worth  while  pursuing  these  tentative  calculations  further  at 
present,  but  at  least  it  seems  that  one  can  obtain  results  of  the  right 
order  of  magnitude  ;  in  fact,  the  calculated  results  are  generally  too  high, 
especially  at  the  peak  values  under  resonance  conditions,  but  that  might 
have  been  anticipated.  On  the  theoretical  side,  the  various  limitations 
and  assumptions  have  already  been  sufficiently  indicated  in  the  course 
of  the  work.  On  the  experimental  side,  there  is  a  lack  of  suitable  data 
obtained  under  conditions  sufficiently  approximating  to  the,  simplifica¬ 
tions  which  have  t  v  made  before  any  calculations  are  possible. 

6.  In  the  present  work,  with  the  ship  head-on  to  the  waves,  heaving 
and  pitching  have  been  considered  together  ;  for  if  the  argument  is  valid 
for  one  kind  of  displacement  it  should  also  apply  to  the  other.  Moreover, 
the  natural  periods  of  heave  and  pitch  are  usually  nearly  equal  and  so 
resonance  effects  for  the  forced  vibrations  overlay).  Reference  has  been 
made  to  Watanabo’s  work  on  the  drifting  force  when  rolling,  that  is, 
when  1  he  ship  is  broadside-oil  to  the  waves  :  in  that  work,  as  in  Suyehiro’s, 
the  effect  of  heaving  was  entirely  neglected.  The  expression  (1(1)  given 
here  for  the  drifting  force  in  heaving  and  pitching  may  also  he  used  for 
heaving  and  rolling  when  the  waves  are  broadside  on.  with  the  quantities 
in  (ltit  having  the  appropriate  values  lor  those  conditions.  However, 
the  natural  periods  of  heave  and  roll  usually  differ  considerably,  and 
therefore  the  resonance  effects  are  separated.  The  data  for  Suyehiro’s 
model  are  not  sufficient  for  these  calculations  to  ne  made,  otherwise  one 
might  corny >are  the  drifting  forces  due  to  heaving  and  roiling  ;  it  would 
he  of  interest  if  experiments  could  he  devised  to  test  whether  these 
separate  effects  are  observable,  and  to  have  experiments  made  under 
conditions  suitable  for  comparison  with  ll  eoiy. 
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Summary. 

The  problem  considered  is  the  drifting  force  on  a  ship  when  head-on 
to  a  regular  train  of  waves.  A  satisfactory  theory  would  have  to  include, 
among  other  factors,  the  effect  of  retlexion  of  the  waves  by  the  surface 
of  the  ship  ;  in  the  present  note  this  is  neglected  in  order  to  make 
tentative  calculations  from  another  point  of  view  which  associates  the 
effect  directly  with  the  oscillations  of  the  ship.  A  steady  average 
drifting  force  is  obtained  depending  upon  the  phase  differences  between 
the  heaving  and  pitching  motions  and  the  periodic  forces  and  couple- 
due  to  the  wave  motion.  An  examination  is  made  of  experimental 
results  and,  although  available  data  are  not  suitable  for  detailed  com 
parison,  it  appears  that  the  calculations  give  drifting  forces  of  the  right 
order  of  magnitude. 
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The  Damping  of  the  Heaving  and  Pitching  Motion  of  a  Ship. 

By  T.  H.  Havelock,  F.R.S. 

1.  In  a  recent  paper  (1940)  I  discussed  the  damping  of  the  rolling  of  a 
ship  in  still  water  due  to  the  radiation  of  energy  in  the  wave  motion  set 
up  by  the  rolling.  The  following  note  is  a  similar  examination  of  heaving 
and  pitching  oscillations  ;  an  attempt  is  made  to  estimate  the  dissipation 
of  energy  in  wave  motion  and  comparison  is  made  with  such  experimental 
results  as  are  available. 

The  problem  may  be  stated  first  in  relation  to  heaving  motion.  Con¬ 
sider  a  body  of  mass  M  floating  freely  in  water,  and  suppose  it  is  acted 
on  by  a  periodic  force  E  cos  pt  and  is  making  small  vertical  oscillations  ; 
let  £  be  the  vertical  displacement  upwards  from  the  equilibrium  position. 
The  equation  of  motion,  for  a  frictionless  liquid,  is 

M£=X— Mp+E  oospt . (1) 

where  X  is  the  vertical  resultant  of  the  fluid  pressures  on  the  immersed 
surface.  For  an  exact  solution  we  should  have  to  determine  the  velooity 
potential  of  the  fluid  motion  so  as  to  satisfy  the  boundary  condition  at 
the  moving  surfaoe  of  the  solid  and  the  condition  of  constant  pressure 
over  the  free  surface  of  the  liquid.  Failing  such  a  solution  we  prooeed 
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by  approximations.  One  part  of  the  force  X-Mg  is  the  additional 
hydrostatic  buoyancy.  gpS£  upwards,  assuming  the  solid  to  have  vertical 
sides  near  the  water-line  and  S  to  be  the  area  of  the  water  plane  section. 
Suppose  now  that  the  motion  of  the  body  is  a  forced  vibration  of  frequency 
p  and  that  the  energy  radiated  is  relatively  small  ;  then,  as  in  similar 
problems,  for  instance  the  scattering  of  sound  waves  by  a  movable 
obstacle,  it  is  assumed  that  the  rest  of  the  resultant  fluid  pressure  may 
be  expressed  as  the  sum  of  two  terms,  one  proportional  to  £  and  the  other 
to  £.  The  factor  of  the  first  term  represents  the  so-called  added  mass, 
while  the  second  corresponds  to  the  loss  of  energy  by  propagation  of 
waves  outwards.  In  these  circumstances,  equation  (1)  is  reduced  to  the 
form 

M'£+N£+gFpS£=E  cos  pt,  . (2) 

where  M'  is  the  total  effective  mass. 

2.  Various  empirical  formulae  have  been  devised  for  the  effective  mass 
of  a  ship  for  heaving  motion,  and  for  flexural  vibrations.  Reference  mav 
be  made  in  particular  to  Lewis  (1929)  for  ship  forms,  and  to  Browne, 
Moullin  and  Perkins  (1930)  for  the  added  mass  of  prisms  floating  in 
water.  The  basic  assumption  in  these  studies  is  to  neglect  the  wave 
disturbance  and  to  suppose  the  fluid  motion  to  be  that  due  to  a  certain 
solid  moving  in  an  infinite  liquid,  the  solid  being  made  up  of  the  immersed 
part  of  the  floating  body  and  its  reflexion  in  the  free  surface  of  the 
water.  The  experiments  of  Browne,  Moullin  and  Perkins  showed  that 
this  leads  to  a  reasonable  value  of  the  added  mass,  the  calculated  values 
being  rather  higher  than  those  deduced  from  the  experiments. 

It  is  the  second  term  of  equation  (2),  namely  N£,  with  which  the  present 
paper  is  specially  concerned.  Instead  of  calculating  the  fluid  pressures, 
an  alternative  method  is  to  work  out  the  mean  rate  of  propagation  of 
energy  outwards  in  the  wave  motion,  and  equating  this  to  the  mean 
value  of  N£2  we  obtain  a  value  for  N  for  the  given  frequency.  This 
procedure  is  permissible  under  the  assumed  conditions  under  which  the 
motion  is  a  forced  simple  harmonic  vibration  and  the  radiated  energy 
is  small.  To  obtain  the  corresponding  logarithmic  decrement  for  the 
damped  natural  vibrations,  these  may  be  taken  as  approximately  of 
period  2t t/<t,  with 

a2M'~0fp!S . (3) 

Then  the  logarithmic  decrement  is  given  by  wN/aM',  with  N  having  its 
value  for  the  frequency  a.  There  is  very  little  work,  theoretical  or 
experimental,  to  which  reference  can  be  made.  Browne,  Moullin  and 
Perkins  (1930)  measured  the  damping  for  prisms  vibrating  in  air  and  when 
immersed  in  water  ;  they  conclude  "  The  damping  added  by  the  water 
is  negligible  compared  with  the  damping  due  to  the  supports,  a  result 
which  might  not  have  been  expected.”  But  in  those  experiments  the 
prisms  were  not  floating  freely  and  the  frequency  was  of  the  order  of 
13  per  second  ;  it  can  readily  be  estimated  that  the  energy  in  the  wave 
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motion  would  then  be  very  small.  However,  the  experiments  show  that 
damping  by  fluid  friction  and  eddies  was  also  negligible.  Reference 
may  be  made  specially  to  work  by  Schuler  (1936)  with  a  vibrating  prism 
of  rectangular  section,  in  which  direct  measurement  was  made  of  the 
amplitude  of  the  waves.  The  logarithmic  decrement  was  also  measured, 
and  it  was  concluded  from  the  dimensional  form  of  the  results  that  the 
damping  was  due  to  wave  motion,  viscous  and  other  damping  being 
negligible  in  comparison.  Schuler  gives  no  theoretical  calculation  of  the 
damping,  and  unfortunately  the  data  necessary  for  making  a  comparison 
with  theory  are  not  recorded,  such  as  the  effective  mass  and  restoring 
force  and  the  free  or  forced  nature  of  the  vibrations. 

Coming  to  the  ship  problem,  as  far  as  published  work  is  concerned 
there  is  practically  no  accurate  information  about  the  damping  of 
natural  heaving.  It  is  usually  stated  to  be  very  large,  any  natural 
vibrations  dying  out  very  quiekl}-.  The  only  numerical  estimate  appears 
to  be  that  given  by  Horn  (1936)  and  said  to  be  an  average  result  derived 
from  a  large  number  of  models  ;  his  estimate  gives  a  logarithmic  decre¬ 
ment  for  natural  heaving  of  about  1-45.  This  is  very  large,  and  would 
mean  that  the  amplitude  is  reduced  by  about  one-half  in  each  swing. 
It  is  also  stated  that  the  decrement  for  natural  pitching  oscillations  is 
of  the  same  order  of  magnitude. 

3.  We  now  examine  the  waves  produced  by  in  oscillating  body,  and 
we  adopt  the  method  of  replacing  it  by  some  suitable  distribution  of 
alternating  sources. 

We  consider  first  two-dimensional  fluid  motion,  and  we  take  the  origin 
O  in  the  free  surface,  O#  horizontal,  and  0;  vertically  upwards.  If 
there  is  a  source  of  strength  m  cos  pt  per  unit  length  at  a  depth  /,  that 
is  at  the  point  (0,  — /),  the  velocity  potential  is  given  by 

*•  — Z)  pny  »,»•*■ 

<f>  —  —metpt  log  —  +2meipt  - - —  ~d,K,  .  .  .  (4) 

/  o  Jo  ^  Kq  "'{ 

where  pz—gx0,  .c'2+('-(-/)2,  rtl  ;  and  we  take  the 

limiting  value  of  the  real  part  of  the  expression  as  p  is  made  zero. 

This  leads  to  a  surface  elevation  given  by 


2  >np 


sin  at 


k  cos 


(5) 


where  the  upper  or  lower  signs  are  taken  according  as  ,c  is  positive  or 

negative. 

The  first  term  in  (5)  gives  the  regular  waves  propagated  outwards  on 
either  side  ;  if  A  is  the  amplitude  of  these  waves  and  E  the  mean  rate 
of  propagation  of  energy  outwards  per  unit  length,  we  have,  taking 
account  of  both  sides  of  the  origin, 

E=gppAil2K(t=2n*mippe  2K,,/ . (6) 

By  summation,  or  integration,  we  can  obtain  the  corresponding  expression 
for  any  given  distribution  of  periodic  sources  in  the  liquid. 
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4.  Consider  a  long  prism,  of  rectangular  cross-section  and  of  breadth 
2b.  immersed  in  water  to  a  depth  /  and  made  to  perform  small  vertical 
oscillations  a  sin  pt.  For  an  approximate  solution  we  suppose  the 
motion  to  he  two-dimensional  and  to  be  that  due  to  a  uniform  distribution 
of  sources,  of  density  (paj'2-n)  cos  pt.  over  the  immersed  base  of  the  prism 
at  its  mean  depth  /.  The  regular  waves  on  the  side  x > 0  are  given, 
from  (o),  by 


cos  {pt  —  K{)(x—h)}dh 


—  2ae~  sin  ( K0b )  cos  (pt—K0x) . (7) 


Hence,  for  the  mean  rate  of  radiation  of  energy  per  unit  length  of  the 


prism,  we  have 

E=(2gppa*-K0)e-‘‘iKl,/  ain2  (kJj) . (8) 

If  the  wave-length  277/k0  is  large  compared  with  the  breadth  of  the  prism, 
we  have  the  simpler  forms 

t,  =  2K0abe~*ef . (9) 

\£=2gppK0a2b“e~‘1'k,f . (10) 


In  the  experiments  by  Schuler  (1936)  a  rectangular  prism  was  used 
and  the  amplitude  of  the  waves  and  other  quantities  measured  directly. 
Schuler  obtained  the  expression  (7)  by  an  indirect  energy  method  sug¬ 
gested  by  Prandtl,  and  it  was  contrasted  with  the  source  theory  of  the 
effect  ;  however,  we  have  seen  that  it  follows  from  assuming  a  uniform 
distribution  of  sources  over  the  base  of  the  prism.  The  interesting  point 
is  that  the  experimental  results  agree  reasonably  well  with  the  expression 
(7)  for  periods  such  that  the  wave-length  27t,k0  is  greater  than  the  breadth 
2b  of  the  prism. 

5.  We  now  apply  these  results  to  the  heaving  of  a  ship  in  still  water. 
We  may.  as  in  similar  cases,  treat  the  motion  as  two-dimensional  in  the 
iirst  instance,  an  approximation  which  may  be  supported  by  the  experi¬ 
ments  of  Browne.  Moullin  and  Perkins.  These  authors  also  give  an 
approximate  formula  for  the  added  mass  of  a  ship  of  normal  form  in 
vertical  heaving  motion  ;  this  is  given  as  u tibpb'H.  where  p  is  the  density 
of  water.  2b  the  maximum  beam  and  /  the  total  length  of  the  ship. 

We  take  an  example  from  recent  work  by  Kent  and  (Jutland  (1941). 
carried  out  on  models  at  the  National  Physical  Laboratory.  The  data 
for  the  corresponding  ship  are  :  length  400  ft,,  beam  5.">  ft.,  draught 
24  ft,,  displacement  11,332  tons,  natural  heaving  period  7-42  see.  From 
the  formula  just  given  the  added  mass  comes  out  as  8200  tons  ;  thus 
the  total  effective  mass  M'  in  equation  (2)  is  about  20.000  tons.  It  is 
of  interest  to  cheek  this  result  in  a  different  way.  If  2njo  is  the  jieriod 
when  damping  is  neglected,  we  have  the  relation  given  in  (3)  The 
change  in  period  due  to  damping  is  relatively  small,  so  we  may  use  the 
recorded  period  .  further,  estimating  the  water  plane  area  !S  as  17,000 
sq.  ft.,  we  obtain  from  (3)  a  value  for  M  ot  about  20.000  tons. 
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Suppose  now  that  the  heaving  motion  is  given  by  £=a  sin  at.  The 
wave-length  for  a  period  of  7-42  sec.  is  about  five  times  the  beam  of  the 
ship.  It  is  thus  permissible  to  take  a  simple  distribution,  namely  a 
uniform  line  source,  of  strength  m  cos  at  per  unit  length,  extending  over 
the  length  L  of  the  ship  at  some  suitable  mean  depth  /.  We  take  the 
value  of  m  to  correspond  to  the  rate  of  alteration  in  displaced  volume 
of  the  ship,  which  is  S£  or  Sao  cos  at.  Hence  we  take 

r»=Sora/27rL . (11) 

We  put  this  value  of  m  in  (6)  and,  using 


|N<rt**=EL,  . 

we  obtain  N=(paSa/L)e~a<*/.  .  . 

For  the  corresponding  logarithmic  decrement  we  have 

aM'~M'L  •  •  •  • 


(12) 

(13) 

(14) 


Putting  in  the  values  already  given  for  this  case  and  taking  /— 20  ft. 
as  a  mean  depth,  (14)  gives  the  value  S— 1*4.  The  agreement  with 
Horn’s  estimate  is,  of  course,  merely  a  coincidence.  Clearly,  thiB  large 
value  of  S  goes  beyond  the  assumption  on  which  N  has  been  calculated, 
namely  that  the  damping  is  small  enough  to  allow  approximately  simple 
harmonic  waves  to  be  established.  Nevertheless  the  calculation  is 
sufficient  to  3how  that  wave  motion  is  quite  adequate  to  account  for  the 
large  damping  whioh  has  been  observed  in  practice. 


6.  There  does  not  seem  to  have  been  any  experimental  work  on  cases 
of  three-dimensional  fluid  motion.  We  shall  examine  the  corresponding 
theory,  as  it  will  allow  of  more  detailed  calculation  for  other  source  dis¬ 
tributions  and  also  of  application  to  pitching.  Consider  a  point  source 
of  alternating  strength  m  cos  pt  at  a  depth  /  below  the  surface,  that  is, 
with  the  source  at  the  point  (0,  0,  — /).  In  this  case  the  surface  elevation 
is  given  by 


£_2ipmcitt 


f _ l_  _*arr 

b ®+/,5*  *J0  Jo 


*  sin  */— *0  cos  k/  _Krctmhl 

*8W 


dud k 


— »w»f0e-'^/H0(,,(Kor)| . (15) 


where  r*=x*-fy*,  p2=gK0,  H0(2)— J0— *'Y0,  and  the  real  part  of  the 
expression  is  to  be  taken.  There  is  a  corresponding  expression  for  the 
velocity  potential.  The  first  two  terms  in  (15)  represent  local  standing 
oscillations  of  the  surface,  and  the  third  term  the  symmetrical  circular 
waves  propagated  outwards.  For  the  present  purpose  we  only  require 
the  wave  motion  at  a  great  distance,  and  the  first  term  in  the  asymptotic 
expansion  of  the  Bessel  functions  is  sufficient ;  hence,  for  thih  part  of 
the  velocity  potential  and  surface  elevation,  we  obtain 


e  K*/+K*t  sin^p<+?— K^rj  .  ,  .  (16) 
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The  rate  of  transmission  of  energy  outwards  is  obtained  from  the  rate 
of  work  of  the  fluid  pressure  over  the  surface  of  a  vertical  cylinder  of 
radius  r,  that  is.  from 


dcf)  d(f> 

p^d72nrdz- 


(i#) 


Using  (H>),  we  obtain  for  P',  the  mean  rate  of  transmission  of  energy 
outwards, 

E  =  4:TT2pK  0pmze  ~  2*uf . (19) 

This  result  may  be  generalized  to  cover  any  given  distribution  over  a 
surface  8  in  the  liquid.  Let  m  cos  pt  be  the  source  strength  per  unit  area 
at  a  point  (.*•'.  //'.  .:')  on  this  surface  ;  we  have  to  substitute  for  r  in  (15) 
the  quantity 

(r2— '2rx'  cos  6 — 2ry'  sin  0-f.t''2-t-y'2)*,  .  ,  .  (20) 

and  then  integrate  over  the  distribution. 

It  is  readily  seen  that  we  only  need  the  approximation  for  r  large, 


namely 

eK°-{ P  sin^p/+^  — +Q  oos^/><+ ^  -K0r^| 

,  (21) 

where 

-  (22) 

From  these  expressions  we  obtain  for  the  mean  rate  of  outflow  of 
energy 

K~=  2wpK0p  [** (P2  l-Q2) (10 . (23) 

J  O 


7.  (,'onsider  a  circular  cylinder,  of  radius  b.  immersed  with  its  axis 
vertical  to  a  depth  /  and  making  forced  vertical  oscillations  given  by 
a  sin  pt.  As  in  the  two-dimensional  problem,  if  27 rg/p2  is  larger  than  the 
diameter  of  the  cylinder,  we  may  assume  t  he  wave  motion  to  be  due  to 
an  alternating  source  m  cos  pt  at  a  depth  /.  with  Arrm—n^pa,  Hence, 
from  (19).  we  have 


•  » 

Ml 


(24) 


Assuming  that  this  may  be  used  to  ‘'valunte  X  for  the  natural  damped 
vibrations  when  the  cylinder  is  floating  freely,  we  obtain 


X  — 


t±t><a'e-'W. 

-<J 


(25) 


From  the  usual  hydrostatic  theory,  a 2  gf.  Without  attempting  to 
evaluate  the  effective  mass  in  this  case,  we  write  M' ( 1  fp)M ~  ( 1  +p)iTpb*f, 
Hence,  with  these  values,  the  logarithmic  decrement  is 


77  X  n~brc~  - 

“tTTpTT5 . 

For  instance.  with  /-4/>  and  neglecting  p  we  should  have  8  -0-04. 


(26) 
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S.  We  may  now  attempt  to  apply  these  results  to  the  pitching  motion 
of  a  ship.  For  a  long  narrow  ship  t  he  appropriate  source  distribution 
could  be  taken  over  the  longitudinal  vertical  section  of  the  ship  as  in 
the  theory  of  wave  resistance  for  such  forms.  On  the  other  hand,  the 
keel  of  the  ship  may  play  a  large  part  in  wave  production  in  pitching. 
As  a  suitable  example  for  calculation,  we  choose  a  rectangular  form  with 
vertical  sides,  of  length  21  and  beam  2b.  and  floating  immersed  to  a 
depth  /;  such  a  form  will  clearly  exaggerate  the  wave-making  effects 
of  bow  and  stern.  We  suppose  the  form  to  have  an  angular  pitching 
oscillation  given  by  0—0n  sin  pt.  We  neglect  the  effect  of  the  vertical 
ends  and  consider  only  the  fiat  base.  With  the  present  procedure,  we 
take  the  source  strength  at  each  point  such  that  hm  cos  pt  is  equal  to 
the  normal  velocity,  that  is.  equal  to  x'O  in  the  notation  of  (22).  Hence, 
from  (22).  we  have  in  this  case 


P  -HQ- 


o 

47T 


-l 


fix'  ,r'e-K"/  i  >Ko(a-'  cos  6+1/'  sill  0)  (j  t 


(27) 


ip0o  sin  (k0.  b  sin  6) 
7T/<-n3  sin  0  cos2  6 


(sin  (k ()!  cos  0) — KnI  cos  0  cos  (xnl  cos  0)}e  **f. 


From  (23)  this  gives 


(2S) 


p  _  r-sin2  (K0b  sin  0) 

ttk-q5  Jo  sin2 0  cos*  0 


(sin  (k0I  cos/?)  — k  iJ  cos  0  cos  («■„/  cos/?)  }zd0. 


m 


For  the  pitching  of  a  ship,  as  for  heaving.  Knb  is  a  moderately  small 
quantity  ;  (29)  then  reduces  to  a  simpler  form,  which  might  have  been 
derived  directly  by  assuming  a  line  distribution  of  sources  and  sinks. 
We  have  then 


F  -  <■  -K°f  (  (sin  (k„I  cos  0 )  kJ  cos  0  cos  (*•„/  cos  0)}*  —  * 


os1  tl  ’ 


(30) 


For  pitching  oscillations  of  a  sliip.  the  usual  equation  for  natural 
pitching  in  still  water  is 

o . (31) 

where  I  is  the  total  effective  moment  of  inertia  of  the  ship.  V  the  displaced 
volun  >,  and  m  the  longitudinal  metaeentric  height.  As  before,  wc 
estimate  X  by  equating  the  mean  value  of  "SO-  to  the  value  of  K  given  hy 
(30),  with  p  equal  to  the  natural  frequency  u.  There  do  not  seem  to  Ik* 
any  direct  determinations  or  calculations  for  the  added  moment  of 
inertia.  We  shall  therefore  derive  the  effective  value  of  I  from  the 
relation 


u*I  —gp\ms 


(32) 
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with  27T/(t  the  natural  period  of  pitching  when  damping  is  neglected. 
With  this  relation,  the  logarithmic  decrement  is  given  by 


77  X  77  (7  X 


(33) 


a]  opVni 

Collecting  these  results,  and  expressing  the  integrand  in  (30)  in  terms 
of  Bessel  functions,  we  find 


S=- 


St tkqIi'-P 
~  mV 


|  J%.2(k01  cos  9) 

■  0 


d6 

cos  0 


(34) 


To  obtain  a  numerical  result  we  take  a  case  from  an  early  paper  by 
Kent  (1922).  The  relevant  data  for  the  ship  are  :  length  400  ft.,  beam 
52  ft.,  draught  22  ft.,  displacement  10.000  tons,  longitudinal  metacentric 
height  453  ft.,  natural  pitching  period  0*11  sec. 

in  (34)  we  take  the  distribution  of  the  same  length  as  the  ship,  that  is 
£=200  ft.  ;  we  assume  a  mean  beam  of  40  ft.,  and  we  take  /— 20  ft. 
These  values  suffice  for  a  rough  approximation.  The  integral  in  (34) 
was  computed  from  tables  of  Bessel  functions  ;  and  we  obtain  finally 
the  result  8-  1H.  The  same  general  remarks  apply  to  the  limitations 
of  this  calculation  as  in  the  case  of  heaving  motion  ;  however,  it  is 
interesting  that  the  decrement  8  comes  out  at  about  the  same  value  in 
the  two  cases. 


9.  Summary.  -Using  expressions  for  the  wave  motion  due  to  alternating 
souices  in  a  liquid,  application  is  made  to  the  heaving  and  pitching 
motions  of  a  ship,  and,  in  particular,  to  estimating  the  damping  from  the 
rate  of  propagation  ot  energy  outwards  in  the  wave  motion.  This 
method  of  approximation  assumes  the  damping  to  be  small,  and  the  results 
obtained  are  too  large  for  much  importance  to  be  attributed  to  the 
actual  numerical  values.  Nevertheless,  it  may  be  concluded  that  the 
wave  motion  gives  rise  to  large  damping  for  both  heaving  and  pitching, 
and  that  the  decrements  are  probably  comparable  with  those  obtained 
experimentally. 
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THE  APPROXIMATE  CALCULATION  OF  WAVE 
RESISTANCE  AT  HIGH  SPEED 

By  T.  H.  Havelock,  F.R.S. 

Synopsis. — The  main  purpose  of  the  paper  is  to  explore  the  possibility  of 
applying  the  present  theory  of  wave  resistance  to  models  whose  lines  are  not 
given  by  mathematical  equations.  A  brief  survey  of  the  wave  theory  is  given  and 
this  leads  to  a  sub-division  of  the  ship  and  the  corresponding  source  distribu¬ 
tion  ;  the  determination  of  the  latter  is  based  on  sectional  areas  and  local  pris¬ 
matic  coefficients.  For  low  speeds  a  large  number  of  divisions  is  necessary  for 
reasonable  approximation  and  the  calculations  become  too  laborious ,  but  results 
have  been  obtained  for  speeds  higher  than  a  Fronde  number  \/(vlgL)  of  about  0-4. 
These  approximations  are  applied  first  to  experimental  models  with  mathematical 
lines ,  and  the  results  compared  with  those  calculated  from  the  usual  integrals 
and  with  the  measured  resistances.  Finally  the  method  is  applied  to  two  modets 
with  non-mathematical  lines,  the  necessary  data  being  obtained  from  the  plans 
and  the  results  compared  with  measured  resistances. 

Introduction 

1.  TN  recent  years  the  comparison  of  calculated  and  measured  wave 
resistance  has  been  the  subject  of  much  research  and  considerable 
success  has  been  achieved  ;  but  the  work  has  necessarily  been  limited 
to  relatively  simple  forms  of  model  whose  lines  can  be  expressed  by 
mathematical  equations.  The  chief  desideratum  at  the  present  stage  would 
seem  to  be  an  extension  of  this  comparison  to  a  wider  range  of  types  and 
to  more  normal  forms  of  model  ;  this  would,  no  doubt,  disclose  defic¬ 
iencies  in  the  present  theory  of  wave  resistance  but  would  provide  a 
basis  for  further  development  and  improvement.  These  considerations 
suggest  an  examination  of  the  application  of  the  present  theory  to  models 
with  non-mathematical  lines,  with  a  view  to  seeing  whether  the  diffi¬ 
culties  of  the  calculations  can  be  avoided  by  approximations  giving 
reasonable  accuracy  and  consistency,  even  if  only  over  some  limited 
range  of  speed.  The  present  paper  is  the  record  of  an  attempt  to  make 
such  calculations  ;  whether  the  particular  method  prove  useful  or  not, 
it  is  hoped  that  the  general  statement  will  stimulate  interest  in  the  problem 
and  lead  to  further  investigation,  both  experimental  and  mathematical. 

From  one  point  of  view  the  problem  is  quite  simple.  If  we  assume  the 
well-known  integral  expressions  for  wave  resistance  (4,  6),  the  matter  is  one 
of  approximate  integration  over  the  ship's  surface.  The  main  difficulty  arises 
from  the  double  computation  ;  intermediate  integrals  have  to  be  evaluated 
not  only  for  a  sufficient  number  of  stations  on  the  ship  but  also  for  a  sufficient 
number  of  values  of  a  parameter  so  that  the  final  resistance  integral  may  be 
computed.  The  labour  involved  has  prevented  any  direct  calculation  on  these 
lines.  It  is  proposed  here  to  examine  the  problem  differently  by  returning  to 
first  principles  of  the  theory  of  wave  resistance,  beginning  with  the  simplest 
possible  expressions  and  trying  to  find  how'  far  it  is  necessary  to  go  before  we 
get  results  of  sufficient  accuracy. 

2.  We  consider  a  ship  moving  steadily  through  the  water,  and  we  neglect 
meantime  any  effects  due  to  fluid  friction.  The  motion  of  the  water  must 
satisfy  the  laws  of  fluid  dynamics,  together  with  the  necessary  conditions  at  the 
surface  of  the  ship  and  at  the  free  surface  of  the  water.  Although  the  problem 
can  be  stated  thus  precisely,  and  formulated  in  mathematical  terms,  it  has 
not  been  possible  to  obtain  an  exact  solution  for  even  the  simplest  form  of 
floating  body  ;  we  have  therefore  to  approximate  to  a  solution  by  successive 
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steps.  The  first  step  is  to  neglect  the  wave  motion  and  consider  the  fluid 
motion  produced  by  the  ship  assuming  the  water  surface  to  remain  plane  ; 
the  next  step  is  to  obtain  the  wave  disturbance  produced  by  this  fluid  motion 
while  ignoring  the  presence  of  the  ship.  A  third  step  would  then  be  to  evaluate 
the  influence  of  the  ship  on  the  waves  so  calculated,  and  so  on  bj  successive 
steps.  Meantime  the  theory  has  not  in  fact  proceeded  further  than  the  first 
two  steps. 


Equivalent  Source  Distribution 

3.  The  first  step  in  the  process  may  be  expressed  in  another  form.  Consider 
a  double  ship  formed  of  the  immersed  volume  of  the  ship  and  its  inverted 
reflection  in  the  water  plane,  and  suppose  this  complete  solid  entirely  immersed 
in  water  and  moving  forward  with  uniform  velocity  r.  Over  the  fore  part  of 
the  ship  the  water  is  moving  forwards  and  outwards,  and  over  the  after  part 
it  flows  in  to  follow  the  motion  of  the  ship.  This  fluid  motion  ca'n  be  repre¬ 
sented  completely  by  a  definite  continuous  distribution  of  sources  and  sinks 
over  the  surface  of  the  ship  at  each  instant  and  moving  with  the  ship.  Let  a 
be  the  source  strength  per  unit  area  at  any  point  of  the  ship's  surface,  n  being 
positive  over  the  fore  part  and  negative  over  the  after  part  for  a  norma!  form. 
(The  notation  used  in  this  paper  is  that  if  in  is  the  strength  of  a  point  source, 
4tt m  is  the  volume  of  liquid  flowing  out  in  unit  time).  It  is  clear  that,  since 
the  total  volume  of  water  is  unaltered,  the  integrated  value  of  a  over  the  whole 
surface  is  zero,  or  the  sum  of  the  positive  sources  is  equal  to  the  sum  of  the 
negative  sources.  On  the  other  hand,  if  .v  is  the  distance  of  any  point  from 
some  transverse  reference  plane,  say  the  mid-ship  section,  the  integrated  value 
of  ax  taken  over  the  whole  surface  is  a  definite  amount  and  is  the  moment  M  of 
the  distribution.  A  simple  expression  for  M  can  be  derived  from  general 
principles  without  knowing  the  actual  distribution.  It  can  be  shown  that 

M  =  (1  A-)  Vv/4- . (1) 

In  this  expression  V  is  the  volume  of  the  body,  and  k  is  the  inertia  coefficient 
for  longitudinal  mot’~n  :  that  is,  ypk  V  is  the  added  mass  due  to  the  motion 
of  the  water. 

If  v„  is  the  component  of  the  velocity  v  normally  outwards  at  any  point 
of  the  ship's  surface,  it  is  convenient  to  write  the  corresponding  source  distri¬ 
bution  in  the  form  a  -  (1  Al)r, /4m  In  general,  k 1  varies  from  point  to 
point,  but  for  an  ellipsoid  it  is  constant  and  equal  to  k.  The  added  mass  for 
longitudinal  motion  is  not  very  important  in  ship  problems  and  there  are  few 
estimates  of  its  value.  It  is  of  inleicsl  to  note  that  W.  Froude  investigated 
this  effect  in  his  well-known  experiments  on  H.M.S.  Greyhound.  He  made 
two  sets  of  experiments,  one  with  retarded  motion  and  the  other  w  ith  accelera¬ 
tion  ;  the  former  gave  a  coefficient  of  about  20%  and  the  latter  of  about  7%, 
and  on  experimental  grounds  Froude  attached  more  value  to  the  larger  esti¬ 
mate.  Whatever  may  be  the  interpretation  of  experimental  results,  we  are 
concerned  here  with  the  theoretical  coefficient  for  non-viscous  fluid  motion  ; 
and  there  is  reason  to  regard  the  lower  value  as  more  appropriate  for  normal 
ship  forms.  Although  this  correction  should  be  noted  for  future  examination, 
we  may  meantime  regard  it  as  relatively  small,  at  least  for  the  so-called  narrow 
models  to  which  the  wave  theory  has  so  far  been  limited.  The  usual  approxi¬ 
mation  amounts,  in  fact,  to  neglecting  the  inertia  coefficient  k  for  longitudinal 
motion  ;  and,  in  what  follows,  we  take  the  source  strength  per  unit  area  to 
be  given  by  o  —  r„/4~.  We  can  easily  verify  the  total  moment  M  of  the  distri¬ 
bution  in  this  case.  Imagine  a  horizontal  cylinder  of  small  cross  section  cutting 
the  midship  section  in  an  area  dS ,  and  cutting  out  an  area  dS j  at  a  point  Px 
on  the  fore  part  of  the  ship's  surface  and  an  area  dSt  at  a  point  P2  on  the  after 
part.  Then  we  have 

dSt  =  vn  dSd 4-  =  vdSA- 

a  »dS.  =  -  vdS/4n  •  • . 

Hence 

M  =  ^vP,PtdS  4^  «  vF/4- . (3) 
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the  integral  being  taken  over  the  midship  section,  and  V  being  the  immersed 
volume. 

To  sum  up,  with  this  approximation,  the  source  distribution  on  the  ship’s 
surface  is  specified  as  follows  :  the  total  source  strength  on  any  portion  of 
the  surface  is  given  by  r/4n  times  the  area  of  the  projection  of  that  portion 
on  to  the  midship  section,  with  an  obvious  rule  for  determining  the  sign  of  the 
projected  area. 

Formula *  for  Ware  Resistance 

4.  We  give  now  expressions  which  will  be  used  for  the  calculation  of  wave 
resistance  ;  for  general  formula;  for  any  distribution  of  sources  reference 
may  be  made  to  Roy.  Soc.  Proc.  A.  138,  p.  339  (1932).  We  take  the  origin  O 
on  the  centre  line  of  the  form  and  in  the  water  plane,  Ox  in  the  direction  of 
motion,  Oz  vertically  downwards,  and  Oy  horizontally  at  right  angles  to  the 
other  two  axes.  We  shall  be  concerned  here  with  sources  only  in  the  longi¬ 
tudinal  ZA:-plane.  If  we  have  any  distribution  of  which  a  typical  source  is 
of  strength  m,  at  the  point  (x,,  o,  z~),  the  corresponding  wave  resistance  is 
given  by 

POO 

R  =  1  br/rp  I  (/-  J-)  cosh2  u  du  ...  ....  (4) 

where 

/  =  kzr  cosh-w  sjn  (£xv  COsh  u) 

J  =  hmre~  kzr  cosh-w  cos  ^/CXf  cosp,  „) 

where  k  =  g/v2  and  the  summation  extends  over  the  given  system  of  sources. 

If  we  make  the  assumptions  for  a  narrow  ship,  outlined  in  the  previous  sections 
from  a  somewhat  different  point  of  view',  it  can  easily  be  verified  that  these 
expressions  lead  to  the  usual  integrals  for  the  wave  resistance.  We  have  the 
same  form  for  R  with 

]=  ~  \\  ( dy/d.r)  sin  ( kx  cosh  v)e~kz  cosh dxdz 

&  Tf 

c  IT  .  ...  (6) 

■J—  -j--  JJ  (dy/dx)  cos  (kx  cosh  u)e~kz  cosh  2  «  dxdz 

The  integrals  are  taken  over  the  longitudinal  section  of  the  ship,  and  (cy/'-’.v) 
is  taken  from  the  equation  of  the  surface  of  the  ship. 

First  Approximations 

5.  After  this  preliminary  survey  we  proceed  to  the  immediate  problem, 
namely  dividing  the  ship  into  a  finite  number  of  sub-divisions.  Although  of 
no  practical  value,  we  begin  with  the  most  extreme  simplification  to  illustrate 
the  point  of  view  of  the  present  study.  We  have  seen  that  the  total  moment 
of  the  source  distribution  is  Vvj4r.  where  V  is  the  immersed  volume  and  r  the 
speed.  We  now  suppose  this  moment  to  be  concentrated  at  a  point  as  a  source 
and  sink  doublet  with  its  axis  in  the  direction  of  motion.  The  longitudinal 
location  of  this  doublet  is  immaterial  so  far  as  the  resistance  formula  is  con¬ 
cerned  and  we  may  suppose  it  to  be  in  the  midship  section.  For  its  depth 
w'e  use  here,  and  throughout  the  work,  the  principle  that  for  a  first  approxi¬ 
mation  we  replace  any  system  of  souices  by  a  source  of  the.  total  strength  placed 
at  the  centroid  of  the  system  Since  the  source  strength  on  any  element  of 
the  ship’s  surface  is  proportional  to  the  projection  of  that  element  on  the  mid¬ 
ship  section,  it  follows  at  once  that  the  depth  of  the  centroid  of  the  distribution 
is  the  depth  h  of  the  centroid  of  the  midship  section.  Thus  the  first  approxi¬ 
mation  is  a  horizontal  doublet  of  moment  Fr/4 -  at  a  depth  //.  Putting  these 
values  into  the  expression  for  the  wave  resistance  of  a  doublet,  which  may 
be  deduced  from  (4).  (5),  we  obtain 

R  -  (£-./-)  F'  <■  :u‘  cosh’  u  du . (7) 
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This  integral  can  be  expressed  in  terms  of  Bessel  functions,  and  its  value  obtained 
readily  from  tables  of  these  functions. 

It  is  clear  that  this  extreme  simplification  can  only  be  an  ideal  limit  for  very 
high  speeds,  and  it  is  no  use  comparing  it  with  experimental  results.  It  is, 
however,  of  interest  as  the  limit  towards  which  the  usual  complete  theoretical 
expressions  should  tend.  Consider,  for  instance,  the  simplest  type  of  experi¬ 
mental  model  with  parabolic  lines,  the  surface  being  speciiied  by 

y  =  b( 1  —  ;-/d2)  (I  —  .v2//2) . (8) 

Calculations,  meantime  unpublished,  from  the  complete  integrals  (4)  and  (6) 
have  been  made  recently  for  very  high  speeds  by  Mr.  W.  C.  S.  Wigley,  who 
has  placed  his  results  at  my  disposal.  Taking  the  Froude  number /  —  v,\  (g Z.), 
the  highest  value  for  which  calculations  were  made  was/--  1-77.  With  length 
=  L  =  2/  =  16  ft.,  beam  =  lb  —  1-5  ft.,  draught  -  d  -----  1  ft.,  at  this  value 
of  f  the  complete  formula  gives  a  wave  resistance  of  31  -S  lb.  Calculating  from 
(7)  with  V  —  10$  cub.  ft.,  h  —  s  ft.,  we  obtain  a  resistance  of  about'40  lb.  The 
comparison  is  not  so  far  out  as  might  have  been  anticipated,  and  to  that  extent 
it.  may  be  taken  as  confirming  the  argument  by  which  the  simple  formula  was 
obtained. 

6.  The  next  simplest  dissection  of  the  ship  is  to  divide  it  into  two  by  the 
midship  section.  We  consider  the  fore  and  aft  parts  separately,  replacing 
each  part  by  a  single  source  at  the  centroid  of  the  distribution  in  each  case. 
For  the  positive  sources  on  the  fore  part  of  the  ship  we  have  seen  that  if  M  is 
the  area  of  the  midship  section  the  total  source  strength  is  Mr /4~.  From  the 
argument  in  the  previous  sections  it  is  readily  seen  that  the  moment  of  the 
distribution  with  reference  to  the  midship  section  is  K,  v  4~,  where  V,  is  the 
volume  of  the  fore  pan  ;  hence  the  centroid  is  at  a  distance  V,  M.  or />,/,,  ahead 
of  the  midship  section,  w'here  /,  is  the  length  of  the  fore  part  and  p,  its  prismatic 
coefficient.  Similarly  the  controid  of  the  negative  sources  on  the  after  part 
is  at  a  distance  p2/2  astern  of  the  midship  section,  w  here  /■,  is  the  length  of  the 
after  part  and  p2  its  prismatic  coefficient.  Thus  we  have  a  pair  of  sources, 
positive  and  negative,  each  of  numerical  strength  A/;  4-,  at  the  depth  h  of  the 
centroid  of  the  midship  section,  and  at  a  distance  pL  apart,  where  L  is  the 
length  of  the  ship  and  p  its  prismatic  coefficient.  Applying  the  formula.1  (4), 
(5)  to  this  combination,  we  obtain  for  the  wave  resistance 

foo 

a  e  ~~  2A'A-c°sh-«  sjn2  „)  cosh'-M  du  (9) 

This  is  an  interesting  expression  from  a  theoretical  point  of  view,  as  it  brings 
in  factors  which  are  admittedly  of  the  first  importance  in  wave  resistance  :  the 
area  of  the  midship  section  and  the  depth  of  its  centroid,  or  roughly  the  depth 
of  the  centre  of  buoyancy  of  the  ship,  the  length  of  the  form  and  its  prismatic 
coefficient.  But  it  will  clearly  exaggerate,  in  general,  the  interference  between 
bow  and  stern  systems  ;  and  it  is  too  simplified  for  practical  purposes,  except 
possibly  for  special  types  of  model  over  a  limited  range  of  speed. 


General  Suh-dhi.\ion  of  the  Ship 

7.  The  total  moment  of  the  ship  is  distributed  in  a  continuous  source 
distribution  over  the  surface  of  the  ship  :  distributed  in  length,  in  depth,  and 
in  beam,  The  last  of  these  is  neglected  in  the  usual  theory  and  v.e  leave  it  on 
one  side  meantime,  noting  the  possibility  of  including  it  in  further  developments. 
Of  the  other  two,  the  distribution  in  length  is  specially  important.  We  now 
divide  the  ship  by  taking  transverse  sections  at  any  required  number  of  stations  ; 
for  simplicity  at  first  wc  consider  complete  sections,  leaving  subdivision  in 
depth  till  later.  Let  S{,  S3  be  the  areas  of  any  two  transverse  sections,  say 
in  the  fore  part  of  the  ship  with  S,  >  5,.  The  total  source  strength  on  the 
ship's  surface  between  these  stations  is 

(Ss  -5,)  r  4-  .  .  . . (10) 

The  ship  being  symmetrical  with  respect  to  the  vertical  longitudinal  section 
the  centroid  of  the  distribution  lies  on  this  median  plane.  Its  depth  is  the 
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depth  of  the  centroid  of  the  area  between  the  corresponding  traces  of  the  sec¬ 
tions  on  the  body  plan  of  the  ship.  The  longitudinal  location  of  the  centroid 
may  be  specified  by  a  kind  of  local  prismatic  coefficient  for  the  increase  in 
volume  in  relation  to  the  increase  in  cross-sectional  area.  It  is  readily  seen, 
from  the  argument  in  the  previous  sections,  that  if  x  is  the  distance  of  the 
centroid  ahead  of  the  station  S2,  x,2  the  distance  between  the  stations  and  Vu 
the  volume  between  them,  we  have 

x  =  (V12  —  SlX,2)/(S2  -  St) . (11) 

The  same  construction  holds  if  we  take  horizontal  sections  in  addition,  and 
subdivide  in  depth  as  well  as  in  length.  We  replace  each  subdivision  so  formed 
by  a  single  source  at  a  certain  point  ;  the  strength  of  the  source  and  its  location 
are  easily  derived  from  the  usual  data  for  the  ship,  for  example  the  curves  of 
sectional  areas  and  volumes,  the  body  plan  and  principal  dimensions.  We  may 
exhibit  this  information  in  the  form  of  a  diagram  representing  the  longitudinal 
section  of  the  ship  divided  into  compartments  ;  in  each  compartment  is  placed 
a  number  for  the  strength  of  the  source  at  a  given  point  in  that  compartment. 
The  diagram  gives  quantitative  information  about  the  wave-making  quality 
of  the  ship,  and  may  be  useful  even  if  we  do  not  carry  out  the  subsequent  calcu¬ 
lation  for  the  wave  resistance.  It  may  be  noted  that  we  have  tacitly  assumed 
a  normal  form  of  ship,  with  the  sources  all  positive  on  the  fore  part  and  all 
negative  on  the  after  part.  For  a  bulbous  bow,  for  instance,  we  should  have 
a  superposed  source  and  sink  combination  which  could  be  calculated  by  the 
same  procedure.  Of  course,  if  we  pursue  this  process  far  enough  to  arrive 
at  very  small  subdivisions,  we  are  back  at  the  original  problem  of  approximate 
evaluation  of  the  complete  theoretical  integrals  ;  in  particular,  the  precise 
location  of  the  elementary  source  within  its  compartment  would  lose  signi¬ 
ficance.  It  remains  to  be  seen  whether,  with  the  particular  method  described 
above,  a  relatively  small  number  of  subdivisions  will  give  any  accuracy  in  calcu¬ 
lation.  It  is  obvious  in  advance  that  high  speeds  will  give  conditions  most 
suitable  for  comparison  ;  roughly  speaking,  the  deciding  factor  is  the  relation 
between  the  distance  between  stations  and  the  predominant  wave  length,  and  as 
we  come  down  to  lower  speeds  it  will  be  necessary  to  increase  the  number 
of  stations. 


Comparison  with  Experimental  Models 

8.  Before  applying  the  method  to  models  with  non-mathematical  lines,  we 
test  it  by  comparison  with  experimental  models  of  simple  form.  We  take 
first  the  parabolic  form,  the  equation  of  whose  surface  has  been  given  in  (8). 
Extensive  calculations  have  been  made  for  this  form  from  the  usual  complete 
integrals  and  tables  of  the  various  integrals  have  been  given  by  Wigley  in  a 
recent  paper.*  We  shall  take,  at  first,  complete  transverse  sections  at 
x  =  0,  r  (/,  r  il.  The  sections  are  all  similar  and  their  centroids,  and  there¬ 
fore  those  of  their  differences,  are  all  at  the  same  depth  id.  The  sectional  area 
is  given  by  S  —  ,V/(1  —  x2 /Is).  Using  the  formula'  (10)  and  (II),  we  obtain 
sources  of  strengths,  omitting  the  common  factor  vM,'4nt 

l  r,  7 

4*  l  »  1  * 

at  .v-  K  AX/,  it/  .  .  '* . (12) 

respectively.  The  model  being  symmetrical  fore  and  aft,  and  neglecting  vis¬ 
cosity,  there  arc  corresponding  negative  sources  at  similar  negative  values  of  ar. 
Referring  to  (4)  and  (5),  the  cosine  terms  cancel  out,  and  we  are  left  with 

R  -  (g?/r)A-M-f :C  f- cosh5  u  du . (13) 

Jo 

/  _  2c  ~  l*</coshs«|  ,25  sin  (.333  */  Cosh  u) 

•3125  sin  (  633  A/ cosh  «)  +  '4375  sin  (  881  kl  cosh  u)  }  .  .  (14) 

.nnl  M>‘. -tired  Wave  Keshdamo  of  .t  S«i«es  nt  )\.ri  >.  <1  lined  Algebraically,  the  Prismatic  (  oeffiri- 
ent  and  Angle  of  In  trance  being  Varied  independently,*'  bv  vV,  (..  S.  Wjglev,  M.A.  I.WA,  Vol,  84,  p.  52 
1 942. 
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Calculations  have  been  made  for  the  standard  model  with  length  —  16  ft., 
beam,  —  1-5  ft.,  draught  --  1  ft.  We  note  that  k  =  g/v1  —  where  /  is 

Froude's  number.  The  integral  was  evaluated  by  direct  quadrature,  and 
no  attempt  was  made  to  attain  any  high  degree  of  accuracy  in  the  numerical 
values  as  the  work  is  regarded  mainly  as  an  exploration  of  possibilities  ;  if 
necessary,  more  systematic  methods  of  computat’on  could  be  devised,  but 
meantime  it  is  hoped  there  are  no  errors  serious  enough  to  invalidate  the  general 
deductions. 

For  a  given  value  off  the  sines  in  (14)  were  calculated  for  values  of  u  in¬ 
creasing  by  0-2,  or  in  some  cases  by  0- 1  ;  it  was  not  found  necessary  to  go  beyond 
h  =  4,  because  of  the  decrease  in  the  exponential  factor.  The  integrand  in  (13) 
was  then  calculated  for  these  values  and  graphed  as  a  function  of  it,  so  that 
additional  values  could  be  inserted  where  needed  ;  finally  the  value  of  the 
integral  was  obtained  by  the  usual  rules  for  the  area  under  the  graph.  In 
Table  1,  the  wave  resistance  in  lb.  calculated  in  this  way  from  (13).and  (14)  is 
denoted  by  ;  the  corresponding  values  R,  have  been  obtained  from  the 
tables  given  by  Wigley,  using  the  complete  theoretical  integrals  and  omitting 
any  correction  for  viscosity. 


TABLE  1 


/ 

■265 

o 

rr> 

•341 

•404  -522 

i 

|  -607 

•884 

R„ 

1  -93 

i  3-48  ; 

”44 

8-0  !  20-7 

I 

!  23-7 

f 

271 

Rc 

108 

i  3-25  ! 

!  ; 

2-43  i 

7-9  i  20-4 

! 

1  23  6 

1  1 

261 

The  agreement  in  the  range  -341  to  -607  is  surprisingly  good  ;  the  differences, 
it  should  be  stated,  are  well  within  the  limits  of  possible  error  in  the  present 
numerical  computations.  At  lower  speeds  it  was  expected  that  the  subdivision 
would  be  too  coarse-grained,  and  the  approximation  gives  unreliable  results 
due  to  accidental  coincidences  between  the  various  sine  terms.  One  way  of 
expressing  it  is  that  replacing  the  model  by  a  small  number  of  finite  sources 
introduces  interference  effects  between  these  sources  taken  in  pairs  and  these 
become  important  at  the  low'er  speeds  ;  whereas  in  the  actual  model  with 
its  continuous  lines  these  are  smoothed  out.  To  obtain  the  same  result  by 
calculation  we  should  have  to  increase  the  subdivision  in  length.  Suppose 
we  take,  in  addition,  a  horizontal  section  at  half-draught,  then,  considering 
any  transverse  section,  11/16  of  the  area  is  above  and  5'6  is  below  this  level  ; 
further  the  centroid  of  the  upper  portion  is  at  a  depth  2Ir/88,  and  that  of  the 
lower  portion  is  at  a  depth  27d'40  below  the  water  plane.  Hence  all  that  is 
necessary,  for  this  model,  is  to  replace  the  exponential  factor  in  (14)  by 
i  i  ;  kel  cosh-’l/  ,  —  ;  Ikii  costTw 

1  -  1  *\  t 

Various  calculations  have  been  made  in  this  way,  and  also  with  different  trans¬ 
verse  sections.  In  general  it  may  be  said  that  numerical  values  are  increased 
by  greater  subdivision  in  depth  and  diminished  by  additional  transverse  sections  ; 
increasing  both  enables  one  to  increase  the  range  of  speed  for  which  effective 
agreement  can  be  obtained. 

9.  We  have  now  to  examine  the  extent  to  which  the  approximation  reflects 
changes  in  form  and  whether  it  is  sufficiently  sensitive  in  that  respect.  In 
the  paper  already  quoted,  Wigley  compares  calculated  and  experimental  values 
for  a  set  of  models  defined  by  two  parameters,  the  general  equation  of  the 
forms  being 

y  =  b  (1  -  cJ  </-)  (1  -  x2/t-)  (1  -i-  a***//2  atx*;r)  .  .  .  .  (15) 

It  is  a  simple  matter  to  obtain  general  formula;  for  the  sectional  areas  and 
their  differences  for  any  scheme  of  subdivision,  and  for  the  positions  of  the 
respective  centroids  in  accordance  with  (10)  and  (11),  and  they  need  not  be 
reproduced  here.  We  shall  take  three  particular  cases,  for  two  of  which  experi¬ 
mental  results  are  also  given  in  the  paper  quoted. 
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Model  1,970  B.  This  is  specified  by 

a2  =  -4375  ;  a4  =  —  -4375 
21  =  1.6  ft.  ;  2b  =  1-5  ft.  ;  d  -  1  ft. 

For  comparison  with  the  previous  case  we  take  the  same  subdivision  :  no 
horizontal  section,  and  transverse  sections  at  x  =  o,  ±  $1,  ±  $1.  The  approxi¬ 
mate  source  distribution  could  be  shown  on  a  diagram  of  the  longitudinal 
section  of  the  model  ;  it  is  given  here  in  Table  2,  with  the  divisions  not  drawn 
to  scale. 


TABLE  2 


-  -485 

-  -327 

-  188 

•188 

•327 

•485 

These  numbers,  when  multiplied  by  vM/4n,  give  the  source  strengths.  The 
depth  of  the  sources  is  \d,  while  the  longitudinal  distances  from  the  midship 
section  are  found  to  be  x/l  =  ±  -349,  ±  -638,  ±  -879. 

Comparison  may  be  made  with  the  distribution  for  the  previous  model 
with  as  =  a4  =  o.  Since  we  have  not  taken  any  horizontal  section,  the  dif¬ 
ferences  correspond  to  those  on  the  curves  of  sectional  area — or,  rather,  to 
the  differences  in  the  gradients  of  those  curves.  Using  these  coefficients  for 
the  sine  series  we  calculate  R  from  (13).  Using  the  same  notation  as  in  Table  1, 
the  comparison  between  calculated  values  from  the  complete  integrals  and 
from  the  approximation  is  shown  in  Table  3. 


TABLE  3 


/ 

•303 

•341 

•404 

•522 

•607 

•884 

Ra 

5-82 

4-23 

8-67 

21-74 

24-9 

28-4 

Re 

5-34 

4-31 

8-83 

2L-7 

24-6 

27-9 

Model  1970  C.  In  this  case 

at  =  -8125  ;  a4  =  -  1-3125 
21  —  16  ft.  ;  2b  ^  1-5  ft.  ;  =  1  ft. 

With  the  same  subdivision,  we  find  the  distribution  shown  in  Table  4. 


TABLE  4 


-  -456 

-  -385 

-  159 

■159 

•385 

•456 

For  the  horizontal  location  of  the  sources,  we  obtain. 

x/l  =  ±  -377,  ±  -639,  ±  -870. 

For  comparison  with  experimental  results,  the  calculated  values  have  been 
expressed  in  terms  of  (f%= R  {  25-41/8  where  8  is  the  displacement  and  v  the 
velocity.  The  results  are  shown  in  Fig.  1,  in  which  the  two  curves  have  been 
reproduced  from  Wigley’s  paper.  One  curve  is  for  the  residuary  resistance, 
obtained  in  the  usual  way  by  deducting  from  the  total  measured  resistance  the 
part  due  to  skin  friction  calculated  from  Froude’s  coefficients  ;  the  other 
curve  is  for  the  wave  resistance  calculated  from  the  theoretical  integrals,  without 
viscosity  correction.  The  results  obtained  by  the  present  approximation  are 
shown  by  a  cross  for  each  of  the  speeds  for  which  calculations  were  made. 
Model  2038  C.  This  model  is  specified  by 

a,  =  -0-5  ;  a4  =  0  ; 

21  =  16  ft  ;  2b  =  1-75  ft.  ;  d  =  0-5  ft. 

In  addition  to  the  variations  .in  the  parameters,  we  have  larger  beam  and  only 
half  the  draught.  Taking  the  same  sections  we  obtain  the  scheme  in  Table  5. 
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The  sources  are  at  depth  and  the  longitudinal  positions  are  xjl  =  —  327, 
:i;  -627,  ±  -869.  Making  calculations  with  this  plan  it  was  found  that  the 
values  at  the  lower  speeds  tended  to  be  too  large.  This  is  probably  due  to 
the  large  source  strength  in  the  middle  compartments  compared  with  the 
previous  cases,  and  possibly  to  the  shallower  draught.  It  was  decided  to 
take  additional  transverse  sections  so  as  to  divide  each  middle  compartment 
into  two  of  equal  strength  ;  this  can  be  calculated  from  the  general  formula: 
(10)  and  (11).  Thus  the  scheme  finally  adopted  is  —  -314,  —  -342,  —  -172, 
—  -172,  -172,  -172,  -342,  -314,  with  the  longitudinal  positions  given  by 
x/l  =  ±  ■ 227 ,  ±  -418,  ±  -627,  ±  '869.  The  depth  is  the  same  as  before. 
The  consequence  is  that  we  have  now  four  sine  terms  to  evaluate.  The  results 
are  shown  in  Fig.  1,  the  curves  being  reproduced  from  Wigley's  paper  and 
the  values  from  the  present  approximation  denoted  by  crosses. 

TABLE  5 


-  -314 

| 

-  -342 

i 

-  -344  1 

i 

■344 

! 

■242 

■314 

TABLE  6 

10  9 

5 

2 

1 

0 

-  -362 

-  136 

1 

-  110  } 

•183 

•163 

•262 

- 

247 

■145  ; 

•126  ! 

1 

•266 

The  agreement  shown  in  Fig.  1  between  the  two  sets  of  calculated  values  is 
reasonably  good.  The  four  cases  which  have  been  examined,  taken  together, 
give  some  idea  of  the  scope  of  the  approximation  and  of  the  measure  in  which 
it  responds  to  changes  in  the  form  of  the  model.  It  is  not  the  present  puipose 
to  compare  calculated  results  with  experimental,  but  the  latter  have  been 
included  in  Fig.  1  for  the  last  two  cases.  It  should  be  noted  that  viscosity 
effects  have  been  neglected,  but  these  are  comparatively  small  at  the  speeds 
under  consideration  ;  moreover,  the  residuary  resistance  has  not  been  corrected 
by  any  allowance  for  form  effect  upon  the  frictional  resistances,  or  similar 
refinements.  It  is  generally  considered  that  the  main  difference  between 
calculated  and  experimental  values  of  wave  resistance  at  these  speeds  is  due  to 
sinkage  and  trim  of  the  model.  From  the  point  of  view  of  the  present  work, 
this  would  be  reflected  mainly  in  an  increase  in  the  effective  area  of  the  mid¬ 
ship  section  ;  and  it  can  be  seen  from  the  formula:  that  the  values  are  very 
sensitive  to  changes  in  this  factor. 

Models  with  Non-mathematical  Lines 

10.  We  proceed  now  to  apply  the  method  to  models  with  lines  not  given  by 
mathematical  equations,  for  which  the  wave  resistance  has  not  hitherto  been 
calculated.  For  obvious  reasons,  in  view  of  the  range  of  speeds  under  con¬ 
sideration,  it  is  not  possible  to  deal  with  recent  models.  Data  have,  however, 
been  obtained  for  two  models  :  these  include  complete  plans  and  dimensions, 
together  with  the  record  of  actual  measurements  of  resistance.  (I  am  indebted 
to  Mr.  J.  L.  Kent,  Superintendent  of  the  William  Froude  Laboratory,  for  per¬ 
mission  to  use  this  material,  and  to  Mr.  W.  C.  S.  Wigley  for  much  valuable  help.) 

Model  A.  The  body  plan  and  other  data  for  this  model  are  shown  in  Fig.  2. 

(t  is  obvious  that  the  problem  is  more  complicated  than  for  the  simple 
model,  symmetrical  fore  and  aft  and  with  similar  transverse  sections  through¬ 
out.  After  some  preliminary  calculations  it  was  decided  to  take  the  following 
subdivision  :  one  horizontal  section  throughout  at  half  draught  ;  in  the  upper 
half,  transverse  sections  at  stations  !,  2,  6,  8  and  9  ;  and  in  the  lower  half, 
transverse  sections  at  stations  2,  5,' and  8,  The  various  sectional  areas  and 
the  depths  of  their  centroids,  and  the  corresponding  volumes  were  obtained 
from  the  plans.  From  the  sectional  areas  in  the  upper  and  lower  halves,  we 
obtain  the  source  diagram  shown  in  Table  6. 
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The  midship  section  area  is  0-4306  sq.  ft.,  so  the  source  strengths  are  the 
numbers  in  Table  4  multiplied  by  -4306!’/4tt.  with  *'  in  ft. /sec.  For  the  depths  of 
the  sources,  those  in  the  upper  row  range  between  -094  ft.  and  1  -43  ft.,  while  in 
the  lower  row  they  range  from  -3  ft.  to  -32  ft.  Instead  of  using  all  these  depths, 
giving  separate  exponential  factors  for  the  terms  in  the  formulae,  we  shall  use 
a  mean  depth  for  each  row.  It  is  obvious  from  the  construction  that  the  mean 
depth  in  each  case  is  the  depth  of  the  centroid  of  the  corresponding  half  of  the 
midship  section  ;  these  depths  are  107  ft.  and  -302  ft.  respectively.  For  the 
horizontal  positions  of  the  sources  we  carry  out  the  calculations  required 
by  (II) ;  with  a  measured  forward  from  the  midship  section,  we  obtain,  with 
x  in  ft., 

a-  (upper)  :  -  6-218,  -  4-869,  -  2-806,  2-782,  4-804,  6-157 
a  (lower)  :  -  5-16,  -  2-635,  2-778,  5-586. 

Since  the  model  is  not  symmetrical  fore  and  aft,  we  have  to  consider  both 
sine  and  cosine  series  in  (5).  The  expressions  for  /  and  J  can  now  be  written 
down  ;  each  of  them  contains  ten  terms,  but  we  simplify  them  further  for 
approximate  computation.  We  group  the  terms  in  pairs  for  corresponding  com¬ 
partments  fore  and  aft  of  the  midship  section.  F'or  instance,  in  the  upper 
row  we  have  the  pairs. 

•183  sin  (2-782  q)  +  -110  sin  (2-806  q)  in  /, 

and 

•183  cos  (2-782  q)  -  -110  cos  (2  806  q)  in  J, 

where  we  have  written  q  for  (g/ra)  cosh  it.  We  replace  these  by  -293  sin  (2-794  q) 
and  -073  cos  (2-794  q)  respectively,  the  difference  so  made  being  unimportant. 
Making  a  similar  change  for  all  the  pairs  of  terms,  we  find  that  the  cosine 
terms  arc  small  compared  with  the  sine  terms  ;  further,  their  contributions  to 
the  resistance  integral  are  proportional  to  their  squares,  and  we  pi  >pose  to 
neglect  the  cosine  terms.  It  has,  however,  been  verified  by  approximate  calcu¬ 
lation  at  one  or  two  speeds  that  the  cosine  terms  would  not  add  more  than 
about  one  per  cent,  to  the  resistance.  Finally,  we  are  left  with 
/  =  e"  'W7p  !  -293  sin  (2-794  q)  ■  -299  sin  (4-83  q) 

+  -624  sin  (6-187  q)  \ 

e"  '302p  !  -271  sin  (2-706  q)  -  -513  sin  (5-373  </))  ...  (16) 

where  p  (gV)  cosh2  it,  q  —  (g/c2)  cosh  it. 

With  (16)  and  (4),  the  wave  resistance  has  been  calculated  for  six  speeds 
ranging  from  /  =  -352  to  f  -749.  The  results  are  shown  in  the  dotted  curve 
of  Fig.  4  as  values  of  where  2/>  —  beam.  The  experimental  curve  has 

been  obtained  in  the  usual  way,  the  residuary  resistance  being  the  actual  measured 
resistance  less  the  skin  friction  calculated  from  the  wetted  surface  at  rest  and 
the  appropriate  Froude  coefficient.  The  difference  between  experimental  and 
calculated  values  is  much  the  same  as  for  the  previous  cases.  The  falling  off  in 
calculated  value  at  very  high  speeds  is  rather  more  than  usual  ;  this  may  be  due 
in  part  to  the  approximation,  but  most  of  it  could  be  accounted  for  by  the 
effect  of  sinkage  and  trim. 

n.  The  body  plan  and  other  data  are  shown  in  Fig.  3.  This  model 
has  the  same  displacement,  length  and  beam  as  Model  A,  but  has  greater 
draught. 

With  the  same  sections  as  before,  the  corresponding  source  distribution 
is  shown  in  Table  7. 


to 

9  8 

TABLt  7 

5  2 

1 

0 

•326  203 

075  -239 

1 

•177  : 

•189  ! 

■177 

•219  181 

•214 

1 
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The  midship  section  are  is  0-4671  sq.  ft.,  and  the  depths  of  the  centroids 
of  the  upper  and  lower  portions  are  0113  ft.  and  0-334  ft.  respectively.  For  the 
horizontal  distances,  in  ft.  we  obtain 

at  (upper)  :  -  61 1,  -  4-89,  -  3  09,  2  71,  4-763,  6-1 1 

.r  (lower)  :  -  4-6,  -  3-53,  2-42,  5-355 

Comparing  with  the  scheme  for  Model  A,  we  see  that  there  is  a  greater 
degree  of  dissymmetry  between  the  positive  and  negative  distributions  ;  this 
makes  the  calculations  more  troublesome,  as  we  cannot  neglect  the  cosine 
terms  altogether.  Grouping  the  terms  in  pairs  as  before,  we  neglect  the  cosine 
terms  for  the  lower  row  of  sources  as  unimportant,  and  we  obtain 

l=e~'n2p  !  -314  sin  (2-9  q)  -38  sin  (4-826  c/)  -i  -515  sin  (6-1 1  q)\ 

+  e~  '334/)  ;  -4  sin  (2-975  q)  +  -391  sin  (4-978  q)  \ , 

J  e~  ■,13/’  j  -164  cos  (2-9  q)  -  -027  cos  (4-826  q) 

-  -137  cos  (6-11  q)\ . (17) 

The  resistances  have  been  calculated  from  (17)  and  (4)  ;  it  was  found  that 
in  this  case  the  cosine  terms  add  about  six  per  cent,  to  the  final  values.  The 
calculated  and  experimental  curves  are  shown  in  Fig.  4  ;  the  calculated  values 
are  in  general  rather  higher  than  might  have  been  anticipated.  For  both  these 
models,  the  calculated  values  at  the  iower  speeds  could  probably  be  impro  ed 
by  a  more  suitable  subdivision  and  more  detailed  computation. 


General  Remarks 

11.  A  few  notes  may  be  added  on  matters  left  over  for  further  investigation. 

Beam.  In  addition  to  subdivision  in  length  and  depth,  we  might  also  lake 
longitudinal  sections  ;  for  instance,  suppose  we  take  a  section  through  the 
median  vertical  plane.  Then  instead  of  a  distribution  of  sources  in  one  plane, 
we  have  a  space  distribution  which  could  be  specified  and  located  by  the 
same  methods  ;  and  expressions  for  the  wave  resistance  could  be  obtained  from 
the  general  (ormuke.  The  effect  might  be  examined  theoretically  in  some  simple 
case  ;  but  it  is  only  likely  to  be  of  importance  at  low  speeds  where  several 
other  factors  also  affect  the  results. 

Viscous  Effects.  One  effect  of  viscosity  is  that  the  frictional  belt  round 
the  ship  makes  the  run  and  stern  less  effective  in  wave-making.  This  can  be 
represented,  somewhat  empirically,  by  a  reduction  factor  fo.  the  after  part  of  the 
ship.  This  reduction  factor,  if  obtained  from  comparison  between  calculated 
and  measured  resistances,  will  include  othei*  effects  of  viscosity  than  that  just 
n  intioned  ;  in  fact,  it  will  also  probably  include  in  some  cases  effects  for 
non-viscous  flow  which  have  been  left  out  of  account  meantime  for  instance, 
what  might  be  called  a  screening  effect  of  the  bow  for  models  with  oroad  beam. 
However  that  may  be,  any  empirical  factor  could  be  used  in  the  present  scheme 
by  making  the  necessary  reduction  in  the  numerical  magnitudes  of  the  negative 
sources  for  the  after  part  ;  this  would  mean  including  the  cosine  series  in  the 
formulae  ;  otherwise  the  calculations  would  be  the  same.  At  sufficiently 
low  speeds,  if  we  assume  that -for  one  reason  or  another  the  stern  contri¬ 
butes  little  to  the  wave-making,  then  the  same  number  of  sections  as  were 
necessary  for  the  w  hole  length  of  the  ship  might,  if  concentrated  over  the  effective 
length  of  the  bow,  give  a  sufficiently  fine  subdivision  for  approximate  calculation. 

Location  of  Sections.  Probably  the  best  method  of  locating  the  transverse 
sections  would  be  one  which  was  to  some  extent  related  to  the  type  of  model  ; 
there  are  some  indications  to  that  effect  in  the  present  work.  For  convenience 
in  a  first  survey  the  sections  have  been  taken  at  fixed  stations,  both  thd  strengths 
of  the  sources  and  their  positions  varying  from  model  to  model.  Another 
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plan  would  be  to  take  sections  giving  equal  differences  of  sectional  area,  and 
this  would  lighten  the  numerical  work  to  some  extent.  On  the  other  hand,  it 
would  be  possible  to  locate  the  sections  so  that  the  sources  were  for  the  most  part 
in  fixed  positions  relative  to  the  length  of  the  model,  and  such  a  scheme  would 
have  the  great  advantage  of  allowing  of  tabulation  of  the  sine  and  cosine  terms 
in  advance.  Obviously  any  scheme  which  permits  tabulation  and  systematic 
procedure  in  the  computation  would  not  only  give  greater  accuracy  in  the 
calculations  but  would  make  it  possible  to  extend  their  range  of  application. 

As  a  general  conclusion  from  the  present  work  it  may  be  said  that,  although 
the  method  needs  further  testing  and  systematizing,  it  indicates  a  possibility 
of  calculating  wave  resistance  from  the  plans  of  the  model,  at  least  for  high 
speeds  ;  and  that  the  results  so  obtained  would  agree  fairly  well  with  those 
that  could  be  calculated  from  the  usual  integrals  if  the  lines  of  the  mcdel  were 
given  by  mathematical  equations.  If  this  should  prove  to  be  the  case,  it  would 
be  possible  to  have  a  greater  variety  of  form  in  experimental  models,  so  pro¬ 
viding  more  material  for  comparison  between  theory  and  experiment  and 
giving  ultimately  a  better  basis  for  application  of  the  calculations  in  practice. 

Fig.  1 — see  next  page. 
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NOTES  ON  THE  THEORY  OF  HEAVING  AND  PITCHING 

By  Professor  T.  H.  Havelock,  M.A.,  D.Sc.,  F.R.S.,  Honorary  Member.* 


Summary 

The  main  points  in  the  paper  are  (i)  a  calculation  of  the 
damping  of  heaving  and  pitching  due  to  the  waves  produced 
by  the  motion  of  the  ship,  (ii)  an  examination  of  tne  extra 
resistance  caused  by  ti  e  reflection  of  a  regular  (ruin  of  waves 
by  the  ship’s  surf  ce,  f i i i >  a  suggested  theory  which  gives  an 
extra  resistance  more  closely  associated  with  the  heaving  and 
pitching  motions. 

No  attempt  is  made  to  formulate  a  complete  theory;  the 
work  is  based,  in  the  main,  on  the  usual  approximate  first- 
order  equations  of  motion  and  the  hydrodynamic.il  theory  is 
that  of  potential  fluid  motion  under  gravity  and  neglecting 
viscosity.  Details  of  mathematical  analysis  are  given  in  an 
appendix,  and  the  paper  gives  an  account  of  the  work  together 
with  numeiica!  calculations  and  comparison  with  experi¬ 
mental  data. 

Oscillations  in  Smooth  Water 

The  usual  approximate  equations  for  heaving  and 
pitching  in  smooth  water  are 

Mi'  N,  £  g  pS£  ---  0  .  .  .  (1) 

10  f  N:0+ W/;i0 --  0  ...  (2) 

In  these  equations  C  =  upward  displacement  of  the 
centre  of  gravity  G,  6  =  angle  of  pitch  about  the  trans¬ 
verse  axis  through  G  measured  positive  with  bows  up, 
S  =  area  of  water  plane  section,  W  =  g  p  V  -  displace¬ 
ment  in  the  equilibrium  position,  n  =  longitudinal 
metacentric  height.  Further,  it  is  assumed  that  the  ship 
has  a  simple  symmetrical  form  so  that  there  is  no 
coupling  between  heaving  and  pitching  so  far  as  first- 
order  equations  are  concerned.  Ni  and  \’2  are  coef- 
ficients  which  are  considered  later. 

Effective  Mass  and  Moment  of  Inertia. — It  has  been 
observed  that  the  periods  of  heave  and  pitch  in  still 
water  are  approximately  equal,  und  it  is  easily  seen 
how  this  arises.  Suppose  at  first  that  we  neglect  the 
damping  terms  in  (l)  and  (2), and  also  ignore  the  effect 
of  the  inertia  of  the  surrounding  water.  Then  (1)  gives 
for  the  period  of  heaving  2  n  \^(d/ g),  where  d  v/s  * 
mean  uniform  draught.  Turning  to  equation  (2),  the 
longitudinal  metacentric  height  is  of  the  order  of  the 
length  of  the  ship  and  a  usual  first  approximation  is 
to  take 

m  GM  B  M  S  AJ/V  k2/d 

where  k  is  the  radius  of  gyration  of  the  water  plane 
section  about  the  transverse  axis. 

If  K  is  the  radius  of  gyration  of  the  ship  about  the 
transverse  axis  for  pitching  a  can  be  seen  that,  at  least 
for  uniform  loading,  K:  differs  from  k2  by  a  quantity 
of  the  order  of  the  square  of  the  ratio  of  draught  to 
”  Professor  ofM.ulsenuiics,  king's  C  ollege,  Ncsscasilc-on-Tync. 


length;  thus,  e  .ccpt  for  special  types  of  form  or  mass 
distribution,  we  may  take  K2  as  approximately  equal 
to  k2.  Hence  in  (2),  we  have  I  =  W  k2/g  and  m  =  k2/d, 
and  the  result  is  the  same  approximate  period  2  7r  V(dfg) 
for  pitching  as  for  heaving. 

For  mean  uniform  draught  ranging  from  20  ft.  to 
30  ft.,  this  means  a  period  of  from  5  sec.  to  6  sec.  The 
natural  periods  for  usual  types  of  cargo  ship  generally 
range  from  6  sec.  to  7  sec.  The  difference  arises  from 
two  causes,  damping  and  the  inertia  of  the  water.  Even 
with  large  damping  the  effect  on  the  period  is  com- 
paiatively  small,  and  practically  all  the  difference  is  due 
to  the  inertia  of  the  surrounding  water. 

The  calculation  of  added  mass  for  heaving  usually 
proceeds  on  the  assumption  that  we  may  replace  the 
immersed  volume  of  the  ship  by  a  double  ship  wholly 
immersed  in  an  infinite  liquid;  this  underlies  the  work  of 
F.  M.  Lewis  (R.lf)  and  of  Browne,  Moullin  and  Perkins 
(R.2).  There  do  not  seem  to  be  any  similar  calculations  for 
rotation,  or  any  with  direct  application  to  ship  forms. 
One  remark  may  be  made  about  such  calculations  for 
a  floating  body.  A  complete  solution,  satisfying  the 
condition  of  constant  pressure  at  the  free  surface  of  the 
water,  would  include  wave  motion  of  the  water.  Neg¬ 
lecting  gravity  there  are  two  alternative  assumptions  for 
the  surface  condition,  that  it  is  either  a  rigid  plane  surface 
or  an  open  surface  of  constant  pressure.  We  might  take 
the  condition  at  the  free  surface  to  be  zero  normal 
velocity  or  zero  tangential  velocity.  The  calculations  on 
added  mass  have,  taken  the  ’alter  condition.  It  is  of 
interest  to  note  that  the  former  condition,  of  a  rigid 
plane  boundary,  has  been  used  by  Brard  (R.3j  in  work  on 
the  corresponding  inertia  effects  in  the  rolling  of  a  ship. 
In  my  view,  the  choice  of  appropriate  boundary  con¬ 
dition  depends  not  only  on  the  mode  of  motion  of  the 
ship,  but  also  upon  whether  its  oscillations  are  of  short 
period  or  of  long  period.  However  that  may  be,  the 
inertia  coefficients  in  the  present  problems  are  generally 
estimated  by  indirect  methods,  or  in  effect  by  comparing 
observed  periods  with  those  calculated  without  allowing 
for  the  inertia  of  the  water.  The  only  difficulty  that 
arises  is  that  often  the  stated  periods  have  not  been 
directly  observed,  but  have  themselves  been  deduced 
indirectly.  There  is,  however,  general  agreement  that 
a  normal  value  for  the  added  mass  for  heaving  would  be 
from  SO  to  100  per  cent  of  the  displacement,  with  even 
more  for  broad,  shallow  forms;  while  for  pitching  the 
added  moment  of  inertia  might  be  normally  40  to  M)  per 
cent  of  the  moment  of  inertia  of  the  ship —reference  may 
t  References  at  end  of  ivper. 
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be  made,  for  instance,  to  G.  S.  Baker  (R.4).  We  may 
examine  this  in  a  few  cases  from  the  point  of'  view  of 
the  same  approximate  basic  period  2  -n  x/fiZ/g)  for  both 
heaving  and  pitching. 

With  data  from  Kent  andCutiand(R.5)  fora  cargo  ship 
of  400  ft.  x  55  ft.  x  24  ft.,  we  take  the  mean  uniform 
draught  as  21  -5  ft.  This  gives  a  basic  period  of  5  - 13  sec. 
The  natural  resisted  periods  of  pitch  and  heave  are  given 
as  6-20  and  7-42  sec.  respectively;  taking  the  ratio  of 
each  of  these  o  the  basic  period  and  squaring,  we  get 
the  correspond;  ig  added  moment  of  inertia  and  added 
mass,  namely  about  46  per  cent  and  100  per  cent 
respectively. 

Similarly,  from  the  details  given  for  the  motor  ship 
San  Francisco  (R.6)  with  a  mean  draught  of  22  ft.  the 
basic  period  is  5  19  sec.  The  observed  periods  of  pitch 
and  heave  are  given  as  6-51  and  7  -34  sec.;  and  we  deduce 
corresponding  inertia  increments  of  57  and  100  per  cent. 

Fora  different  type, a  fast  ship  400  ft.  x  48  ft.  x  13  ft., 
we  have  data  taken  from  Kent  and  Cutland  (R.7).  The 
mean  uniform  draught  of  10-5  ft.  gives  a  basic  period 
of  3-59  sec.  From  resonance  effects  in  rough  water 
the  natural  resisted  periods  of  pitching  and  heaving  were 
assumed  to  be  approximately  5 -4 and  5-8  sec.  Accepting 
these  values,  we  get  an  increase  of  moment  of  inertia  of 
about  125  per  cent,  and  of  mass  of  about  160  per  cent. 
These  values  seem  too  high,  though  increased  values 
would  naturally  be  expected  from  the  greater  ratio  of 
beam  to  draught. 

Leaving  aside  tiie  approximation  in  using  the  same 
basic  period  for  both  pitching  and  heaving,  the  total 
effective  mass  and  moment  of  inertia  can,  of  course,  be 
calculated  if  we  know  the  requisite  data  and  the  observed 
periods;  for  from  (1)  and  (2)  we  have  M  —  y  p  S  Tj*/4  it2 
and  I  m  W  T2/4  tt2. 

Damping.— We  consider  now  the  second  term  in 
equations  (1)  and  (2).  representing  the  damping  of  the 
natural  oscillations.  This  arises  partly  from  frictional 
effects  and  partly  from  energy  lost  in  the  wave  motion 
produced  by  the  oscillation.  In  order  to  evaluate  the 
latter  contribution  we  ignore  for  the  present  all  effects 
due  to  viscosity.  In  the  problem  of  rolling  the  associa¬ 
tion  of  damping  with  wave  motion  has  been  familiar 
since  the  time  of  W.  Froude.  Some  recent  calcula¬ 
tions  (R.8)  have  shown  that  it  is  certainly  capable  of 
accounting  for  a  large  proportion  of  the  observed 
damping  for  a  ship  with  zero  speed  of  advance.  The 
rolling  problem  is  simpler  than  that  of  heaving  and 
pitching  in  that  the  damping  is  small;  on  the  other  hand, 
it  is  more  difficult  to  calculate  the  wave  motion  directly 
in  terms  of  the  form  of  the  ship. 

For  damping  due  to  heaving,  reference  may  be  made 
to  some  small-scale  experimental  studies.  In  particular, 
Schuler  (R.9)  examined  the  waves  produced  by  a  prism 
making  vertical  oscillations,  and,  among  other  results, 
deduced  that  the  damping  was  due  to  wave  motion, 
viscous  and  other  damping  being  negligible  in  com¬ 
parison.  In  theapplication  toship  motion,  Kreitner(R.  10) 
has  emphasized  the  importance  of  this  kind  of  damping 
in  heaving  and  pitching. 


Calculations  of  the  magnitude  of  this  effect  have  been 
given  in  a  recent  paper  (R.l  1),  and  also  in  the  Appendix 
to  the  present  notes. 

Suppose  the  ship  is  acted  on  by  a  periodic  force, 
say  H0  cos p  /.  so  that  it  is  making  forced  heaving  of 
period  2  n/p ,  We  could  write  the  equation  of  motion 
ir,  the  form 

M  £  f  g  p  S  f  =  X  4-  H0  cos  pi  (3) 

where  we  consider  X  as  the  vertical  resultant  of  the 
additional  fluid  pressures  due  to  the  wave  motion.  The 
assumption  is  that  if  X  could  be  calculated  it  would  be 
a  resistance  proportional  to  the  velocity  £  and  couid  be 
transferred  to  the  ether  side  of  the  equation  and  be  the 
term  N]  £  as  in  equation  (1).  Meantime  we  can  only 
evaluate  N,  by  indirect  methods.  The  impressed  force 
H0  cos  p  t  does  work  at  a  rate  just  sufficient  to  maintain 
the  forced  oscillations;  if  the  latter  are  of  amplitude  £0, 
this  mean  rate  of  work  is  I  p2  N,  £jj.  This  is  equated 
to  the  mean  rate  at  which  energy  is  propagated  outwards 
in  the  wave  motion,  and  so  we  obtain  an  expression 
for  N|.  To  determine  the  w'ave  motion  we  replace  the 
ship  by  a  suitable  distribution  of  alternating  sources 
over  its  surface  and  hence  deduce  an  expression  for  the 
mean  rate  of  outflow  of  ene;gy  (A.l  and  2).*  The  same 
argument  applies  to  the  pitching  motion  with  reference 
to  the  forced  oscillations,  and  we  derive  an  expression 
for  the  corresponding  factor  N2.  Calculations  have  been 
made  for  a  simplified  form  of  ship;  wall-sided,  of 
length  L,  beam  B,  of  constant  draught  d,  the  horizontal 
sections  being  the  same  and  elliptical  in  shape.  The 
expressions  for  N,  and  N2  are  given  in  A.  5,  6,  10  and  11. 
For  numerical  values  we  take  L  -  400  ft.,  B  =  55  ft., 
d  -  20  ft.;  these  dimensions  giving  a  rough  corre¬ 
spondence  with  a  cargo  ship  of  about  10,000  tons  dis¬ 
placement.  Calculations  for  N,  from  A.  5  and  6  have 
been  made  for  six  different  values  of  the  period  T  =■=  2  Tt\p 
and  the  results  are  shown  in  Table  I  in  lb.-ft.-sec.  units, 
the  lb.  being  the  unit  cf  force. 


TABLE  I 


T 

Ni  x  10-« 

5 

0-27 

020 

6 

0-43 

0  32 

7 

0-54 

0  40 

8 

0  60 

0  45 

9 

0-67 

0-50 

10 

■ 

0-70 

0  53  j 

For  the  values  cf  N|/M  in  the  third  column,  we 
have  assumed  an  added  mass  of  90  per  cent  and  have 
taken  the  effective  mass  M  to  be  19,000  tons.  If  the 
ship  were  heaving  in  a  natural  damped  motion  of 
period  T,  the  logarithmic  decrement  of  the  motion 
would  be  given  by  N,  T/2  M.  If,  for  instance,  the 
natural  period  is  7  sec.,  then  taking  the  corresponding 
value  from  Table  I,  we  should  get  a  logarithmic  decre- 
■*  A.  refers  to  ihe  appendix,  and  R.  to  the  list  of  references. 
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ment  of  1-41.  This  is  a  very  high  degree  of  damping 
compared,  for  instance,  with  rolling.  It  seems  probable 
that  any  numerical  estimates  have  been  deduced  from 
resonance  curves  under  forced  heaving.  The  only 
published  estimate  appears  to  be  that  given  by  Horn  (R.6). 
It  is  stated  that  the  result  of  observations  on  various 
models  gave  an  average  value  of  0-45  for  the  quantity 
N  T/2  it  M,  in  the  present  notation,  or  a  logarithmic 
decrement  of  1  -41 ;  it  is  also  stated  that  the  corresponding 
damping  coefficient  for  pitching  was  of  the  same  order. 

For  pitching,  calculations  for  the  same  model  from 
A.  10  and  1 1  are  shown  in  Table  II. 


TABLE  II 


T 

N2  X  10-9 

n2/i 

5 

2-46 

0  21 

6 

3-87 

0-33 

7 

4-61 

0-39 

8 

6  07 

0  51 

9 

606 

0  51 

10 

4-97 

0-42 

For  an  appropriate  value  of  I  we  use  data  from  a 
model  of  Kent  and  Cutland  (R.5),  to  which  reference 
has  already  been  made;  this  was  a  cargo  ship  400  ft. 
X  55  ft.  x  24  ft.  of  11,332  tons,  with  a  longitudinal 
G  M  =  467  ft.  and  a  natural  resisted  pitching  period 
of  6-2  sec.  Using  I  =  T^  W  m/4  n2,  we  get  an  effective 
moment  of  inertia  I  =  11-85  x  109.  It  may  be  noted 
that  this  gives  an  effective  radius  of  gyration  of  0-31  L, 
which  seems  about  the  right  value.  With  this  value  of  I, 
the  third  column  in  Table  II  gives  the  values  of  N2/I. 
We  notice  the  striking  similarity  in  the  values  of  N,/M 
and  N2/I  in  Tables  1  and  II,  with  some  interesting 
differences  in  detail.  This  agrees  with  the  statement  that 
ihe  damping  coefficients  for  heaving  r.nd  pitching  are 
of  the  same  order.  For  a  period  of  between  6  and  7  sec. 
Tabic  II  gives  a  logarithmic  decrement  of  about  1  •  16. 

The  form  of  model  used  for  these  calculations  was 
chosen  for  simplicity  to  give  the  order  of  magnitude  of 
the  effect.  The  work  could  be  carried  out  in  detail  for 
any  form  given  by  mathematical  equations,  with  the 
corresponding  source  distribution  over  the  surface;  but 
such  calculations  are  hardly  worth  while  meantime,  or 
at  least  not  without  corresponding  experimental  work 
on  simplified  forms  specially  arranged  to  test  and  develop 
the  theory. 

Oscillations  among  Waves 

If,  instead  of  being  in  smooth  water,  the  ship  is 
subject  to  the  action  of  a  regular  train  of  waves,  there 
are  many  new  factors  which  should  be  taken  into  account : 
for  instance,  the  disturbance  of  the  wave  train  by  reflec¬ 
tion  from  the  ship,  and  the  wave  system  produced  by  the 
forward  motion  of  the  ship.  The  hydrodynamic  forces 
acting  on  the  ship  will  no  doubt  affect  the  amount  of 
damping  and  may  al'er  the  effective  periods  of  pitch 
and  heave.  A  first  approximation  involves  neglecting 


these  complications  and  evaluating  the  forces  on  the  ship 
from  the  pressures  in  the  undisturbed  train  of  waves. 
This  was  the  simplification  adopted  by  W.  Froude  in  his 
theory  of  rolling,  and  it  was  also  the  basis  of  the  well- 
known  work  of  Kriloff  on  pitching  and  heaving.  The 
conventional  method  is  to  suppose  the  ship  held  in  its 
equilibrium  position  and  to  calculate  the  excess  or  defect 
of  buoyancy  and  its  moment  from  hydrostatic  pressures  d  ue 
to  the  instantaneous  position  of  the  wave  profile  relative 
to  the  ship.  We  confine  the  discussion  in  this  section  to 
the  first  approximation,  but  we  calculate  the  forces  and 
couples  directly  from  the  pressure  system  in  a  regular 
train  of  simple  harmonic  waves.  Reference  may  be 
made  to  A.§2,  where  results  are  obtained  for  the  par¬ 
ticular  model  we  are  using,  a  wall-sided  ship  with 
elliptical  horizontal  section.  For  this  model,  equa¬ 
tions  (1)  and  (2)  for  smooth  water  are  replaced  by 

M£  +  N,£  +gpS£=>  Hocospt  .  .  (4) 

I  9  +  N2  9  +  W  m  0  ■-  —  P0  sin  p  t  .  .  (5) 

with  H0,  Po  given  by  A.  16  and  18. 

The  forced  oscillations  are  then 
£  =  £o  cos  (pi  —  j9|);  0  —  --  fl0  sin  (p  t  —  /32)  (6) 

with  £0,  #o,  j81(  given  by  A.21. 

In  attempting  any  comparison  with  ooserved  results, 
it  must  be  remembered  that  the  expressions  have  been 
obtained  from  a  very  simple  form  of  model.  In  general, 
model  results  are  for  forms  not  readily  adapted  to 
mathematical  calculation,  and  moreover  there  are  other 
factors  arising  from  lack  of  symmetry  fore  and  aft; 
in  particular,  if  the  centre  of  buoyancy  is  fore  or  aft  of 
the  centre  of  flotation  there  is  coupling  between  heaving 
and  pitching. 

We  make  numerical  calculations  for  the  dimensions 
used  in  the  previous  section:  L  -=400  ft.,  B  55  It., 
d  —  20  ft.,  and  we  take  the  wave  height  2  r  5  ft. 
There  are  various  possible  methods  of  exhibiting  the 
results.  We  choose  that  of  graphing  the  total  pitch 
2  d0  on  the  period  of  encounter  as  a  base,  in  each  case 
for  a  given  speed  of  the  ship.  Thus  for  a  given  period  of 
encounter  at  a  given  speed  we  find  the  corresponding 
wave-length  A,  and  then  the  value  of  Po  from  A.  1 8. 
For  the  effective  moment  of  inertia  l  we  take  the  value 
used  in  the  previous  section  and  also  the  same  natural 
period  6-2  sec.  Further  we  obtain  the  corresponding 
value  of  N'2/i/I  from  the  data  given  in  Table  II. 

In  Fig.  I  the  two  curves  show  the  graphs  for  the  ship 
at  rest  and  for  a  speed  of  8  knots.  The  double  humps 
on  these  curves  are  of  interest;  they  arise  because  not 
only  does  the  magnification  factor  have  a  maximum  at 
resonance  but  the  pitching  moment  Po  has  maxima 
depending  upon  the  wave-length.  This  effect  can  be 
clearly  seen  in  some  curves  of  results  from  models;  in 
particular,  reference  may  be  made  to  Kent  (R.  1 2),  Fig.  3, 
and  (R.13),  Fig.  3.  Of  course  in  actual  model  results 
there  would  be  no  definite  zeros  of  the  pitching;  the 
curves  would  be  smoothed  out  by  viscous  and  other 
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effects.  On  Fig.  1  are  also  shown  values  extracted  from 
model  results  given  by  Kent  and  Cutland  (R.5);  these 
results  were  for  wave-lengths  of  175,  350  and  490  ft., 
in  waves  of  5  ft.  in  height.  It  should  be  noted  that  no 
attempt  has  been  made  to  fit  this  model  beyond  taking 
the  main  dimensions  and  displacement  about  the  same. 
The  points  marked  by  a  cross  are  for  zero  speed  of 
advance,  and  they  fit  fairly  well  into  the  calculated  curve. 
Points  marked  by  a  circle  are  for  a  speed  of  8  knots. 
In  the  calculated  curve  for  8  knots  we  have  used  the 
same  natural  pitching  period  as  for  zero  speed.  There 
seems  to  be  some  evidence  that  the  effective  natural 
period  increases  with  the  speed.  The  large  divergence 


at  the  lowest  period  of  encounter  at  8  knots  may  be  due 
to  various  causes;  for  one  thing  the  calculated  pitching 
moment  P0  is  more  subject  to  error  at  the  smaller  wave¬ 
lengths,  and  for  another  it  is  probable  that  the  pitching 
in  the  smaller  wave-lengths  is  not  the  simple  forced 
pitching  to  which  the  calculations  refer. 

Similar  graphs  could  be  made  for  heaving,  but  it 
should  be  remarked  that  observed  maxima  in  long  waves 
are  generally  greater  than  those  given  by  calculation. 
This  has  been  noted  previously  in  regard  to  model 
results;  it  may  be  that  the  calculated  buoyancy  is  more 
susceptible  to  change  in  wave-length  or  possibly  that  in 
long  waves  the  damping  is  less — it  might,  for  instance, 
be  a  better  approximation  in  such  eases  to  calculate  the 
damping  from  the  motion  of  the  ship  relative  to  the 
fluid  motion  in  the  wave  train.  Finally,  in  this  brief 
review'  we  may  consider  the  phase  lags  for  heave  and 
pitch  denoted  by  the  angles  /3,  and  /32  in  (6).  It  is  a 
simple  matter,  so  far  as  the  approximate  equations  are 
concerned,  to  determine  the  position  of  the  ship  in 
relation  to  the  wave  profile  at  maximum  pitch  or  heave. 
This  is,  of  course,  a  very  important  point.  It  has  been 
examined  by  J.  L  Kent  in  various  papers;  and,  in 
particular,  in  Kent  and  Cutland  (R.5)  a  diagram  is  given 
showing  the  wave  crest  and  trough  positions  along  the 
ship  at  maximum  pitch,  h  is  difficult  to  derive  from  this 
diagram  results  suitable  for  the  present  calculations. 
The  model  was  not  designed  for  the  purpose;  moreover, 
it  is  stated  that  successive  pitches  showed  a  periodic 
movement  of  the  wave  crest  position  backwards  and 
forwards  along  the  hull,  the  diagram  giving  nean 


positions  at  the  instant  of  lowest  pitch.  Referring  to  (6), 
there  is  maximum  pitch  with  bows  down  when 
pt  —  /?2  tt/2.  From  A. 13,  it  follows  that  the  wave 

profile  relative  to  the  ship  at  that  instant  is  given  by 
£  — -  —  rsin  (k  x  +  fii).  Hence  there  is  a  trough  at  a 
distance  J  A  —  /?2A/2  77  ahead  of  amidships. 

If  Te  is  the  period  of  encounter  and  Tp  the  natural 
period  of  pitch,  and  if  damping  were  entirely  neglected, 
we  should  have  j32  0  for  Te>  Tp,  and  /?2  ---•  rr  for 

Te  <  Tp.  In  the  former  case  there  is  a  trough  |  A 
ahead  of  amidships  and  in  the  latter  it  is  j  A  astern  of 
amidships.  The  damping  smooths  off  this  sudden 
change  of  phase;  but  whatever  the  damping  we  should 
have  /S2  =■-  7t/2  for  Te  —  Tp.  Hence  there  should  be  a 
trough  at  amidships,  for  a  simple  symmetrical  model, 
at  lowest  pitch  at  the  resonance  period  of  encounter. 
In  the  diagram  referred  to  above,  there  is  a  trough 
amidships  for  zero  speed  of  advance  at  a  wave-length 
of  about  230  ft.;  this  corresponds  to  a  period  of  en¬ 
counter  of  6-77  sec.,  the  natura’  period  for  the  model 
being  6-2  sec.  But,  for  various  reasons,  it  is  not  possible 
to  push  the  comparison  so  far  as  to  determine  the  phase 
lags.  The  possible  magnitude  of  surging  effects,  for 
instance,  needs  examination;  and  in  various  respects  the 
theory  is  only  a  first  approximation  and  requires 
amplification  in  conjunction  w';th  suitable  experimental 
data. 


R '■distance  of  a  Ship  among  Waves 

A  ship  when  mov  ing  through  a  regular  train  of  waves 
is  subject  to  an  average  steady  resistance  greater  than 
that  experienced  at  the  same  speed  in  smooth  water. 
There  are  various  obvious  factors  which  may  be  supposed 
to  contribute  to  this  result :  for  instance,  the  disturbance 
of  the  wave  motion  by  the  surface  of  the  ship,  the 
alteration  in  the  wave  resistance  due  to  interference  with 
the  wave  train  or  due  to  altering  attitude  of  the  ship, 
or  a  more  direct  effect  of  the  surging,  heaving  and 
pitching  motions. 

If  we  consider  only  the  first  order  approximate 
equations  used  in  the  previous  sections,  the  regular  wave 
train  supplies  an  alternating  addition  to  the  resistance, 
such  as  that  given  in  A.  17;  a  more  detailed  examination 
of  this  periodic  force  may  be  found  in  R.14. 

In  order  to  obtain  an  increased  average  resistance  we 
have  to  take  into  account  second  order  terms.  When 
we  arc  dealing  with  first  order  effects  it  is,  generally, 
legitimate  to  consider  factors  separately  and  obtain  the 
combined  result  by  simple  superposition;  but  this  is  not 
the  case  when  we  have  to  include  second-order  terms. 
Noting,  however,  that  a  complete  theory  including  all 
second-order  effects  might  well  modify  partial  results, 
we  shall  examine  two  posable  factors  which  lead  to 
increased  average  resistance. 

I  Fart*  Reflection. — The  first  possibility  is  the  effect  of 
reflection,  or  scattering,  of  the  regular  wave  train  by  the 
surface  of  the  ship,  and  this  is  undoubtedly  a  true  con¬ 
tributing  cause.  It  has  been  put  forward  recently  as  the 
sole  basis  of  the  extra  resistance  in  a  very  interesting 
paper  by  Krcitner  (R  10).  The  underlying  hydro- 
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dynamical  theory  has  been  examined  in  a  recent  paper 
(R.  15)  to  which  reference  may  be  made  for  details  of  the 
analysis.  Tne  ship  problem  is  the  reflection  of  the 
wave  train  by  the  ship,  which  is  itself  free  to  move  and 
does  take  part  to  some  extent  in  the  motion  of  the 
surrounding  water;  it  is  in  fact  the  dynamical  problem 
of  the  motion  of  the  complete  system  of  ship  and  water. 
Leaving  this  on  one  side  we  consider  the  forces  on  a  fixed 
obstacle  in  waves.  The  fundamental  case  is  that  of  a 
regular  train  of  waves  incident  normally  upon  a  fixed 
vertical  plane,  which  we  may  take  of  infinite  draught. 
There  is  perfect  reflection  of  the  waves;  if  r  is  the  ampli¬ 
tude  (half  wave  height)  of  the  incident  train,  there  is  an 
oscillation  of  amplitude  2  r  at  the  plane.  The  usual 
first  order  theory  for  waves  of  small  height  gives  a 
periodic  force  of  (g  p  r  X/n)  cos  p  t  for  the  additional 
force  per  unit  width  of  the  plane,  X  being  the  wave¬ 
length  and  2  7 r/p  the  corresponding  period.  Carrying 
the  theory  to  second-order  terms,  the  result  of  the 
analysis  is  to  give  an  additional  average  steady  force  on 
the  plane  amounting  to  \g  pr2  per  unit  width.  If  the 
waves  are  incident  at  an  angle  a  to  the  plane,  the  cor¬ 
responding  average  force  is  hgp  r2  sin2  a.  per  unit 
width.  An  interesting  problem  would  be  the  reflection 
of  waves  by  a  vertical  cylinder  of  elliptical  cross  section, 
like  the  model  used  in  the  previous  calculations  of  this 
paper;  it  is  possible  to  obtain  an  analytical  solution, 
but  the  functions  involved  have  not  been  tabulated 
sufficiently  to  allow  of  numerical  results.  The  correspond¬ 
ing  work  has  been  carried  out  for  a  vertical  cylinder  of 
circular  cross-section,  giving  the  variation  of  amplitude 
round  the  cylinder  and  the  resultant  steady  force  and 
the  dependence  of  both  these  quantities  on  the  wave¬ 
length.  When  the  wave-length  is  small  compared  with 
the  diameter  of  the  cylinder,  the  resultant  steady  force 
approximates  to  the  value  %gpr2a,  where  a  is  the 
radius.  An  interesting  result  shown  by  these  calcula¬ 
tions  is  that  this  limiting  value  is  practically  attained  so 
long  as  the  wave-length  is  not  greater  than  the  diameter. 
We  may  obtain  this  limiting  value  by  making  an  extreme 
assumption.  Imagine  the  waves  to  be  completely 
reflected  by  the  front  half  of  the  cylinder,  leaving  smooth 
undisturbed  water  round  the  rear  half  Then  treat  each 
element  of  the  front  half  as  if  it  were  part  of  an  infinite 
plane  upon  which  the  waves  are  incident  at  an  angle  a. 
On  this  assumption  we  should  have  for  the  resultant  force 


R  ■= 


g  P  r2 


ra 

sin2  x  d  y 

—  a 


(7) 


taken  over  the  transverse  diameter  of  the  cylinder;  and 
this  gives  the  result  §  g  p  r2  a. 

This  suggests  a  similar  expression  for  a  vertical 
cylinder  of  any  horizontal  cross-secfion.  With  the 
extreme  assumption  of  reflection  round  the  front  half 
and  smooth  water  round  the  rest,  it  appears  that  the 
steady  average  force  due  to  wave  reflection  should  not 
exceed  the  amount 

R  -  t  g  p  r:  B  sin2  a  .  (8) 


where  B  is  the  maximum  beam,  and  the  last  factor  is 


5 


the  mean  value  of  sin2  a  with  respect  to  the  beam, 
a  being  the  angle  which  the  tangent  at  any  point  makes 
with  the  fore-  and  aft  central  axis. 

Kreitner  (R.10)  gives  an  expression  which,  in  the 
present  notation,  is 

R  =  g  p  r2  B  sin  a  .  .  .  (9) 

In  deriving  this,  it  is  apparently  assumed  that  the 
average  pressure  on  a  plane  can  be  calculated  from  the 
instantaneous  value  of  the  hydrostatic  pressure  due  to 
the  elevation  of  the  water  surface.  When  numerical 
values  are  obtained  for  ship  forms,  the  general  result  is 
that  the  expression  (8)  gives  about  one-quarter  or 
one-fifth  of  the  value  given  by  (9). 

If  we  take  the  elliptical  model  used  in  the  previous 
sections,  an  expression  for  the  mean  value  of  s:  2  a  can 
be  readily  obtained;  with  L  =  400ft.,  B  =  55  ft.,  the 
value  of  this  factor  is  0- 183.  In  waves  of  5  ft.  in  height, 
(8)  then  gives  an  extra  resistance  of  about  0-9  ton. 
With  a  normal  ship  form  with  moderate  bow  angle,  the 
mean  value  of  sin2  a  would  be  about  01,  reducing  the 
extra  resistance  by  this  calculation  to  about  J  ton.  The 
observed  extra  resistance  for  a  ship  of  that  type  would  be, 
on  the  average,  about  2\  tons. 

It  should  be  noted  again  that  the  expression  (8)  is  put 
forward  only  as  an  outside  limit  for  a  fixed  obstacle  of 
great  draught.  In  the  actual  problem  the  ship  is  free 
to  respond  to  the  wave  motion;  further,  unless  the 
w  ave-length  is  very  much  less  than  the  length  of  the  ship, 
the  finite  draught  of  the  ship  seems  likely  to  reduce  the 
amount  of  the  reflection  effect.  The  general  conclusion, 
so  far  as  the  present  calculations  go,  is  that,  while  wave 
reflection  is  a  true  contributory  cause  and  must  be  in¬ 
cluded  in  a  complete  theory,  it  is  only  capable  of 
accounting  for  a  fraction  of  the  observed  extra  resistance; 
we  must,  however,  add  the  reservation  that  forward 
motion  of  the  ship  through  the  waves  might  modify 
that  conclusion. 

A  possible  application  of  the  formula  (8)  would  be  to 
determine  the  mean  pull  on  the  mooring  rope  of  a  ship 
subjected  to  waves  which  are  short  in  comparison  with 
the  length  of  the  ship.  This  has  been  investigated  by 
Kent  and  Cutland  (R.5)  and  details  of  the  comparison 
with  model  results  will  be  found  in  that  paper.  The 
experimental  conditions  most  nearly  approximating  to 
the  theoretical  assumptions  were  for  a  16-ft.  model 
moored  in  waves  of  7  ft.  in  length;  the  height  of  the 
waves  was  given  values  ranging  from  0- 12  ft.  to  0-32  ft. 
!t  was  found  that,  on  the  average,  the  value  calculated 
from  (8)  was  about  56  per  cent  of  the  observed  mean  pull. 

Resistance  associated  with  Heaving  and  Pitching. - 
Another  possibility  is  suggested  by  the  consideration  that 
first-order  effects  which  in  themselves  are  purely  periodic 
may,  through  phase  differences,  give  rise  to  a  steady 
additional  resistance.  Such  a  theory  would  associate 
the  resistance  directly  with  the  oscillations  of  surging 
heaving  and  pitching— though  it  is  probable  that  the 
first  of  these  plays  only  a  minor  part  There  are  different 
views  of  the  extent  to  which  the  resistance  depends  upon 
the  heaving  and  pitching  motions;  but  the  effect  is 
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certainly  most  prominent  when  the  period  of  encounter 
is  near  one  of  the  natural  periods  and,  directly  or 
indirectly,  the  phenomena  are  closely  associated.  The 
problem  involves  to  some  extent  second-order  terms 
and  the  analysis  is  therefore  subject  to  correction  by  a 
more  complete  theory;  but  meantime  we  ignore  the 
disturbance  of  the  wave  train  by  reflection  and  use  the 
approximate  equations  for  heaving  and  pitching  as  in 
the  previous  sections.  The  analysis  is  given  in  detail 
elsewhere  (R.16)  and  a  short  account  in  the  Appendix 
to  the  present  paper. 

We  calculate  the  force  on  the  ship  from  the  pressure  in 
the  undisturbed  wave  train;  but,  instead  of  taking  the 
equilibrium  position  of  the  ship,  we  make  the  calculation 
for  a  displaced  position,  with  a  vertical  displacement  £ 
due  to  heave  and  a  rotation  0  due  to  pitch.  To  the  first 
order  in  £  and  0,  the  resultant  force  backwards  is  found 
to  be  (A. 25) 


_  2 7T  a  H  2s  OP 

0  dX  ^  D /  pX  it' 


(10) 


In  this,  2  Trip  is  the  period  of  encounter  with  the  waves 
and  also  the  period  of  the  forced  oscillations;  H  and  P 
are  the  buoyancy  and  pitching  moment  and  are  also  of 
period  2  n/p.  The  first  term  Fo  is  the  purely  periodic 
horizontal  force  to  which  reference  has  been  made  earlier. 
Taking  average  values  of  the  quadratic  terms  in  the  rest 
of  (10)  we  obtain  for  the  average  steady  resistance 

R  —  (w/A)  Ho  £o  sin  /?,  (n/X)  P0  60  sin  /32  .(II) 

with  H0  and  P0  the  amplitudes  of  the  buoyancy  and 
pitching  moment.  £0  and  60  the  amplitudes  of  the  forced 
heaving  and  pitching,  and  and  /32  the  phase  lags  of 
the  oscillations. 

It  is  of  interest  to  recall  the  history  of  the  similar 
problem  in  rolling.  In  1924  Suychiro  (R.17),  experi¬ 
menting  with  a  small  model,  measured  a  drifting  force 
sideways  on  a  ship  when  rolling  in  waves.  The  effect  is 
small  and  probably  is  only  appreciable  in  suitable  con¬ 
ditions  of  forced  rolling  in  resonance  with  the  natural 
period  of  roll.  Suychiro  himself  ascribed  the  force  to 
reflection  of  the  waves  by  the  side  of  the  ship:  however 
no  calculations  have  been  made  of  the  magnitude  of 
such  an  effect.  In  1938  an  alternative  theory  was  put 
forward  by  Watanabe  (R.18).  Starting  from  the  Krilolf 
equations,  Watanabe  deduced  an  expression  for  the 
drifting  force  involving  the  angle  of  roll  and  the  phase 
lag  between  the  roll  and  the  actuating  moment;  applied 
to  Suyehiro's  model,  this  expression  gave  a  force  of 
rather  more  than  half  the  observed  value. 

Returning  to  (II),  consider  the  various  factors  when 
making  numerical  comparison  with  observed  results. 
The  values  of  H0  and  P0  have  to  be  taken  from  such 
calculations  of  buoyancy  and  pitching  moment  as  can 
be  made  for  any  given  form.  The  amplitudes  £o  and 
we  shall  take  from  observed  results,  assuming,  as  is 
necessary,  that  these  are  for  forced  oscillations  The 
most  uncertain  factors  are  the  phase  lags.  It  will  be 
noticed  that  these  are  important  in  that  on  the  present 
view  the  extra  resistance  arises  from  the  damping  and 
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the  phase  lags  produced  thereby;  if  there  is  no  phase  lag, 
there  is  no  resultant  steady  force.  Reference  has  been 
made  to  the  diagram  given  by  Kent  and  Cutland  (R.5) 
from  which  the  phase  lag  for  pitching  might  be  deduced. 
It  is  not  suitable  for  the  present  purpose,  however  the 
attempt  may  be  made  so  as  to  obtain  some  idea  of  the 
magnitude  of  the  resistance  given  by  (1 1). 

If  we  take  the  results  in  waves  of  490  ft.  in  length,  the 
diagram  shows  that  for  zero  speed  of  the  model  there 
was  no  appreciable  phase  lag.  Hence,  according  to  (1 1) 
there  should  be  no  resistance;  and,  in  fact,  the  measured 
resistance  under  those  conditions  was  very  small. 
Incidentally  the  observed  results  also  confirm  the  view 
that  resistance  due  to  wave  reflection  must  be  very  small 
when  the  wave-length  becomes  greater  than  the  length 
of  the  ship. 

If  we  take  next  the  same  wave-length  with  a  speed  of 
8  knots  for  the  ship,  a  rough  estimate  from  the  position 
of  the  wave  trough  gives  a  phase  lag  for  pitching  of 
about  12-5  deg.  We  shall  assume  the  same  value  for 
heaving,  and  we  take  ^  12  -5  deg.  For  Ho  and 

Po  we  take  the  wall-sided  ship  with  elliptical  horizontal 
section  which  has  been  used  in  the  earlier  calculations. 

With  L  ---  400  ft.,  B  •-=  55  ft.,  d  =  20  ft.,  A  490  ft., 
and  in  waves  of  height  2  r  —  5  ft.,  we  obtain  from 
A.  16  and  18 

Hq=358  tons;  PQ=  67,633  ft.-tons 

The  observed  measurements  in  5-ft.  waves  give 
£o  —  2-1  ft.  and  0o  —  1  -6  deg.,  approximately.  With 
these  values  we  get  from  (1 1)  a  resistance  R  -  3  -66  tons, 
of  which  about  1  ton  comes  from  the  term  in  the  heaving 
motion.  From  the  given  results  in  the  same  paper,  the 
measured  resistance  for  the  16-ft.  model  was  0  -  37  lb. 
or  a  resistance  of  2  •  58  tons  for  the  full-sized  ship.  The 
measure  of  agreement  is  perhaps  as  much  as  could  be 
expected  considering  the  uncertainty  of  the  data  and 
also  that  no  special  attempt  has  been  made  to  calculate 
values  for  the  particular  model  used  in  the  experiments. 
It  is  not  worth  while  adding  further  similar  calculations 
at  the  present  stage;  but  it  may  be  said  that  the  suggested 
theory  is  capable  of  giving  results  of  the  right  order 
of  magnitude. 

On  the  theoretical  side,  it  is  hoped  that  the  various 
limitations  and  assumptions  have  been  sufficiently 
indicated.  On  the  experimental  side,  there  is  a  lack  of 
suitable  data  obtained  under  conditions  approximating 
to  the  simplifications  which  have  to  be  made  before  any 
calculations  are  possible;  such  experimental  results 
would  be  a  valuable  and.  indeed,  essential  aid  in  develop¬ 
ing  and  modifying  any  tentative  theory  of  such  a 
complex  problem. 


Appendix 

(1)  Damping  in  Smooth  Hater. — If  a  ship  is  making  forced 
oscillations  of  hcawng  or  pitching,  we  may  calculate  the  wave 
motion  by  supposing  each  element  of  the  ship's  surface  to  be 
the  seat  of  an  alternating  source,  say  of  strength  m  cos  p  t 
per  unit  area.  Knowing  the  velocity  potential  of  the  distnbu- 
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tion  of  sources,  it  is  possible  to  calculate  the  average  rate  at 
which  energy  is  being  propagated  outwards  in  the  wave 
motion.  It  has  been  shown  (R.l!)  that  this  mean  rate  of 
outflow  of  energy  is  given  by 


r  2* 


E  -  2np(p3/g) 


(P2  4-  Q2)dd  . 


<n 


where 
P  +  iQ 


in  (.v,  V,  ;)  eP'te  ■ '• ix  cosU  +  ,>‘sin  °)  d  S  (2) 


the  integral  in  (2)  being  taken  over  the  immersed  surface  of 
the  ship  in  its  equilibrium  position.  The  axis  Or  is  taken 
along  the  longitudinal  axis  of  the  water  plane  section  with 
the  positive  direction  from  stern  to  bow,  O.v  transversely  at 
the  midship  section,  and  O  z  vertically  upwards.  We  shall 
assume  the  source  strength  at  each  point  to  be  such  that  4  it  m 
is  the  amplitude  of  the  normal  component  of  velocity  of  the 
ship’s  surface  at  each  point,  this  being  a  reasonable  approxima¬ 
tion  in  view  of  usual  ship  dimensions.  A  further  simplification 
may  be  made  by  neglecting  the  distribution  in  the  transverse 
axis  O  .v,  since  the  length  2  rr  g/p 2  is  usually  several  times  as 
large  as  the  beam  of  the  ship. 

Suppose  the  ship  to  be  wall-sided,  of  uniform  draught  d, 
and  with  the  horizontal  sections  ellipses  of  axes  L  and  B. 

Let  the  ship  be  making  forced  heaving  oscillations  of 
amplitude  £0  and  period  2  rr  Ip.  The  source  strength  over  the 
flat  bottom  is  of  amplitude  p  £<^4  n  per  unit  area;  and  we 
treat  it  as  a  line  distribution  at  constant  depth  d  along  the 
central  line,  with  strength  proportional  to  the  beam  at  each 
point.  Hence  from  (2)  we  have 


P  r  /  Q  =  -  PA--°  B  e'M* 
4  7 r 


4L 


/  4  x2\  f 

M  -  J-J  J  ci/>*  x/g.cos  0  d  X 


H- 


---  i  P  £0  B  L  c -Pldl*  J,  (</  cos  8)/(q  cos  8)  .  (3) 

where  q  -  p2  L/2  g. 

Hence  from  (1)  the  mean  rate  of  propagation  of  energy 
outwards  is  given  by 


E  B2  L2  Qp*  c~  2n-dli: 

u 


■  M> 

.  I  q  cos  8  J 


We  now  equate  this  to  the  mean  value  of  N,  £2,  namely 
i  P2  N,  £2,  and  we  obtain 


N|  —  (7r  p/4  g)  B2  L2  p3  e  -  f, 


(5) 


where  E,  has  been  written  for  the  integral  in  (4). 

This  integral  may  be  evaluated  by  quadrature  using  tables 
of  Bessel  functions.  It  w  as,  however,  found  more  satisfactory 
to  calculate  it  from  an  equivalent  series.  It  can  be  shown  that 

*  "  8  (rn'):i  j(m  +  1)'}^  (m  +  2)'{*  q'  ' 

Similarly,  if  the  ship  is  making  forced  pitching  oscillations  of 
angular  amplitude  0o  and  perod  2  nip  we  have 

r\L 

4  vV 

\  c'P:'l*  <"'",/ X  (7) 


iQ 


p'  tii  n 

4  77 


'0 

\i- 


in  which  we  have  neglected  the  contribution  of  the  vertical 
sides  of  the  ship  compared  with  the  eflcct  of  the  flat  bottom. 


The  integral  in  (7)  may  be  expressed  in  teims  of  Bessel  func¬ 
tions,  and  we  find 

P  f-  /  Q  =  p  0°  B  L2  e~  2P'dls  J2  (q  cos  8)1  (q  cos  8)  (8) 


Thus  for  pitching  motion  we  have 


•*/ 2 


E  *  !1£  B2  L4  82  p*e  ~  2  d  8  .  (9) 

32 g  0  J0l  q  cos  8  J 

Equating  this  to  i  p1  N2  8fi,  we  obtain 

N2  =  (7rp/16g)B2  L*p*e-**4*F2  .  .  (10) 

where  F2  is  the  integral  in  (9).  This  may  be  evaluated  from 


the  series 
00 

ttV 


(—  l)m  (2  m  -j-  2)!  (2  m-r  4)! 
8  -F  1)!  (rn  +  2)!j.2  (m  +  4) 


-( iq)2m -2  (ID 


(2)  Buoyancy  and  Pitching  Moment  in  Waves. — Suppose  at 
first  that  the  ship  has  zero  speed  of  advance,  and  that  the 
w'aves  are  moving  directly  towards  it.  The  velocity  potential 
of  the  fluid  motion  is 

<j>  —  (g  p/p)  ekz  sin  (p  t  -F  k  x)  •  (12) 

with  p2  =  g  k\  this  corresponds  to  waves  of  elevation  given  by 

£  =  /•  cos  (p  t  4-  k  x)  ....  (13) 

the  amplitude  r  being  one-half  the  height  measured  from 
trough  to  crest,  and  the  wave-length  A  being  2n/k.  The 
pressure  p  at  any  point  is 

7)  <f> 

p  pQ  -gpZt  p—  •  •  . 


(14) 


The  second  term  is  the  hydrostatic  pressure  whose  effect  is 
included  in  the  equations  of  motion  of  the  ship  in  smooth 
water.  The  third  term 


p  -  —  -  g  p  r  ck  *  cos  ( p  I  :  k  a) 
5 1 


(15) 


is  the  additional  pressure  due  to  ihe  undisturbed  wave  system. 
The  resultant  forces  and  couples  are  obtained,  to  this  approxi¬ 
mation,  by  integrating  this  pressure,  and  its  moment,  over  the 
immersed  surface  of  the  ship  in  its  equilibrium  position. 
With  the  same  simplified  model,  we  have  for  the  additional 
buoyancy  H, 

rlL,  4  v2\  * 

B^l  cos  ip  t  kx)dx 

-  JL 


where 


H  -  gpre-  **J 
H0  cosp  i. 

!  gpr  B  \e-'‘-dp  J,  (77  L/A)  .  .  (Ih) 


There  is  also  a  resultant  horizontal  force  from  the  pressures 
on  the  vertical  sides;  measured  in  the  negative  direction  of 
O  a,  from  bow  to  stern,  it  is 

r0  J°</  zj^l  epiB  <•*•  cos  (pi  •  I  k  L  cos  8)  cos  8  d  8 

(gp.-BAtl  e~  2  ~dp)  J,  (77  L/Al  sin  p  t  (17) 

This  force  might  be  used  as  a  similar  first  approximation  in 
regard  to  the  surging  motion  of  the  ship.  By  comparison 
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with  (16),  it  can  be  seen  that  in  genera!  it  is  only  a  fraction 
of  the  corresponding  vertical  force. 

In  evaluating  the  pitching  moment  we  take  moments  about 
i'ne  transverse  axis  O  r,  assuming  for  simplicity  that  the 
centre  of  gravity  G  of  the  ship  coincides  with  O.  The 
pressures  on  the  vertical  sides  will  contribute  to  the  total 
moment;  but  this  part  will  be  of  the  order  of  the  horizontal 
force  F.  multiplied  by  some  fraction  of  the  draught,  and  it 
can  be  seen  to  be  negligible  compared  with  the  moment  of  the 
pressures  on  the  flat  bottom.  We  have  then  for  the  pitching 
moment 


where  the  integrals  are  taken  over  the  equilibrium  position 
of  the  immersed  surface. 

The  additional  buoyancy  and  pitching  moment,  which  were 
calculated  for  a  special  case  in  (16)  and  (18),  are  given  in  this 
more  general  form  by 


H  -  —  g  p  r 


ck '  cos  (  p  I  4-  k  x)  n  li  S 


P  —  Kp  r 


ek:  cos  (pi  +  k  x)  {/  (z  c)  n  ,v}  d  S  (24) 


kit 


P  =  g  p  r  B  e 
=  —  P0  sin  p  t. 


ri 

/ 

Hence  we  may  write  the 

*(» 

L2-J  cos  (ptA-kx)dx 

t  >0 

L 

k  ,5  H  k  a  h  P 

_  4  —  —  v  -  • 

phi  p  I )  t 


(25) 


where 

P0-=  igp/BLAc-  2-‘'/xJ2(7rL/A)  .  .  (18) 

For  a  ship  advancing  through  the  waves,  we  have  the  same 
expressions,  so  far  as  this  approximation  goes,  with  2  -nip 
the  relative  period  of  encounter;  thus  if  A  is  the  wave-length 
and  v  the  corresponding  wave  velocity,  and  V  is  the  speed 
of  the  ship,  then  2  -nip  =  A/(u  -j-  V). 

On  this  theory,  the  equations  for  heaving  and  pitching  on 
waves  are,  for  this  symmetrical  model 

M  £  +  N,  £  |  g  p  S  £  =  H0  cos  p  t  ■  (19) 

I  6  +  N2  0  Wind  -  P0  sin  p  i  (20) 


When  calculated  for  any  form  of  ship.  H  and  P  are  in  general 
of  the  form  H0  sin  (p  t  u,)  and  PQ  sin  (p  /  <x2)  respectively. 

The  corresponding  forced  oscillations  of  heaving  and  pitching 
are  then  given  by  equations  such  as 

£  Mi  H0  sin  (pi  -  a,  -  /J,) 

9  ji2  P0  sin  ( p  I  'r- v2  -ft 2)  ■  (26) 

fx,  and  p.2  being  positive  factors. 

Putting  these  expressions  in  (25)  and  taking  mean  values 
of  the  quadratic  terms,  we  obtain  a  mean  backward  force 
on  the  ship 

R  =  V  k  p{  H5  sin  0,  -  \  k  p2  po  sin  02  ■  ■  (27) 


The  forced  oscillations  are 

£  =  £0  cos  (p  t  -  yS, );  0  --  du  sin  (p  i  fi2) 

with 

£o  =  H0/M{(pf  p2)2  q  k2p2yi;  A(  M  N,/M; 

0o  --  P0n  {(p\  -  P2)2  ■*  k2  Nj/I; 

tan£,  -  kypHp}  p2):  tan/32  k2p/(p}  -  p1)  .  (21) 

the  natural  periods  of  unresisted  heaving  and  pitching  being 
2  7r//j,  and  2  nlp2  respectively. 

(3)  Re  si. <H  mue  in  Waves. — Let  (/,  m,  n)  be  the  direction- 
cosines  of  the  outward-drawn  normal  at  any  point  of  the 
immersed  surface  of  the  ship.  Then  with  the  pressure  in  the 
undisturbed  wave  motion  given  as  in  (14),  the  resultant 
horizontal  force  backw  ards 


F  = 


Id  S  - 


Up  k 


sin  (pi  I  k  .v)  </  V 


(22) 


the  latter  integral  being  taken  throughout  the  immersed 
volume  of  the  ship  at  any  instant. 

If  we  calculate  this  for  the  immersed  volume  V0  when  the 
ship  is  held  in  its  equilibrium  position  we  obtain  a  purely 
periodic  force  F0,  such  as  was  found  in  (17).  Let  the  ship 
be  in  a  slightly  displaced  position  due  to  heaving  and  pitching, 
with  the  centre  of  gravity  G  raised  a  distance  £  and  with  a 
pitch  d  about  a  transverse  axis  through  G;  we  shall  suppose 
G  to  be  on  the  axis  O  z  at  a  height  <  above  O.  Then,  to  the 
first  order  in  £  and  d,  it  can  be  shown  (R. 16)  that  the  horizontal 
force  backwards  in  the  displaced  position  is 


I  F0  -  g  pk  r  £ 


«•*-  sin  (p  I  —  k  v)  n  d  S 


gpkrd  e‘-'sin(p/  t  k  \)  {n  v  /(.’  —  <)}</ S  (23) 


This  is  an  essentially  positive  expression,  so  that  this  force  is 
always  a  resistance. 

With  £0  and  d0  the  amplitudes  of  forced  heaving  and 
pitching  respectively,  this  expression  is  equivalent  to 

R  =  (rr/A)  H0  £0  sin  /J,  4  (tt/X)  P0  d0  sin  &  <28) 

where  and  /J2  ate  the  phase  lags  of  the  forced  heaving  and 
pitching  behind  the  buoyancy  and  pitching  moment 
respectively. 
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SOME  CALCULATIONS  OF  SHIP  TRIM 
AT  HIGH  SPEEDS 

By T.  H.  HAVELOCK 


( Presented  to  the  International  Congress  of  Applied  Mechanics,  at 
Paris,  19^6.  The  Proceedings  of  this  Congress  have  never  been 
published ) 


SUMMARY 

Although  much  work  has  been  done  on  the  theory  of  wave  resistance,  that 
is  on  the  horizontal  resultant  of  the  pressure  system  round  a  ship,  there  do 
not  seem  to  have  been  any  calculations  of  the  resultant  moment  of  the  pres¬ 
sures  about  the  transverse  axis. 

The  present  note  records  some  work  on  this  problem  and  a  comparison  of 
the  results  with  measured  trim  in  experimental  models.  Assuming  the 
usual  approximate  theory  of  the  pressure  system,  the  effective  part  of  the 
pressure  for  a  symmetrical  model  is  put  into  a  suitable  form  and  an  expres¬ 
sion  is  obtained  for  the  moment  for  a  certain  series  of  models,  used  at 
Teddington,  for  which  experimental  results  are  available.  Numerical  cal¬ 
culations  have  been  made  ior  three  models  of  this  series  over  a  consider¬ 
able  range  of  speed  and  curves  are  given  showing  the  comparison  between 
calculated  and  measured  trim.  The  agreement  is  reasonably  good,  especially 
at  the  higher  speeds,  and  in  general  the  order  of  agreement  is  much  the  same 
as  between  calculated  and  measured  wave  resistance. 


1.  The  pressure  changes  established  by  the  forward  motion  of  a 
ship  may  be  considered  in  two  parts:  (i)  those  associated  with  the 
so-called  local  disturbance,  (ii)  those  due  to  the  wave  motion  trailing 
aft  from  the  ship.  In  the  usual  approximate  theory  of  wave  resistance, 
neglecting  viscosity,  the  pressures  from  (i)  give  no  resultant  hori¬ 
zontal  force  on  the  ship  as  a  whole  and  we  only  need  to  calculate  the 
resultant  of  these  from  (ii).  If  we  wished  to  examine  the  sinkage  of 
the  ship,  we  should  require  the  vertical  resultant  of  the  total  pres¬ 
sure  system  and  such  calculations  would  be  too  laborious  in  general; 
though  we  may  estimate  the  effect  at  low  speeds  by  ignoring  the  sur¬ 
face  disturbance  of  the  water  [1].  On  the  other  hand,  if  we  limit  con¬ 
sideration  to  a  model  which  is  symmetrical  fore  and  aft,  the  moment 
of  the  pressure  system  about  the  transverse  axis  will  only  involve 
the  pressures  from  the  wave  system  (ii).  As  this  calculation  does 
not  seem  to  have  been  carried  out  hitherto,  it  was  thought  of  interest 
to  see  how  the  results  so  obtained  compare  with  the  measured  trim  of 
experimental  models. 
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The  part  of  the  pressure  system  which  is  effective  for  this  purpose 
is  first  put  into  a  suitable  form,  and  an  expression  is  obtained  for  the 
moment  for  a  certain  type  of  model  whose  form  is  given  by  an  equation 
involving  one  parameter.  This  moment  is  then  turned  into  an  equiv¬ 
alent  angle  of  trim  for  the  ship,  using  the  ordinary  righting  moment 
as  if  in  still  water.  Finally,  numerical  calculations  are  made  for 
three  models  of  this  series,  with  different  values  of  the  parameter, 
for  which  experimental  results  are  available.  Curves  .re  given  show¬ 
ing  the  calculated  and  measured  trim  for  these  three  models. 

2.  We  take  the  origin  0  in  the  undisturbed  free  surface  of  the 
water,  Ox  in  the  direction  of  motion,  Oz  vertically  upwards  and  Oy 
transversely,  v  being  the  velocity.  If  there  is  a  source  of  strength 
m  at  the  point  (A,  o,  -/),  the  velocity  potential  is  given  by  [2] 


_  _  K  (/  — *  )  +1  K  to) 

j  mm  Knm  |  2^^  I  e  »  /i\ 

0  = - I  sec^ftf# - s - «*,  (1) 

r\  r2  n  J  J  n  —  Knsec  6  +  iiisecd 

—rr  a  v 


with 


r2  =  (x-h)2  +  y2  +  (2  +  f)2\  y*  =  (x-h)2  +  y2  +(z-f)2\ 
oj=(x-h)  cos0+  y  sin  0 


kq  =  g/v 2. 

The  pressure  p,  other  than  the  hydrostatic  pressure,  is  given  by 


(2) 


We  require  the  part  of  the  pressure  due  to  the  waves  trailing  aft  from 
the  source.  From  (1)  and  (2),  taking  the  limit  for  p-*o,  we  find  this 
effective  pressure  at  a  point  (ar,  o,  z)  due  to  the  given  source  at 
(A,  o,  -/)  is 


V 


o(f-‘ )»*c2<9COs{K0(ar-  A)  sec<?}  sec 30<W, 


(3) 


for  .r  -  A  <  o;  and  p  -  o  for  x  -  A  >  o. 

For  a  ship  form  given  by  y  -  ±F  ( xyz ),  we  have  the  usual  approxima¬ 
tion  of  a  source  distribution  over  the  section  by  the  plane  y  =  o,  the 
source  strength  per  unit  area  being 


JL 

2  n  dx 


(4) 


For  a  model  of  length  2/,  draft  d,  with  0  at  the  midship  sec  tion,  we 
obtain:  — 
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Jl  d  TT  /  2 

dF  j  i  l  a~  Ko(f~*  )»<c  2  6 

~dh  dj  dH  e 

-l  0  0 

x  cos{k0(>c- h)  sec  d}secsdd6.  (5) 

The  horizontal  component  of  this  pressure  integrated  over  the  surface 
of  the  ship  gives  the  wave  resistance;  it  may  be  roted  that,  with  the 
usual  approximation,  we  evaluate  the  pressure  not  at  the  actual  sur¬ 
face  of  the  ship  but  over  the  plane  y  =  o.  We  use  this  expression 
similarly  for  evaluating  the  moment  of  the  pressure  about  the  trans¬ 
verse  axis  Oy.  Consider  the  total  moment  in  two  parts.  First,  for 
the  horizontal  component  of  the  pressure,  the  moment  will  be  of  the 
order  of  the  wave  resistance  multiplied  by  some  fraction  of  the  draft; 
it  is  found  that  this  part  is  small  compared  with  the  moment  of  the 
vertical  component  and  we  neglect  it  meantime.  However,  when  com¬ 
paring  calculated  and  experimental  results  we  allow  for  tnis  correc¬ 
tion  by  estimating  the  moment  of  the  total  resistance  of  the  model. 
For  the  moment  of  the  vertical  component  of  the  pressure  we  have 


taken  over  the  water  plane  section  of  the  ship,  with  p  given  by  (5). 

3.  We  confine  the  calculations  to  a  simple  type  of  symmetrical 
model  used  at  Teddington,  for  w  hich  experimental  results  are  avail¬ 
able,  and  for  which  the  numerical  calculations  are  not  unduly  labori¬ 
ous.  This  set  of  models  is  defined  by 

y-b(' IT> 

For  this  form,  we  have 


x  cos|* A)  sec  Ojsec’flr/O  ,  (8) 
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and 


=  j  -yr)(1+ ®2  7 ^p(x,z)  dxdz  (9) 

—/  ~d 

Carrying  out  the  integrations  and,  for  convenience  in  computation, 
changing  the  variable  from  0  to  u  with  sec  0  =  cosh  u,  we  obtain 
the  result 


with 


64 gpb‘ 

7TK*d2l 


00 

J  -T1(/3)A2(^)^3(a)sech *udu,  (10) 

o 

/3  =  /<0dcosh2tr,  a=*.0Zcoshu; 

4sin2“  *  (r -  ;r)cos2“  * 

f4  42  96  /.  64  192\  .  _ 

+  ^\i-^-^+(2~^+^jS,n2a  + 

/16  150  96\  .  1 

+  U'^  +  ^]cos2or 

of  2  3  96  720  /,  74  768  1440\  .  _ 

^  a2  1  “X  +  5  +  C  +  7  +  l  1 - o  +  7 - 7~  I  Sin  2  <X  + 

*  (.  a  a3  a5  a7  \  a2  a4  a6  J 

4 


12  291  1344  720\ 

— - r  +  — • - r  cos : 

®  0T  a5  23  / 


The  moment  A/  given  by  (10)  will,  ,f  positive,  tend  to  give  a  trim  of 
angle  6  which  is  positive  with  bow  up  and  stern  down.  In  comparing 
with  model  results,  we  note  that  the  model  is  towed,  the  point  of 
attachment  of  the  tow-line  being  at  the  water  level  in  the  midship 
section;  if  R  is  the  total  resistance,  we  have  therefore  a  reverse 
moment  Rd\  where  d'  is  some  fraction  of  the  draft  d  of  the  model. 
The  effective  positive  moment  is  M  -  Ret'. 

We  have  also  the  restoring  moment  due  to  the  hydrostatic  pressure 
and  for  this  we  take,  as  a  sufficient  approximation  for  the  present 
purpose,  gp.\k26y  where  Akl  is  the  moment  of  inertia  of  the  area  of 
the  water  plane  section  about  Oy.  ’/or  the  models  defined  by  (7), 
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Alt1  =  4  bl3 


+  35  ^ 


(11) 


With  these  assumptions  we  turn  the  calculated  moment  into  an  equiv¬ 
alent  trim  6  given  by 


e  = 


M  -  Rd' 
gpAk 2 


(12) 


calculating  values  from  (10)  and  (11),  and  using  the  measured  total 
resistance  for  R  and  an  estimated  value  cf  d'\  the  actual  value  of  d  ' 
is  not  important  as  in  any  case  Rd'  is  found  to  be  a  small  fraction  of 
the  value  of  M. 


4.  Numerical  calculations  were  made  in  the  first  place  for  two 
Teddington  models  of  this  type,  with  extreme  values  of  the  parameter 
a2:  namely 

Model  1805A,  with  a2  =—0.6 
Model  1846A,  with  a2  =  0.6 

For  each  model  we  have 


length  =  L  =  21  =  16  ft; 
beam  =  26  =  1.5  ft; 
draft  =  d  =  1  ft. 

Further  details  of  the  models,  and  measured  values  of  the  trim  are 
given  by  Wigley  [3]. 

For  these  models  d'  was  taken  to  be  5  inches.  The  integral  in 
(10)  was  computed  by  quadrature,  the  value  of  the  integrand  being 
calculated  for  values  of  u  differing  by  0.1;  it  was  not  generally  neces¬ 
sary  to  go  beyond  about  3.6  for  the  upper  limit  of  u.  This  process 
was  carried  out  for  six  values  of  the  Froude  speed  ratio  f  in  the 
range  0.32  to  0.54,  f  being  equal  to  v  \(<jL).  Finally  the  results 
were  expressed  as  trim  by  the  stern  in  inches  for  the  16-foot  model, 
that  is  by  lf)2d  the  experimental  results  for  these  models  being 
recorded  in  that  form. 

As  an  example  of  numerical  values,  at  a  speed  ratio  f  =  0.5,  the 
calculated  trim  for  model  1805A  is  0.45  inches,  while  the  measured 
value  was  G.O  inches;  of  the  calculated  value,  the  moment  M  of  (10) 
gave  C.72  inches  and  the  term  —  Rd'  reduced  this  by  0.27  inches, 
similarly  for  Model  184G\  at  f  -  0.5,  the  calculated  trim  is  4.82 
inches,  the  measured  value  being  4.7  inches. 

The  results  for  the  two  models  are  shown  in  Fig.  1.  The  full 
curves  are  the  measured  values,  and  the  broken  curves  show  the 
values  obtained  from  tin*  present  calculations. 
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A  third  example  of  this  series  was  also  examined,  because  it  has 
a  larger  beam  and  only  half  the  draft:  namely  Model  2038C,  with 
a2  ~  -0.5;  length  =  21  =  16  ft;  beam  =  2b  =  1.75  ft;  draft  -  d  =  0.5  ft. 

Further  details  with  the  measured  trim,  may  be  found  in  Wigley’s 
paper  [41. 

In  this  case  for  the  small  correction  Rd\  the  value  of  d '  was 
taken  to  be  2.5  inches.  The  calculated  trim  at  f  =  0.5  was  found  to 
be  4.75  inches,  the  measured  value  being  4.37  inches.  The  com¬ 
plete  results  are  shown  in  Fig.  2,  the  full  curve  being  the  measured 
values  and  the  broken  curve  those  found  by  calculation. 

Considering  the  three  cases  together,  the  general  measure  of  agree¬ 
ment  between  calculated  and  experimental  curves  is  perhaps  as  good 
as  could  be  expected  from  a  first-order  theory  with  the  various  ap¬ 
proximations  involved  and  including  the  neglect  of  viscosity  effects. 
The  order  of  agreement  is  much  the  same  as  that  between  calculated 
and  measured  curves  of  wave  resistance,  the  greater  discrepancies 
in  trim  occurring  at  speeds  at  which  there  are  corresponding  differ¬ 
ences  between  calculated  and  measured  resistances.  It  may  be  said 
that  the  present  calculations  afford  further  confirmation  of  the  ap¬ 
proximate  theory  of  wave  resistance. 
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CALCULATIONS  ILLUSTRATING  THE  EFFECT  OF  BOUNDARY  LAYER  ON 

WAVE  RESISTANCE 

By  Professor  T.  H.  Havelock,  M.A.,  D.Sc.,  F.R.S.,  Honorary  Member  (Associate  M.mber  of  Council) 


Summary 

The  main  object  of  the  paper  is  to  examine  the  possible 
effect  of  the  boundary  layer  in  producing  a  virtual  modifi¬ 
cation  of  the  lines  of  the  ship  near  the  stern,  [his  is  re¬ 
garded  as  a  deflection  of  the  streamlines  due  to  increased 
displacement  thickness  of  the  boundary  layer  in  this 
region.  By  superposing  a  source  distribution  to  produce 
this  additional  deflection,  expressions  can  be  obi. lined 
for  the  modified  wave  resistance.  No  attempt  is  made  to 
attack  the  problem  directly  for  actual  ship  forms.  Instead, 
an  indirect  method  is  taken  of  considering  some  ideal 
simple  forms  and  assuming  small  modifications  of  the 
lines  near  the  stern  such  as  might  reasonably  be  ascribed 
to  boundary  layer  effects.  It  is  shown  that  such  variations 
suffice  to  eliminate  the  humps  and  hollows  on  resistance 
curves  at  low  speeds  while  making  relatively  much  less 
difference  at  high  speeds,  a  result  which  would  improve 
the  general  comparison  between  calculated  and  measured 
wave  resistances.  The  paper  also  includes  some  remarks 
on  experiments  with  plank-like  forms  which  are  not  wholly 
submerged,  ind  an  attempt  is  made  to  assess  numerically 
the  wave  making  resistance  in  such  ex perinients  on  skin 
friction. 

Introduction 

The  theory  or  wave  resistance  in  a  frictionless  liquid 
leads  to  a  resistance  curve  i&hich  oscillates  rapidly  and 
excessively  at  low  speeds,  and  such  oscillations  do  not 
occur  in  resistance  curves  derived  from  experimental 
results.  This  is  commonly  ascribed  to  the  wave  making 
at  low  speeds  being  mainly  due  to  the  bow  of  the  ship; 
and  an  obvious  explanation  is  that  the  effect  of  viscosity 
has  been  to  render  the  stern  relatively  ineffective  in  wave 
production  at  low  speeds.  Some  years  ago1  the  author 
considered  the  matter  from  the  point  of  view  that  the 
effect  of  the  friction  belt  surrounding  the  ship  is  equiva¬ 
lent  to  smoothing  out  the  lines  in  the  rear  portion  and 
some  calculations  we  e  made  to  show  that  this  would  lead 
to  a  diminution  of  interference  effects  at  low  speeds; 
however,  the  calculations  were  too  complicated  to  pursue 
in  any  detail  at  that  time.  Later2  the  direct  assumption 
of  a  reduction  factor  for  the  rear  half  of  the  model  was 
made;  the  assumption  was  as  simple  as  possible  so  as  to 
make  calculations  practicable,  the  wave-making  proper¬ 
ties  of  the  whole  of  the  rear  half  being  reduced  by  an 
arbitrary  factor  less  than  unity.  Subsequently  this  idea 
of  a  reduction  factor  was  largely  extended  and  examined 
in  detail  by  Wigley.3  In  particular,  Wigley  compared 
theoretical  and  experimental  resistance  curves  for  a 
large  number  cf  models,  deducing  the  necessary  re¬ 
duction  factor  to  give  reasonable  agreement  and  obtain¬ 


ing  an  empirical  formula  for  the  variation  of  the  factor 
with  the  speed.  In  this  work  also  the  factor  was  applied 
to  the  whole  of  the  rear  half  of  the  model  and  it  was  found 
to  vary  in  value  from  zero  at  the  lowest  speeds,  where 
only  the  front  half  is  effective,  to  unity  at  the  highest 
speeds,  where  front  and  rear  are  equally  effective.  This 
extension  and  analysis  by  Wigley  is  very  useful  in  giving 
a  practicable  way  of  modifying  theoretical  resistance 
curves,  but,  admittedly,  it  leaves  much  to  be  desired  from 
a  theoretical  point  of  view.  In  particular,  the  variation 
of  the  factor  from  zero  to  unity  seems  rather  para¬ 
doxical;  no  doubt  viscous  effects  vary  with  the  velocity, 
but  not  to  such  an  extent  as  is  implied  by  that  range  of 
values.  I  believe  an  explanation  can  be  found  in  the 
fact  that  boundary  layer  effects  on  wave  formation  are 
appreciable  over  only  a  mial!  length  of  the  model  near 
the  stern;  just  as  one  has  a  similar  comparison  between 
actual  normal  pressures  and  those  calculated  for  a 
frictionless  liquid.  It  is  well  known  that  for  a  friction- 
less  liquid  the  wave-making  effect  of  bow  and  stern 
angles  is  predominant  at  low  speeds,  while  at  high  speeds 
this  is  not  the  case.  Hence  if  the  modification  of  the 
form  is  confined  to  a  region  near  the  stern,  and  even  if 
that  modification  does  not  vary  much  with  the  speed,  it 
will  automatically  have  greater  effect  at  the  lower  speeds 
than  at  the  higher.  The  present  paper  is  an  attempt  to 
find  out  how  far  this  is  the  case. 

The  general  point  of  view  so  far  as  the  friction  belt  is 
concerned  has  been  well  expressed  by  Baker4  in  the 
remark:  “In  the  after  body  two  things  take  place,  first 
the  contraction  of  the  virtual  body,  round  which  the  free 
flow  is  taking  place,  which  includes  the  slow-moving 
portion  of  the  friction  belt-  a  rather  indefinite  extension 
of  the  real  form— causes  an  expansion  of  all  the  stream 
tubes  and  of  the  frictional  belt,  and  second  expanding 
stream  lines  are  never  very  stable  and  do  not  adhere 
to  the  form  from  midships  to  stern  post.”  It  must  be 
admitted  that  this  “rather  indefinite  exl;nsion”  of  the 
form  still  remains  undefined.  In  principle,  if  we  know 
the  thickness  of  the  boundary  layer  and  can  deduce  its 
displacement  thickness,  we  know  by  how  much  the 
streamlines  of  the  outer  flow  are  deflected.  We  can 
then,  in  theory,  superpose  on  the  original  form  a  source 
distribution  which  would  produce  the  required  extra 
deflection  and  hence  calculate  the  modified  wave  re¬ 
sistance.  It  may  be  said  at  once  that  the  necessary  data 
are  not  available,  and  in  any  case  the  calculation  would 
be  almost  impracticable.  The  scope  of  the  present  paper 
is  muca  less  ambitious,  and  the  work  may  be  described 
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as  an  illustration  of  tho  possible  effect.  of  boundary 
layer  on  wave  resistance.  The  problem  is  attacked  in¬ 
directly  by  taking  a  simple  form  and  making  small  modi¬ 
fications  of  tlie  lines  near  the  stern  so  as  to  obtain  the 
required  kin.  of  change  in  the  calculated  resistance 
curve;  one  may  then  consider  whether  such  modifica¬ 
tions  can  reasonably  be  ascribed  to  boundary  layer 
displacement.  We  consider  first  the  ideal  case  of  a 
thin  plank,  with  some  incidental  remarks  on  wave¬ 
making  in  experiments  with  planks.  Then  we  consider 
a  form  with  simple  parabolic  lines  and  with  vertical 
sides:  in  the  first  place  of  infinite  draught,  and  then 
of  finite  draught.  Finally  calculations  are  made  for  a 
form  which  is  unsymmetrical  fore  and  aft,  in  order  to 
show  the  difference  in  resistance  between  motion  with 
bow  leading  and  motion  with  stem  leading. 

W  ave  Resistance  of  Planks 

Wc  begin  with  the  ideal  case  of  a  plank  of  negligible 
thickness.  Assuming  the  boundary  layer  to  be  turbulent, 
we  take  for  its  thickness  d  at  a  distance  .v  from  the  leading 
edge  the  expression 

8  -  0-  37  (v  x/v)'  *  x  .  .  .  .  (1) 

where  v  is  the  velocity.  In  the  present  problem  it  is  the 
displacement  thickness  8,  with  which  we  arc  concerned, 
as  this  gives  a  measure  of  the  outward  deflection  of  the 
streamlines;  in  general,  8,  is  defined  by 

w,  d,  -  J(w,  —  u)d  y  ....  (2) 

where  u  is  the  fluid  velocity  at  a  point  in  the  boundary 
layer,  u,  the  velocity  at  the  outer  limit  of  the  layer,  and 
the  integral  is  taken  along  a  normal  through  the  layer.13 
Assuming  the  usual  velocity  distribution  we  have 
8,  —  $  8.  At  the  rear  end  of  a  plank  of  length  L,  the 
displacement  thickness  8,  has  a  value  /)  given  by 

b  —  0  04625  R_t  L  ....  (3) 

R  being  Reynolds  number.  Some  values  for  a  plank 
1 6  ft.  long  are  given  in  the  following  table  for  various 
values  of  the  Froude  number  /=e/v/(gL):  taking 
v>  =  1  -228  x  I0-5,  and  with  b  in  inches,  we  have 


/ 

0-2 

0-3 

■ 

0-4 

0-5 

b 

0-393  j 

0-362 

0-342 

0  327 

We  suppose  the  plank  to  be  immersed  in  water  and  cut¬ 
ting  the  free  surface.  We  might  devise  a  source  dis¬ 
tribution  which  would  give  this  displacement  boundary 
as  a  streamline.  Knowing  the  surface  waves  produced 
by  the  source  distribution  and  hence  the  energy  required 
to  maintain  the  system,  wc  can  deduce  the  corresponding 
wave  resistance.  Of  course,  for  any  body  with  form  the 
wave  resistance  is  associated  with  the  normal  pressures 
and  the  skin  friction  with  the  tangential  forces;  there 
must  always  be  some  interaction  between  these,  but  the 
usual  practice  of  treating  them  as  entirely  independent  is 


a  valid  approximation  in  most  cases.  It  is  obvious  that 
in  the  present  hypothetical  case  any  wave  resistance 
must  be  associated  with  a  change  in  the  tangential 
frictional  forces  with,  no  doubt,  a  consequent  disturbance 
ot  the  conditions  in  the  boundary  layer.  However, 
leasing  aside  this  interaction  for  the  time  being,  v.c  may 
attempt  to  find  some  numerical  value  for  a  possible  wave 
resistance.  It  is  clear,  from  the  values  of  h  given  above, 
that  on  any  assumption  it  will  be  very  small  compared 
with  the  usual  skin  friction:  hut  a  rough  estimate  may 
he  made. 

We  quote  now  expressions  for  the  wave  resistance  of 
a  given  source  distribution.5  Wc  take  the  origin  O  in 
the  free  surface,  O  v  in  the  direction  of  motion,  O  r 
vertically  downwards,  and  Ov  transversely.  If  the 
source  distribution  is  in  the  j  .v-plane  and  is  of  amount  a 
per  unit  area  at  any  point,  the  corresponding  wave 
resistance  is 

r-<‘ 

R  16  77  *5  P  I  (P2  ;  Q-)sec '9d0  .  (4) 

d0 


with  P  1  i  0 


,  —  Kn  »:  sec:  -f  i  *n  x  set  b 


Ixd:  .  (5) 


where  *0  g/v2,  and  the  latter  integration  is  taken  over 

the  distribution. 

We  shall  be  concerned  with  streamline  forms  which 
are  narrow  compared  with  their  length,  and  if  the  form 
is  given  by  an  equation  for  y  as  a  function  of  ,v  and  c, 
we  use  the  approximation 


Further,  in  the  present  paper,  all  the  forms  have  vertical 
sides;  so  that,  if  ci  is  the  draught,  we  have 
r-n 


R  - 
with 


4  p  v 


(1  ._  cos  ede  .  (7) 


I  i-  /  J 


*\r 

*x 


t,  i  K„  X  WC  0  J  x 


(8) 


Returning  to  the  immediate  problem,  wc  simplify  it  by 
replacing  the  displaced  streamline  by  a  simple  parabolic 
curve  which  starts  from  the  front  edge  of  the  plank  and 
leaves  the  rear  end  parallel  to  the  plank  and  at  a  distance  b 
from  it;  the  resulting  integrals  are  familiar  in  this  work 
and  can  be  readily  computed  and  the  approximation  will 
serve  for  the  immediate  purpose.  Taking  the  origin  at 
the  rear  end  of  the  plank,  we  use  (7)  and  (8)  with 


>'  =  6(1  -  xW) 


■  ■  (9) 


and  we  obtain 


."/2 


16  p  f  ,  /  2  2 

I  2  2  = - X  e~  '’)■  (  1  ■  2  ~  Sin  y 

hv~  ’’■ysJn  V  v  y 


~2  COS  y  j  COS3  0 


(10  (10) 


with 

>o  ;  X  L /«  -;  &  g  <//r;  y  -  y(,  sec  <>;  /i0  scc:  0. 
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Computation  was  made  for  a  plank  16  ft.  long,  witE  a 
draught  of  1  ft.  at  a  speed  of  8  ft.  per  sec.,  or  a  value  of 
/  0-3535.  Further,  b  as  given  by  (3)  was  taken  to  be 

0  03  ft.  The  result  was  R  —  0-003  lb.,  compared  with 
the  usual  skin  friction  of  about  5 *  86  lb.  The  point  of 
this  calculation  is  simply  to  confirm  that  the  effect  of 
the  plank  boundary  layer  may  be  taken  as  inappreciable. 
It  will  be  still  less  relatively  when  we  consider  a  form  of 
finite  beam  with  any  appreciable  wave  resistance.  When 
we  deal  with  such  forms  we  shall  therefore  simplify  th: 
work  by  neglecting  that  part  of  the  boundary  layer 
which  is  the  same  as  that  for  a  plank,  and  shall  consider 
only  the  region  near  the  stern  where  the  boundary  layer 
becomes  appreciably  and  rapidly  thicker  on  account  of 
the  curvature  of  the  form. 

Before  proceeding,  a  few  remarks  may  be  made  on 
skin  friction  experiments  with  planks.  Actual  planks 
have  thickness  and  form,  and  if  the  upper  edge  is  above 
the  free  surface  there  will  be  wave  disturbance  due  to 
the  form,  modified  to  some  extent  by  the  boundary  layer. 
Reference  has  often  been  made  to  the  possibility  of  wave 
resistance  being  included  in  some  measurements  of  skin 
friction,  but  usually  only  in  the  form  of  a  caution;  there 
do  not  seem  to  have  been  any  attempts  to  give  a  numerical 
estimate  of  its  value.  Perring6  refers  to  the  possibility 
of  having  to  make  allowance  for  wave-making  in  experi¬ 
ments  with  plank-like  forms,  and  Schoenherr,7  in  re¬ 
ferring  to  his  experiments  with  3-ft.  planks,  remarks  that 
the  speed  should  not  exceed  about  2-7  ft. /sec.  on  account 
of  appreciable  wave-making;  it  may  be  noted  that  this 
is  a  Froudc  number  /of  about  0  27,  but  other  experi¬ 
ments  with  partially  submerged  planks  have  been  made 
up  to/  —  0-4  or  even  higher. 

Knowing  the  form  of , the  plank  it  would  be  possible  to 
calculate  the  wave  resistance  from  the  usual  formulae, 
but  such  results  would  be  of  doubtful  value  at  low  speeds 
because  of  the  viscous  effects  which  are  now  under  dis¬ 
cussion.  However,  wave  resistance  theory  suggests 
another  line  of  attack.  According  to  the  formulae,  for 
models  with  the  same  mathematical  lines  and  with  con¬ 
stant  length  and  draught,  the  w'ave  resistance  varies  as 
the  square  of  the  beam.  This  relation  was  examined  by 
Wigley8  for  a  scries  of  three  models  satisfying  these  con¬ 
ditions.  The  residuary  resistance,  deduced  from  the 
total  resistance  by  the  usual  method,  did  not  quite  obey 
this  law;  but  the  divergence  was  attributed  to  the  neglect 
of  form  effect  in  estimating  the  skin  friction,  and  small 
increases  in  this  part  of  the  resistance  would  give  a  wave 
resistance  approximately  obeying  the  theoretical  relation. 
It  may  be  remarked  in  passing  that  form  effect  is  not 
easy  to  estimate  for  these  narrow  models  because  it  is 
not  sufficiently  greater  than  the  possible  experimental 
errors  in  measuring  resistance  and  velocity  at  low  speeds, 
where  in  addition  there  may  be  the  complication  of 
laminar  flow.  For  a  general  discussion  of  the  relevant 
data  for  form  effect  reference  may  be  mude  to  Todd.° 
For  our  present  purpose  we  choose  Model  1970B,  an 
experimental  model  used  at  the  N.P.L.  by  Wigley.10 

The  model  lines  are  given  by 


with  r,-2  0-4375;  «4  -  0-4375;  length  -  2  /  =  16  ft.; 

beam  —  2  b  -  1  -  5  ft.;  draught  d  1  ft. 

The  skin  friction  has  now  been  calculated  from  the 
standard  plank  formula  corrected  for  temperature.” 
Form  effect  has  been  allowed  for  by  adding  a  constant 
amount  0-05  to  the  corresponding  (C)  values,  which  is 
equivalent  tG  increasing  the  skin  friction  by  an  amount 
ranging  from  5%  to  6%.  The  skin  friction  so  increased 
was  subtracted  from  the  total  measured  resistance,  and 
the  residue  was  taken  to  be  pure  wave  resistance.  We 
now  reduce  these  values  according  to  the  square  of  the 
beam  for  a  plank-like  form,  with  lines  given  by  (11), 
length  16  ft.,  draught  I  ft.,  and  beam  3  in.;  this  value 
of  the  beam  gives  an  angle  of  entrance  (to  the  middle 
line)  of  1-75°.  The  wave  resistance  for  this  plank-like 
form,  so  estimated,  is  given  as  RH,  in  the  following  Table; 
Ry  is  the  skin  friction  derived  from  the  standard  plank 
formula. 


/ 

— 

r,  ft/sec 

R* ,  ib 

R/,  lb 

0-20 

4-54 

0-0092 

2-057 

0-22 

4-99 

0-0141 

2-448 

0-24 

5-45 

0-0295 

2-869 

0-26 

5-90 

0-0352 

3-320 

0  28 

6-36 

0  0601 

3  890 

0-30 

6-81 

0  1063 

4  311 

0-32 

7-26 

0  1376 

5-079 

0-34 

7-72 

0-1405 

5-417 

0  36 

8-17 

0-1711 

6  013 

0-38 

8-63 

0-2139 

6-637 

0  40 

9-08 

0-2589 

7-288 

It  appears  that  the  wave  resistance  is  about  1  percent  of 
the  total  resistance  at  /  =  0-24  and  rises  to  about  3  per 
cent  at  /  =  0-4.  Direct  comparison  with  planks  used  in 
skin  friction  experiments  is  not  intended,  because  these 
have  different  forms  and,  in  particular,  theirsmaller  area  of 
vertical  cross  sections  wculd  diminish  the  wave-making. 
Further,  it  is  clear,  from  the  various  steps  in  the  above 
calculation,  that  the  results  cannot  be  more  than  a  rough 
approximation;  nevertheless  they  will  serve  as  an  indi¬ 
cation  of  the  possible  numerical  magnitude  of  wave¬ 
making  resistance  in  plank  experiments) 

Parabolic  Form  of  Infinite  Draught 

Returning  to  the  main  problem,  we  consider  a  model 
with  parabolic  lines  and  make  small  modifications  near 
the  stern.  We  suppose  at  first  that  the  draught  is 
infinite,  as  the  integrals  can  then  be  expressed  in 
terms  of  functions  forwhich  tabulated  values  are  avail¬ 
able,  and  the  general  character  of  the  results  is  not 
much  affected  by  the  draught. 

Putting  y  —  b-q  and  x  =  1(,  and  the  model  having 
vertical  sides,  the  form  is  given  by 

t)  =  1  -  f* . (12) 
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Hence  from  (7)  and  (8) 


with 

where 


R  = 


4  p  b2  v2 
v 


,*/2 

(I2  +  J2)cos  9d9  . 


I  +  t  J  —  —  2 


J_. 


y  —  y0  sec  0;  y0  =  k0  !  —  g  Ifv1 


(13) 

(14) 


Using  P  functions,  which  are  defined  for  integral  values 
of  n  by 

rnl2 


p 2*  (/>)  =  (-  iy 


cos2"  9  sin  ( p  sec  9)  d  9 


•to 


-n 


Ul5) 


P2»  +  i  (P)  —  (—  1)"  +  1  I  cos2"  +  '■  9  cos  (p  sec  9)  d  9 


we  obtain 
R 

br‘ 


R__32i»r 

9v2~  Try2  |_i 


'2  8  1 

3  +  15  y2  (2  yo) 


(16) 


This  has  been  graphed  on  a  base /in  curve  A  of  Fig.  1, 
corresponding  to  the  form  section  A  in  the  same  diagram. 


Suppose  this  form  has,  say,  a  length  of  16  ft.  and  a 
beam  of  I  -5  ft.,  and  consider  the  virtual  modifications 
which  might  be  ascribed  to  boundary  layer  effect.  Let 
BMS  be  one  side  of  the  contour  of  the  model.  The 
wave  resistance  formulae  are,  in  fact,  derived  by  follow¬ 
ing  the  streamline  which  starts  from  the  bow  B,  follows 
the  contour  B  M  S  to  the  stern  S,  and  then  goes  off 
along  the  central  line.  Suppose  wc  know  the  displace¬ 
ment  thickness  of  the  boundary  layer  at  each  point  and 
set  it  off  to  form  a  new  curve  B  M'  S';  we  propose  to 
take  this  as  the  virtual  streamline  form  and  to  apply 
wave  resistance  theory  to  this  line  instead  of  the  original 
curve  BMS.  This  new  line  starts  from  the  bow  B, 
deviates  slightly  from  the  model  except  possibly  near  the 
stern,  and  we  shall  suppose  that  it  becomes  parallel  to 
the  central  line  at  a  point  S'  somewhat  to  the  rear  of 
the  stern  S  and  possibly  at  some  small  distance  from  the 
central  line.  In  default  of  sufficient  information  about 
the  boundary  layer  in  such  cases,  we  shall  make  some 
arbitrary  assumptions  and  see  what  effect  is  produced  on 
the  wave  resistance. 

We  shall  neglect  the  displacement  thickness  calculated 
as  if  for  a  plank,  as  we  have  seen  already  that  this  has 
no  appreciable  effect;  this  simplifies  the  work  consider¬ 
ably,  as  it  enables  us  to  follow  the  actual  form  from  the 
bow  to  some  point  near  the  stern.  We  suppose  that  the 
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new  streamline  then  leaves  the  form  tangentially,  and 
gradually  becomes  parallel  to  the  central  line  at  some 
small  distance  to  the  rear  of  the  stem.  It  may  be  noted 
that  this  departure  of  the  virtual  streamline  from  the 
form  does  not  necessarily  mean  separation  of  flow  in  the 
usual  sense;  the  latter  phenomenon  might  be  represented 
on  this  scheme  by  the  new  line  leaving  at  an  angle  to  the 
form.  We  shall  take  two  examples  and  in  both  we  shall 
suppose  the  new  curve  to  reach  the  central  line  at  its 
rear  end;  we  are  then  dealing  effectively  with  closed 
foiuis  and  this  simplifies  the  work,  though  it  could  be 
extended  to  include  a  permanent  wake  to  the  rear. 

First,  considering  a  16  ft.  model,  we  take  the  point  of 
departure  to  be  1  ft.  before  the  stern  and  suppose  the 
new  line  to  close  in  at  a  point  2  ft.  behind  the  stern.  If 
this  new  curve  is  given  by 


V  ---  a0  +  G|  €  +  a2  f2 

the  conditions  are 


v  64;  d$  ~  4’  f0r  - 


15  dr,  7 
;  d 

0;£j  =  0:for{  =  4 


a-i  f3 
7 

“  8 
5 


35  ,  41  32 

~2  £  +  y  £2  +  9  £3  • 


(17) 


(18) 


These  determine  the  coefficients  in  (17)  and  we  get 

1075 
77  ~  144 


(19) 


This  curve  is  shown  starting  from  the  point  B  on  the 
section  in  Fig.  1 .  It  passes  the  stem  at  a  transverse  dis¬ 
tance  5  b/ 72  from  it,  and  represents  little  more  than 
smoothing  out  the  stern  angle  of  the  model. 

We  now  have  instead  of  (14) 


I  +  /J  = 


+ 


(20) 


From  (13)  this  gives  the  result 

R  _  16  pp  2128  1  32768  1  32 

&~v2~  rryj|_3+  135  y$  315  3  y0  *'Pl' 

-  f^sOh)  +  3 (Pi)  +  37/«0»2) 

+  3~3 p s CPj)  ~  Pi (Pj)  +  §yipi(Pi) 

320  .  2048  „  ,  '1 

+  3^3 P*  ^  —  9^?  Cft)J  •  •  •  (21) 

where  p,  -  15 yo/8;  p2  =  9 yo/4;  p,=  3  y«/8 

This  is  graphed  in  curve  B  of  Fig.  1.  It  shows  how 
this  small  modification  practically  eliminates  the  bumps 

5 


and  hollows  at  very  low  speeds  and  reduces  them  con¬ 
siderably  up  to  about  /  --  O' 24, 

To  make  a  rather  larger  change,  we  suppose  next  that 
the  point  of  departure  is  2  ft.  before  the  stem,  the  line 
closing  in  as  before  at  2  ft.  behind  the  stem.  The 
coefficients  in  (17)  are  now  determined  from 


V 


7  dr, 
16’  d~£ 


3 

4 


0;  for  £  =  — 


(22) 


These  give  the  curve 

25  15  3  , 

v  =  16  +  16  ^  ~  2  ^  ~  *  ‘  ’  ' 


The  curve  is  shown  starting  from  C  on  the  section  in 
Fig.  1.  It  passes  the  stem  of  the  model  at  a  transverse 
distance  |  b  from  it.  In  this  case,  we  have 


I  +  1  J  —  —  2 


£e'r-d$ 

J-i 


-  i 


3  £  -  3  e 


d{ 


(24) 


and  hence  we  obtain 

R  _  16pf2  73  1  288  1  _  7 

h2  r2  nyl\5  +  15  yg  +  35  yjj  2  y0  4  Pt 

+  J^Pi  (Pl)  (Pl)  +  Ty0  P*  (P2> 

-  y~2  pf  (P2)  +  yi pt  (PJ  + 

+  ~s  Pt  (Pi)  ~  7a  Pi  (Pj)!  ....  (25) 

Vo  Vo  J 

where  p,  =  7  yJ4;  p2  —  9  y„/4;  p3  =  ye/2 


This  is  graphed  in  curve  C  of  Fig.  1.  Here  the  dif¬ 
ference  from  curve  A  for  the  original  model  is  very 
marked,  and  the  modification  is  probably  more  than  is 
needed  so  far  as  low  and  medium  speeds  are  concerned. 
It  remains  to  be  seen  what  difference  is  made  at  high 
speeds,  but  a  model  of  infinite  draught  is  not  suitable 
owing  to  the  exaggerated  values  obtained  at  high  speeds. 


Parabolic  Model  of  Finite  Draught 

We  turn  now  to  a  model  of  the  same  form,  with 
vertical  sides,  and  of  draught  d.  We  shall  take  the 
draught  d  to  be  one-twentieth  of  the  length  2  /,  because 
this  ratio  was  used  in  some  previous  work12  and  the 
results  given  there  can  be  used  to  check  the  present  work. 

For  the  model  itself,  we  have  from  (7)  and  (8) 


? 
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r  r  ■■ r 


p 

Yi, 


r  '*  n 

,J  (I  <*“  'I3  |^1  ■  COS  2  y 


sin  2  y  -f  ,  ( I  cos  2  y) 


cos'  0  d  0  .  (26) 


with 


Vo  8  ll>  ?  :  Po  8  dh'2  i  Y  ~  */»  sec  #  '•  P  =  Po  sec2  0 


In  this,  and  similar  integrals,  it  has  been  found  more 
convenient  for  computation  to  change  the  variable  from 
6  to  u  given  by  cos  6  sech  u.  The  integral  was  then 
evaluated  by  direct  quadrature,  together  with  an  asymp¬ 
totic  expansion  for  low  speeds  when  the  parameter  y0  is 
large.  The  curve  is  shown  as  D  in  Fig.  2. 


line  at  1  ft.  to  the  rear,  assuming  a  model  length  of  16  ft. 
Hence  the  conditions  are 


V 


15  d  7, 
64 '  df; 


d  tj 


=  0; 


for  £ 


9 

8 


7  ' 

8 


These  give  the  curve 


1 


569  63 

128  +  J* 


(28) 


(29) 


which  is  shown  starting  from  the  point  E  of  the  section 
in  Fig.  2.  It  passes  the  stem  at  a  transverse  distance 


SCALE  OF-f  =  T 

Fio.  2 


We  shall  not  use  the  same  modifications  as  in  the 
previous  section,  simply  because  the  cubic  curve  adds  so 
much  to  the  numerical  work.  It  is  sufficient  for  the 
present  to  assume  a  simple  parabolic  curve 

i)  =  «o  +  a\  f  +  ai  •  •  •  (27) 

for  the  new  part  of  the  streamline  near  the  stem.  First 
we  suppose  the  curve  leaves  the  form  tangentially  at 
1  ft.  before  the  stem  and  becomes  parallel  to  the  central 


9  6/128  and  it  finishes  at  a  transverse  distance  6/64.  Wc 
have  now 


1  +  ii  = 


te'i'dt  + 
-  J 


(30) 
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and  this  leads  to 


--r- 

/ 

l  r 

(1 

■ ":! 

l 

1  r 

y  L 

/15  \T  I  T67  ,  / 1 7  \ 

-  9s,n  ( 8  VJ  1  rL:  7cosUv 


9  cos  ^  '85  y)  -  623  cos  ^  y'j  J  cosJ  9  d  6 


(31) 


Values  computed  from  this  are  shown  in  curve  E  of 
Fig.  2. 

In  the  next  place  we  take  the  new  curve  to  extend 
similarly  from  2  ft.  before  the  stem  to  2  ft.  behind  the 
stem.  The  conditions  are  thus 


V 


7  dr) 
16*  dt; 


dV 

dt 


0;  for  f 


5 

4 


3 

4 


From  these  we  get 


V  = 


(32) 


(33) 


the  curve  shown  starting  from  the  point  F  on  the  section. 
It  passes  the  stem  at  a  transverse  distance  5  A/32,  and 
finishes  leaving  a  narrow  wake  of  half-width  A/16. 

In  this  case 


(34) 


and  for  the  resistance  we  obtain 
-n 


-  5  cos  Q  yj  '25  cos  Q  yj  J  }  cos'  0  d  0 


(35) 


This  resistance  is  graphed  as  Curve  1  in  F  ig  2. 

It  is  submitted  that  inspection  of  the  curves  in  Fig.  I 
and  Fig.  2  supports  the  general  conclusion  ihal  these 
small  modifications  give  the  required  kind  of  change  in 
the  resistance  curve  for  the  original  model,  namely 
elimination  of  the  humps  and  hollows  at  low  speeds 
with  a  much  smaller  relutise  effect  at  high  speeds 


further,  it  is  considered  that  the  modifications  of  form 
are  such  as  might  be  caused  by  displacement  of  the 
streamlines  by  boundary  layer  effects  near  the  stern. 
No  doubt  the  results  could  be  improved  by  further 
detail;  for  instance,  by  change  of  boundary  layer  with 
velocity  which  might  possibly  correspond  to  a  change 
in  the  point  of  departure  of  the  new  line,  or  by  assuming 
a  greater  virtual  extension  of  the  form  to  the  rear  with 
a  permanent  wake.  However,  the  simple  cases  given 
now  are  sufficient  to  illustrate  the  point  of  view. 


Lnsymmetrical  Model 

We  consider  finally  a  model  which  is  unsymmetrical 
fore  and  aft.  The  difference  in  resistance  according  to 
the  direction  of  motion  may  have  various  contributing 
factors;  for  example,  wave  reflect, on  might  be  important 
if  there  were  considerable  difference  between  bow  and 
stern  angles.  However,  the  main  effect  may  be  taken  as 
due  to  boundary  layer  modifications.  We  choose,  as 
the  simplest  case,  a  model  with  vertical  sides  and  with 
draught  equal  to  one-twentieth  of  the  length,  and  with 
the  lines  given  by 

V  (I  -f:)0  +  Jf)  •  •  •  (36) 


This  gives  a  bow  angle  twice  the  stem  angle.  When 
going  bow  first,  we  take  the  new  streamline  near  the 
stern  to  be  given  by  (27)  with  the  conditions 


85  d  r)  253 
v  512 :  d$  '  192* 


for  <?  =. 


d  q 

di 


0;  for£ 


9 
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(37) 


from  which  we  obtain  the  curve 

20501  .  2277  253 

r>  6144  ‘  384  f  ’  96  4 


(38) 


With  the  fine  end  leading,  the  mode!  is  given  by 

r,-(l~f2)(l  if)  •  •  •  (39) 


To  lighten  the  numerical  work,  wc  assume  the  two 
ends  of  the  new  streamline  to  be  in  the  same  relative 
positions  us  when  going  bow  first.  The  conditions  are 
now 
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155  dq 
512’  d{ 


419 

192 


;  for  £  =- 


<h 

d'i 


0;  for  t 
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8 


and  hence  the  curve 


7 

8 


J 


3412)  3771  419  £, 

n  6144  '  384  -  96 


(40) 


(41) 


The  form  of  the  model  with  the  modifications  (38)  and 
(41)  is  shown  in  the  >ection  in  Fig.  3. 
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CHO  020  .  030  040  060 


SCALE  OF  |  =  V^T 

Fig.  3 


With  the  full  end  leading  we  have 
I  +  /J  =  J(^-2£-£2)eiY5d£ 


+ 


.. 


(42) 


and  with  the  fine  end  leading  we  have 

,i 


I  +  /J  = 


J-l 


+ 


/3L7.1  419  A 

V  384  +  48  V 


e'^d?  .  (43) 


We  shall  examine  only  the  difference  in  resistance 
between  the  two  cases.  Forming  IJ  +  J*  from  (42)  and 
(43)  and  using  the  difference  we  obtain  eventually 

b*r  *7  Vo  J.  LJ  J  r 


4* 


(fy-“)«"(V7>')+r?CM(i>') 


(44) 


These  integrals  have  been  computed  and  the  curve  is 
shown  in  Fig.  3;  the  ordinates  in  this  curve  are  the 
corresponding  difference  in  ©  values  for  this  model. 

This  curve  may  be  compared  with  results  from  experi¬ 
ments  with  unsymmetrical  models,  for  instance  in  work 
at  the  N.P.L.  by  Wigley.10  The  curve  has  the  same 
general  character  and  the  right  order  of  magnitude, 
except  that  in  the  experimental  models  the  difference  in 
resistance  diminishes  to  zero  at  about  /=0-5.  The 
agreement  could  probably  have  been  improved  in  the 
calculations  by  taking  the  point  of  departure  of  the  new 
curve  at  different  points  for  the  full  end  and  the  fine  end. 
However,  there  is  little  to  guide  one  meantime  in  making 
these  assumptions,  and  moreover,  in  dealing  with  actual 
ship  models  boundary  layer  structure  is  still  more 
difficult  to  unravel  in  its  dependence  upon  form. 
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THE  WAVE  RESISTANCE  OF  A  CYLINDER 
STARTED  FROM  REST 

lit)  T.  H.  HAVKLlH  'K  {Kittt)  ( 'nllujt ,  .Y<  wvv/.<//#,-oh-7,//w*  ) 

[Kcct  i\t‘(|  I August  1948] 

S  1  M  M  A  K  A 

A  mi  tlunl  of  .>htiiimiig  i-xpivssi  >ns  for  wave  ri . » 1 1< -t ■  in  accelerated  motion  is 
jjivcn,  Imt  the  part  sen  la  r  prohlctn  •  \a  mined  is  the  mot  ion  due  to  a  circular  cylinder 
stihineiyeil  at  a  givi-n  depth  helmv  the  free  surface,  the  cylinder  bring  suddenly 
started  from  rest  and  made  to  more  with  uniform  velocity.  The  surface  elevation 
at  any  time  is  discussed,  and  expressions  obtained  for  the  finite  wave  resistance 
at  any  time  after  the  start.  Numerical  calculations  have  been  made  for  three 
different  speeds,  and  curves  are  given  showing  how  the  resistance  rises  initiallv 
and  oscillates  about  the  steady  value  for  each  speed. 

1.  Introduction 

Calc  r  lati  o  n  s  of  wave  resistance  have  hitherto  been  made  only  fora  body 
moving  with  constant  velocity,  the  problem  being  treated  directly  as  one 
of  a  steady  state  when  referred  to  axes  moving  with  the  body.  The  ease 
of  non-uniform  motion  is  of  interest  in  itself,  and  also  has  possible  applica¬ 
tions.  For  instance,  in  measuring  the  resistance  of  ship  models,  the  question 
arises  how  long  it  is  before  the  effect  of  the  starting  conditions  becomes 
inappreciable.  As  a  matter  of  fact,  measured  resistance  curves  always 
siiow  oscillations  about  the  steady  value  for  a  given  speed,  but  these  are 
no  doubt  mainly  due  to  the  natural  period  of  the  measuring  apparatus; 
however,  it  would  he  of  interest  to  have  some  examination  of  the  approach 
to  the  steady  resistance  after  the  initial  age  of  accelerated  motion. 

.Expressions  for  wave  resistance  in  accelerated  motion  have  been  given 
by  Sretensky  (1).  who  obtained  them  by  transforming  t lie  hydrody inimical 
equations  to  a  form  suitable  for  axes  moving  with  acceleration,  but  the 
formulae  are  too  complicated  lor  numerical  calculations  in  general; 
Sretensky  has.  it  is  understood,  made  some  calculations  more  recently  for 
a  particular  law  of  acceleration,  but  the  results  are  not  available. 

In  some  early  work  (2).  instead  of  assuming  the  steady  state  as  estab¬ 
lished,  I  used  an  alternative  method  for  uniform  motion.  This  may  be 
described  as  finding  the  distm banco  d-.;e  to  an  infinitesimal  step  in  tin- 
motion  of  the  body  and  then  integrating.  Jt  was  pointed  out  at  the  time 
that  the  method  could  be  applied  to  motion  with  variable  velocity.  It  is 
shown  now  that  this  method  leads  diree'ly  to  expressions  equivalent  to 
those  obtained  otherwise  by  Sretensky.  How  .'ver.  the  present  note  deals 
mainly  with  one  particular  problem,  namely,  a  circular  cylinder  submerged 

[Quart.  Journ.  Xlech.  and  Applied  Math.,  Vol.  II,  1't.  3  (1949)] 
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in  'later  at  a  given  depth,  -.uddenly  started  from  rest  with  a  given  velocity 
and  maintained  at  that  speed.  It  has  been  found  possible  to  make  numerical 
calculations  in  this  ease,  and  the  results  illustrate  various  points  of  interest. 

2.  Circular  cylinder 

Take  the  origin  O  at  the  centre  of  the  circular  section,  of  radius  .7,  at 
a  depth  /  below  the  free  surface  with  Ox  horizontal  and  Oy  vertically 
upwards.  3,f  the  cylinder  is  given  a  small  horizontal  displacement  c  8r,  from 
rest  to  rest,  the  velocity  potential  of  the  subsequent  fluid  motion  is  given 

by 

<i>  —  2ea2(/t  8t  j  f-'fW-i/)gin(/<-7-)sin(ji/«-J)/ci  the.  (1) 

6 

i  This  is  equation  (12)  of  the  paper  already  quoted  (2),  obtained  there  by 
a  Fourier  integral  method;  it  can  also  be  derived  in  the  manner  given  later 
by  Lamb  (3)  for  the  three-dimensional  case. 

The  velocity  potential  for  continuous  motion  with  variable  velocity  can 
be  found  by  a  direct  integration.  We  consider  first  the  simple  case  when 
the  cylinder  is  suddenly  started  at  time  t  =  0  and  made  to  move  with 
uniform  velocity  r.  We  obtain,  noting  that  the  origin  is  at  the  centre  of 
the  moving  cylinder, 


<t> 


ca*x  ca-x 

x2+y‘i  x2+(2f-y)2 

t 


+  2 ca^g*  dr  j  e-'‘t2/-i/)sin{/<(aj-)-c<— cr)}sin{gfM(f— (2) 


Deriving  the  surface  elevation  rj  from  the  relation 

<»-/>• 

we  obtain 

t  00 

rj  =  2 ca2  dr  j*  e_,(/sin{K(a:-f  ct— crjjcosjgdic*^— t))k  dx. 
o  o 

Hence  we  have 

00 

„  _  -a2f  |  o.f  n2  f  cos KXc-Kfy 

71  5+75+  0  J  d* 


(3) 

w 


J  (  KC-f-g^K*  KC-g*K*  j 


where  k0  —  g/c\  and  the  principal  values  of  the  integrals  are  to  be  taken. 
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The  first  two  terms  in  (5)  give 


Vi 


.  - ‘Itt «■„  fi~r  *«/  sit 


UJ 

.1  •>  f  sin  «•/■—«: cos Kf  ,  .  ... 

—  !k0(i-  - - - - - - ±c~KXi Ik  (x  >  0), 

J  *  +*T> 


Vl 


-TTT1+  2rr/r0«2c-'f',siii  k0x- 
x2+f2 


—  2k0  a2  f  (x 

J  K~+><0 


0).  ((») 


» 

The  expressions  for  rjl  represent  a  steady  state  relative  to  the  moving 
cylinder  and  symmetrical  fore  and  aft  of  it.  With  x-\-ct  —  f  —  distance 
from  a  fixed  origin  at  the  starting-point,  the  last  two  terms  in  (5)  represent 
the  surface  elevation  at  any  time  due  to  an  initial  displacement  and  velocity 
which  is  the  negative  of  that  given  by  (6);  this  must  be  the  case  in  the 
present  problem  and  it  can  be  directly  verified.  With  a  change  of  variable, 
and  with  «5  =  k0,  the  last  two  terms  in  (5)  are  given  by  the  real  part  of 


JpH£ir-oil")  r  pi^u2+a*-ln) 

-  --  --  u2e-/,rdii—4a2  - - - u2e~/a"  du. 

«-«0  J  «  + 


pi^ir+gilu) 


(1) 


The  limiting  value  of  r;2  as  t  becomes  infinite  is  derived  from  the  principal 
value  of"  ae  first  integral  in  (7);  taking  the  real  part,  we  find  that 

i;2  ->  277-/c0«2e~Ko/sin  K0.r  as  t - fco.  (<S) 

Turning  to  (H).  we  see  that  ultimately  (H)  cancels  out  the  regular  waves 
in  advance  of  the  cylinder  and  doubles  the  amplitude  of  those  in  the  rear. 
Without  examining  the  surface  elevation  in  detail,  we  may  specify  more 
closely  the  part  which  at  any  time  consists  of  a  regular  train  of  naves 
accompanying  the  moving  cylinder.  It  is  clear  from  the  form  of  the  integrals 
in  (7)  that  the  only  contribution  to  such  a  train  comes  from  the  first 
integral,  or  from 


-*l24  - - 

J  »—  Mr 


■C  (III. 


!>) 


and  is  due  to  the  pole  at  >(  —  n0.  Regarding  it  as  a  complex  variable,  tin* 
path  is  along  the  real  axis  indented  at  ii  n0.  There  is  a  saddle-point  at 
ii  —  ft  23.  First  suppose  3  >  (».  The  path  of  integration  may  bo  rotated 
round  the  saddle-point  to  the  line  of  .  tee pest  descent,  namely,  the  iine 
n  ft  '2£~  r^i7T,  the  contribution  of  the  circular  ares  required  to  complete 
the  closed  contour  being  zero  in  die  limit.  We  have  also  to  take  account 
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of  the  indentation  at  w0  according  as  v0  >  or  <  gH/2 £,  that  is,  according 
as  £  >  or  <  }ct.  In  this  manner,  it  is  found  that  as  far  as  the  regular 
waves  are  concerned,  (9)  gives 

27TK0a2e  siriK0x  (£  >  £ ct ), 


—  2TTK0a2e-K<>f  sin  k0x  (£  <  ^ct). 


(10) 


Similarly  if  £  <  0  the  line  of  steepest  descent  is  the  line  u  —  gH/2£-j-reiin 
and  the  corresponding  contribution  is  —  2mc0a2e~'!'|>/sin  k0x. 

Summing  up  this  outline  of  an  analysis,  the  surface  elevation  at  any 
time  is  made  up  of  three  parts:  (i)  the  local  symmetrical  disturbance 
travelling  with  the  cylinder  given  by  the  first  and  +hird  terms  in  (6); 
(ii)  a  regular  train  of  waves  4'nKna2e.~l<0> sin  k0x  behind  the  cylinder  extend¬ 
ing  from  x  —  0  to  x  =  —\ct  \  (iii)  the  part  given  by  the  remaining  integrals, 
representing  a  disturbance  which  spreads  out  in  both  directions  and 
diminishes  in  magnitude  as  time  goes  on. 

The  second  part  agrees  with  the  general  description  using  the  idea  of 
group  velocity.  The  third  part  has  not  been  examined  in  detail,  but  an 
asymptotic  expansion  suitable  for  large  values  of  £  and  t  may  be  found 
from  the  transformed  integrals  indicated  in  the  previous  discussion.  For 
large  positive  values  of  f  and  (gH/2^)— the  first  term  in  such  an 
expansion  is 

(11) 


, 8  cqsQ-tt  -  gt2/if'). 


9* 


2<f3/2(<f  -  g-  ct) 

For  £  =  ct,  that  is,  at  a  point  jver  the  centre  of  the  moving  cylinder, 
this  reduces  to 


e-i«o/  cos  ^(77 —  Kq  ct), 


(12) 


a  result  which  can  be  obtained  directly  from  the  integrals  in  (7)  by  using 
the  method  of  stationary  phase.  After  a  sufficient  time,  (12)  gives  approxi¬ 
mately  the  departure  of  the  motion  over  the  cylinder  from  the  quasi¬ 
steady  state  consisting  of  the  local  sym  metrical  disturbance  and  the  regular 
train  of  waves  to  the  rear.  If  (=  2 tt/k0)  is  the  wave-length  in  the  regular 
train,  the  wave-length  of  the  disturbance  near  the  cylinder  is  4A0.  the  wave¬ 
length  for  which  c  is  the  group  velocity.  The  usual  direct  solution  for  motion 
with  uniform  velocity  leads  to  the  surface  elevation  (6)  with  regular  w’aves 
in  advance  as  well  as  to  the  rear.  The  so-called  practical  solution  is  then 
obtained  by  superposing  a  free  infinite  wave  train  cancelling  out  those  in 
advance  and  doubling  the  amplitude  to  the  rear.  Another  well-known 
method  of  obtaining  this  practical  solution  directly  is  to  use  the  frictional 
coefficient  introduced  by  Rayleigh.  In  the  present  analysis  we  have  not 
used  this  frictional  coefficient,  the  values  of  the  integrals  being  interpreted 
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as  principal  values  wherever  necessary.  The  chief  point  of  the  discussion 
is  that  there  is  no  ambiguity  when  the  motion  starts  from  rest.  1  '  motion 

which  is  gradually  established  as  time  goes  on  is  the  practical  solution  for 
the  steady  state,  with  regular  waves  only  to  the  rear  of  the  cylinder;  this 
result  is  in  fact  associated  with  the  group  velocity  being  less  than  the  wave 
velocity. 


3.  The  Wave  Resistance  (Revised,  1959).* 

The  velocity  potential  (2)  is  sufficient  for  the  surface  elevation  to 
the  usual  approximation;  but,  in  order  to  calculate  the  forces  on  the 
cylinder  from  the  fluid  pressure,  it  is  necessary  to  add  a  further  ap¬ 
proximation  so  as  to  satisfy  the  correct  boundary  condition  on  the 
surface  of  the  cylinder  with  z  =  x  +  iy  and  V  =  (^/k)1/2,  the  complex 
potential  of  which  (2)  is  the  real  part  is  given  by 


w  = 


ca* 


ca‘ 


2  -  2if 


+  ca2g 


{e-iK(c-V)(t-T)_e-(c  +  V)U-T)}xe-iKZ-2  «fK)dK'  (13) 

We  may  expand  this  in  the  neighbourhood  of  the  cylinder  in  the  form 


ir  +  SnV" 


(14) 


Hence  the  required  form  for  the  complex  potential  is 


w 


ca 

2 


24 


-  aSnA  * 
+  z _ i_ 

n 

2n 


(15) 


valid  near  the  cylinder,  the  asterisk  denoting  the  conjugate  complex 
quality. 

If  X  and  Y  are  the  horizontal  and  vertical  forces  on  the  cylinder, 
we  have  from 


2 

x  ~ ilr  *  \  dz  ~  <16) 

the  integrals  being  taken  round  a  small  contour  surrounding  the  origin 
From  (14)  and  (15)  we  get,  to  the  first  order  in  the  co-efficients  A 

X  -  iy  =  inpca2A2  -  2 npa2  ^  Ay  (17) 


‘EDITOR’S  NOTE:  In  preparing  thi.  1959  revialon  of  Section  3,  pages  329,  331,  and  332  of 
the  original  paper  were  modified  and  page  330  was  deleted  completely. 
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331 


with 


A\  =  -jp-yca2gl/2 


H  • 

{e  -£  -  ^  >  <('TLe  “i  «  (c  +  F  )  (t-r  jj.  e-2*fKV2  ^ 


=^--J-caV/2 


8/ 


t  * 

‘I  *1 


(18) 


{e  -£  “  (e  -^  )  “J  *  (c  +  F  )  (t-T)}e  -2  «  /k5/2  ^ 

Taking  the  real  part  of  (16)  and  integrating  with  respect  to  r,  we 
obtain  for  the  wave  resistance 


R  =  2  ngpca 


00 

*« 


sin  k(c  -  v)i  sin  k(c  +  V)t 


c  -  v 


c  +  v 


>e 


KfKdx 


(19) 


Putting  k  -  kqu2  =  gu2/c 2  this  becomes 


R  ,  i,gPK*a‘  rptSL^"-1).!  +  ,^"IMyX>I1  (20) 

with  a  =  KQct,  /3  =  2k0/. 

For  suitable  values  of  the  parameters  a, (3  the  integrals  in  (20)  may 
be  computed  by  direct  quadrature,  or  from  convergent  and  asymptotic 
expansions  which  may  readily  be  deduced.  In  particular,  the  limiting 
value  as  t  becomes  infinite  follows  directly  from  the  first  term  in  the 
integrand  and  is 

R  =  ±n2gPK2a*e-2K°f  (21) 

the  wave  resistance  for  uniform  motion.  The  next  approximation  for 
t  large  is  of  order  t~1/2  and -can  be  obtained  from  the  same  integral  by 
the  method  of  stationary  phase.  This  gives,  as  t  ■*  ■* 

R  -  in2gpK02a*e~2  K°f  +  ^  ngPKQ2a4 iK  0  fsin(^KQct-^y22) 


Thus  ultimately  the  resistance  oscillates  about  the  steady  value, 
the  amplitude  of  the  oscillations  diminishing  slowly  with  the  distance 
travelled  and  the  period  being  roughly  4A0,  corresponding  to  the  per¬ 
turbation  of  the  wave  motion  given  in  (12). 
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4.  Three-dimensional  motion 

Turning  to  the  general  problem,  we  take  the  origin  0  in  the  free  surface, 
with  Oz  vertically  upwards.  Suppose  a  point  source  of  strength  m  is 
suddenly  created  at  the  point  (0,0,  — /)  and  maintained  for  a  short  time 
St.  To  satisfy  the  condition  at  the  free  surface  for  the  initial  motion,  we 
take 


,  mm 
Po  ~  7  > 


(23) 


with  r\  =  x2+y2+(z+f)2;  r\  =  x2-\-y2+(z— f)2. 

The  initial  surface  velocity  found  from  (23)  acting  for  a  time  Sr  gives 
a  surface  elevation  which  can  be  put  in  the  form 


£0  —  —hr  J*  dd  j  e~Kf  cos (kvt)k  cIk,  (24) 

—  ft  0 

with  nr  =  x  cos  d-j-y  sin  d. 

The  velocity  potential  of  the  fluid  motion  at  any  subsequent  time  t  due 
to  this  initial  displacement  without  velocity  is 


(f>  =  —g*hr  J  dd  J  e~Kf+l<z cos(Km)sin(gitKi)Ki  dK.  (25) 

—  7T  0 

Consider  now  a  source  moving  parallel  to  Ox  at  constant  depth  /,  the 
strength  m  being  a  function  of  the  time.  Let  x  be  measured  from  a  moving 
origin  vertically  over  the  source,  £  from  a  fixed  origin  at  the  starting-point; 
and  let  st  be  the  £ -coordinate  of  the  source  at  any  time  t.  Then  we  obtain, 
from  (25), 

t  7T  00 

^  _  m(0  —  f  m(T)dr  f  dd  I  e~Kf+KZ cos(/<v>',)sin{g1/cJ (t-r))K*dK, 

ri  r2  Tr  J  J  J 

0  -n  o  (26) 

with  vr '  —  (£— -sT)cos0-|-?/sin0. 

We  may  generalize  this  result  for  a  solid  body  moving  through  the  liquid. 
If  the  solid  moves  through  an  infinite  liquid  with  unit  velocity,  we  may 
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t;  ke  the  fluid  motion  to  be  that  due  to  a  certain  distribution  of  sources 
and  sinks  over  its  surface  and  of  amount  o  per  unit  area  at  each  point.  We 
assume  this  distribution  in  the  present  problem  in  order  to  obtain  the  wave 
motion  to  the  first  approximation.  Thus  in  (26)  we  replace  rn  by  ac(l), 
where  c  is  the  velocity  at  time  t;  if  (h, k,  — /)  is  a  point  on  the  surface  of 
the  body  w'e  also  put  x—h  for  x,  y — k  for  y,  and 

nr'  =  (g—h—sT)cosd-\-(y—k)smd, 

and  the  required  velocity  potential  is  obtained  by  integrating  over  the 
surface  of  the  body. 

We  shall  not  carry  the  general  problem  further  meantime,  but  consider 
the  case  of  a  slender  ship  form.  Here  the  usual  approximation  is  to  take 
a  =  —  ( dyjdh )/°v,  where  the  surface  of  the  form  is  given  as  an  equation 
for  y  in  terms  of  h  and/;  further,  the  source  distribution  is  taken  to  be  in 
the  longitudinal  section  of  the  form  by  the  plane  y  —  0.  We  obtain,  in 
this  case, 


t  IT  00 

e-Kf+Kz  co8(fcnr')sin{^*/f*(<  _  T)}/fi  (Ik, 

(27) 

/h  m'  ~  (£— h— sT)cos  6+y  sin  6.  This  result  is  equivalent  to  that 
Sained  by  Sretensky  by  a  different  method. 

The  pressure  at  any  point  is  given  by  p  neglecting  the  square  of  the 
fluid  velcsity;  and  the  resistance  is  found  from 

R  =  -2  JJ  p(h',  0,  -f')?jL'dh'df’,  (28) 

taken  over  the  longitudinal  vertical  section.  Hence,  from  (27)  and  (28), 
we  find 

X  JJ  [{(V-A)*+(/'+/)V-{(*'-A),+(/'+/)>}t]^dW+ 

0  -IT 

00 

X  J  e~K{^,')cos(KVT')cosi{giKi(t — t))k  dx,  (29) 

o 

withur'  =  ( h ' — sT)cos  6. 


o  —  it  o 
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The  coefficient  of  c  is  an  effective  mass  for  this  particular  problem, 
taking  account  of  the  free  surface  and  assuming.no  wave  formation  and 
noting  that  the  square  of  the  fluid  velocity  has  been  neglected. 

As  a  special  case,  suppose  the  model  to  be  started  from  rest  with  a 
velocity  c  which  is  then  maintained  constant.  The  finite  resistance  at  any 
time  after  the  start  is  given  by  the  second  term  of  (29),  with  c  a  constant 

and  vr'  =  r)}cos0. 

The  result  can  be  reduced  to  the  form 

t  TT  00 

R —  J*  dT  j  dd  j  (/2-f  J2)cos{kc(<— t)cos  0}cos{grM(f— t)}k  <Ik, 

0  0  (30) 


with 


I+iJ  =  JJ  e-«/+i>ftcos ddhdf. 


(31) 


Integrating  with  respect  to  r,  this  gives 

Jrr  co 

R  _  f  dd  f  ( I*  1  J2)rsini(^ccosg-ffi<c-)0  ,  sin^KCcosg+g^*)^}]  d 
rr2  J  J  [  kc  eosd— giKi  kc  cos 

o  0 

(32) 

It  can  be  verified  readily  that  the  limiting  value  to  which  this  tends  as 
t  becomes  infinite  is 

in 

(33) 


R  =  J  (/2+ Jg)Sec30  d0, 


where  70+/J0  is  given  by  (31)  with  k  replaced  by  #cosec20. 

This  result  (33)  is  the  known  expression  for  the  steady  resistance  at 
constant  speed. 
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THE  RESISTANCE  OF  A  SUBMERGED  CYLINDER 
IN  ACCELERATED  MOTION 

By  T.  H.  HAVELOCK  ( King's  College,  Neivcastle-on-Tyne ) 
[Received  8  March  1949] 

SUMMARY 

The  problem  considered  is  the  resistance  to  motion  of  a  circular  cylinder  at  a 
constant  depth  below  the  free  surface,  in  particular  when  the  motion  starts  from 
rest  and  has  uniform  acceleration.  The  resistance  is  expressed  as  the  sum  of  two 
terms ;  one  corresponds  to  the  wave  resistance  for  uniform  velocity,  and  the  other 
may  be  taken  as  giving  an  effective  inertia  coefficient,  the  variation  of  which  during 
the  motion  is  of  special  interest.  The  expressions  are  carried  to  the  second  order 
of  approximation  and  have  been  reduced  to  forms  suitable  for  numerical  computa¬ 
tion.  Curves  are  given  showing  the  variation  of  both  parts  of  the  resistance  during 
the  motion,  for  various  values  of  the  acceleration. 

1.  Fok  the  steady  motion  of  a  submerged  body  with  velocity  c  parallel  to 
Ox,  the  condition  at  the  free  surface  of  the  water  is 

c282(f>jex2+g  d<f>jdy  =  0, 

where  </>  is  the  velocity  potential,  Ox  is  horizontal,  and  Oy  upwards.  For 
small  values  of  c  this  becomes  formally  equivalent  to  8<f>l8y  —  0,  while  for 
large  velocities  the  corresponding  limit  may  be  taken  as  —  0.  The  same 
effect  may  be  seen  if  we  consider  the  expressions  for,  say,  a  moving  point 
source  at  a  given  depth  below  the  surface;  it  is  easily  seen  that  in  the  limit 
the  image  system  becomes  a  point  source  lor  small  velocities,  while  it 
approximates  to  a  sink  for  brge  velocities.  Sonic  discussion  has  arisen  as 
to  the  approprate  surface  condition  to  use  when  estimating  the  effective 
inertia  of  submerged  or  floating  bodies;  but  any  argument  based  on  steady 
motion  assumes  a  state  which  has  been  uniform  for  a  long  time,  and 
cannot  be  applied  directly  to  accelerated  motion  or  notion  started  at  a 
given  instant.  In  a  previous  paper  (1 )  expressions  were  given  for  resistance 
in  accelerated  motion,  but  no  case  has  hitherto  been  worked  out.  It  can 
be  seen  from  equation  (30)  of  that  paper  that,  if  we  proceed  only  as  far 
as  the  first  approximation,  the  total  resistance  separates  into  two  parts, 
the  wave  resistance  and  the  inertia  resistance;  further,  the  latter  part  is, 
to  that  approximation,  the  same  as  for  motion  under  a  free  surface 
neglecting  gravity  and  thus  corresponding  to  the  surface  condition  <f>  —  0. 
To  obtain  a  more  accurate  result  it  is  necessary  to  proceed  further  in 
the  approximation  to  the  solution.  In  the  present  paper  we  consider  the 
problem  of  the  circular  cylinder  moving  at  constant  depth  below  the 
surface,  examining,  in  particular,  motion  with  uniform  acceleration  starting 

[Quart.  Journ.  Mecb.  and  Applied  Math.,  Vol.  II,  Pt.  4  (1949)] 
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from  rest;  the  solution  is  carried  to  the  second  order  of  approximation. 
It  has  been  found  possible  in  this  case  to  reduce  the  expressions  to  forms 
which  are  not  too  difficult  for  numerical  computation,  and  curves  have 
been  drawn  to  show  the  influence  of  the  acceleration  upon  the  resistance 
and  upon  the  effective  inertia  coefficient. 


2.  We  shall  construct  the  expressions  by  the  method  used  in  the 
previous  paper.  With  the  origin  O  at  a  depth  /  below  the  free  surface, 
Ox  horizontal  and  Oy  upwards,  :  appose  a  singularity  of  order  n  created 
at  the  origin  at  time  t  —  0,  maintained  for  a  short  time  Sr  and  then 
annihilated.  To  satisfy  the  condition  at  the  free  surface  during  this 
impulsive  motion,  we  have  for  the  complex  potential  function 

w0  =  Pnz~n  —  P*(z — 2r/ )  ,  (1) 

where  PH  may  be  complex,  and  P*  denotes  the  conjugate  complex 
quantity. 

To  obtain  the  surface  elevation  in  a  convenient  form  we  write  (1)  as 


OO 


00 


w0  = 


( -*)" 
(n~  1)! 


P"  /  K’l~lei 


■iKZ  dK  - 


(»)" 

(w— 1)!  n 


I 


-le-iKZ-2Kf  yK' 


(2) 


0  0 

The  result  of  the  initial  vertical  velocity  acring  for  a  time  St  is  to  leave 
the  free  surface  with  an  elevation  y  given  by 


«  =  Re-(*1-- 1  Sr  f  K”e-iKX-K' dx,  (3) 

(to—  1)!  J 

o 

where  Re  denotes  the  real  part. 

The  potential  function  for  the  subsequent  fluid  motion  due  to  this 
initial  surface  elevation,  without  velocity,  is 


w  =  -9~-  P *  St  f  Kn-le-<«-2«/8in(j|i/»e»)  d/c.  (4) 

(»—!)!  J 

o 

We  now  consider  this  to  be  a  continuous  process  occurring  as  the  origin 
moves  parallel  to  Ox  with  a  velocity  r.  with  c  and  Pn  functions  of  the  time. 
Let  8(  be  the  distance  travelled  by  the  origin  from  the  starting-point;  then 
in  (4)  we  replace  t  by  t—r,  and  z  by  z—(s,—sT),  so  that  z  is  now  referred 
to  the  moving  origin.  Integrating  from  the  start  up  to  the  instant  t,  we 
obtain  for  the  complex  potential 

t  CO 

P* (t)  dr  j'  dK)  (5) 

o 


p„(t) _ pjd)  in+w  r 

z'1  (z  —  ‘2ij  )n  (to— 1)!  J 


with 


JJ  ~  g-i(x(*r*THhh-T)) _ g-i{^«,-Sr)+(7Lhl-T)}> 


(6) 
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This  result  may  be  confirmed  by  using  the  pressure  condition  at  the  free 
surface,  when  the  axes  are  moving  parallel  to  Or  with  velocity  c  and 
acceleration  c.  For  these  relative  coordinates  we  have 


p  ct  ox 

(8) 

1  g  st  g  ox  v 

The  condition  that  p  is  constant  on  the  free  surface  leads  to  the  condition 


n  (82w  ,  nd2u>  ..  dw 

KehF+c's?+(,!'-':)*-2c 


!(=)}  - * 


y  =  /• 


It  may  be  verified  by  direct  substitution  that  (5)  satisfies  this  condition. 


3.  Suppose  a  circular  cylinder,  of  radius  a,  centre  at  the  origin,  is 
moving  horizontally  with  velocity  c.  We  assume  that  the  potential  can 
be  expressed  as  an  infinite  series  of  terms  like  (5)  for  integral  values  of  n; 
and  the  quantities  Pn  are  to  be  determined  from  the  boundary  condition 
on  the  circle  |*|  a.  If  we  write 

F(k,1)  =  I  (-iy'Pn{t)Kn--\l(n-l)\,  (10) 

l 

we  have  the  general  expression 

QO 

w  =  2  Pn{t)z~n—  J  F*{x,t)e  -t**-i*t  dx~ 

0 

t  co 

—  ig*  J  F*(k,t)  dr  j  Le-iKZ~2*f k*  dx.  (11) 

o  o 

We  may  expand  the  second  and  third  terms  in  positive  powers  of  z  in  the 
neighbourhood  of  the  circular  boundary,  and  we  get  w  in  the  form 

™--l{Pn*-n  +  Qn*")>  (12) 

with 

00 

Qn  =  -“f"  J  + 

+  !Z_  JL  J  F*(x,r)dr  j  LKn+*e-2"f  dx.  (13) 

0  0 

The  boundary  condition  on  the  circle  gives 

Pj  =  ca2+a2Qf]  Pn  =  a2nQ*.  (14) 
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Hence,  for  the  quantities  Pn  we  ha  ve  the  infinite  set  of  equations 

CO.  t  00 

P^t)  =r  ca2—ia2j  F(K,t)Ke-2Kf  dx  — g*a2  J  F(k,t)  dr  J  L*x%e~2Kf  dx, 

o  oo 

00 

Pjt)^.-  -—  F(K,t)Kne-2*f  dx  + 
n\  J 
o 

t  OO 

H - - -  I  F(x,r)dr  I  L*xn+ie~2K^  dx.  (15) 

0  0 

4.  We  shall  only  attempt  an  approximate  solution  of  these  equations 
as  far  as  the  second  order,  that  is,  up  to  n  —  2.  It  may  be  noted  that  the 
condition  at  the  free  surface  is  satisfied  exactly,  but  the  condition  on  the 
circular  boundary  is  only  satisfied  approximately  to  the  order  indicated. 
For  the  forces  {X,  Jf )  on  tho  cylinder  we  use  the  general  expression  suitable 
for  axes  moving  "'ith  the  cylinder  (2),  which  is  in  this  case 

X  —  iY  —  ipi  f  (~\  dz-\-TTpa2c — pi—  f  w*  dz*.  (16) 

J  \dz }  ot  J 

We  shall  find  it  convenient  to  take  the  corresponding  resistance  in  two 
parts;  thus,  to  the  present  order, 

=  (17) 

R,  —  — irpaV  +  Rejpi  j  w*  dz* j= — npasc+2irpKe^P*^.  (18) 
Further,  from  (15),  Px  and  P2  are  given  by, 

t  00 

Pi  =  ca2-^~Pl-^P-gia2  J  {-iPl(r)-xP2(r)}  dr  J 

0  0  (19) 


IG* 


P  —  _  P 
Ft  —  M 


3  a4 


l  OO 

P2-  J  { ~ iPx(r)  —  xP2(r)}  dr  j  L*Kk-2«f  dx. 


(20) 

(21) 


8/ 3  1  IB/* 

o  o 

If  we  neglect  gravity,  we  have  approximately 

R  =  ca'~{  1  —  a2 1  if2) ;  P2  =  -  /ca«/8/3. 

From  (17)  and  (18),  llx  is  zero  and 

R,  -=  npa2c(l-a2/2f2),  (22) 

the  coefficient  of  rrpa2c  being,  to  this  order,  the  effective  inertia  coefficient 
for  a  free  surface,  neglecting  gravity.  The  next  step  is  to  use  these  first 
approximations  for  J\  and  P2  *n  the  integrals  in  (19)  and  (20)  and  so 
obtain  the  next  approximation. 
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5.  Before  proceeding,  we  may  confirm  this  process  by  applying  the 
method  to  the  case  of  uniform  velocity  c,  for  which  the  results  have 
previously  been  obtained  by  direct  consideration  of  steady  motion.  We 
require  the  limiting  values  of  the  integrals  in  (19)  and  (20)  for  t  becoming 
infinite,  the  quantities  P  being  constant.  Putting  in  the  appropriate  form 
for  L  from  (6),  we  have,  for  instance,  the  integral 

t  CO 

I  dr  J  {e**0 -o* -t-oMxf-r)}*.? e-2*/  dK _  (23) 

0  0 

Integrating  with  respect  to  r  and  taking  the  limiting  value  of  the 
integral  in  x  for  t  ->oo,  it  is  readily  found  that  (23)  has  the  limiting  value 

2gr^x0c_2[7re~“-l-i{at_1 — e_“Ei(a)}]>  (24) 

where  xQ  —  g/c2,  a.  =  2x0  /,  and  Ei  is  the  exponential  integral.  The  similar 
integral  with  /c*  in  place  of  k*  converges  to 

2 c-2[77e-“+i{or2+at-1-e-“Ei(a)}].  (25) 

The  integral  with  a  factor  k*  is  not  required  at  this  stage;  being  factored 
by  P2,  it  clearly  does  not  enter  into  the  second-order  approximation. 
Hence,  to  this  order,  (19)  and  (20)  give,  for  uniform  velocity, 

Px  =  ca2  —  ^P1+2i/c§ca4[-n-e-“-(-i{a-1— e~“Ei(a)}], 

•Pa  =  —  Koa4Pi[we''“+2{<*~2+ a'1—  e~°‘Ei(a)}].  (26) 

The  resistance  R2  is  zero  in  this  case;  and  from  (17)  and  (26)  we  obtain 
R1  =  47rVc2Kga4e-a[l-24a2{ct-2-f2a-1-2e-“Ei(a)}].  (27) 

This  result  agrees,  to  the  second  order,  with  the  more  general  expressions 
obtained  previously  for  the  wave  resistance  at  uniform  velocity  (3). 

6.  Returning  to  the  general  expressions  (19)  and  (20),  wre  shall  examine, 
in  particular,  motion  with  uniform  acceleration  y,  starting  from  rest;  thus 
we  have  c  —  yt,  s  =  \yt2.  The  first  approximation  to  Px  is  yo2/(l— a2/4/2), 
and  it  is  sufficient  for  the  next  stage  to  put  P1  =  yah-  in  the  integrals  in 
(19)  and  (20).  Hence,  to  the  required  order,  we  have 

t  CO 

Px  as  yaH  —  ^j2Pi+igia*y  j*  r  dr  j  L*x*e-iKf  dx, 

o  o 

o  o 

where  L *  =  +»*«*«-»■)}. 


r  dr  J  L*K*e~2*f  dx, 


(28) 
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We  now  reduce  the  integrals  to  a  more  convenient  foim.  The  integration 
with  respect  to  t  can  be  expressed  in  terms  of  Fresnel  integrals ;  after  some 
reduction  we  obtain  the  result 

t 

j  L*t  dr  =  p~2ei<Jll-Q)1{qP(pl — q)-\-qP(q)  —  %ie~ig>} — 

—p-2e^vt^),{qP(pt-\-q)—qP(q)—^ie-ii‘},  (30) 

where  2p2  =  xy,  q2  —  gf/2y; 


and 


u 

P(u)  —  C(u)—iS(u)  —  J  e~iu‘ du. 


For  the  integration  with  respect  to  k,  we  change  the  variable  from  k  to  v, 
given  by  k  —  4gv2/y2t 2;  and  we  obtain  finally 

t  CO  00 

j  t  dr  j  L*x^e~2l<f  dx  =  Ai-\-iB2  =  k9g~H~3  J  ( A-{-iB)v2e~8Pv *  dv,  (31) 


J  r  dr  j*  L*xh-2l<f  dx  =  Ai-\-^Bi  =  k13g~^t~5  J  (A-\-iB)vie-sP',a  dv,  (32) 

o  o  o 

with 

k2  =  2gly,  p  =  gfjy2t2;  px  =  £(«-£);  p2  =  &(«+£): 

A  =  C'(^i)cospf+>S'(p1)sini3f4-C'(p2)cos_p|+^(p2)sin^l-l- 

+  {C(P)— £-1sin  £&2}(cospf— cosp|)-f- 

+{<S'(|it)4-A~1  cos  p2}(sinpf — sin^|);  (33) 

B  =  Cipjsmpl—Sipjcospl+Cipjsinpl—Stpjcospl— 

— {Sikty+k-1  cos  £&2}(cospf — cosp£)-f- 

+{£?(£&)— &"1  s^1  i&2}(sinpf — sinp|).  (34) 

7.  For  the  resistance,  we  consider  first  the  part  Rv  This  could  be  obtained 
to  the  second  approximation,  but  it  was  thought  sufficient  meantime  to 
examine  only  the  first  approximation.  The  general  effect  of  the  second 
approximation  is  known  in  the  case  of  uniform  velocity;  it  consists  in 
increasing  the  value  somewhat  at  lower  speeds  and  diminishing  it  slightly 
at  higher  speeds.  From  some  rough  calculations  it  appears  that  the  effect 
in  the  present  case  would  be  similar;  but  for  a  general  idea  of  the  effect  of 
acceleration  upon  Rv  which  reduces  to  the  wave  resistance  for  uniform 
velocity,  it  is  sufficient  to  take  the  first  approximation.  From  (17)  and 
(28),  we  have 

00 

Rx  =  2npygiaitAi  =  \2%ng  pa2kp2{a2  jf2)  J  Av'e-W  dv,  (35) 

.  o 

m  the  notation  given  in  (33). 
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For  the  second  part  of  the  resistance  we  include  second-order  terms: 
from  (18)  and  (28)  we  have 

=  — TTpa2y-{-27Tpa2y(l — a2lif2) —  2rrpyg^uidB,J8t.  (36) 

From  (31)  and  (33),  this  leads  to 

=  npa2yp, 

with  p  —  1  — (£+32  kf32b)(a2lf2), 

00 

b  =  J  (-3  +  1 6pv2)v2Be-sPv'  dv.  (37) 

o 

Numerical  computations  have  been  made  for  the  integrals  in  (35)  and 
(37).  The  quantities  A  and  B  depend  only  upon  the  acceleration,  while 
the  instantaneous  value  of  the  velocity  enters  through  j8.  The  integrals 
were  calculated  for  two  different  accelerations,  and  for  about  a  dozen 
values  of  /S  in  each  case — ranging  from  +  to  40.  For  small  values  of  it 
was  necessary  to  go  as  far  as  v  =  4*0  or  further,  but  subdivisions  of  0-1 
for  v  were  usually  sufficient.  For  large  values  of  j8  the  necessary  range 
for  v  was  less,  but  subdivisions  of  0-02  had  to  be  taken,  especially  for  the 
larger  values  of  k.  For  various  reasons  it  was  difficult  to  obtain  any  high 
degree  of  accuracy  in  the  final  results;  but  it  is  considered  that  the 
calculations  are  sufficient  to  show  the  general  character  of  the  effect  of 
acceleration  upon  the  resistance.  1 

8.  Some  of  the  results  are  shown  in  the  curves  of  resistance.  These 
curves  show  the  resistance  for  a  particular  value  of  the  ratio  of  the  radius 
of  the  cylinder  to  the  depth  of  its  centre,  namely  the  value  given  by 
a2//2  =  0-1.  We  have  chosen  to  graph  the  curves  on  a  base  of  velocity  c, 
or  yt,  the  abscissae  being  c/(gf)*.  This  was  partly  so  as  to  bring  into  the 
diagram  the  wave  resistance  curve  for  uniform  velocity,  this  curve  is 
shown  as  JR0  in  the  diagram. 

Taking  the  resistance  B1  first,  the  curve  A1  shows  its  value  for  k2  =  9n/2, 
or  for  ylg  =  0-1418;  while  the  curve  Bx  is  for  k 2  =  nj 2,  or  for  yjg  =  1-276. 
The  effect  of  greater  acceleration  is  shown  in  the  lower  maximum  wave 
resistance  and  the  higher  velocity  at  which  it  occurs  compared  with  the 
curve  B0  for  uniform  velocity.  It  should  be  noted  that  if  we  had  graphed 
the  curves  on  a  time  base,  the  abscissae  for  curve  Bl  would  be  reduced 
to  one-ninth  compared  with  those  for  Av 

Wo  turn  now  to  the  resistance  i?2,  which  is  of  greater  interest.  In 
general,  the  relative  magnitudes  of  i?x  and  B2  depend  upon  the  two  ratios 
y/g  and  a//.  In  the  diagram,  the  curve  A2  shows  the  resistance  Jt2  for  the 
oase  y/g  —  0-1418,  and  a*//*  =  0-1;  the  total  resistance  in  that  case  is 
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given  by  A^Ao.  It  is  seen,  from  (35)  and  (37),  that  the  part  of  the  total 
resistance  which  is  simply  proportional  to  the  acceleration  is 

t rpa2y{\~a2l'2f2). 

If  we  define  the  effective  mass  as  the  coefficient  of  y  in  this  term,  then 
the  inertia  coefficient  is  the  same  as  for  a  free  surface  neglecting  gravity. 
We  could,  on  the  other  hand,  divide  the  total  resistance  by  y  and  so  define 


the  effective  mass  at  each  instant.  However,  from  the  way  in  which  li1 
and  i?2  arise  and  from  their  variation,  it  seems  convenient  to  refer  to  B1 
as  the  wave  resistance  and  to  regard  R2  as  the  product  of  the  effective 
mass  and  the  acceleration;  with  this  convention,  the  inertia  coefficient  for 
motion  with  uniform  acceleration  from  rest  is  given  by  the  quantity  p 
of  (37).  It  can  be  seen  from  (37)  that  p  converges  to  l—a2/2fz  for  both 
c ->  0  and  c oo.  In  the  particular  case  being  considered,  the  inertia 
coefficient  would  be  0-95  for  a  free  surface  without  gravity,  and  105  for 
a  rigid  surface.  Its  variation  with  velocity  can  be  seen  from  the  curve  *42, 
which  gives  the  resistance  i?2,  The  coefficient  p  begins  with  the  value 
0-95,  rises  to  a  maximum  of  about  1-07  near  c/(gf)*  equal  to  0-4,  falls  to 
a  minimum  of  0-78  near  c/(gr/)1  =  1-4,  and  then  rises  towards  the  value 
0-95  with  increasing  velocity. 

Similar  calculations  were  made  for  the  case  yjg  =  1-276,  for  which  the 
wave  resistance  is  shown  in  the  curve  Bx.  The  curve  for  i?2  in  this  case 
is  not  shown  in  the  diagram,  because  on  the  scale  its  magnitude  would  be 
nine  times  that  of  A2.  However,  the  curve,  in  its  relation  to  Bv  is  of  the 
same  type  as  in  the  case  of  the  curves  A2  and  Av  but  with  less  variation 
in  the  inertia  coefficient;  this  coefficient  begins  at  C  95,  rises  to  a  maximum 
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of  0-975  near  c/(g/)*  —  1,  falls  to  a  minimum  of  0-91  near  cj{gf )*  —  2-5, 
and  then  rises  gradually  towards  0-95.  It  is  of  special  interest  to  notice 
that  while  the  coefficient  begins  with  the  free  surface  value  its  rise  towards 
the  rigid  surface  value  occurs  before  the  wave  resistance  E1  has  become 
appreciable.  A  few  calculations  were  also  made  for  a  very  small  accelera¬ 
tion,  with  yjg  --  0-035,  to  confirm  the  general  trend  of  the  variation;  in 
this  case,  the  coefficient  p  has  risen  to  a  value  of  1*05  at  about  c,j(gf)\  —  0-2. 

Referring  to  (37),  some  of  the  approximate  values  found  in  these 
calculations  are  given  for  reference. 

For  yjg  =  0-1418,  the  quantity  32kj32b  has  the  value  -0-52,  —1-2,  — 1-1, 
0-92,  1-66,  0-4  for  equal  to  40,  10,  4,  1,  0-5,  0-25  respectively.  For 
yjg  =  1-276,  the  values  of  32 kfi2b  are  —0-04,  —0-24,  0-3,  0-4  for  /3  equal  to 
10,  1,  0-25,  0-125  respectively. 

The  motion  which  has  been  examined  in  detail  is  uniform  acceleration 
starting  from  rest.  Similar  calculations  could  be  made  for  other  cases  of 
variable  velocity,  in  particular  for  motion  with  uniform  acceleration  with 
a  given  initial  velocity.  In  the  latter  case  the  results  are  not  likely  to  be 
much  different  in  general  character;  it  appears  that  in  any  case  the  initial 
value  of  J?2  would  be  the  inertia  resistance  for  a  free  surface  without 
gravity,  and  its  subsequent  variation  would  be  similar  to  that  shown  by 
the  present  calculations. 
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The  forces  on  a  submerged  spheroid  moving 
in  a  circular  path 

By  T.  H.  Havelock,  F.R.S. 

( Received  28  December  1949) 

Expressions  are  obtained  for  the  tangential  and  radial  forces  on  a  sphere  moving  in  a  circular 
path  at  constant  depth;  similar  calculations  are  made  for  a  prolate  spheroid,  including  in  this 
case  the  couple  acting  on  the  spheroid.  Numerical  computations  have  been  made,  and  curves 
are  given  to  show  the  effect  of  curvature  of  the  path  upon  the  wave  resistance. 


1 .  The  forces  on  a  ship  moving  in  a  curved  path  are,  no  doubt,  affected  to  some 
extent  by  the  wave  motion  produced,  but  it.  is  not  easy  to  estimate  the  magnitude 
or  nature  of  this  influence.  In  the  following  paper  an  approach  is  made  to  some 
aspects  of  this  problem  by  considering  some  cases  of  a  submerged  body  moving  in 
a  circular  path,  namely,  a  sphere  and  a  prolate  spheroid.  The  motion  of  a  sphere  has 
been  examined  recently  by  Sretensky  (1946),  but  the  results  given  by  him  are  in¬ 
correct.  In  the  present  work  a  different  method  is  adopted;  it  is  one  which  can  be 
used  for  bodies  of  other  forms,  and  also  for  non-uniform  motion. 

2.  We  may  derive  first  expressions  for  the  ideal  case  of  a  simple  source  moving  in 
any  manner  at  constant  depth  /  below  the  free  surface  of  the  water.  We  take  fixed 
axes  with  O  in  the  free  surface,  Oz  vertically  upwards,  and  we  use  cylindrical  co¬ 
ordinates  (m,  6,z).  If  at  time  r  the  strength  of  the  source  is  m  and  its  horizontal 
distance  from  0  is  m0,  the  velocity  potential  due  to  an  infinitesimal  step  in  the  motion 
is  given,  as  in  equation  (27)  of  a  previous  paper  (Havelock  1949),  by 

=  2mgiSr  J  J0(kw0)  e_<(/_*)  sin  {<7*x*(f  —  r)}  x*  (Ik.  ( 1 ) 


We  may  regard  the  effect  due  to  a  point  source,  varying  in  strength  and  moving  in 
any  manner,  as  made  up  of  the  superposition  of  small  steps  of  this  nature.  In 
particular,  for  the  present  problem,  we  suppose  the  source  of  constant  strength  and 
to  be  moving  in  a  circle  of  radius  h\  further,  we  take  the  motion  to  start  at  t  =  0  and 
the  angular  velocity  to  have  a  constant  value  Q.  Hence  we  obtain  the  velocity 
potential  at  any  time  t  as 


ft  =  —  —  —  4-  2mgi  f  dr  f  «/0(/ct370)  e-^-*1  sin  (grbc*(<  -  r)}  /c*  dK, 
ri  ra  Jo  Jo 

where  r\  —  m*  +  h*  —  2 tuh  cos  ( 0  -  flf)  +  (z  f /)*, ' 

r\  =  w%  +  h*  -  2mh  cos  (6  -  Ql)  +  (2-/)*,  ■ 
rnl  =  xjj*  4-  A*  —  2mh  cos  (0  -  Qr). 


(2) 

(3) 


For  the  relative  steady  state  whioh  is  ultimately  established  we  require  the  limiting 
form  of  (2)  as  t-+ao.  We  substitute  in  (2) 


CO 

Jq(*®o)  —  «J0(*OT)  *4(kA)  +  2  S  Jn(Kh) 008  n(0  ~  ^T)>  (4) 
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We  then  integrate  with  respect  to  r  term  by  term  and  obtain  the  limiting  form  of  the 
resulting  integrals  in  k  as  t-+ao.  This  process  readily  gives  the  result 


.mm 

6  - - 1-  4  m 

*  «< 


r. 


spP— 

1  Jo  K~ 


*  Ke-K(f-e) 


n2Q2/g 


Jn(Ktn)  Jn{<h)  cos, n{6  -  Qt)<U 


4 nmQ 2  ® 


£  n2  Jn(n2Q2mjg)  J„(n2Q2hlg)  exp  [  -  n2Q2(f-  z)jg ]  sin  n{6  -Qt)y  ( 


r ' 


0  i 

where  P  denotes  the  principal  value  of  the  integral.  It  may  be  verified  directly  that 
this  solution  satisfies  ih?  conditions  for  the  quasi-steady  state. 

3.  If  a  sphere,  of  radius  a,  is  moving  uniformly  in  a  circle  we  may,  as  a  first 
approximation,  take  it  as  equivalent  to  a  doublet  of  moment  M  equal  to  \a2hQ. 
It  is  easily  seen  that  the  velocity  potential  for  this  doublet  can  be  derived  from  (5) 
by  taking  d(f>/dt  and  replacing  mhQ  by  M.  Thus  we  obtain 

^  _  Mm  sin  (6  —  Qt)  Mm  sin  (0  -  Qt) 


r3 


4 


Jo  K- 


00  k  e-*^-*5 


h  x 

4nMQ2  » 


gh  i 


n2Q2lg 


nJn(Km)  Jn(Kh)  sin  n{6  —  Qt)  die 


2  n3Jn(n2Q2mlg)  Jn(n2Q2hjg)  exp  [  —  n2Q2{f —z)lg]  cos  n(0  —  Qt).  (6) 


It  may  be  noted  that  the  second  term  in  (6)  is  equivalent  to 

e-K(/-*) 


2Mw  sin  (d  —  Qt)  4  MQ2 


oo  P  co  .  i 

eH  r 

1  Jo  K- 


gh  r- u  (?) 

We  may  deduce  the  wave  resistance  from  the  energy  propagated  outwards  through 
a  cylindrical  surface,  namely, 

ro  rzw 

(8) 


■J 


dz  rPm^. 

—  00  Jo 


dt  dm 


Taking  the  cylinder  of  large  radius,  we  require  the  first  terms  in  the  expansion  of 
(6),  which  are  seen  to  be  of  order  xa~ *.  One  such  term  comes  from  the  integral  in  (7). 
Referring  to  (4),  since  we  are  concerned  with  large  values  of  m,  we  may  replace 
J.JKU j)  in  the  expansion  by  H^Ktcm)  and  take  the  real  part.  Thus  we  have  to  evaluate 
the  real  part  of 

P  y~—H(»{Kw)Jn{Kh)dK  (m>h\z  <0),  (9) 

Jo  K  —  Kn 

where  we  have  put  Kn  =  n2Q2jg.  Regaruing  k  as  a  complex  variable,  we  may  change 
the  path  of  integration  to  the  positive  half  of  the  imaginary  axis;  taking  account  of 
the  indentation  at  k  =  we  obtain  for  (9) 

2  f®  m  sin m(f—  z)+tcn c^s m{f- z)  „  , _ %  r  J.„ 

;J„ - - 

- 1 TYn(Knw)  Jn(Knh)  exp  [  -  Kn(f-  *)].  (10) 

Collecting  the  results  from  (6),  (7)  and  (10),  and  using  the  asymptotic  expansions 
for  Jn  and  Yn,  we  obtain,  for  m  large, 

4  MCI  /2n'\i  ® 

<f>~  j-  +  (11) 
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With  this  value  of  <fi  in  (8)  we  obtain  the  rate  of  propagation  of  energy  outwards, 
and  this  must  be  equal  to  RhCl  with  R  the  steady  wave  resistance.  Finally,  replacing 
M  by  \azh,  we  obtain  for  the  wave  resistance  of  the  sphere 

R  =  47T^fQi  £  n*Jl(n*Q*hlg)  exp  [  -  2n*Q?flg].  (12) 

Qh  l 

It  is  of  interest  to  examine  the  limiting  form  of  this  expression  as  oo,  0, 
A£I->c.  The  series  then  becomes  an  integral,  and  by  using  appropriate  asymptotic 
expansions  for  Bessel  functions  of  large  order  and  large  argument,  it  is  found  that 
(12)  reduces  to 

R  =  4^pa6xJc2J  sec5/?  exp  [  -  2/c‘0/sec2/?]  a’/?,  (13) 

with  kq  =  g I c2,  and  this  is  the  wave  resistance  for  a  sphere  in  steady  rectilinear  motion 
with  velocity  c. 

4.  Returning  to  the  general  expression  (6)  we  may  evaluate  the  resultant  fluid 
pressure  on  the  sphere  and  so  obtain  both  the  radial  force  and  the  tangential  force 
or  wave  resistance.  The  effective  part  of  the  pressure  comes  from  pd<f>/dt,  and  we 
notice  from  (6)  that  the  terms  divide  into  two  groups,  (i)  those  symmetrical  in  the 
angle  0  —  Qt,  (ii)  those  anti-symmetrical  in  that  angle.  Obviously  the  resultant 
radial  force  on  the  sphere  comes  from  the  terms  in  group  (i),  while  the  tangential 
force  is  due  to  those  in  group  (ii).  It  is  necessary  to  note  that,  in  using  this  method, 
the  expression  for  the  velocity  potential  must  be  carried  to  a  further  degree  of 
approximation,  because  the  boundary  condition  at  the  surface  of  the  sphere  must 
be  satisfied  to  the  same  stage.  Let  (r,  a,  /?)  be  spherical  polar  co-ordinates  referred 
to  the  centre  of  the  sphere  so  that 

T37  cos  (6  —  Clt)  —  A  +  rsina  cos  yd,) 

wsin  (d  —  Clt)  =  rsina  sin/d,  V  (14) 

Z  =  —f  +  T  COS  CL.  ) 

Th*  Pi  ret  term  in  (6)  is  the  doublet  D  giving  the  correct  normal  velocity  at  the  surface 
of  the  sphere.  The  remaining  terms  in  (6)  may  be  expanded  in  the  neighbourhood  of 
the  sphere  in  spherical  harmonics  so  that  we  have  (6)  in  the  form 


0  =  D+'Z(rla)nSn(oc,fi). 

i 

The  required  extension  is  then 

Taking  the  tangential  resultant  force,  the  effective  terms  in  pd</>jdt  from  (6)  are 


(15) 

(16) 


(2npa^Clilg)  £ n*Jn{Knw)  Ja(Knh)ex p [  - *„(/-  z)] sin n(6 -  Clt). 
x 

In  this,  we  put 

Jn(Kn  tn)  exp  [  -  *„(/-  z)]  sin  n(0  -  Clt) 

(-1 


(17) 


2  IT 

(- i ) 

2n 


— exp  [-**(/-*)]  exp(ixnu7Cos(d-Qf-u)]sin»udtt 


0*  /•*  , 

—  exp  [  -  2  k,J]  exp  [x'xn  r(sin  a  cos  /?  cos  u  +  sin  a  sin  p  sin  u  -  %  cos  a) 

f  J -w 

-  txn  A  cos  ii]  sin  nu  <fa.  (18) 
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Expanding  under  the  integral  sign,  we  obtain  the  required  expression  in  terms  of 
spherical  harmonics.  Obtaining  the  resultant  force  involves  multiplying  the  pressure 
by  a  surface  harmonic  of  the  first  order  and  integrating  over  the  sphere.  Thus  we 
only  need  the  first-order  term  from  (18),  which  is 

(  —  i)n.  C" 

— ~  iKna  exp  [  -  2 Knf]  I  (sin  a  cos  /?  cos  u  +  sin  a  sin  /?  sin  u  -  i  cos  a) 

exp[  —  itcnh  cos u]  sin  nudu.  (19) 

In  accordance  with  (16),  this  must  be  multiplied  by  f  to  get  the  correct  operative 
value  of  the  pressure.  We  insert  these  results  in  (17),  multiply  by  sin  a  sin/?  and 
integrate  over  the  surface  of  the  sphere.  It  is  easily  verified  that  this  process  gives 
the  same  expression  (12)  for  the  tangential  resistance. 

5.  For  the  resultant  radial  force  outwards,  we  carry  out  the  same  process  on  the 
pressure  derived  from  the  first  three  terms  of  (6),  noting  that  in  accordance  with 
(16),  the  first-order  surface  harmonic  from  the  second  and  third  terms  of  (6)  must 
be  multiplied  by  We  then  multiply  by  sin  a  cos/?  and  integrate  over  the  surface 
of  the  sphere.  The  details  of  the  calculation  need  not  be  given;  after  some  reduction, 
we  find  for  the  resultant  radial  force  outwards  the  expression 

(o  n3\  «  /•«>  *.2,1— 2*/ 

1~Bf3.)  +  47rpo6Q2?PJ0  nUn(Kh) J>}l)dK.  (20) 

This  expression  does  not  lend  itself  readily  to  numerical  computation.  We  notice, 
however,  that  the  first  term  in  (20)  represents  an  effective  mass  \npa?{  \  -  3a3/16/3), 
which  is  the  first  approximation  for  a  sphere  under  a  free  surface,  neglecting  gravity. 
On  the  other  hand,  when  the  angular  velocity  is  small  the  last  term  in  (20)  approxi¬ 
mates  to  lnpa6Q2lf3,  since  '£n2Jn(Kh)  J'n(Kh)  ~  \xh.  Thus  for  small  velocity,  the 
effective  mass  approximates  to  \npa\l  +  3a*/16/s),  as  for  a  sphere  under  a  rigid 
surface. 

It  is  of  some  interest  to  make  calculations  from  (12),  so  as  to  obtain  some  idea  of 
the  nature  and  magnitude  of  the  effect  of  curvature  of  the  path  upon  the  wave 
resistance.  Curves  showing  the  results  are  given  in  figure  1.  The  abscissae  are  values 
of  hillyjigf),  so  as  to  include  rectilinear  motion  for  comparison;  the  ordinates  are 
values  of  RjM'(j{ajf  )3,  where  M'  is  the  mass  displaced  by  the  sphere.  Curve  A  is 
for  steady  rectilinear  motion,  that  is,  for  the  limiting  case  A//->-oo,  and  calculated 
from  (13).  Curve  B  is  for  A  =  /.  Even  in  this  case  the  mean  curve  approximates  to  i4, 
but  it  is  of  interest  to  note  the  hump  and  hollows  due  to  wave  interference  when  the 
sphere  is  making  complete  circles.  For  curve  C  we  have  taken  h  =  4/;  it  shows  how 
with  increasing  radius  of  the  circular  path  these  interference  effects  disappear  and 
the  wave  resistance  approximates  quite  closely  to  that  for  straight-line  motion  at 
the  same  linear  speed. 

6.  We  consider  now  a  prolate  spheroid  with  its  axis  at  a  constant  depth /  below 
the  surface,  its  centre  C  describing  a  horizontal  circle  of  radius  h  with  constant 
angular  velocity  Q,  the  axis  of  t  he  spheroid  remaining  at  right  angles  to  the  rotating 
radius  through  C.  We  use  the  same  fixed  axes  as  before,  with  cylindrical  co-ordinates 
0(w,8,t)\  and,  when  required,  we  use  rotating  axes  C(x,y,z)  with  Cx  along  the  axis 
of  the  spheroid  in  the  direction  of  motion  and  Cz  vertically  upwards. 


557 


301 


T.  H.  Havelock 


hCll^gf) 
Figure  1 


The  motion  of  the  spheroid  is  made  up  of  a  linear  velocity  hQ  parallel  to  Cx  and 
a  rotation  Q  about  Cz.  In  terms  of  spheroidal  co-ordinates  given  by 

x  -  ae//£,  y  =  ae(l -/t2)l(£2- l)*cos«,  z  =  ae(l -/t2)*  (£2- 1)*  sin  w,  (21) 
the  known  solution  for  this  motion  in  an  infinite  liquid  is  (Lamb  1932) 

<j>  =  2AaehLlAPl(/j)Q1(Q  -  %Ba2e2iiP\{/i)  Q\(Q  cos  w,  (22) 

with  4-1  =  2e/(l-e2) -log  {(1 +<?)/(  I- e)},  j 

B1  =  {3(2  -  e2)je2}  log  {( 1  +  e)/(  1  -  c)}  -  2(6  -  7  e2)/e(  1  -  S ).  J  (23) 


It  is  well  known  that  the  linear  motion  can  be  expressed  in  terms  of  a  certain  source 
distribution  along  the  axis  of  the  spheroid,  and  it  can  easily  be  shown  that  the  angular 
motion  can  be  ascribed  to  a  doublet  distribution  along  the  axis.  In  fact,  (22)  is 
equivalent  to 


<t>  -  AhQ 


kdk 

{(*-*)2+V  +  2a}‘  + 


k(  o2e2  —  k2)  dk 
{(x  -  A*)2  +  y2  +  22}* ' 


(24) 


We  may  now  obtain  the  required  solution  by  integration  of  the  expression  for  a 
source  given  in  (6).  For  the  first  term  in  (24)  we  have  to  replace  a  typical  factor 
JH(ich)cmn(fl—  tit)  in  (6)  by  J„{K{h2  +  A*2)t}oosn(0  —  Q<  —  a),  where  tana  =  kjh ;  and, 
taking  account  of  the  integration  in  k ,  this  may  be  replaced  by 

Jn{K(h 2  +  k2)*}  sin  nx  sin  n(0  -  Cit). 

Further,  so  far  as  the  co-ordinates  x,  y,  z  are  concerned,  the  second  term  in  (24)  may 
be  derived  by  taking  ?/?; y  of  the  first  term ;  and  when  the  expressions  are  put  in  terms 
of  the  fixed  co-ordinates  this  is  equivalent  to  operating  by  cjdk.  Also  we  have 


=  \k[J„  1{*:(A3  +  ts)*}»in(n  -  l)a-«/n+1{#r(A*  +  i*)*}sm(n+ l)a].  (25) 
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Carrying  out  these  operations  we  obtain  for  the  rotating  spheroid  at  depth  f ,  its 
centre  describing  a  circle  of  radius  h, 


Toe 

<j>  =  {AhClkF  +  BClk(a2e2  -  k2)  G }  dk, 

J  —ae 


(26) 


with 


1  1  00  C 00  a- 

F  - - 1-2-P  - Jn(KTn)  Jn{Kn(h2  +  A;2)*}  sin  not.  sin  n{6  —  Q<)  d,K 

rl  r2  l  Jo  k  —  Kn 

+  (inOP/g)  2  n2Jn(Knrn)  Jn{tcn(h 2  +  A:2)1)  exp  [  -  Kn(f-z)]  sin  not  cos  n(B  -  Lit),  (27) 

l 


G 


h  — tocos  (d— Lit)  h  —  to  cos  (0  —  Lit) 


CO  C  00  *.2  a-K(J-z) 

+  S  P)  —  -  —  4(*CT)  [*4+i{* (^2  +  A;2)*} sin  (n  +  1 ) a 

1  JO  K~Kn 

—  Jn-i{K(h2  +  A:2)1}  sin  (n  -  1 )  a]  sin  n(6  —  Lit)  dn 
2i tLI*  ® 


+  --T-  2  A(v)  [*4+iK$2  +  ^2)i}  Sin  (»  +  1)  a 
S'  i 


(29) 


—  Jn_i{^n(A2  +  A2)1}  sin  (n  -  1)  a]  exp  [  -  *„(/—  2)]  cos  n(0  -  Lit).  (28) 
In  this  Kn  ~  n2Ll2jg,  tan  a  =  kjh,  .and 

r\  =  {w  sin  (0—  Lit)  —  k}2+  [h  —  to  cos  (6  —  Lit)}2  +  (z+f)2, 
r\  =  (rasing  —  Q<)  —  A;}2  +  {h  —  w  cos  (6—  Q<)}2  +  (z—  /)2 

By  comparison  with  §  3,  we  see  that  for  to  large  we  have 

<j>  ~  2AQ2^)*  £  +  n*B(Ll2lgh)  Mn) 

exp  [  -  Kn(f-  z)]  cos  {n(d  -  Sit  -  $n)  +  kh  to  -  Jtt)  , 
roe 

with  Ln  =  kJn{Kn(h 2  +  A:2)*}  sin  »a  dk, 

J  —ae 

rae 

M„  =  I  k(a2e2  —  k2)  [JnJr\{Kn(h2  +  A;2)*}  sin  (n+  1 )  a 

~  «4-i{*«(*2  +  fc2)*}  sin  (»  -  1 ) «]  dk.  j 

Using  this  in  (8)  we  obtain  the  rate  of  propagation  of  energy  outwards;  if  R  is  the 
tangential  resistance  and  G  the  couple  required  to  maintain  the  uniform  motion, 
this  leads  to 

RhLl  +  GLl  =  4n2P^Qb  £  n*(2ALu  +  B  ~  n2Mn  J  exp  [  -  2n2Ll2f/g].  (32) 

7.  We  may  obtain  the  resistance,  the  couple  and  the  radial  force  by  calculating 
the  resultant  fluid  pressure  on  the  spheroid.  For  the  wave  resistance  the  only  part  of 
the  pressure  which  gives  a  resultant  is  the  term  pd<f>j  ct,  and  we  have 


(30) 

(31) 


R  =  jjpldS  =pa2(\-e2)jl  J^ftdpdto, 


(33) 
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in  terras  of  tht  co-ordinates  (21),  with  £  =  £0  =  1/e  on  the  spheroid.  Taking  from 
(26)  the  terms  which  contribute  lo  the  resultant  tangential  force,  wo  have 


d<j> 

dt 


with 


fas 

=  {A.iQkFj^  +  BWc(a2e2  -  k2)  Gx\  dk, 

i  —  at 


(34) 


4jtQ3  * 

Fx  — - -  v  n3Jn(Knm)  Jn{Kn(h?  +  A:2)*}  exp  [  —  Kn(f-  zf  sin  net  sin  n{0  -  Qt),  (35) 

9  l 

and  a  similar  expression  for  Qx,  derived  from  (28).  If  (34)  is  expanded  in  the  form 


dd>  "  r 

2  X  (A?  cos  so)  +  B* sin  scii)  P$(£),  (36) 

at  r=j  s»o 

we  must  add  a  similar  expression  with  Qf.(£)  in  place  of  PJ!(£)  so  as  to  maintain  the 
boundary  condition  at  the  surface  of  the  spheroid;  for  this  part  of  <j>  this  is  d<j)jd^  —  0 
for  £  —  £0.  Kence  on  the  spheroid  we  have 

36  00  r  , 

«  S  S  Cp  1?  COS  +  B\ sin  w)  P®(£0)  «(/*), 

vb  r=*i 


with  c*  - 1  -  p;'(So)  QMo)!ma)  Ql\£ „)•  (37) 

We  now  expand  (34)  in  the  form  (36),  noting  that  for  the  value  of  R  we  only  require 
the  term  in  Fo*  this  purpose  we  have 

\{Kp.v)  exp  [Kn{f-  z)J  ain  n(6  -  Qt) 

(  — i)71  Cn 

=  —  exp[  —  2icnf  +Knz]\  exp  [iicn  (*  sin  u  —  y  cos  u)  +  tx„  h  cos  u]  sin  nudu, 

J  -n 

(38) 

with  the  origin  now  at  the  centre  of  the  spherqid.  Substituting  from  (21 ),  we  multiply 
by  /id/idoj  and  integrate  over  the  surface  of  the  spheroid.  It  can  be  shown  that 

J  /idfij  exp  [iKn{ajt  sin  u  —  6(  1  - /z2)*  (cos u  cos cj  +  i  sin  w)]  do) 

=  47ri(7r/2A:nae3)*sin_t  W|(/fnoesinw).  (39) 

Using  (39)  in  (38),  we  have,  so  far  as  this  typical  term  is  cortcerned,  the  integral 

47ri(7r/2xnae3)*  J  exp  [ixn  h  cos  u]Jf(Knae  sin  u)  snr*  u  sin  nudu.  (40) 

It  is  of  inteiest  to  find  that  (40)  can  be  put  in  the  form  (47 r*/a2e3)*  inLh .  in  the  notation 
of  (31).  Collecting  these  results  and  including  tbs  factor  C\  from  (37),  we  obtain  for 
the  wave  resistance 

*  -  + b »•*„) «p [ - *.*om  (4i) 

We  could  obtain  the  couple  0  by  similar  calculations;  or,  using  (32),  we  have 

0  -  **£9-  BS,»jr.(w£.+B^i.W.)«TP[  -  *n«oyw.  (42) 
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The  radial  force  can  be  obtained  by  the  same  method  from  the  remaining  terms  in 
the  velocity  potential;  but  the  expressions  are  lengthy  and  not  suitable  for  numerical 
computation. 

If  we  take  limiting  values  as  6-»o o,  £2->0,  M2->c,  the  couple  G  becomes  zero  and 
R  reduces  to  the  wave  resistance  given  previously  (Havelock  1931)  for  the  linear 
motion  of  a  spheroid.  On  the  other  hand,  if  we  take  h  =  0,  we  find  that  Ln  —  0, 
M2n+l  —  0,  and  we  obtain  the  couple  for  pure  rotation  as 

G  =  *  Q*B‘<  J  exp  [  -  SnHPflgl 

9  1 

with  P2n  =  |  ( 1  —  u2)  J,tl(4n2Q2aeulg)  du.  (43) 

Jo 

8  For  numerical  computation  the  integrals  for  L,  M  can  be  expanded  in  various 
forms;  for  instance,  one  which  proved  useful  can  be  derived  from  the  expansion 

Jn{p(  1  +  u-'f  )  sin  (n  tan'  1  u)  =  (Jn_x  +  Jn+X)  (| -pit) 

~  (*4-S  +  %  Jr  '  +  ’b/n+1  +  *4+3)  '^T“  +  . .  • ,  (44) 

the  Bessel  functions  having  the  argument  p.  For  some  values  of  the  parameters  it 
was  found  more  convenient  to  evaluate  the  integrals  by  direct  quadrature. 


AO/Vfein 

Figure  2 

As  a  particular  case  we  take  a  spheroid  for  which  2a  =  56,  so  that  e  ~  0-9165;  and 
for  the  depth  we  take  /  =  26.  This  was  one  of  the  cases  for  which  calculations  were 
made  previously  for  rectilinear  motion.  To  bring  out  the  effect  of  curvature  we  take 
for  the  radius  of  the  path  h  =  56.  The  results  for  the  wave  resistance  are  shown  in 
figure  2.  The  ordinates  are  values  of  /t/ir^3,  and  the  abscissae  are  The 

curve  A  is  for  Unear  motion  and  is  taken  from  vhe  paper  already  quoted  (Haveiock 
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1931).  Curve  B  shows  the  effect  of  circular  motion  in  this  particular  case;  the 
difference  between  the  two  curves  is  quite  small  even  in  this  rather  extreme  case. 
A  curve  is  not  given  for  the  couple  0,  as  the  quantities  M  are  rather  difficult  to 
evaluate  with  sufficient  accuracy  for  this  purpose;  however,  approximate  computa¬ 
tions  were  made  and  the  maximum  value  appears  to  be  at  about  hQ.jf(gf)  =  1-25 
with  a  value  of  GjngplA  of  about  0-026.  It  might  be  expected  that  the  couple  woidd 
be  small  for  a  solid  of  revolution  in  this  particular  case;  it  would  probably  be  larger 
for  a  flat  ellipsoid,  for  which  similar  calculations  could  be  made  by  the  methods  used 
in  the  present  work,  the  appropriate  source  and  doublet  distributions  being  then 
over  the  plane  area  enclosed  by  the  elliptic  focal  conic. 
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Wave  Resistance  Theory  and  Its 
Application  to  Ship  Problems 

By  T.  H.  Havelock,  Visitor2 


It  is  now  jusl  over  fifty  years  since  the  first 
mathematical  analysis  was  made  of  the  wave  re¬ 
sistance  of  a  ship  form,  and  during  the  latter  half 
of  that  period  there  has  been  a  considerable  out¬ 
put  of  work,  both  theoretical  and  experimental. 
It  is  impossible  to  give  any  adequate  survey  of 
this  work  here,  and  fortunately  it  is  unnecessary 
to  make  the  attempt;  there  are  excellent  sum¬ 
maries  which  have  been  published  from  time  to 
time,  and  in  particular  I  would  refer,  for  a  com¬ 
prehensive  account  with  references,  to  Wigley’s 
recent  paper,  ‘‘The  Present  Position  of  the  Cal¬ 
culation  of  Wave  Resistance”  (L’ Association 
Technique  Maritime  et  Aeronautique,  Paris, 
1949). 

In  the  following  notes  I  deal  first  with  a  solid 
body  which  is  completely  submerged;  a  short 
descriptive  account  of  one  method  of  developing 
the  mathematical  theory  is  followed  by  some  re¬ 
cent  results  on  motion  in  a  curved  path  and  on  ac¬ 
celerated  motion.  The  second  section  deals  with 
floating  bodies,  or  surface  ships.  Reference  is 
made  to  the  need  for  improving  the  approximate 
theory  for  models  of  fine  form  and  extending  its 
range  of  application;  and  a  short  account  is 
given  of  some  attempts,  dealing  in  particular  with 
fl)  models  of  fuller  form,  (2)  models  of  non- 
mathematical  form  and  methods  of  approximate 
calculation,  (3)  the  inclusion  of  the  effects  of  vis¬ 
cosity  and  the  possible  interaction  between  fric¬ 
tional  resistance  and  wave  resistance. 

Submerged  Bodies.  Consider  a  solid  body 
wholly  submerged  in  water  and  moving  in  a  hori¬ 
zontal  line  with  given  velocity.  Assuming  the 
water  to  be  frictionless,  the  fluid  motion  is  speci¬ 
fied  by  a  velocity  potential  <*>  satisfying  given 
boundary  conditions:  (1)  the  normal  fluid  veloc¬ 
ity  on  the  solid  is  equal  to  the  normal  velocity  of 
the  solid  at  each  point,  (2)  the  pressure  is  con- 


'  Pnoer  presented  #t  meetings  of  the  New  England  Section.  August 
28,  1950,  and  of  the  Chesapeake  Section.  Septembe-  7,  1950. 

*  Kings  College,  Durham  University.  Newcastle-upon-Tyne. 


stant  at  the  free  surface  of  the  water,  (3)  for  deep 
water  the  velocity  diminishes  to  zero  with  in¬ 
creasing  depth.  We  may  also  impose  a  condition 
for  the  motion  far  in  advance  of  the  solid,  such 
as,  for  instance,  to  insure  that  in  the  usual  phrase 
the  solid  is  advanciiig  into  still  water.  In  gen¬ 
eral,  this  problem  has  only  been  attacked  by  some 
method  of  continued  approximation.  We  may 
suppose  that  the  wave  motion  at  the  surface  is  a 
relatively  small  effect,  and  we  take  <£0  for  the 
velocity  potential  as  if  the  solid  were  moving  in 
an  infinite  liquid,  and  satisfying  condition  (1). 
We  then  add  a  correcting  potential  <f>i  so  that  <f>0  +- 
4n  satisfies  condition  (2)  at  the  free  surface;  and 
then  a  potential  fc  to  maintain  condition  (1),  and 
so  on.  Thus  we  may  picture  the  solution  <f>  as  an 
infinite  series  4>o  +  <t>i  +  <t>*  +  ...  We  may  as¬ 

sume  this  process  to  be  convergent;  but  the  ex¬ 
pression  of  it  in  any  particular  mathematical  form 
would  involve  consideration  of  convergence  anti 
of  the  uniqueness  of  the  solution  so  obtained.  It 
has  only  been  possible  to  carry  out  this  process  in 
any  detail  for  solids  of  simple  form,  such  as  a  cir¬ 
cular  cylinder,  sphere,  or  spheroid.  In  fact,  for 
most  cases  it  has  not  been  carried  further  than 
the  first  three  terms;  while  for  bodies  of  ship¬ 
shape  form  nearly  all  the  results  have  meantime 
been  built  up  on  the  first  two  terms — denoted 
here  by  <po  +  <£i-  Assume  now  that  we  know  the 
first  function  <f>0,  giving  the  solution  if  we  neglect 
the  wave  motion  completely,  and  consider  the 
determination  of  the  next  function  <fo.  There 
are  various  methods  available;  the  one  I  wish  to 
outline  may  not  be  the  best  from  a  mathematical 
point  of  view,  but  it  has  some  advantages  for  de¬ 
scriptive  purposes.  The  method  is  one  which  was 
used  long  ago  by  Kelvin  for  the  waves  produced 
by  a  pressure  disturbance  traveling  over  the  sur¬ 
face  of  the  water.  Consider  for  a  moment  the 
classical  problem  of  the  traveling  pressure  point. 
Instead  of  treating  this  directly  as  a  continuous 
process,  we  may  regard  the  motion  as  the  limit  of 
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a  succession  of  small  steps,  at  each  step  an  impulse 
being  applied  to  the  surface  of  the  water.  Each 
impulse  starts  a  series  of  ring-waves  traveling 
out  in  all  directions;  and  to  get  the  total  effect 
at  any  time  we  have  simply  to  sum  up  the  effects 
due  to  all  the  previous  elementary  steps,  the  well- 
known  wave  pattern  emerging  from  the  mutual 
interference  of  these  elementary  ring-waves.  The 
process  can  be  expressed  mathematically  to  give 
the  complete  solution  of  this  problem. 

Returning  to  the  submerged  solid,  we  regard 
the  continuous  motion  as  the  limit  of  elementary 
steps  and  examine  what  happens  at  any  given 
step.  We  picture  the  solid  as  suddenly  started 
from  rest  with  a  given  velocity  and  then  stopped 
after  a  short  interval  of  time.  For  this  impulsive 
motion  </>0  is  the  potential  as  if  the  solid  were 
started  from  rest  in  an  infinite  liquid.  But  the 
form  of  the  surface  condition  for  this  step  is  that 
there  sh^all  be  no  impulse  at  the  free  surface  and 
we  must  add  the  appropriate  function  fa.  This 
may  be  written, down  directly  as  a  reflected  po¬ 
tential,  but  we  may  picture  it  in  tins  way.  Sup¬ 
pose  the  water  continued  above  the  free  surface 
and  place  in  it  the  image  of  the  given  solid.  When 
the  solid  is  moved  through  its  elementary  step, 
we  move  the  image  suddenly  through  an  equal 
small  step  in  the  opposite  direction.  The  poten¬ 
tial  for  these  two  motions  in  an  infinite  liquid 
gives  the  required  approximation  fa  +  fa.  We  may 
notice,  in  passing,  that  gravity  does  not  come  into 
play  during  this  impulsive  motion.  We  now  cal¬ 
culate  the  vertical  velocity  of  the  free  surface, 
and  the  result  of  the  step  from  rest  to  rest  is  that 
the  free  surface  is  left  with  a  known  elevation. 
The  subsequent  motion  due  to  this  elevation  can 
be  worked  out,  the  elevation  spreading  out  in  all 
directions  in  the  form  of  free  gravity  waves. 
Finally,  for  any  continuous  motion  of  the  solid 
we  sum  up  the  total  effect  of  all  the  previous  ele¬ 
mentary  steps  in  the  motion.  The  process  can  be 
set  out  in  mathematical  form,  and  so  we  obtain 
the  first  approximations  for  the  assigned  motion; 
it  may  be  remarked  that  further  approximations 
are  possible  by  generalizing  this  process.  An  in¬ 
teresting  point  is  that  this  formulation  of  the 
problem  automatically  leads  to  the  so-called  prac¬ 
tical  solution  with  the  solid  advancing  into  still 
water,  and  with  the  main  wave  pattern  to  the 
rear.  This  result  is  connected  with  the  fact  that 
for  water  waves  the  group  velocity  is  less  than  the 
wave  velocity;  if  the  contrary  had  been  the  case, 
we  should  have  arrived  at  a  steady  state  with  the 
solid  pushing  the  wave  pattern  in. advance  in¬ 
stead  of  leaving  it  to  the  rear.  It  will  be  seen 
also  from  this  description  that  this  impulse 
method  can  be  applied  equally  well  to  nonuniform 


motion  or  to  motion  of  any  kind  in  a  curved  path. 
Although  not  necessary,  it  is  convenient  often 
to  introduce  the  idea  of  sources  and  sinks.  The 
potential  fa  due  to  the  motion  of  the  solid  as  if  in 
an  infinite  liquid  can  be  regarded  as  due  to  a  dis¬ 
tribution  of  sources  and  sinks,  or  other  singulari¬ 
ties,  on  or  within  the  boundary  of  the  solid  and 
an  elementary  step  in  the  motion  corresponds  to 
establishing  this  distribution  for  a  short  interval 
of  time.  Consider  in  Fig.  1,  a  point  source  of 
strength  m  established  at  time  r  at  the  point  (0,  0, 
— /)  in  the  liquid,  where  we  have  taken  the  origin 
O  in  the  free  surface  with  OZ  vertically  up¬ 
wards.  During  the  short  interval  of  time  St  we 
have  the  velocity  potential 

m  m 


Ftg.  1 


with 

r,»  «  *»  +  y*  +  (z  +  /)';  r*  =  *>  +  y*  +  (3  -  /)* 


The  initial  elevation  left  by  the  elementary  step  is 

_ **r  r  de  f  *  ,-*/  x 

r  J  Jo 


fo 


(*»  +  y*  +  /•)•/. 


X  cos  [*(3;  cos  9  +  y  sin  9)  ]i  dk 


and  the  motion  at  any  subsequent  time  t  due  to 
this  elevation  is  given  by 


-  fw  de  f”  x 

T  J  -  »  JO 

X  cos  [if*  cos  8  +y  sin  9)1  sin  (£'/«iV»(<  —  r)|i'/i  dk 


In'  particular,  suppose  the  source  starts  from  rest 
at  time  t  =  0,  is  of  constant  magnitude,  and 
moves  with  uniform  velocity  c  in  a  horizontal  line 
parallel  to  OX.  The  velocity  potential  at  time 
/  is  given  by 

♦  f  dr  f  d9  (-  x 

r,  r«  w  Jo  J-,  Jo 

cos  [if  (*  +  ct  -  ct)  cos  0  +  y  sin  9) )  X 

sin  |{'/«i'/«(<  —  r)]i'/.rfi 
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The  limiting  form  as  /  — >  <»  gives  the  steady  state 
which  is  ultimately  established  for  uniform  mo¬ 
tion  in  a  straight  line ;  namely, 


m 
r  i 


m 

T  2 


4gm 


/*w/t 

J  e -*o(/-») s«c« e  sin  (fc £)x 


X  cos  {key  sin  6  sec2  8)  sec2  6  dd - - 


4gm 


J't/i  /*« 

sec2  8dd  I 
0  Jo 


e-*(/  cos(kxcos&)cos(kysin  8) 
k  —  ko  sec2  8 


dk 


Jn  denoting  the  Bessel  function. 

If  we  make  h  tend  to  infinity,  keeping  c  con¬ 
stant,  this  reduces  to  the  known  result  for  a  sphere' 
in  linear  motion  with  uniform  velocity  c,  namely 

(*t/i 

Rq  =  4irpa*^o4c2  I  e  **o/«ecl0  sec6  /3 

These  expressions  can  be  evaluated  numeri¬ 
cally,  and  Fig.  2  shows  some  results. 


where  ko  =  g /c2,  and  the  origin  O  is  now  a  moving 
origin  vertically  over  the  source. 

Calculating  the  surface  elevation  from  this  ex¬ 
pression,  it  is  found  that  the  wave  pattern  at  a 
great  distance  to  the  rear  approximates  to  the 
form 

Cr/l  ./«•*# 

c  J  -»/, 

cos  sec2  8  (x  cos  0  +  y  sin  9)]  sec3  8  dd 

From  these  results  for  a  single  source  we  can 
derive  expressions  for  other  singularities,  or  for 
any  distribution  of  sources  and  sinks.  Knowing 
the  wave  pattern  at  a  great  distance  to  the  rear, 
we  can,  from  energy  considerations,  write  down 
the  corresponding  wave  resistance  of  the  solid 
body  which  is  represented  by  the  given  distribu¬ 
tion.  It  may  be  remarked  that  the  forces  and 
moments  on  the  submerged  body  can  be  calcu¬ 
lated  as  the  resultant  of  the  fluid  pressures  on  its 
surface,  but  in  that  case  the  approximation  must 
be  carried  to  the  next  stage,  that  is,  to  the  stage 
<£o  +  <£i  +  <t>2  in  the  notation  used  here;  this  is 
necessary  in  order  to  satisfy  the  condition  at  the 
surface  of  the  solid  to  the  required  degree  of  ap¬ 
proximation  and  it  is  a  point  which  has  sometimes 
been  overlooked. 

We  leave  this  brief  description  of  fundamental 
theory  with  the  remark  that  nearly  all  the  work 
on  such  problems  has  been  limited  to  uniform  mo¬ 
tion  in  a  straight  line.  More  recently,  Sretensky 
has  given  some  formulae  for  accelerated  motion ; 
and  Brard  has  examined  the  motion  of  a  source  in 
a  straight  line,  the  strength  of  the  source  being 
subject  to  periodic  variation,  with  a  view  to  ap¬ 
plying  the  results  to  the  interesting  problem  of 
the  pitching  of  a  ship  under  way. 

Using  the  integration  method  outlined  in  the 
foregoing,  I  have  worked  out  the  case  of  a  sphere 
moving  with  uniform  velocity  in  a  circular  path 
at  constant  depth  below  the  surface.  If  a  is  the 
radius  of  the  sphere,  k  the  radius  of  the  circular 
path,  /  the  depth  of  the  center  of  the  sphere,  and 
c  the  linear  velocity  in  the  path,  the  wave  resistance 
is  given  by 


Fig.  2 


Curve  A  is  the  resistance-velocity  curve  for 
linear  motion  with  constant  velocity.  Curve  B  is 
for  circular  motion  with  h  =  j;  we  notice  here 
the  humps  and  hollows  due  to  the  motion  of  the 
sphere  in  the  waves  produced  by  previous  revolu¬ 
tions  in  the  path.  For  curve  C,h  —  4/ and  we  see 
how  quickly  these  effects  diminish  with  increasing 
radius  of  the  path  and  the  resistance  approxi¬ 
mates  quite  closely  to  that  for  linear  motion  at 
the  same  speed.  A  more  interesting  case  is  that 
of  a  prolate  spheroid  whose  center  is  describing 
a  circular  path.  The  motion  of  the  spheroid  in¬ 
volves  both  translation  in  the  direction  of  the  axis 
at  each  instant  and  rotation  about  a  vertical 
axis;  the  analysis  is  rather  complicated  but  ex¬ 
pressions  were  obtained  for  the  wave  resistance, 
the  radial  force  outwards  and  the  couple  on  the 
spheroid. 

Fig.  3  shows  calculations  of  the  wave  resistance 
for  a  spheroid  whose  length  is  2^  times  the  maxi¬ 
mum  breadth,  the  radius  of  the  path  being  equal 
to  the  length  of  the  sphero;d.  Curve  A  is  for 
linear  motion  and  curve  5  for  motion  in  this  cir¬ 
cular  path ;  even  in  this  extreme  case  the  wave  i  e- 
sistance  is  not  much  affected  by  the  curvature  of 
the  path.  These  problems  are,  no  doubt,  chiefly 
of  academic  interest  in  themselves;  but  the  de¬ 
velopment  of  such  work  may  have  a  bearing  on 
questions  of  great  practical  interest  in  the  theory 
of  steering,  stability  and  so  forth. 
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Fig.  3 


Another  matter  of  interest  is  the  question  of 
accelerated  motion  and  effective  mass  or  effective 
moment  of  inertia  in  such  cases.  There  has  been 
some  discussion,  for  instance,  about  the  suitable 
condition  to  take  at  the  free  surface  of  the  water 
for  an  approximate  estimate  of  effective  inertia 
in  ship  problems;  we  may,  on  the  one  hand, 
neglect  the  wave  motion  completely  and  take  the 
^urface  to  be  rigid,  or,  on  the  other  hand,  we  may 
neglect  gravity  and  treat  it  as  a  free  surface. 
Very  little  work  has  been  done  in  this  field  and  it 
seemed  worth  while  to  attempt  a  more  detailed 
examination  of  some  simple  case  which  could  be 
carried  far  enough  to  allow  of  numerical  calcula¬ 
tion.  I  have  worked  out  the  problem  to  a  certain 
stage  for  a  circular  cylinder  moving  with  con¬ 
stant  acceleration  and  starting  from  rest;  some 
of  the  results  are  shown  in  Fig.  4. 
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Fig.  4 


The  abscissae  give  the  velocity  acquired  from 
rest  with  the  given  acceleration,  and  the  total 
resistance  at  each  speed  has  been  divided  into 
two  parts.  For  the  first  case,  the  acceleration  is 
g/7  and  the  two  parts  of  the  resistance  are  shown 
by  the  curves  A  ,  and  At.  From  the  way  in  which 
the  two  parts  emerge  from  the  calculations,  it  is 
convenient  to  call  A\  the  wave  resistance,  and  for 


comparison  the  curve  Ra  shows  the  wave  resist¬ 
ance  for  uniform  motion  at  each  speed.  At  uni¬ 
form  speed  the  ordinates  of  At  would,  of  course, 
be  zero;  in  accelerated  motion  it  is  appropriate 
to  call  At  the  inertia  part  of  the  resistance,  al¬ 
though,  as  the  curve  shows,  it  depends  upon  the 
velocity  as  well  as  upon  the  acceleration.  If  we 
had  used  the  approximations  of  treating  the  sur¬ 
face  of  the  water  (1)  as  rigid,  or  (2)  as  free  but 
neglecting  gravity,  the  part  Ai  would  be  zero  and 
At  a  straight  line  of  constant  ordinate ;  for  (1 )  the 
ordinate  would  be  0.15  on  the  diagram,  and  for  (2) 
it  would  be  0.135.  It  is  interesting  to  note  how, 
in  fact,  At  varies  between  these  extremes  as  the 
velocity  increases.  The  curve  Bi  is  the  wave  re¬ 
sistance  part  for  a  greater  acceleration;  namely, 
1.276g.  The  corresponding  curve  B2  is  similar  in 
character  to  At  but  is  not  shown  on  the  diagram 
as  its  ordinates  would  be  nine  times  those  of  At. 

These  results  are  obviously  rot  of  much  value 
for  direct  application ;  but  they  may  serve  to  show 
the  need  for  further  work  in  a  region  which  has 
been  somewhat  neglected,  in  which  there  are 
problems  which  could  be  studied  both  theoreti¬ 
cally  and  experimentally  with  a  view  to  practical 
applications. 

Floating  Bodies  of  Ship  Form.  If  the  solid  is 
only  partially  immersed  in  the  water  we  have  a 
much  more  difficult  problem,  even  when  we  as¬ 
sume  the  water  to  be  frictionless.  In  the  usual 
theory  of  wave  motion  we  neglect  the  square  of 
the  fluid  velocity.  Further,  except  in  special 
circumstances,  the  first  two  or  three  terms  of  an 
approximation  similar  to  that  for  a  submerged 
solid  may  be  inadequate. 

Then  there  are  also  complications  arising  from 
the  intersection  of  the  solid  and  the  water,  with 
the  different  conditions  over  the  two  surfaces; 
and,  in  general,  any  solution  which  has  been  ob¬ 
tained  involves  a  mathematical  infinity  in  the 
vertical  component  of  fluid  velocity  at  the  bow 
and  stern.  Meantime  most  of  the  work  on  ship 
forms  has  been  limited  to  cases  of  small  ratio  of 
beam  to  length  where  these  difficulties  may  be 
neglected  in  the  first  place,  and  further  approxima¬ 
tions  made  later  to  improve  the  theory.  How¬ 
ever,  a  more  direct  approach  is  much  to  be  de¬ 
sired,  so  as  to  give  an  adequate  theory  of  wave  re¬ 
sistance  for  a  floating  solid.  In  particular,  a  de¬ 
tailed  study  of  simple  forms  would  be  valuable, 
for  instance,  a  vertical  circular  cylinder,  or  a 
sphere  or  spheroid  half  immersed  in  water.  One 
may  apply  to  such  problems  a  remark  made  by 
Kelvin  in  regard  to  the  motion  of  a  wholly  sub¬ 
merged  circular  cylinder,  which  was  solved  some 
years  later  by  Lamb;  after  suggesting  the  prob¬ 
lem  he  left  it  with  the  remark,  "it  is  a  mathemati 
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cal  problem  which  presents  interesting  difficulties, 
worthy  of  serious  work  for  anyone  who  inay  care 
to  undertake  it.” 

It  may  be  added  that  such  work  would  give  a 
better  idea  of  what  has  been  neglected  in  the  pres¬ 
ent  approximate  theory,  and  might  lead  to  a  fresh 
approach  to  the  problem  of  the  ship  with  more 
usual  values  of  the  ratio  of  beam  to  length. 

The  approximate  solution  for  a  slender  ship 
form  was  given  more  than  fifty  years  ago  by 
Miehell  in  a  classical  paper,  which  unfortunately 
was  overlooked  and  forgotten  for  many  years. 
Michell's  approach  was  different  from  that  out¬ 
lined  in  the  previous  section.  He  considered  a 
semi-infinite  uniform  stream  of  water  with  a  free 
upper  surface  and  bounded  by  a  vertical  plane 
parallel  to  the  stream;  and  he  solved  the  prob¬ 
lem  of  the  motion  due  to  a  given  distribution  of 
normal  velocity  over  this  vertical  plane.  A  ship 
of  narrow  beam  placed  in  the  stream  was  pictured 
as  producing  a  normal  velocity  outwards  on  both 
sides  of  amount  given  approximately  by  the  prod¬ 
uct  of  the  stream  velocity  and  the  horizontal 
gradient  of  the  level  lines  of  the  form;  finally,  this 
was  treated  as  a  given  distribution  of  horizontal 
velocity  outwards  on  the  two  sides  of  the  longi¬ 
tudinal  vertical  section  of  the  ship.  Such  a  dis¬ 
continuity  of  normal  velocity  is  equivalent,  of 
course,  to  a  corresponding  distribution  of  sources 
and  sinks  over  this  vertical  plane  ;  and  so  we  ar¬ 
rive  at  Michell's  results  as  a  particular  case  of 
the  source  distributions  wc  have  considered  in  the 
previous  section.  In  particular,  we  may  quote 
for  reference  the  well-known  resistance  integrals. 
With  one-half  of  the  submerged  form  given  by 
y  =  f(x,  s)  we  have 


R  =  !*1*P  f"1  (/a  +  Ji)  sec5  8  d0-.  ft,.  = 

*  Jo 
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taken  over  the  longitudinal  vertical  section  of  the 
ship. 

Although,  as  might  be  expected,  this  formula 
does  not  enable  us  to  predict  with  certainty  the 
resistance  of  a  given  model  at  a  given  speed,  it 
proved  to  be  near  enough  to  the  general  run  of 
the  resistance-velocity  curve  to  give  much  in¬ 
teresting  qualitative  information:  in  particular, 
in  the  changes  produced  by  small  variations  in 
the  form  of  the  model  and  the  general  explanation 
of  such  changes. 

Fig.  5  shows  the  resistance  curve  A  for  the 
simple  parabolic  model  given  by  y  =  6(1  —  x*/l*) 
(1  —  for  the  case  with  the  draft  one- 
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sixteenth  of  the  length,  showing  the  humps  and 
hollows  which  are  so  much  exaggerated  at  low 
speeds  compared  with  experimental  curves.  It 
is  interesting  to  recall  that  Kelvin  ended  his  lec¬ 
ture  on  ‘Ship  Waves"  (1SS7),  in  which  he  first 
described  the  ship-wave  pattern,  by  making 
‘‘with  some  diffidence”  a  practical  suggestion.  It 
was  to  the  effect  that  since  wave  disturbance  is 
so  much  a  surface  effect,  it  might  be  an  advan¬ 
tage  to  put  as  much  displacement  as  possible  be¬ 
low  the  waterline,  assuming  no  doubt  that  one 
would  not  then  increase  other  resistance  by  a 
greater  amount.  It  is,  of  course,  well  known  that 
the  form  of  the  lower  level  lines  has  compara¬ 
tively  little  influence  on  the  wave  resistance  as 
compared  with  the  form  of  the  level  lines  near 
the  LWL;  and  one  can  see  this  confirmed  by 
work  on  pressure  distribution  round  the  hull,  such 
as  that  of  Eggert.  This  point  may  be  illustrated 
quite  simply  in  Fig.  o  by  inverting  the  parabolic 
model  and  putting  the  keel  in  the  surface;  thus 
the  equation  of  the  form  is  now 

y  =  Ml  -  **//* >(2=  d  -  z*/d*) 

Curve  B  shows  the  result.  The  operative  fac¬ 
tor  is  the  ratio  of  draft  to  wave  length  at  each 
speed.  As  one  would  expect,  the  wave  resistance 
in  the  second  curve  is  negligible  at  low  speeds, 
but  ultimately  would  rise  to  equality  with  curve 
A ;  the  difference  is  rather  striking  even  when  the 
wave  length  is  several  times  the  draft. 

I  wish  to  refer  now  to  some  attempts  which 
have  been  made  to  improve  the  theory  and  to  ex¬ 
tend  its  range  of  application.  It  may  be  remarked 
that  the  Miehell  resistance  integrals  can  be  ap¬ 
plied  to  a  much  greater  range  of  forms  than  was  at 
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”i  i  !  i  i  i  i  i  i  i  i  i  r 

_  Comparison  of  Calculated  Wave  Resistance  with  Residuary  Resistance 
Derived  from  Experiments  forModel  18463  and  Model  N43 

The  RelationoftheOuantity©totheResistanceisasfollows 
__  ,,  fR  »  Resistance  of  Model  in  Lbs. 

©  =  645.8  R/i^v2  Wher  6  =  Displacement  of  Model  in  Lbs. 

(u  =  Speed  of  Model  in  Ft. /Sec. 

,  „  ,,  fR  =  Resistance  of  Model  in  Kgs. 

L©=7808  R/6s/3v2  Where  •  6  =  Displacement  of  Model  in  Kgs.  _. 

[v  =  Speed  of  Model  in  Ms/Sec. 
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_  From  Calculated  Wave 
Resistance  in  Perfect  Fluid  — I 
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Fig,  6 


one  time  thought  permissible.  Recently  Wigley 
and  Lunde  have  worked  with  forms  of  fuller  mid¬ 
section  and  Fig.  f  shows  some  of  their  results. 

The  original  fine  form  was  altered  by  adding  a 
bulge  which  widened  the  form  amidships  as  indi¬ 
cated,  and  the  resistance  curves  for  the  two  models 
are  shown.  The  comparison  is  made  in  a  more 
striking  manner  in  Fig.  7,  which  shows  the  differ¬ 
ence  between  the  two  models,  with  calculated  and 
observed  values. 

The  models  were  tested  in  different  tanks 
(Teddington  and  Trondheim)  and  the  lack  of 
agreement  at  very  high  speed  is  probably  a  depth 
effect  due  to  the  difference  in  depth  of  the  two 


tanks.  As  the  authors  remark,  the  presence  of  a 
full  mid-section,  and  therefore  of  a  rather  flat 
bottom,  does  not  cause  more  discrepancies  be¬ 
tween  calculation  and  fact  than  occur  with  finer 
mid-sections. 

It  is  desirable  to  be  able  to  calculate  results  for 
non-mathematical  forms  or  for  ordinary  ship 
models.  In  essence  the  object  is  to  replace  the 
continuous  distribution  which  represents  the  ship 
by  a  finite  number  of  elements;  these  elements 
must  be  such  that  their  super-position  gives  an 
approximation  to  the  form  of  the  model,  and  the 
elements  must  be  of  a  simple  character  so  that 
the  necessary  functions  for  each  element  can 
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be  calculated  and  tabulated  in  sufficient  detail,  lines  around  a  fine  hull  promises  results  of  great 
The  element  proposed  by  Guilloton  is  a  semi-  value,  especially  if  it  can  be  carried  out  for  models 
infinite  wedge;  or,  if  we  prefer,  we  may  think  of  it  for  which  experimental  results  are  available, 
as  a  certain  semi-infinite  source  distribution.  Another  method,  proposed  for  approximate  cal- 
Guilloton  has  tabulated  many  of  the  necessary  culation  at  high  speeds,  is  to  replace  the  eontinu- 
functions  and  has  had  noteworthy  success  in  cal-  ous  source  distribution  over  the  longitudinal  ver- 
culating  wave  profiles  and  so  forth;  and  the  ap-  tical  plane  by  a  finite  number  of  sources  and  sinks 
plication  of  the  method  to  a  survey  of  stream  of  suitable  magnitudes  and  positions;  it  is  ob- 
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vious  that  this  method  would  not  he  worth  while 
for  low  speeds,  as  the  number  of  elements  would 
be  too  large  and  other  methods  of  calculation, 
such  as  that  used  by  Weinblum,  would  be  less 
laborious.  However,  one  possible  extension  is  of 
some  interest;  we  may  subdivide  the  ship  into 
compartments  also  by  longitudinal  vertical  planes, 
so  that  the  sources  are  not  just  located  in  one 
plane  but  are  distributed  in  space.  This  repre¬ 
sents  an  attempt  to  extend  the  theory  to  models 
of  fuller  form  than  can  be  represented  adequately 
by  a  plane  distribution ;  although  the  method  is 
rather  crude,  it  might  give  some  better  idea  of  the 


effect  of  finite  beam.  I  reproduce  some  diagrams 
to  show  the  sort  of  results  which  have  been  ob¬ 
tained  by  these  methods. 

Fig.  S  shows  calculated  and  observed  wave  pro¬ 
file  for  a  certain  model.  The  calculations  were 
made  both  by  the  wedge  method  and  by  the 
source  method,  and  there  is  not  much  difference 
in  the  first  approximation;  it  should  be  added 
that  Guilloton  has  considered  various  second 
order  corrections  by  his  method,  and  his  cor¬ 
rected  curve  in  this  diagram  shows  extremely  good 
agreement  with  the  observed  profile. 
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Fig.  9  is  from  Guilloton  s  work  on  stream  lines. 

Fig.  10  shows  resistance  curves  for  two  models, 
the  calculations  being  made  by  the  source  method. 
The  forms  were  not  experimental  models  but 
were  actual  ships,  of  high-speed  form  and  not  sym¬ 
metrical  fore  and  aft.  The  models  were  divided 
into  ten  compartments  and  the  strengths  and 
positions  of  the  sources  determined  directly  from 
the  plans  of  the  model,  the  chief  point  of  the  work 
being  to  show  that  the  calculations  can  be  carried 
out  in  such  cases. 

Finally,  I  reproduce  in  Fig.  11  a  diagram  from 
Lunde's  recent  paper  in  which  he  examined  the 
effect  of  placing  sources  and  sinks  off  the  longi¬ 
tudinal  vertical  section.  Here  the  model  was  of 
destroyer  type,  but  it  is  unnecessary  to  enter  into 
details  of  the  comparison  except  to  note  that  some 
improvement  was  obtained  by  the  space  distribu¬ 
tion  of  the  sources. 
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Fig.  9 


In  some  cases,  and  not  only  in  those  cases 
which  have  been  reproduced  here,  one  may  sus¬ 
pect  that  the  agreement  with  experimental  re¬ 
sults  is  too  good;  or  perhaps  one  should  say 
rather  that  the  agreement  may  be  deceptice  when 
pushed  too  far  in  view  of  certain  considerations 
which  have  been  neglected.  There  arc,  for  in¬ 
stance,  the  effects  of  trim  and  sinkage  at  higher 
speeds,  of  which  it  is  possible  to  make  a  rough  es¬ 
timate;  but,  specially,  there  is  the  question  of 
the  effects  of  viscosity. 

We  talk  of  comparing  calculated  wave  resist¬ 
ance  with  experiment,  but  there  is  no  such  thing 
as  an  experimentally  measured  \.ave  resistance; 
for  that  we  must  wait  for  the  day  when  someone 


invents  a  frictionless  liquid.  The  only  experi¬ 
mental  result  is  the  measured  total  resistance.  We 
may  adopt  the  usual  procedure,  which  has  been 
so  well  justified  for  most  practical  purposes,  of 
considering  the  frictional  resistance  and  the  wave 
resistance  separately,  and  wc-  use  some  standard 
method,  Froude's  coefficients  or  some  more  recent 
formulation,  for  determining  the  frictional  re¬ 
sistance.  Then  we  begin  to  realize,  when  we  re¬ 
quire  greater  accuracy,  that  the  ship  is  not  a 
plank  and  that  we  should  make  some  allowance  for 
the  effect  of  form  upon  frictional  resistance; 
and,  as  the  importance  of  boundary  layer  theory 
becomes  recognized  in  ship  problems,  we  find  how 
necessary  it  is  to  know  more  of  the  conditions  in 
the  boundary  layer,  the  extent  of  laminar  flow, 
turbulent  flow,  separation  and  so  forth,  a  matter 
which  may  be  described  as  a  burning  question  at 
the  moment.  It  may  well  be  the  case  that  some 
of  the  differences  between  calculated  wave  re¬ 
sistance  and  so-called  experimental  values  may 
prove  to  be  due  to  error  in  estimating  the  fric¬ 
tional  resistance.  No  doubt  as  we  push  on  to 
greater  accuracy,  we  may  find  it  inadequate  to 
treat  the  two  parts  ol  the  resistance  as  independ¬ 
ent;  the  problem  is  one,  and  the  two  must  have 
mutual  interaction,  the  important  point  being 
whether  it  is  of  appreciable  magnitude.  On  the 
one  hand,  it  is  obvious  that  viscosity  effects  have 
a  very  considerable  direct  influence  upon  the 
wave-making;  on  the  other  hand,  it  scans  pos¬ 
sible  that  the  wave  motion  may  have  an  appreci¬ 
able  effect  upon  conditions  in  the  boundary  layer 
in  special  circumstances,  as,  for  instance,  the  po¬ 
sitions  of  crests  and  troughs  in  relation  to  the 
lines  rr  the  model. 
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In  regard  to  the  effect  of  viscosity  upon  wave- 
making,  some  attempts  have  been  made  to  allow 
for  this,  but  no  adequate  theory  has  yet  been  pro¬ 
vided,  It  is  well  known  that  at  low  speeds  we  do 
not  observe  the  oscillations  in  the  resistance  curve 
indicated  by  theory  for  a  frictionless  liquid  and 
due  to  interference  between  bow  and  stem  waves; 
in  fact,  the  wave  resistance  is  due  vei  v  largely  to 
the  bow  and  entrance  only,  the  effect  of  viscosity 
being  to  reduce  the  wave-making  properties  of 
the  stern.  We  may  begin  then  simply  by  intro¬ 
ducing  an  empirical  reduction  factor  into  the 
calculations,  and  for  simplicity  this  factor  was 
taken  as  constant  and  operative  over  the  whole 
of  the  rear  half  of  the  model.  This  idea  was  im¬ 
proved  by  Wigley  and  made  more  useful  from  a 
practical  point  of  view;  comparing  calculated 
and  observed  results  for  a  large  number  of  models, 
Wigley  deduced  a  simple  expression  for  such  a  re¬ 
duction  factor  and  for  its  dependence  upon  veloc¬ 
ity.  When  we  remember  other  considerations 
which  have  not  been  taken  into  account,  it  must 
be  admitted  that  this  viscosity  correction  prob¬ 
ably  includes  other  effects  than  those  due  to 
viscosity  alone ;  nevertheless  it  serves  a  very  use¬ 
ful  purpose.  The  difference  made  by  this  correc¬ 
tion  can  be  seen  in  the  curves  of  Figs,  (i  and  7. 
The  latter  diagram  illustrates  a  promising  field  of 
application  of  the  theory  as  it  stands  at  present ; 
although  it  is  not  possible  to  give  with  sufficient 
certainty  absolute  values  of  the  resistance,  yet  it 
is  within  reach  to  forecast  differences  made  in  the 
resistance  curves  for  two  models  of  a  series  with 
small  variations  in  form.  However,  for  a  satis¬ 
factory  account  of  viscous  effects  it  will  be  neces¬ 
sary  to  link  up  wave  theory  and  boundary  layer 
theory.  Starting  with  a  much  simplified  concep¬ 
tion,  consider  a  ship  of  streamline  form  with  its 
boundary  layer  over  the  surface  and  becoming 
of  any  appreciable  thickness  only  near  the  stern. 
The  displacement  thickness  of  the  layer  gives 
some  measure  of  the  amount  by  which  the  stream 
lines  of  the  flow  are  displaced  outwards;  suppose 
th  '  that  we  take  the  effective  form  of  the  ship 
for  wave-making  as  the  actual  form  increased  bv 
the  displacement  thickness  of  the  boundary  layer. 
Some  calculations  were  made  on  these  lines 
recently;  but,  needless  to  say,  it  was  not  possible 
to  deal  with  actual  boundary-layer  structure. 
What  was  done  was  to  make  small  modifications 
of  the  lines  near  the  stern  such  as  might  reason- 
ubW  be  ascribed  to  boundary  layer  effect,  the 
main  point  being  that  these  modifications  were 
confined  to  quite  a  small  region  near  the  stem, 
The  purpose  of  the  calculations  was  to  illustrate 
tiie  possible  effect  of  such  boundary -layer  modi¬ 
fications  of  the  form  and  to  see  if  they  were  suf 


ficient  to  eliminate  the  excessive  resistance  oscilla¬ 
tions  at  low  speed  given  by  theory  for  a  friction- 
less  liquid,  while  at  the  same  time  not  materially 
affecting  values  at  high  speeds. 

Figs.  12  and  Id  show  some  of  the  results,  with 
the  modified  forms  and  the  corresponding  re¬ 
sistance  curves.  They  agree  fairly  well  with  the 
anticipated  effect,  except  that  the  hollow  at  a 
Fronde  number  of  about  0.34  still  remains  too 
pronounced;  but  the  latter  is  a  persistent  dis¬ 
agreement  between  calculated  and  observed  re¬ 
sults  for  which  some  other  explanation  must  be 
found. 
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This  inadequate  survey  of  wave-resistance 
theory  and  its  applications  may  be  concluded  by 
indicating  briefly  some  directions  in  which  furthei 
work  would  be  specially  useful.  Even  with  the 
theory  as  it  stands  at  present,  much  could  be  done 
to  extend  its  range  of  application:  for  instance, 
by  a  systematic  study  of  methods  of  approxima- 
mation  and  by  the  computation  of  necessary 
tables  of  functions,  so  that  numerical  calculations 
could  be  carried  out  more  readily.  But  the  two 
main  problems,  broadly  speaking,  are  those  of 
the  ship  of  finite  beam  and  of  the  effects  of  vis¬ 
cosity.  It  may  well  be  that  in  both  cases  it  may 
only  prove  possible  to  advance  by  successive 
stages  of  approximation  to  a  solution :  but  the 
former  problem,  leaving  viscosity  out  of  account, 
is  essentially  a  mathematical  one  for  which  a  new 
approach  is  much  to  be  desired.  On  the  other 
hand,  our  knowledge  of  boundary-layer  condi¬ 
tions  is  insufficient  and  the  latter  problem  is  pre¬ 
eminently"  one  for  combined  theoretical  and  ex¬ 
perimental  investigation.  Indeed  the  whole  sub¬ 
ject  calls  for  a  close  association  betw-een  mathe¬ 
matical  and  experimental  work,  especially  if  we 
keep  in  view  its  practical  application  to  ship 
problems. 


Note:  The  illustrations  are  from  the  following 

sources : 

Figs.  2  and  3:  T.  H.  Havelock,  Proceedings 
of  the  Royal  Society,  (A),  Volume  201,  page  297 
(1950). 

Fig.  4:  T.  H.  Havelock,  Quarterly  Journal  of 
Mechanics  and  Applied  Mathematics,  Volume  2, 
page  419  (1949). 

Figs.  0  and  7.  W.  C.  S.  Wigley  and  '  J.  K. 
Lunde,  Transactions  of  the  Institution  of  Naval 
Architects,  Volume  90,  page  92  (1948). 

Fig.  S:  W.  C.  S.  Wigleyq  Bulletin ,  L’Associa- 
tion  Technique  Maritime  et  Aeronautique,  Vol¬ 
ume,  4N.  page  503  (1949). 

Fig.  9:  R.  S.  Guilloton,  Transactions  of  the 
Institution  of  Naval  Architects,  Volume  90,  page 
4, S  (1949). 

Fig.  10:  T,  H.  Havelock,  Transactions  of  the 
North  East  Coast  Institution  of  Engineers  and 
Shipbuilders,  Volume  00,  page  47  (1943). 

Fig.  11:  J.  K.  Lunde,  Transactions  of  the 
Institution  of  Naval  Architects,  Volume  91,  page 
182(1949). 

Figs.  12  and  13:  T.  H.  Havelock,  Transactions 
of  the  Institution  of  Naval  Architects,  Volume 
90,  page  259  (194S). 
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THE  MOMENT  ON  A  SUBMERGED  SOLID  OF 
REVOLUTION  MOVING  HORIZONTALLY 

By  T.  H.  HAVELOCK  (King’s  College ,  Newcastle  upon  Tyne) 
[Received  20  February  1951] 

SUMMARY 

The  moment,  due  to  surface  waves,  on  a  submerged  solid  of  revolution  moving 
axially  at  constant  depth  below  the  surface  of  the  water  is  examined  in  detail. 


1.  A  submerged  solid  of  revolution  moves  axially  with  uniform  velocity 
and  with  its  axis  at  a  constant  depth  below  the  surface  of  the  water.  If  the 
solid  is  such  that  the  motion  in  an  infinite  liquid  can  be  represented  by  a 
known  source-sink  distribution  along  the  axis,  the  horizontal  and  vertical 
forces  on  the  solid  due  to  the  wave  motion  can  readily  be  obtained  to  the 
usual  approximation;  however,  for  the  moment  about  a  transverse  hori¬ 
zontal  axis  it  is  necessary  to  obtain  the  velocity  potential  to  a  higher  degree 
of  approximation,  a  point  which  was  noticed  in  an  early  paper  on  the 
circular  cylinder  (1)  but  which  has  sometimes  been  overlooked.  In  the 
present  note  we  consider  a  prolate  spheroid,  for  which  this  extension  can 
be  carried  out;  the  form  of  the  additional  term  in  the  moment  in 
this  case  suggests  an  approximation  applicable  to  other  elongated  solids 
of  revolution,  such  as  a  Rankine  ovoid,  generated  by  an  axial  source 
distribution. 


2.  We  suppose  the  spheroid  to  be  held  at  rest  in  a  uniform  stream  of 
velocity  c  in  the  negative  direction  of  Ox,  the  axis  being  at  a  depth  /  below 
the  free  surface  of  the  water.  We  take  0  at  the  centre  of  the  spheroid, 
Ox  along  the  axi3,  Oy  transversely,  and  Oz  vertically  upwards.  Using  the 
known  axial  distribution  for  motion  in  an  infinite  liquid,  the  velocity 
potential  is  given  by 

ae 

r  kdk 

4-cx+Ac  I  {y2+s2+(x_£)2}* 

—at 


where 


[  kdk  fde[  - —  dK,  (1) 

27t  J  J  ,1  k  —  xq  sec*p-j-ip  sec  6 


A-1  =  2e/(  1 — e2)— log{(l+ e)/(l—  e)|,  vr  =  (x— fc)cos0+ 7/sin0, 

k0  =  gjc 2,  and  the  limit  is  taken  as  p  ->  0. 

[Quart.  Joura.  Mecb.  and  Applied  Math.,  Vol.  V,  Ft.  2  (1982)] 
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The  lirst  two  terms  in  (1)  satisfy  the  condition  at  the  surface  of  the  solid. 
The  third  term,  which  we  shall  denote  by  </>3 ,  is  the  first  approximation  to 
the  wave  motion;  its  form  is  determined  so  as  to  ensure  that  the  three 
terms  together  satisfy  the  condition  at  the  free  surface  of  the  water  (2). 

The  second  term  in  (1),  which  is  the  velocity  potential  for  the  axial 
motion  of  a  prolate  spheroid,  is  usually  given  (3)  as  lAcrteP^^Q^)  in 
terms  of  coordinates  specified  by  x  ■---  «e/a£.  y  --  «r(l —  ju--’)!(£a—  1)5  cosca. 
z  <t<  (  1  —  p-)-(4--- 1)!  sin  to;  it  can  readily  be  verified  that  the  two  forms 
are  equivalent.  This  equivalence  is  a  particular  case  of  a  general  relation 
which  does  not  seem  to  have  been  stated  explicitly,  and  the  opportunity 
is  taken  of  recording  it  here  in  view  of  its  use  in  problems  dealing  with  the 
motion  of  a  spheroid.  The  relation  expresses  prolate  spheroidal  harmonics 
in  terms  of  axial  distributionsof  poles  or  multi-poles.  Using  the  appropriate 
form  of  the  known  general  expansion  of  reciprocal  distance  (4),  it  follows 
at  once  that 

Pu(h)QAC)  = 


rjk  fie)  dk 


!//- 


—  ae 


For  the  general  case,  forming  the  corresponding  expansion  for  the  potential 
of  a  multi-pole,  it  can  be  shown  that 


Ps 

n 


(nKns(Qe 


iso) 


x  fd  d\sT  (a2e2  -  k2)*sPns{k/ae)  dk 

+  z2  +  {;_k)2}i 

—ae 


\\re  use  the  theorem  that  the  forces  on  the  solid  can  be  obtained  as  the 
resultant  of  forces  on  the  internal  sources,  the  force  on  a  typical  source  m 
being  — - -Lnpinq,  where  q  is  the  fluid  velocity  at  the  point  other  than  that 
due  to  the  source  itself;  in  fact,  we  may  omit  the  part  of  the  velocity  due 
to  all  the  other  internal  sources  and  sinks.  Thus  for  the  horizontal  force, 
or  wave  resistance  B.  we  have 


B  ■---  — 4 TTp  Acx(( <f>.A  < x)  dx. 


(2) 


taken  along  the  axis  ;/  =  z  —  0. 

Taking  <^3  from  (1 )  and  omitting  terms  which,  on  account  of  the  integra¬ 
tions  in  x  and  k,  give  no  contribution  to  the  final  result,  this  reduces  to 


ae  ac  bn  cn 

err  r  c  £)<*<»*  0 

R -  --  - 1  <*>/>*“  r2.4 2  xdx  kdk  sec *0  dO  - — — r - 

J  J  J  J  K—K0ni'i--e-\  lysved 


where  the  imaginary  part  is  to  be  taken. 


die, 

(3) 
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The  integration  in  k  may  be  transformed  in  the  usual  manner  by  treating 
k  as  a  complex  variable  and  integrating  round  a  suitable  quadrant  accord 
ing  as  x  —  k  or  <  0.  Finally  we  obtain 

R  ~  327T2f/p«-Vh42  j  sec20  J|(/c0ae  see  0)e~-Ko’  <10.  (4) 

o 

which  is  the  known  expression  for  the  wave  resistance. 

The  vertical  force.  apart  from  that  due  to  buoyancy,  can  be  obtained 
similarly  from  re 

Y  —  477 -p  |  Acx{r<f>3  cz)  <lr.  (f>) 

ne 

This  involves  the  real  part  of  the  contour  integrals  in  k  referred  to  above, 
and  leads  to  double  integrals:  the  expression  for  Y  can  easily  be  written 
down,  but  it  is  not  very  suitable  for  numerical  computation. 

3.  The  moment  of  the  forces  about  O//  requires  more  consideration,  and 
we  shall  take  it  in  two  parts. 

We  calculate  first  the  moment  on  the  initial  source  distribution  arising 
from  the  vertical  component  of  the  velocity  derived  from  the  term  <^3 
in  (1);  we  denote  this  part  by  Thus 

ne 

(7y  -  -inp  |*  A<\r2(i<f>.i!cz)  <1x,  (C) 

—  ne 

taken  along  the  axis. 

Rut  we  have  to  proceed  to  a  further  approximation  to  the  velocity 
potential,  because  the  uniform  stream  produces  on  this  second  approxi¬ 
mation  a  contribution  to  the  moment  of  the  same  order  as  f»,;  we  denote 
this  second  part  by  (72.  Let  <f>4  be  the  term  to  be  added  to  (1)  for  the  next 
approximation.  This  term  represents  some  dist  ribution  of  s<  mrees  and  sinks 
within  the  spheroid;  if  M  is  the  total  moment  of  this  distribution  resolved 
parallel  to  Oz,  then  we  have 

f?2  —  — AirpcM ,  (7) 

and  the  total  moment  on  the  solid  to  this  stage  is  (7lY  Os. 

4.  From  (0)  and  (1),  we  have 

at  ar  tr  co 

G\  -  -4 PA*c*  J  x2  dx  j  kdk ■  |  <10 

-«<’  —ae  —  it 

X(,-2*ni«x-k«oad  (/K  (H) 


f  + K0sec2d) _ 

J  k  —  k0  sec-’d-F  ip  sec  0 
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Treating  the  integration  in  k  as  before,  and  carrying  out  the  integrations 
in  x  and  k,  this  leads,  after  some  reduction,  to 

G1  —  Q4irpa2e2A2(cz/ k0)  j  sec  —  cos  p  j  x 

o 

X  |/j  sin  p -(-  2  cos p  —  2  - je ~2l(‘ 1  sec'6  d9,  (9) 

with  p  —  K0ae seed. 

We  now  determine  the  next  approximation  to  <f>  so  as  to  satisfy  the 
condition  at  the  surfa  ce  of  the  spheroid,  namely  that  the  normal  component 
of  velocity  from  cf>3+<f>i  must  be  zero  over  the  spheroid. 

We  use  coordinates  fi,  £,  w  given  by 

x  =  aep-C,  y  —  «e(l—  p2)J(£2—  l^sinco,  z  —  ffle(l  —  p2)!(£2—  l)s  costa, 

(10) 

th  spheroid  being  given  by  £  =  £0  -  1/e. 

If,  in  the  neighbourhood  of  the  spheroid,  </>3  is  expressed  in  the  form 

=  2  2  (^4*cosA'a>+jB®sinsu/)P®(/x)P*(£),  (11) 

r  =  1  s  =  o 

then  the  required  next  approximation  is  given  by 


oo  r 

*‘=-22 


r- 1  8  =  0 


PTiC  0) 

QSr'(l  „) 


(A  ®  cos  sa>  -f  B*  sin  soj  )  P*(p. )  Q?(  £ ) . 


(12) 


By  considering  the  behaviour  of  the  terms  in  <f>t  as  £  ->  oo,  we  see  that 
the  only  one  which  contributes  to  the  moment  M  referred  to  in  (7)  is  the 
term  in  P\(n)Q\(£)co8  w;  this  latter  quantity  approximates  to  —2a2e2z'3r3 
as  £  ->  oo.  Alternatively,  we  may  get  the  same  result  from  the  expression 
of  this  term  as  a  line  distribution  of  doublets  parallel  to  Oz  along  the  axis 
of  the  spheroid  between  the  two  foci.  Hence,  putting  in  the  value  of  the 
factor  iT(£o)/#r(£o)»  we  have 

M  =  \a2e2BA\,  (13) 

with  B~l  =  J  log{(  1  +e)/(  1 — e)}-fe(2e2—  1 )/( 1  —  e8). 

To.  determine  A\  we  take  from  the  expression  for  in  (1)  the  term  in  the 
integrand  involving  the  coordinates,  namely 

exp  k{z + ix  cos  6  -f  iy  sin  6), 

and  expand  the  value  of  this  on  the  spheroid  in  the  form 


2  2  (C*coB«w+Z)*Bin«w)P*(/t).  (14) 

r-0  »-l 
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The  coefficient  C{  is  then  given  by 


4tt 


2  it 


■+TT  p  p 

— -C‘|=  I  (1  —  ju2)*  dp  J  exp{»d>(  1  -p2)*  (cos  to  4?  sin  o»sin  6) 

-  i  o 

+  IKd/L  COS  6) COS  CO  c/co.  ( 1 5' 

The  integrations  can  be  reduced  to  known  forms,  and  we  obtain 

C}  -----  11(771 '2xaV)U>  secW  ./,(*•«?  cos  6).  (10) 

Hence,  from  (II),  the  corresponding  term  in  the  integral  for  <4}  is 

3(7r/2#crte)I  sec!0  J^itae  cosO).  (17) 

Using  (7)  and  (17)  in  (1)  we  obtain  the  expression  for  f«a,  which  may  be 
written  in  the  form 


ae  J  tt  x 

G2—  16paec2AB  j  k  die  j*  sec2#  dd  J  —  coscyj 


p—2 Kf  —  itck  cos  6 

(IS) 


where  the  real  part  is  to  be  taken,  and 

q  —  xcte  cosd,  1)  =-  (k-\~ «r0sec26/)/«(»<  —  /c0sec2#-4-tpsee  6). 
After  carrying  out  the  integrations  in  «  and  k  this  leads  to 


G9 


—  64npa2e2AB(c2  KQ)  j"  -- —  cos/>j  e  2K°fst‘c'9aocddS,  (10) 

5 

with  p  —  K0ae  sec  6. 

For  computation  it  is  convenient  to  express  these  results  in  terms  of  the 
so-called  spherical  Bessel  functions,  of  which  tables  are  available.  If  we 

WFite  N„+J(/>)  -  (*/->/>)*./„  ,,(;>). 

Ijr 

h  —  |  Si(p)Si(p)e~ZHof  sec4d  d$, 
o 

** 

h  ~  f  S2t(p)e  2^  l  ^ aec^dd, 

0 

we  have  R  ^  ^gp^a^A2!^ 

Gl  —  (\47rgpaifiA2(K0a<'I1-~  21.,), 

G2  —  —647T<jptiie*ABJ.i.  (20) 

5.  These  results  may  be  checked,  to  some  extent,  by  taking  the  limiting 
case  of  a  sphere.  In  the  first  place  we  may  calculate  directly  the  case  for 
the  sphere  by  the  same  method.  For  a  sphere  of  radius  <i,  we  obtain 

(»,  =  47Tpc2ci8Kj)  J  sec50f-2"*/'it't',0  dB.  (21) 
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For  G2  we  expand  the  corresponding  term  <f>3  in  spherical  harmonics,  and 
we  find  that  G2  reduces  to  the  same  expression  (21)  with  a  negative  sign; 
thus  the  total  moment  is  zero,  as  should  be  the  case.  Turning  to  the 
expressions  in  (9)  and  (19)  for  the  prolate  spheroid,  we  find  their  limiting 
values  for  e  ->  0  reduce  to  the  correct  values  for  the  sphere. 

6.  Returning  to  the  spheroid,  we  notice  that  Gx  may  be  positive  or 
negative  according  to  the  speed;  on  the  other  hand,  G2  is  essentially 
negative.  Further,  from  (20)  we  have 

G2  =  -BRjKoA.  (22) 

If  Aq  and  k2  are  the  inertia  coefficients  for  axial  motion  and  transverse 
motion  respectively,  we  have  2e3A  =  (1  —  e2)(l  kx)  and  a  similar  relation 
between  B  and  k2.  Hence  (22)  may  be  put  in  the  convenient  form 

G2^  ~(l+k2)R/K0(l+h)-  (23) 

The  ratio  (1  -f-A2)/(l  +I'i)  *s  unity  for  a  sphere,  and  approximates  to  two 
for  a  spheroid  of  large  length-beam  ratio.  When  c  ->  oo,  or  k0  -»•  0,  the 
integrals  in  the  expressions  for  R,  Gu  and  G2  all  reduce  to  the  integral 
given  in  (21),  which  can  be  expressed  in  terms  of  Bessel  functions;  hence 
we  may  find  the  limiting  values  of  these  quantities  as  the  speed  increases 
indefinitely.  It  appears  that  as  c  oo,  R  becomes  zero  of  order  c-2;  on  the 
other  hand  G\  and  G2  approach  finite  limiting  values,  with 

Gx  %ngpa*e*A2!f?\  G2-+  -%Txqpa*e*ABif3.  (24) 

Thus  the  moment  G  approaches  the  limiting  value 

G  =  Gx\-G2^  -IngpaWil+kMk.-kJ/f*,  (25) 

and  this  is  negative  for  a  prolate  spheroid. 

Some  numerical  values  have  been  calculated  from  (20)  for  a  spheroid  of 
a  length-beam  ratio  of  10.  The  moment  at  low  speeds  may  be  positive  or 
negative  and  is  small  numerically;  after  a  Froude  number,  c/J(2ga),  of 
more  than  about  0-4  the  moment  remains  negative  and  increases  rapidly 
towards  its  limiting  value. 

It  may  seem  unexpected,  as  compared  with  surface  ships,  to  find  the 
moment  remaining  negative  at  high  speeds.  The  model  of  a  surface  ship 
is  usually  allowed  to  trim  and  at  high  speeds  it  takes  up  a  position  with 
bow  up  and  stern  down,  corresponding  to  a  positive  moment;  the  attitude 
of  the  model  is  then  roughly  parallel  to  the  mean  line  of  the  water  surface 
in  its  vicinity.  But  the  submerged  spheroid  we  have  been  considering  has 
its  axis  maintained  horizontal;  so  we  may  describe  it  roughly  as  being  in 
a  stream  whose  effective  direction  in  the  vicinity  of  the  spheroid  is  inclined 
to  the  axis  and  this  provides  a  moment  tending  to  increase  this  angle,  that 
is.  a  negative  moment.  For  a  numerical  case  take  a  spheroid  with  a  —  106 
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and  immersed  to  a  depth  /  2'ih:  we  calculate  the  part  (•.,  of  the 

moment  for  a  Fronde  number  <)  f>.  For  a  spheroid  in  a  uniform  stream  at 
a  small  angle  8  to  the  axis  the  moment  tending  to  increase  this  angle  is 
^■npfib2c‘2(li'.,—ki)6.  Comparing  these  two jnnmcnts  in  this  particular  case, 
we  find  that  would  he  accounted  for  in  this  way  by  an  angle  8  of  about 
<H»3,  which  seems  not  unreasonable.  However,  this  comparison  cannot  he 
pressed  far:  it  is  only  intended  to  indicate  a  possible  physical  explanation 
of  the  negative  moment  at  high  speeds. 

7.  Consider  now  any  solid  of  revolution  which,  so  far  as  axial  motion  in 
an  infinite  liquid  is  concerned,  can  be  specified  by  a  known  axial  source 
distribution.  The  part  <7,  of  the  moment  can  be  obtained  at  once  by  the 
method  used  in  the  previous  sections:  hut  it  is  not  possible,  in  general  to 
calculate  the  part  t»2.  Turning  to  the  connexion  between  (!.,  and  R  for  the 
spheroid  given  in  (23),  it  is  proposed  now  to  use  tins  as  a  suitable  approxi¬ 
mation  for  any  solid  of  revolution,  and  in  particular  for  one  of  large  ratio 
of  length  to  beam.  The  inertia  coefficient  can  be  calculated:  if  M  is  tin' 
total  moment  of  the  given  axial  source  distribution  and  F  is  th  volume 
of  the  solid,  we  have  AttM  (I  •-£,)!’.  It  is  not  possible,  in  general,  to 
calculate  I;,,.  However,  for  a  long  slender  solid.  is  small:  on  the  other 
hand.  k\,  approximates  to  the  value  unity  which  it  has  for  the  transverse 
motion  of  a  circular  cylinder.  Thus,  in  such  a  case,  it  is  sufficient  for  a 
fairly  close  approximation  to  take 

<•',  2 R  (id*) 

where  R  is  the  wave  resistance  of  the  submerged  solid.  The  simplest  case 
is  that  of  the  solid  specified  by  a  single  source  and  sink.  If  hi  is  the  strength 
of  the  source  or  sink,  2/i  the  distance  apart.  21  the  axial  length  of  the  solid, 
and  2h  the  maximum  beam,  we  have 

4  ml  ft  r(l 2-  /(*)■;  4  ‘nh  ■&’*)*.  (27) 

Taking  the  axis  at  depth /.  the  velocity  potential  can  be  written  down 
to  the  same  approximation  as  for  the  spheroid  in  (1).  The  process  of 
determining  R  and  the  part  <7,  of  the  moment  is  ;he  same  as  before,  and 
the  details  need  not  be  given.  I’sing  (27)  to  t  x press  in  in  terms  of  tne 
dimensions,  we  obtain 

J  ” 

R  -n<jf>K0 I  *  h2  fi~)  1 1  ivs(2 *„//  sec ti)\i  see:,d  </)*  (2S) 

» 

fi,  2ngpK0  hb\  I  f  b*  As)  )  sin(2tf„/i  st  cd)«  -»,)'<•••'()  ree4d  >10.  (211) 

it 


581 


136 


MOMKNT  OX  A  Sl'Ii.M KR(SKI)  SOLID  OF  RKVOLCTIOX 


For  (l,  we  should  work  out  the  next  approximation  for  the  velocity 
potential,  as  in  the  ease  of  the  spheroid;  hut  this  does  not  seem  feasible 
for  the  given  solid.  Meantime,  as  already  indicated,  we  shall  take  (2<>)  as 
giving  a  sufficient  approximation  and  thus  we  assume 

A  7T 

f»2  ■  -  477f/p/)4(  1  (  It-  ft-)  |  [1  —  cos(2/o0/i  sec.  ^ec36  dO.  (30) 

n 

Computation  of  the  total  moment  (1  can  be  made  from  the  integrals  in 


(29)  and  (30)  either  by  direct  quadrature  or  by  asymptotic  expansions 
suitable  fur  large  values  of  the  parameter  2  «•„//.  To  show  the  nature  of  the 
results  calculations  have  been  made  for  an  ovoid  with  h  ld/>.  giving  a 
length-beam  ratio  ofabout  lor».  Two  depths  of  immersion  wort*  taken,  and 
the  results  are  shown  in  the  figure  with  values  of  (}  TTi/pb'i  1  -f -b2  h-)  graphed 
on  a  base  of  Fronde  number  r  N  (2;//).  ( ’urve  .1  is  for /  2 sV>,  and  curve  11 

for  /  ~>l>.  Curve  .1  shows  the  typical  oscillations  at  low  speeds  due  to 

interference  between  bow  and  stern  waves;  these  would  no  doubt  be 
damped  by  viscous  effects  in  an  actual  liquid.  For  curve  H  at  greater 
depth  these  oscillations  are  too  small  to  be  shown  on  the  scale  of  the 
diagram. 


It  KFKR  I!  N  (  K s 

1.  T.  It.  Davkj.ock,  l’n»\  /»'•«/.  Sue,  A.  1 22  ( IlL’s),  3<»2. 

2.  ibid.  A.  138  <11132),  340.  , 

3.  It.  La  Mil.  H  (/ifrixlifiifiiuiitt,  lit  li  nl.  (Cioiibi'idue,  11132),  j  >.  141.  £ 

4.  K.  \V.  Iloasos,  S/ihi  ricul  unit  l-.ll  i  pttui.lul  lluniiuines  ((  amln  idtv.  11131).  p.  416. 


582 


ISSUED  FOR  WR'.TEN  DISCUSSION 


Members  are  invited  to  submit  written  contributions  to  this  paper ,  which  should  reach  the  Secretary  not  later  ikon  1 5 th  September ,  1 952 
they  should  be  typewritten. 

The  Institution  is  not,  as  a  body,  responsible  for  the  statements  made  or  the  opinions  expressed  by  individual  authors. 

The  issue  of  this  paper  is  on  the  express  understanding  that  no  publication,  either  of  thi  whole  or  in  abstract,  will  be  made  until  after 
the  paper  has  been  published  in  the  October,  1952,  or  later  Quarterly  Transactions  of  the  Institution  oj  A 'aval  Architects. 


SHIP  VIBRATIONS:  THE  VIRTUAL  INERTIA  OF  A  SPHEROID  IN  SHALLOW  WATER 
By  Professor  Sir  Thomas  H.  Havelock,  M.A.,  D.Sc.,  F.R.S,  (Honorary  Member  and  Associate  Member  of  Council) 

Summary 

It  is  known  that  certain  motions  of  the  surface  of  a  spheroid  expressed  by  spheroidal 
harmonics  are  similar  to  flexural  2-  and  3-node  vibrations,  and  can  be  used  to  obtain 
virtual  inertia  coefficients  for  motion  in  an  infinite  liquid.  These  calculations  are  now 
extended  so  as  to  include  the  effect  of  a  plane  boundary,  and  are  given  in  a  general  form 
which  includes  translation  and  rotation  as  well  as  the  flexural  vibrations. 

Consideration  is  given,  in  particular,  to  the  vertical  and  horizontal  vibrations  of  a  float¬ 
ing  spheroid,  half-immersed,  in  water  of  given  depth.  Graphs  are  obtained  for  the  variation 
of  the  relative  increase  of  inertia  coefficient  witn  the  depth  of  water.  These  show  how 
the  variation  depends  upon  the  type  of  vibration,  and  a  result  of  special  interest  is  the 
striking  difference  between  horizontal  and  vertical  vibrations;  the  relative  increase  is  less  for 
the  horizontal  vibrations,  and  decreases  much  more  rapidly  with  increasing  depth  of  water. 


PART  I 

1.  In  this  part  we  give  a  general  account  of  the  work, 
leaving  details  of  the  analysis  to  Part  II. 

In  calculating  the  frequencies  of  the  natural  flexural 
vibrations  of  a  ship,  allowance  has  to  be  made  for  the 
added  inertia  due  to  the  surrounding  water.  This  is 
usually  carried  out  by  a  two-dimensional  strip  method 
which  consists  in  obtaining  a  suitable  expression  for  an 
elementary  transverse  section  and  integrating  longitudi¬ 
nally;  an  empirical  factor  is  then  added  to  allow  for  the 
fact  that  the  motion  of  the  water  is  three-dimensional. 
The  only  direct  three-dimensional  calculations  which 
have  been  made  are  for  a  prolate  spheroid  deeply  im¬ 
mersed,  or  in  an  infinite  liquid.  It  was  shown  by 
Lewis/0  and  about  the  same  time  independently  by 
Lockwood  Taylor/23  that  certain  motions  of  the  surface 
of  the  spheroid  expressible  by  spheroidal  harmonics  are 
approximately  the  same  as  for  the  2- node  and  3>node 
flexural  vibrations,  and  so  can  be  used  to  give  an  esti¬ 
mate  of  the  increase  of  kinetic  energy  due  to  the 
surrounding  water. 

Recently  the  influence  of  depth  of  water  upon  the 
added  inertia  has  become  of  interest.  Here,  again,  the  cal¬ 
culations  have  been  made  by  the  two-dimensional  method 
extended  to  allow  for  finite  depth  of  water:  reference 
may  be  made,  in  particular,  to  work  by  Prohaska.<3) 

In  the  present  paper  no  attempt  is  made  to  examine 
afresh  the  general  theory  of  the  natural  vibrations  of  a 
solid  which  is  partially,  or  wholly,  immersed  in  water, 
although  a  more  complete  theory  is  much  to  be  desired; 
no:  is  any  attempt  made  to  deal  explicitly  with  solids  of 
ship  form.  Although  the  analysis  may  have  wider 
applications,  the  main  object  of  the  paper  is  to  carry 
out  three-dimensional  calculations  for  a  prolate  spheroid 
so  as  to  include  tVie  effect  of  finite  depth  of  water,  and, 
in  particular,  to  examine  the  vertical  and  horizontal 
vibrations  of  a  spheroid  floating  in  water  of  finite  depth. 


2.  After  a  brief  summary  of  the  analysis  for  a  spheroid 
in  an  infinite  liquid  (§6),  we  proceed  to  the  case  of 
finite  depth  of  water.  We  consider  a  prolate  spheroid, 
major  axis  2  a  and  transverse  axis  2  b,  wholly  immersed 
in  water  with  its  axis  horizontal  and  at  a  height  /  above 
the  bed;  in  the  first  place  we  suppose  the  water  deep 
enough  so  that  we  can  ignore  any  effect  of  the  upper 
free  surface.  The  surface  of  the  spheroid  is  given  a 
prescribed  motion  and  we  calculate  the  kinetic  energy  of 
the  resulting  fluid  motion.  Naturally,  an  exact  solution 
is  not  obtained,  and  the  degree  of  approximation  may 
be  indicated  by  reference  to  known  simple  cases.  If  a 
circular  cylinder  is  moved  transversely  to  its  length, 
either  parallel  to  the  boundary  or  at  right  angles  to  it, 
the  approximate  relative  increase  in  the  virtual  inertia 
coefficient  is  b2/ 2  fl.  For  a  three-dimensional  case,  the 
only  known  result  appears  to  be  the  similar  approxima¬ 
tion  given  by  Stokes  for  a  sphere;  if  the  motion  is 
parallel  to  the  boundary  the  relative  increase  is  3  b2j  1 6/3, 
while  for  motion  at  right  angles  to  the  boundary  it  is 
3  63/8  /3.  We  obtain  the  corresponding  approximation 
for  a  prolate  spheroid.  The  analysis  is  given  in  general 
form  for  motion  of  the  spheroid  specified  by  a  harmonic 
of  order  n,  for  motion  both  parallel  to  the  boundary 
and  at  right  angles  to  it;  particular  cases  of  the  solution 
include  translation  and  rotation  of  the  spheroid  and  also 
2-  and  3-node  vibrations. 

3.  We  turn  next  to  the  more  interesting  problem  of  a 
floating  spheroid,  which  we  suppose  to  be  half  immersed 
in  the  water.  For  a  complete  theory  we  should  include 
the  surface  waves  produced  by  the  vibrations,  but  we 
neglect  these  meantime;  having  in  view  application  to 
ship  vibrations  we  adopt  what  seems  to  be  the  appro¬ 
priate  simplification,  the  so-called  free  surface  condition 
neglecting  gravity.  A  modification  of  the  previous 
section  gives  expressions  for  the  relative  increase  in 
inertia  coefficient  for  th?  various  types  of  motion  and  in 
§11  we  consider  the  vertical  vibrations  of  the  floating 
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spheroid.  Numerical  computations  have  been  made  for 
a  spheroid  whose  length  2  a  is  just  over  10  times  the 
beam  2  A,  and  the  results  are  shown  in  Fig.  1 ;  the  com¬ 
putations  were  troublesome,  and  a  high  degree  of 
accuracy  was  not  attempted. 


The  ordinates  are  the  relative  increase  in  inertia 
coefficient,  that  is  the  ratio  of  the  increase  to  the  value 
in  deep  water;  the  abscissae  are  the  values  of //A,  or  the 
ratio  of  depth  of  water  to  the  maximum  draught.  The 
curves  in  question  are  those  marked  V.  Those  marked 
0  V  and  1  V  are  for  translation  and  rotation  respec¬ 
tively;  but  we  may  regard  the  set  of  curves  as  repre¬ 
senting  vertical  vibrations  specified  by  the  number  of 
nodes,  0,  1,2,  3,  respectively.  From  this  point  of  view, 
it  is  of  interest  to  note  the  varying  influence  of  depth 
according  to  the  type  of  vibration;  it  is  clear,  for 
instance,  that  using  values  derived  from  pure  translation 
would  give  misleading  results  for  2-  or  3-node  vibrations. 
The  curves  V  in  Fig.  1  were  obtained  from  the  general 
results  given  in  equation  (35).  These  expressions  have 
simple  approximate  forms  when  the  spheroid  is  very 
long;  the  values  are  0-658,  0-470,  0-439,  0-429  times 
A2//2  for  n —  I,  2,  3,  4  respectively.  In  the  present 
9ase,  for  which  the  length-beam  iatio  is  10,  the  curves 
approximate  fairly  closely  to  these  values  for  small  depth 
of  water.  As  regards  actual  measurements,  there  are 
no  experimental  results  which  are  strictly  comparable. 
Prohaska<3)  has  given  a  formula  2  CB  cl2//2,  where  CB  is 
the  block  coefficient  and  d  is  the  mean  draught.  As  the 
form  indicates,  this  is  based  on  two-dimensional  theory, 
with  the  coefficient  chosen  to  agree  as  well  as  possible  w  ith 
results  from  actual  ship  forms.  The  prolate  spheroid 


is  not  a  normal  ship  form,  nevertheless  it  is  of  interest  to 
note  that  this  formula  gives  0-466  b2//2,  which  may 
be  compared  with  the  approximate  values  given  above. 

4.  The  remaining  sections  of  the  work  are  devoted  to 
the  similar  horizontal  vibrations  of  the  floating  spheroid, 
dealing  first  with  deep  w'ater.  It  is  generally  known  that 
if  inertia  coefficients  for  horizontal  motions  are  calcu¬ 
lated  using  the  free  surface  condition,  the  values  are 
much  less  than  if  the  rigid  surface  condition  had  been 
used.  If  a  circular  cylinder,  half  immersed,  is  oscillating 
horizontally  at  right  angles  to  its  axis  the  inertia  coeffi¬ 
cient  is  4/n2  compared  with  the  usual  value  unity.  For  a 
log  of  square  cross-section,  Wendel(4)  has  calculated  that 
the  value  for  horizontal  motion  is  about  0  -337 of  the  value 
for  vertical  motion;  for  a  general  account  of  virtual 
inertia  coefficients  reference  may  be  made  here  to  a 
recent  paper  by  Weinblum.(5)  Calculations  for  three- 
dimensional  motion  do  not  seem  to  have  been  published, 
though  no  doubt  the  general  nature  of  the  results  is 
known.  We  give  in  §  12,  general  expressions  for  a 
prolate  spheroid,  half  immersed,  from  which  the  inertia 
coefficients  could  be  found  for  the  various  types  of 
horizontal  motion  we  have  been  considering;  these 
include  translation,  rotation,  and  2-node  and  3-node 
vibrations.  Approximate  calculations  nave  been  made 
for  the  particular  case  of  a  length-beam  ratio  of  10,  and 
these  indicate  that  the  values  are  of  the  order  of  0-4  of 
the  values  for  a  deeply  submerged  spheroid. 

5.  The  last  section  deals  with  the  same  problem  for 
water  of  finite  depth.  Here  the  mathematical  difficulties 
are  such  as  to  preclude  a  general  form  of  solution  for 
the  various  types  of  vibration.  However,  taking  the 
simplest  type  n  =--  1,  an  approximation  is  obtained  in 
(53)  for  ihe  relative  increase  in  inertia  coefficient  due  to 
the  finite  depth  of  water;  it  is  considered  that  tnis 
approximation  is  sufficient  to  show  the  essential  character 
of  the  effect  of  depth  of  water.  Taking  the  same 
particular  case  of  a  length/beam  ratio  of  10,  numerical 
computations  have  been  made  from  this  expression  and 
the  results  are  shown  in  the  curve  labelled  OH  in  Fig.  1. 
The  two  curves  to  be  compared  are  the  curves  OV  and 
OH;  they  are  both  for  the  same  type  of  vibration,  the 
former  being  vertical  and  the  latter  horizontal.  Ihe 
point  of  special  interest  is  the  remarkable  difference 
between  vertical  and  horizontal  vibrations  as  regards 
the  influence  of  shallow  water.  This  difference  is 
expressed  simply  if  we  take  the  approximate  values  for 
a  long  spheroid;  in  that  case,  it  is  easily  shown  that  the 
expression  (53)  for  horizontal  motion  is  of  the  order  of 
(A//)4,  while  we  have  already  seen  that  for  vertical 
motion  the  approximation  is  of  order  (b/f)2.  This  may 
be  confirmed  by  working  out  a  simple  two-dimensional 
case,  a  circular  cylinder  half-immersed.  In  this  case  the 
conditions  of  the  problem  may  be  satisfied  to  any 
required  degree  of  accuracy  in  the  ratio  b/f,  it  may  be 
sufficient  to  state  the  results  here.  If  the  motion  is 
vertical,  the  inertia  coefficient  in  deep  water  is  unity;  the 
relative  increase  in  shallow  water  is  given  by 

0-8225 (A//)2  -t  0  - 3382(A//)4  t  0-1391(A//)6  .  ,  , 
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If  the  motion  is  horizontal  the  inertia  coefficient  in  deep 
water  is  4/tt2,  and  the  relative  increase  in  shallow  water 
is  given  by  0-6314 (/>//)4  -  0-2190(/>//)6  If  we 

graph  these  two  expressions  we  obtain  curves  of  the 
same  character  as  the  curves  OV  and  OH  in  Fig.  1 . 

As  regards  observed  results  for  actual  ship  vibrations, 
it  has  been  stated  that  there  is  no  measurable  change  of 
frequency  of  horizontal  vibrations  in  shallow  water,  in 
striking  contrast  to  the  observations  on  vertical  vibra¬ 
tions.  If  that  should  prove  to  be  the  case,  it  would 
confirm  the  assumptions  underlying  the  present  analysis; 
however,  it  would  be  of  value  to  have  a  direct  examina¬ 
tion  of  the  problem  under  conditions  which  would  allow 
both  of  theoretical  calculation  and  of  precise  experi¬ 
mental  determination. 


PART  II 
Infinite  Liquid 

6.  Consider  a  prolate  spheroid,  of  semi-axes  a,  b  and 
eccentricity  e,  in  an  infinite  liquid.  We  take  axes  with  O 
at  the  centre,  Ox  along  the  axis  of  the  spheroid,  O y 
transversely,  and  Oz  vertically  downwards.  We  shall 
use  non-dimensional  space-co-ordinates,  giving  the  ratio 
of  any  distance  to  the  length  ae.  We  have  then 
spheroidal  co-ordinates  (/a,  £,  to)  with 

-x  =  hC ;  y  =  (l  -  m2)HS2  -  l)* cos  <o; 

z  =  (1  —  n2)Hl2  —  1)*  sin  to  .  (1) 

The  spheroid  is  given  in  these  co-ordinates  by  £  =  £0 
=  1/e.  Consider  the  fluid  motion  given  by  the  velocity 
potential 

<(>  —  C  Pibt)Qi(£)  sin  <o  cos  at  .  .  (2) 

This  motion  would  be  produced  by  a  distribution  of 
normal  velocity  over  the  surface  of  the  spheroid  given  by 

—  Itftfiv  —  —  (C/ae)[(\  —  e2)/(l  —  e2/t2)]4 

Pi(/-OQi(£o)  sin  «o  cos  at  .  (3) 

where  the  dot  denotes  differentiation,  a  notation  we 
shall  use  throughout.  We  make  the  usual  approxima¬ 
tion  for  vibrations  of  the  spheroid  of  small  amplitude, 
assuming  this  to  be  equivalent  to  a  distribution  of  normal 
velocity  given  over  the  spheroid  in  its  mean  position. 

It  is  well  known  that,  with  suitable  values  of  the 
constant  C,  for  n  1  or  n  —  2  the  fluid  motion  given 
by  (2)  can  be  produced  by  motion  of  the  spheroid  as  a 
rigid  boii ;  if  n  I,  this  motion  is  translation  parallel 
to  Oz,  while  if  n  =  2  it  is  rotation  round  Oy  (e.g. 
Lamb,  Hydrodynamics ,  p.  !4I).  For  higher  orders  of 
harmonics,  deformation  of  the  spheroid  is  necessary 
The  present  application  is,  chiefly,  to  the  transverse 
flexural  vibrations  of  a  spheroid  of  large  ratio  of  length 
to  beam.  We  may  then  regard  the  deformation  as  a 
simple  shear  of  transverse  sections  of  the  spheroid.  It 
can  be  shown  that  the  normal  velocity  (3)  is  produced 
by  such  a  transverse  motion  with  the  velocity  distribution 

along  the  axis  proportional  to  I \(x/a).  For  instance, 


with  n  =  3  the  nodes  of  the  vibration  are  given  by 
x/a  =  ±i\/5,  while  for  n  =  4  we  have  a  3-node 
vibration  with  nodes  at  xja  —  0,  ±  V5P-  ft  is 
possible  to  improve  this  approximation  to  the  natural 
vibrations,  as  pointed  out  by  Lewis0'  and  by  Lockwood 
Taylor,'2' by  taking  combinations  of  spheroidal  harmonics 
or  by  other  refinements.  But  the  additional  complica¬ 
tion  is  not  worth  while  for  the  present  purpose;  we  are 
concerned  not  so  much  with  the  absolute  value  of  the 
inertia  coefficient  as  with  its  relative  increase  in  shallow 
water. 

From  (2)  and  (3)  we  obtain  the  kinetic  energy  of  the 
fluid  by  integrating  over  the  surface  of  the  spheroid;  and 
we  have 

T=  -i/>J*(S>#3v)</S  ...  (4) 

=  —  7T  p  a  (1  —  e2)^  .  [n  (n  f  l)/(2  n  +  1)] 

C2  Qi  (C0)  Qn(£o)  C°S2  a  t  .  (5) 

The  kinetic  energy  of  the  spheroid  can  be  obtained  from 
the  corresponding  velocity  distribution  in  the  solid,  and 
hence  the  virtual  inertia  coefficient;  but  these  results  arc 
already  known. 


Semi-Infinue  Liquid,  with  Rigid  Boundary 

7.  Let  the  axis  of  the  spheroid  be  parallel  to  a  plane 
rigid  boundary  given  by  z  —  f/a  e.  If  T0  is  the  kinetic 
energy  of  the  fluid  for  a  given  type  of  motion  when  the 
sphrioid  is  in  an  infinite  liquid,  and  8T  is  the  increase 
in  Kinetic  energy  due  to  the  boundary,  we  are  concerned 
with  the  ratio  8  T/T0,  which  is,  of  course,  the  relative 
increase  in  the  corresponding  virtual  inertia  coefficient. 
If  we  imagine  this  quantity  expressed  in  powers  of  the 
ratio  b/f,  the  approximation  at  which  we  aim  is  the 
leading  term  in  such  an  expression.  This  can  be 
obtained  in  the  following  way.  Let  <A0  give  the  motion 
in  an  infinite  liquid  with  the  given  normal  velocity  over 
the  spheroid.  Let  <£,  be  the  image  of  this  in  the 
boundary,  giving  zero  normal  velocity  over  the  boundary ; 
and  let  4>z  kc  the  image  of  <f>,  in  the  spheroid,  so  that  the 
normal  velocity  over  the  spheroid  is  unaltered.  Then, 
using  (f>0  I  <f>i  +  4>i  in  the  usual  surface  integral  for  the 
kinetic  energy,  we  obtain  this  approximation. 

It  is  convenient  to  give  here  some  formulae  which  arc 
used  throughout  the  analysis. 

We  require  the  expansion  of  the  inverse  distance 
between  two  points  whose  spheroidal  co-ordinates  are 
(fx  £  m)  and  (/a,  £,  co,);  this  is  (Hobson'6') 


'Mn  \)PA^)QACi)Pn(^) /\(0 

1 ■  •»*'-'>$  7  20’ 


I  .V-  1 

p;  w  q;  (£,)  Pi  (m)  Pi  (0  cos  5  (w,  -  w)  (6) 

an  expansion  which  is  valid  for  £,  >  £. 

We  also  need  the  relation 

Pi  (0  6i  (0  -  Pi  (0  Qi  (O 

(—>)*' 1  [(n  t  .v)!/(n  -  j)l V'C2  -  I)  •  (7) 
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Another  relation,  given  by  the  present  writer(7)  is  largely 
the  basis  of  ihe  following  calculations;  it  is,  in  :he 
present  notation, 

"’(1  -hV'PUtodh 

[(x~h)2+y2  +  z2]<  W 

J-i 

This  result  expresses  the  spheroidal  harmonic  as  a  line 
distribution  of  multi-poles  along  the  axis  of  the  spheroid 
between  the  two  foci. 


Transverse  Motion  at  Right  Angles  to  the  Boundary 

8.  We  begin  with  the  form  for  an  infinite  liquid, 

^=P‘0*)QK£)sin«»  ...  (9) 

For  convenience,  we  omit  the  time  factor  and  the  con¬ 
stant  C.  Take  parallel  axes  O'f.v',  y\  z)  with  the 
origin  O'  at  the  point  x  =  0,  y  —  0,  z  —  If/a  e ;  and  let 
u)‘  be  spheroidal  co-ordinates  referred  to  these  new 
axes.  It  is  easily  seen  that  to  maintain  zero  normal 
velocity  ever  the  plane  z  —  fja  e,  we  must  take 

<f>i  -  -PilfOQilnsinco'  .  .  (10) 

To  obtain  <f>2  we  expand  (10)  in  the  neighbourhood  of 
the  spheroid  £  —  £o  *n  the  form 

-  £  £  (K  cos  s  w  +  B*  sin  5  to)  PI  (/a)  Pi  (£)  (11) 

fj  =  0  ,v«*0 

Then  <f>2  is  given  by 

<f>2  - 

2  2  (A;  cos s to  -1  B,',  sin  s  to)  P),  (/t)  Q;,  (0  PJ  (£0)IQ'n  (£„) 

.  .  .  (12) 


General  expressions  for  the  coefficients  could  be  obtained ; 
but  it  is  easily  seen  that  in  order  to  calculate  the  kinetic 
energy  we  only  need  the  coefficient  Bi,  noting  that  the 
normal  velocity  on  the  spheroid  is  unaltered  and  also 
using  the  orthogonal  properties  of  the  functions.  From 
(8)  we  have 


PV)QJ  (Osina/ 


1 

■S 


by 


’’  (1  -A2)»Pi(A)r/A 
[(*'  -  k)2  *  y'2  i  c'2]* 


1 

2 


(I  -  A2)*  Pi(A)</A 
[(v-A)2  •  y2  ■  (-  —  </)2]* 

.  .  .  (13) 


with  q  2J/a  e.  If  the  point  (.vy  r)  is  (ft  £  to)  and  the 
point  (koq)  is  (/t,  £,  oj,)  in  the  same  spheroidal  co¬ 
ordinates,  we  have  in  (6)  the  expansion  of  the  inverse 
distance  between  these  two  points,  with 

A  /z i  C i :  0  (I  —  ft2,)*  (£t  —  I)*  cos«,; 

q  (I  -  /*!)*  (Ci  —  l)!  sin  oj, 


4 


Further,  the  expansion  is  valid  in  the  neighbourhood  of 
tne  spheroid,  since  £,  >  £0. 

We  substitute  this  expansion  for  the  denominator  in 
(13),  and  Bjis  the  coefficient  of  the  term  Pi  (/x)  Pj(£)  sin  a*. 
Hence,  from  (6)  and  (13)  we  have 


"  '  n2(n  4-  l)2  Iq 

j’(l -A^PJU*)PjG*,)Qj«,)  sin  (14) 


We  may  put  this  into  a  symmetrical  form  by  noting  that 
Pi  (P’l)  Qi  (C|)  sin  toj  is  the  value  of  this  spheroidal 
harmonic  at  the  point  (koq);  hence,  from  (8) 


Pi(pi)Qi(Ci)sin 
This  gives 


1  5 

2  3  q 


(1  -  h2)*P'n(h)dh 

[(A  -  h)2  +  q2}> 
-r 


(15) 


/?, 


i  __ 


2  n  4-  1  S2 
n 2  (n  4-  1  )2  d  q2 


f  f(l  -/;2)i(I  -A2)‘Pi(/r)Pi(A) 

J-.L  [(A  -  h)2  + 


dh  dk  (16) 


To  calculate  the  kinetic  energy,  we  see  that  i><f>/i)£  on 
the  spheroid  is  Pi  (/i)  Qi  (£0)  sin  to;  and  from  (9),  (11), 
(12)  the  corresponding  term  in  the  value  of  <f>  on  the 
spheroid  is 


[Qi  (Co)  -  BJ  Pi  (4o)  +  K  Pi  (Co)  Qi  (Co)]/ 

Qi  (Co) -Pi  00  sin  to 


or  using  (7) 


[!-«(«  +  1)  K/a2o  -  1)  Qi  (Co)  Qi  (Co)] 

Qi  (Co)  Pi  00  sin  O,  .  (17) 


It  is  obvious  that  the  kinetic  energy  is  increased  by  the 
factor  within  square  brackets  in  (17);  hence  from  (16) 
and  (17),  the  relative  increase  in  kinetic  energy,  or  in 
the  inertia  coefficient  is  given  by 


ST/T0  -(2*  I  I)  D „/ 

2  n(n  1  l)(«-  l)Qi({o)Qi(Co)  •  (18) 

with 


D. 


-></2 


r 1 


I  J 


(I  —Jf)l  (1  -  A2)*  Pi  (It)  Pi  (A) 

[(A  —  h)2  |  q2]‘ 


dhdk 


(19) 


Transverse  Motion  Parallel  to  the  Boundary 

9.  When  the  vibrations  are  parallel  to  the  boundary,  we 
begin  with 

<Ao  Pi  </0  Qi  (0  cos  w  .  .  .  (20) 
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In  this  case,  we  have 
h  =  pi  (m')  Q{  (£')  cos  o' 

_ (1  -k^K(k)dk _ _ 


lim  -- 

f)~  *  o  S  P 


Using  the  expansion  (6)  in  (21),  with  the  point  (A  p  q) 
being  (/ij  l j  to,)  in  spheroidal  co-ordinates,  we  obtain 
the  coefficient  of  Pj;  (m)  Pj,  (0  cos  w  as 


A,= 


2  n  ■  t  D 
n2  (n  +  l)2  ip 


(1  - k 2)*  P,1,  (A)  Pi  (Mi)  Qi  <£>)  cos  o»,  r/A  (22) 
1 


Further,  we  have 


P«  (a.)  Qi  (£l)  COS  CO, 


1  b 

2  'p 


(1  -  IP)  Pi  (/,)  dli 
{{k-hp  -  ;P  fp 


(23) 


Taking  the  limit  of  irjip2  as  />  -v  0,  this  leads  to  a 
fractional  increase  of  kinetic  energy,  or  of  the  inertia 
coefficient,  given  by 


8  T/T0  - 

~  (2  n  +  1)  E„/2  n  in  f  1)  ({8  -  I )  Qi  (£„)  Qi  (Co)  (24) 
with 


E 


n 


r1 


- 1 


(1 


-- 1 


-  ll2P  ( 1  -  A2)i 
[(A  -  /;):  -1 


Pi  (A)  Pi  (A) 

<pyn- 


dhdk 


(25) 


These  integrals  can,  of  course,  be  evaluated  explicitly  in 
closed  expressions  for  any  given  value  of  n.  However, 
the  expressions  become  very  lengthy  for  the  higher 
orders  and  wc  shall  not  reproduce  them  here  in  general. 
For  numerical  computation  it  proved  somewhat  better 
to  express  the  double  integrals  in  terms  of  subsidiary 
single  integrals.  Also  one  can  obtain,  either  from  the 
double  integrals  or  from  the  explicit  expressions,  approxi¬ 
mate  forms  suitable  for  q  large  or  q  small. 

10.  We  give  now  the  results  for  some  special  cases. 
n  —  1.  For  motion  at  right  angles  to  the  boundary, 
(18)  and  (19)  give 

8  T/T0  -  i  D/({§  -  I )  Q|  (Co)  Qi  «C0)  ■  (26) 


with 


D 


r1 

(I  -A2)  (I  —  A2) 
p  -W  i  q2V 

J  -  1 


dlulk 


Slog  {[2  I  (4  .  q2P]lq) 
f  j;(l2<?  2  -  41-  !9</:  -  2  c/4)  <4  q2)  * 


I 

J 


</ 


(27) 


For  motion  parallel  to  the  boundary.  (24)  and  (25)  give 
ST/T0  -l  mi,  -  DQ!  (Co)  Qi  (Co)  •  (28) 


5 


with 


r'  r1 

I  — 


C  —  h2)  (i  -A2)  ,,  ,, 

I  ![(T^aF  •  pyndhdk 
J  i  j  i 

-’{log  [2  r  (4  ‘  42)!]/</} 

1-2  (>\q  2  ii  •>  :,q2)( 4  r/2)i 

- !  <i  -  qi 


(29! 


It  is  readily  verified  that  as  q  *  oo,  or  e  0,  we  recover 
the  known  results  for  a  sphere,  namely  3  A3/8/}  and 
3 b2/\6f2  respectively.  We  may  also  find  the  limiting 
values  for  a  long  spheroid  with  bja  small,  by  making 
e  1,  a  ->  oo,  while  retaining  b2  —  a2  (1  —  e2).  The 
limiting  values  are  the  same  for  the  two  types  of  motion, 
as  is  the  case  for  a  circular  cylinder;  but  the  value  of 
the  ratio  is  2b2(5f2  instead  of  A2/2/2.  Thus  in  this  respect 
the  circular  cylinder  is  not  the  limit  of  a  long  spheroid. 
This  value  can  also  be  obtained  directly  by  the  two- 
dimensional  strip  method.  For  this  purpose  we  con¬ 
sider  a  circular  section  of  the  spheroid  of  radius  v;  take 
its  contribution  to  the  kinetic  energy  of  the  fluid  motion 
as  proportional  to  >’2(1  4-  y2/2f2),  and  integrate  along 
the  2xis  of  the  spheroid. 

n  =  2.  Considering  only  motion  in  a  vertical  plane 
(18)  and  ( 1 9)  give 


8  T/T0  ~  —  1 5  A/4  it2  -  1)  Ql  (C0)  Qi  (£0) 


with 


A  =--= 


b2 

b<72 


■'  r' 


I  J 


(1  —  IP)  (I  -k2)hk  ,,  ,, 

[(A  -  h)2  t-  q2f  dhdk  (30) 


n  3.  For  a  2-node  vertical  vibration 

8  T/T()  -  2 1  A/32  <£=  -  1 )  Q\  ( c0)  Q{  (£0) 


with 


lr)i 5  h2  1)  (1  A2)  (5  A 2 


1! 


[(A  -  h)2  :  q2Y 


(31) 


n  4.  For  a  3-node  vertical  vibration, 

8  T/T0  -45  A/32  (£§-!)  Q{  (Co)  Q{  (Co) 

with 


(1  —Ir)  (7  /iJ  —  3  /i)  (1  —  A2)  (7  A3  —  3  A  ) 


[(A  -  lip  ■  <py 


dhdk 
■  (32) 


For  a  long  spheroid  the  limiting  values  of  these  expres¬ 
sions  are  ,4,,  ? b2//2  for  n  2,  3.  4  respectively. 

These  can  also  be  obtained  by  the  two-dimensional  strip 
method,  taking  into  account  the  distribution  of  trans¬ 
verse  velocity  along  the  axis  of  the  spheroid. 
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Vertical  Oscillations  of  a  Floating  Spheroid 

11.  We  suppose  the  spheroid  to  be  floating  with  one- 
half  immersed.  As  before,  Ois  at  the  centre  of  the 
spheroid,  and  Oz  vertically  downwards;  the  free  surface 
of  the  water  is  the  plane  z  —  0,  while  ihe  bed  is  the  plane 
z  =  f/ae.  We  have  now  to  consider  the  condition  at 
the  free  surface.  For  simple  harmonic  motion  of 
frequency  a  we  have  the  usual  linearized  condition 
<f>  (g/a2)  3  <£/3  z  —  0.  Using  this  condition  we  should 

have  to  take  into  account  the  wave  motion  of  the  free 
surface,  but  that  is  beyond  the  scope  of  the  present 
work.  There  are  two  limiting  simplifications  which  may 
be  made  according  to  the  conditions  of  the  particular 
problem ;  we  may  take  <j>  —  0,  the  free  surface  condition 
neglecting  gravity,  or  we  may  take  3  <^/3  z  —  0.  the  rigid 
surface  condition.  Taking  into  account  the  frequency 
of  ship  vibrations,  the  appropriate  alternative  seems  to  be 
4>  =  0;  the  measure  of  agreement  between  calculated  and 
observed  frequencies  justifies  this  assumption  as  a  working 
hypothesis. 

The  conditions  for  the  velocity  potential  are  now 
(i)  the  given  normal  velocity  over  the  submerged  half  of 
the  spheroid,  (ii)  3  <£/3  z  =  0  for  z  =  //a  c,  (iii)  <f>  —  0 
for  z  =  0.  This  is  the  same  as  considering  the  complete 
spheroid  in  water  contained  between  two  parallel  planes 
z  =  ±f/ae,  with  the  normal  velocity  given  over  the 
whole  surface.  For  a  vertical  vibration  we  begin,  as 
before,  with 

4>o  =  Pi  (M)  Oi  (£)  sin  zo  ,  .  .  (33) 

In  order  to  satisfy  conditions  (ii)  and  (iii)  we  now  have 
an  infinite  series  of  image  systems  alternatively  positive 
a  id  negative,  associated  with  the  points  z  —  ±  2  s  f/a  e. 

Hence  we  have 

<t>\  -  -  2  E  ( —  \y  1  Pi  (/X,)  Qi  (£.,)  sin  <U,  (34) 

S  ~  1 

We  have  obtained  in  the  previous  sections,  the  value  of 
</>i  for  any  one  of  these  image  systems,  and  also  its 
contribution  to  8  T/T0.  Hence  for  the  vertical  vibra¬ 
tions  we  have 

ST/T0  —  (2n  4-  1)E(  —  1)‘  1  D„,/ 

i 

«(»  F  1)({J-  l)Oi(?o)Qi(?o)  •  (35) 

with  DB[  given  by  (19)  with  q  —  2  s  f/a  e. 

For  instance,  for  n  —  1,8  T/T0  is  given  by  (26)  with 

D  —  2  E(—  l)1  1  D,  •  .  .  (36) 

i 

with  D,  given  by  (27)  with  q  —  2  s  f/a  e. 

The  limiting  form  of  this  result  for  a  long  spheroid  is 
(2  82/5/2)E(  —  \)’~l  s  2,  or  it2  h2/30 f2. 

For  any  given  case,  having  computed  and  graphed  the 
double  integral  involved  as  a  function  of  the  parameter  q, 
it  is  a  simple  matter  to  obtain  from  the  graph  the 
summation  with  respect  to  s. 


Horizontal  Vibrations  of  Floating  Spheroid 

12.  Deep  water.  If  we  retain  the  same  condition  at 
the  free  surface,  the  horizontal  vibrations  are  a  more 
difficult  problem.  With  the  given  normal  velocity  on 
the  immersed  half  of  the  spheroid,  the  conditions  are 
now 

3  4> o/3  £  =  Pj  (m)  cos  CO ;  £  =  £0;  0  <  w  <  v 

=  0;  co  =  0  .  .  .  .  (37) 

This  is  equivalent  to  considering  the  complete  spheroid 
in  an  infinite  liquid  with  the  conditions 


3  (f>0 /3  £  =  Pj(/x)  cos  co ;  0  <  w  <  tt 
3  <^0/3  £  =  —  Pi  (/x)  cos  <o ;  —  7r  <  to  <  0 

<£0  =  0;  to  =  0  .  .  .  .  (38) 


To  satisfy  these  conditions,  we  express  the  value  of 
3  <£o/3  £  in  a  suitable  infinite  series  of  Legendre  functions, 
of  the  form 


2  2  Arn  Pi.  (fO  Sin  5  to  ...  (39) 

m  s 

Forming  the  series  by  the  usual  methods,  it  is  seen 
that  s  must  be  even,  and  the  coefficients  are  given  by 


2 


2  n  ( m  -t  ,v) ! 

mTT  (m  -  i)  !  A'm 


4 .«  f1 


-TjPf 


Pi  (M)  Pi,  (M)  d  fj. 


(40) 


It  follows  that  if  n  is  even,  the  coefficients  arc  only 
different  from  zero  if  m  is  odd;  while  if  n  is  odd,  m 
must  be  even.  The  velocity  potential  is  then  given  by 


U  «  E  E  (£0) .  Pi,  (/x)  Qi.  (£)  sin  5  to  (41 ) 

m  s 

This  form  of  solution  gives  the  assigned  normal  velocity 
on  the  spheroid  for  all  points  other  than  those  for  which  to 
is  actually  zero,  that  is  for  points  not  actually  on  the  water 
line.  There  is,  in  fact,  a  discontinuity  in  the  normal 
velocity  on  crossing  the  water  line;  there  will  be  a 
corresponding  infinity  in  the  tangential  velocity  at  these 
points.  However,  as  in  similar  problems  involving 
what  is  effectively  flow  round  a  sharp  edge,  the  usual 
surface  integrals  for  the  kinetic  energy  lead  to  a  finite 
result. 

From  (38)  and  (41)  we  may  obtain  the  kinetic  energy, 
and  if  we  introduce  the  suitable  factor  according  to  the 
motion  of  the  solid,  the  corresponding  inertia  coefficient 
can  be  calculated. 

13.  Water  of  Finite  Depth. — If  the  water  is  of  finite 
depth  we  should  have,  as  in  §  11,  an  infinite  series  of 
image  systems  in  subsidiary  spheroidal  co-ordinates,  each 
system  being  an  infinite  series  of  terms.  Further, 
expanding  any  one  term  so  as  to  obtain  the  image  in  the 
spheroid  would  involve  infinite  series.  Finally,  in  con¬ 
trast  to  the  conditions  for  vertical  motion,  from  the 
form  of  the  conditions  all  the  terms  in  the  senes  con¬ 
tribute  to  the  kinetic  energy.  Thus,  in  general,  the 
method  becomes  much  too  complicated. 

However,  when  we  form  the  expression  for  the  kinetic 
energy  for  cases  with  which  we  are  dealing,  it  appears 
that  the  first  few  terms  of  the  series  account  for  much 
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the  greater  part,  and  a  useful  approximation  is  obtained 
by  taking  only  one  or  two  terms.  For  instance,  if  we 
take  the  simplest  case  n  =---  1,  representing  a  transverse 
vibration  with  no  node,  we  have,  omitting  the  time 
factor  and  any  constant  multiplier 

<Ao  -  A §/Q|  (Co)  .  P2  (/*)  Qi  (C)  sin  2  01 

i  A i/Ql  (Jo)  •  P i  (m)  Ql (0  sin  2  a.  +  .  .  .  (42) 

the  coefficients  being  given  by  (40)  with  n  —  1.  This 
gives  A2  5/16,  Aj  —  1/64,  .  .  . 

For  the  kinetic  energy  for  the  complete  spheroid  in 
an  infinite  liquid,  we  have  the  usual  surface  integral  (4), 
in  which  </»  /b  C  —  :Jr  Pj  (/a)  cos  w  according  as  co  is 
positive  or  negative.  We  obtain 

T - i  rr  p  a  (1  -  e2)/e  .  [ff  (C0)/ 

Qi  (Co)  -i-  if.  Qi  (C0)/Qi  (Co)  +  •  ■  •]  (43) 

For  the  case  we  have  been  using  for  numerical  com¬ 
putation,  a  e  10  6,  the  terms  in  the  square  brackets  in 
(43)  are  0-9375  +  0-0195  -i-  .  .  .  Although  the  rest  of 
the  series  converges  rather  slowly,  much  the  greater  part 
is  given  by  the  first  term. 

Consider  now  the  same  problem  in  water  of  depth  /. 
To  avoid  prohibitive  complications,  we  shall  take  only 
the  first  term.  Although  this  leaves  somewhat  uncertain 
the  degree  of  approximation,  yet,  as  we  are  concerned 
more  with  relative  increase  than  with  absolute  value,  we 
may  expect  to  get  at  least  the  main  character  of  the 
variation  with  depth  of  water.  Omitting  unnecessary 
factors,  we  begin,  in  the  notation  of  previous  sections, 
with 

4>o  =  Pi  (P)  Qi  (0  Sin  2  a*  (44) 

and  suppose  the  bed  to  he  given  by  r  -  f/a  e. 


term  using  the  expansion  (6),  giving  for  ‘he  coefficient  of 
P2  (p)  Qi  (C)  sin  2  oj  the  expression 


5  ^ 
288  ipiqj 


(1  -  k2)  P l(k)  Pi(/i|)Qi(C|)sin  2  u>,  <i k 
'  ...  (47) 

Further  we  have 

(1  -Jr)?\{h)dh 
[(*  ~  h)1  f  p 2  +  92]* 

...  (48) 


P|  (Mi)  Qi  (Ci)  sin  2  to. 


6* 

ip  5  q 


Putting  this  into  (46),  and  taking  the  limit  as  p  ->  0,  the 
contribution  from  a  typical  term  may  be  written  as 
—  li  B„  with 


2>2 

W 


r- 1 


(1  -/F)2(  1  —  k2)2  d  h  d-k 


[(A:  -  h)2  4-  </2]  | 

I 

and  the  required  term  in  the  expansion  is 

a£(-  lr'B.PiO*)  Pi  (C)  sin  2  o> 


(49) 


(50) 


to  which,  in  order  to  maintain  the  normal  velocity  on 
the  spheroid,  we  add 

-  A-  £  (-  I)’" 1  B,  Pi  (Co )/Ql  (Co)  •  Pi  (/*)  Qi  (0  sin  2 

I 

.  •  •  (51) 


Finally,  after  using  (7),  the  value  of  <f>  on  the  spheroid, 
to  this  approximation,  is 

Ql  (Co)  [  1  -  15  S(-  ir'B ,/ 

2  (Co  —  1)  Qi  (Co)  Q2  (Co))  Pi  (P-)  sin  2  u>  .  (52) 


We  now  have  an  infinite  series  of  image  systems 
associated  with  the  points  z  -■  :2s  ffa  e,  and  we  have 


<t>,  ~  2  E  ( -  I )’  1  Pi  (/*,)  Qi  (C,)  sin  2  or  (45) 

.1  1 


To  expand  a  typical  system  associated  with  z  q,  we 
have,  from  (8), 


Pi  (p,)  Qi  ({,)  sin  2  w. 


ri 


t>  V  ?  Z 


(1  -  k2)  Pi  (k )  d  k 


[( v  -  Ac)2  1  r  :  (z  -  </)2]* 


1 


h2 

urn 

/.->()  5/> 


(1  -  k2)  P Uk)dk 
[(v  —  A)2  ,  (Y-P)2  •  (z~q)2y 

...  (46) 


with  A  ^1  Ci  '.  P  (1  -  p])'i  (Cl  —  l)!cosiu,; 
q  (1  —  pi)1  (Cl  —  l)1  sin  to,:  we  select  the  required 


Since  the  value  of  D  6/i  C  on  the  spheroid  is  unaltered, 
the  kinetic  energy  is  increased  by  the  factor  in  square 
orackets  in  (52).  Hence  the  relative  increase  in  kinetic 
energy,  or  in  the  inertia  coefficient  is  given  by 

8  T/T0  =  -  1 5  £  ( -  \)‘  - '  BJ2  (C8  -  1 )  Ql  (Co)  Q2o  (Co) 

.  .  .  (53) 

with  B,  given  by  (49)  in  which  q  2  sfja  e. 
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ISSUED  FOR  WRITTEN  DISCUSSION 


Members  are  invited  lo  submit  written  contributions  to  this  paper,  which  should  reach  the  Secretary  not  later  than  January  I,  1954: 
they  should  be  typewritten. 

The  Institution  is  no*,  as  a  body,  responsible  for  the  statements  made  nor  for  the  opinions  expressed  by  individual  authors. 

The  issue  of  this  paper  is  on  the  express  understanding  that  no  publication,  either  of  the  whole  or  in  abstract,  will  be  made  until  after 
the  paper  has  been  published  in  the  January,  1954,  or  later  Quarterly  Transactions  of  the  Institution  of  Naval  Architects. 


THE  FORCES  ON  A  SUBMERGED  BODY  MOVING  UNDER  WAVES 

By  Professor  Sir  Thomas  H.  Havelock,  M.A.,  D.Sc.,  F.R.S.  ( Honorary  Member  and  Associate  Member  of  Council) 

Part  I.  MOTION  NORMAL  TO  THE  WAVE  CRESTS 

Summary 

A  theoretical  investigation  of  the  forces  and  moments  on  a  submerged  spheroid  moving 
close  to  the  surface  under  waves.  Expressions  are  obtained  for  the  surging  force,  heaving 
force  and  pitching  moment  taking  into  account  the  speed  of  advance  and  also  the  disturbance 
of  the  wave  train  by  the  solid;  graphs  are  given  to  show  the  variation  of  these  quantities  with 
the  speed  of  advance  and  with  the  wavelength. 


1.  Introduction 

The  theory  of  the  forces  on  a  submerged  spheroid 
moving  through  smooth  water  was  examined  in  a 
previous  paper  (Ref.  1),  and  has  been  discussed  in  detail 
recently  by  Wigley  in  these  Transactions  (Ref.  2).  An 
interesting  and  important  extension  is  the  same  problem 
when  the  spheroid  is  moving  steadily  either  with  or 
against  a  regular  train  of  transverse  waves.  In  con¬ 
sidering  the  similar  problem  for  a  surface  ship  it  is  usual 
to  assume  the  pressure  on  the  ship  to  be  that  due  to 
the  undisturbed  wave  train,  as,  for  example,  in  the 
so-called  “Smith  effect”  or  as  in  the  classical  theory  of 
the  motion  of  ships  among  waves  as  developed  by 
Froude,  Kriloff  and  others;  broadly  speaking,  this  is 
equivalent  to  neglecting  the  various  virtual  inertia 
coefficients  of  the  ship.  Moreover,  the  effect  of  the 
speed  of  advance  of  the  ship  is  assumed  to  be  simply 
an  alteration  of  the  frequency  of  encounter  with  the 
waves.  A  more  adequate  theory  for  surface  ships 
presents  great  difficulties;  however,  for  various  reasons, 
it  is  possible  to  carry  the  theory  further  for  a  wholly 
submerged  body  under  certain  conditions,  and  the 
present  paper  deals  with  the  motion  of  a  submerged 
prolate  spheroid.  The  mathematical  analysis  is  given 
in  Sections  2,  3,  4,  and  t'ac  notation  and  main  results 
are  summarized  in  Section  5.  General  remarks  are  made 
in  Section  6,  together  with  graphs  for  the  force  and  the 
moment  coefficients ;  a  point  of  special  interest  is  the 
effect  of  speed  of  advance  and  the  difference  between 
moving  against  the  waves  or  with  the  waves. 

2.  Velocity  Potential 

A  prolate  spheroid,  of  major  axis  2  a  and  eccentricity  <*, 
is  moving  axially  under  water  with  velocity  V  parallel 
to  the  surface  and  there  is  a  regular  irain  of  transverse 
waves,  of  wavelength  2  tt/k  and  wave  velocity  < ,  moving 
in  the  opposite  direction;  the  axis  is  at  a  depth  d  below 
the  surface.  It  is  convenient  to  reduce  the  spheroid  to 
relative  rest  by  superposing  a  uniform  stream  V  in  the 
opposite  direction.  We  now  take  lixed  axes  with  the 
origin  O  at  the  centre  of  the  spheroid,  O  x  axially, 


Or  transversely,  and  O  z  vertically  upwards.  We  begin 
with  the  velocity  potential  for  a  spheroid  in  a  uniform 
stream  (as  given  for  instance  in  Ref.  3), 

*  =  Vx-aeV  Pi(/*)Qi(0/Qi(£o)  •  (0 
when  the  dot  denotes  differentiation,  and  the  spheroidal 
co-ordinates  £,  f,  -  are  given  by 
v  —  a  e  n  (; 

y  =-  a  e  (l  —  /x2)J  (£2  —  1)-  sin  o>; 

:  -  nr  (1  —  /x2)4  (£2  1)1  cos  to  .  .  (2) 

In  these  co-ordinates  the  spheroid  is  given  by 
£  £o  1/e.  We  add  the  velocity  potential  <£i  giving 
the  assigned  train  of  waves  moving  in  the  negative 
direction  of  O  ,v  on  the  surface  of  the  stream;  it  is  easily 
verified  that 

if>i  -----  —  lice  '*rf  '  “•  cos  (k  ,v  -|  at  -i  x)  .  (3) 
with  a  an  arbitrary  phase  angle,  gives  a  wave  train  on 
the  surface  with  elevation 

tj  It  sin  (k  ,V  -j  o  t  -1  a)  .  (4) 

provided 

a  k  (V  f  t  );  c2  -----  h/k 

We  now  take 

<f>  Vx--ae\ Pi<f0Q,({)/0i<{«)  !  fa  i  <f>2  •  (5) 
with  </>i  given  by  (3).  tf>2  represents  the  disturbance  of 
the  wave-train  by  the  spheroid,  and  is  to  be  determined 
so  that  the  normal  fluid  velocity  is  zero  over  the  spheroid ; 
thus  we  must  have 

5  (4,  >  &)/!>  £  0;  £  £„  .  .  (6) 

We  should  also  add  a  further  term  to  (5)  to  represent 
the  steady  wave  pattern  produced  b>  the  spheroid 
itself,  which  would  be  determined  as  in  Ref.  I  for  motion 
through  smooth  water;  to  a  first  approximation  the  forces 
due  to  the  transverse  waves  would  be  simply  additive. 
Meantime  we  shall  assume  the  conditions  to  be  such 
that  the  former  forces  arc  small  compared  with  the 
latter,  an  assumption  which  can  be  checked  by  calcula¬ 
tion  from  the  results  given  here  in  Section  5  and  those 
given  in  Refs.  I  and  2. 
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To  determine  fa  we  have  to  expand  <!>\  in  a  suitable 
series  of  spheroidal  harmonies  so  that  condition  (6) 
may  be  used.  We  shall  take  cj>\  in  the  form 

<f>  i  /iff  .  .  (7) 

where  the  real  part  is  to  be  taken. 

We  first  expand  exp  (x  :  i  k  ,v)  on  the  surface  of 
the  spheroid  in  spherical  harmonics.  On  t  c(t  I /<■, 
we  have  .v  a  fi,  r  />  ( 1  p2)!  cos  «j,  and  we  assume 

exp  [k  />(  1  —  fi2)-  cos  o)  ■  i  k  a  /a] 

--  £  S  A*  P;,  (/<)  cos  x  u>  .  (8) 

n  s 

By  the  usual  process  for  determining  the  coefficients 
we  have 


2  n  -}•  1  (n  —  s)! 

2  7 r  (//  -t-  s)\ 

_i 

cos  s  cod  a,  e*hu  -  ’  ''»•'!*  P;  (//)  r/  /t  .  (9) 

'0  a  -  l 

noting  that  A„  is  given  by  (9)  with  s  0,  but  with  a 
factor  j. 

Taking  the  integration  in  w  first,  we  have 
exp  [/e  A  ( 1  —  fi-)*  cos  co]  cos  .v  CO  il  co 

--  2  rr  I.[*  b  ( 1  -  /*2)»]  .  (10) 

where  I,  is  the  Bessel  function  of  that  type. 

It  can  also  be  shown  that 


P£  (ft)  I,[k  b  ( I  —  n2)-]e' *“ I*  ci  fi 

•'-i 

■■■--  (2  ff)i  (/)"■"*  Pi(£o)  J„  .}(«■«  e)l(x  a  tff1  .  (11) 

J  denoting  the  ordinary  Bessel  function. 

Hence  we  have 


A;  (2  *)»(/)"  '(2/1  r  1)|"  *j| 

P*  (to)  in  1  (k  U  f)/(K  </<')*  (12) 

A„  being  given  by  s  0,  with  a  factor  U 
Hence  the  required  expansion  is 
expOcr  :  i  k  x)  V  2  A;  P„(/.i)  P,; ( C  -/r*,;  ( C<»>  cos  s  co 


/  2  v  \*  x  " 

(  )  X  V(/>" 

\K  </  <'/  „  0,0 


•vt! 

v)! 


J„  t  (k  </  <’)  P^  (/<)  p;  (c)  COS  V  <u  .  (1 5) 

with  a  factor  I  for  the  terms  with  .«  0. 

To  satisfy  (6)  we  take  for  <f>;  a  similar  series  with  the 
typical  term 


a;p;(/‘)Q;q [p;,(4'o)/p;(vo>qj:„)]cos ,  (i4> 

Hence  <j>\  <f>:  is  given  by  the  real  part  of 

-  lice  '  ** 


p;<Co>q;<;> 

•  i'i 


i»;  tCo>  q;  (C..) 


cos  v  io  .  (15) 


with  the  coefficients  A  gwen  by  (12). 


3.  Pressure  Equation 

The  variable  part  of  the  pressure,  omitting  the 
buoyancy  term,  is  given  by 

p  fib  <!>!?•  t  \pUf]  ■  c/r,  (,■•  )  .  <1(0 

with  //•,  //.,,  (/,,  for  component  velocities  in  the  three 
corresponding  directions.  On  the  spheroid,  the  normal 
velocity//-  is  zero.  Also  the  tangential  component  if, 
comes  only  from  4>\  ■,  <l>:  and  is  of  the  first  order,  and 
as  usual  in  wave-theory  we  neglect  if2,.  Si'  we  have  only 
to  consider  the  tangential  component  </  ,,  which  is  given 
on  the  spheroid,  using  (5),  by 


q,L  ---  —  [(1  -  /t2)-/r/ 1'  ( c 5  /<')■  j  i''  i/'p  p 

(t  fi2)'- 
ue  (£o  ll~)' 


Ql  (  co) 
Q.  (s  i). 


(d>i 


7>jl 


2'i 


(17) 


The  square  of  the  term  in  V  in  (17)  corresponds  to  the 
pressure  on  a  spheroid  in  steady  axial  motion  in  an 
infinite  liquid,  and  the  resultant  forces  and  moments 
due  to  this  term  are  zero.  The  square  of  the  second 
term  in  (17)  is  of  the  second  order  and  is  neglected, 
and  we  are  left  with  only  the  product  term.  Hence  we 
need  only  consider,  on  the  spheroid, 


P  ~  p  ^  { (<Ai  •  fa) 


pV(  I  A,)  1 

II  0-  fan 


fi'-  Zfi 


(fa  •  </>:) 


(18) 


where  we  have  simplified  the  form  by  using  the  fact 
that  the  axial  virtual  inertia  coefficient  A|,  is  given  by 

A,  -  o  Qi  (Co)/Oi  ( C. )  ■  •  ■ 

Turning  to  (15)  for  the  value  of  fa  </>,  on  the  spheroid, 
we  use  the  relation 


p;,  Q;  p;,  q;  t  i r  '  («  +  v)!/<«.  -.s < cl  1 » <20) 


Introducing  the  coefficients  A  from  (12)  we  obtain,  on 
die  spheroid 

fa  ■  4>:  (2  tt/k  a  e)(  It  c  e  B  ” 

with 

B  22  2  (2  n  1)  (/')'  '  J„ .  4  (k  a  <■) 

,l  «»  v  0 

P„  (/< )  cos  i  d)/(  J2  1 )  Oi <  *2H 

with  a  factor  (  for  the  terms  in  v  0. 

Thus  the  effective  pressure  for  calculating  the  forces 
is  given  by 


(I  -  A i )  V  (I  ,.-')  ^  HI 
a  •  '  < s'-  /*' I  0 /lj* 


(22) 


with  B  given  by  t2l).  and  noting  that  ev .•i.uiaMv  we 
lake  the  real  part  of  the  expressions. 


s 
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4.  Resultant  Forces 


If  p  is  the  fluid  pressure  at  any  point  of  tlte  spheroid; 
(/,  m,  n)  the  direction-cosines  of  the  normal;  (X,  7)  the 
resultant  forces  in  the  directions  O  v,  O:;  M  the 
resultant  moment  round  O  y,  we  have 

X  -  -  JJ"  p  l dS:  Z  JJ  p  n  (IS: 

M  J J  />(/.--  «.v)(/S  .  .  (23) 

taken  over  the  surface  of  the  spheroid.  In  the  spheroidal 
co-ordinates  (2)  we  have 

I  p  ( C,2  * )!/< Co  /i2>! : 

/;  £<,(1  — ft2)1  cos  oj/( C5  ft2)-: 

tl  S  a2  c2  (C 5  DMCJ  ft2)- 1!  ft  <1  o»  .  (24) 

Hence  we  have 


X  a'-c'-it2  I) 
z  Co  ai  D! 


I  p  P|  (ft)  (I  ft  tl  a>; 

0  J  I 

cos  to  f  p  P|  (ft)  d  ft  tl  /»: 


M 


1  a}  e'  ( Cn  I )-  [*  cos  to  f  p  Pi  (/i)  cl  ft  tl . 


....  (25) 

For  the  horizontal  force  X,  taking  account  of  the 
integration  in  the  angular  co-ordinate  to,  we  see  that 
we  only  need  the  terms  in  B  independent  of  to:  and  for 
the  general  term  from  the  second  part  of  (22)  we  require 
the  value  of  the  integral 

r' 

f(l  ft2)l(Co  |U2>]  P|  (/D  •  (26) 

-*  i 

It  is  easily  seen  that  (26)  is  zero  if  n  is  odd;  and  if  n  is 
even,  and  equal  to  2  />/,  it  can  he  shown  that  the  value 
of  (26)  is 

2  ( Co  M0j«(£«)  •  •  •  (27) 

Hence  front  (21)  and  (25)  we  have 


X  (2  tt),/:  tr  c2  ( C2,  I )  p  It  <  (k  u  c)  -  ('  “a 
[oj ,,,/({■■  l)Q,  ({„)  (I  Hr,)(V/(ir2) 

V,  -  I )'"  (4  m  1)J:,„  ,]  e'1'"  ”  .  (28) 

m  I 

the  argument  of  the  Bessel  functions  being  *•  a  v. 

From  the  properties  of  these  functions,  the  sum  of 
the  series  in  (28)  is  simply  (k-  a «  )  J,/;  <«•  a  <•). 

Using  properties  of  the  spheroidal  harmonics  such 
as  (20)  it  can  be  deduced  from  (14)  that 


I  A  i  .■/(;*  I )  0,  (y.»)  •  ■  (24) 

Thus  the  quantity  in  square  brackets  in  (28)  reduces  to 
e  1  [  <MI  A,)  *  V  < I  A,)]  J,/;  <*«/«')  .  (30) 

Noting  that  «/  *-(V  t ).  this  simplifies  further;  and 

we  obtain,  taking  the  real  part, 

X  (2  »)«•’  g  ,>  b'-  . . (I  A , )  (s-  u  cJ)  » 

J,/.  <K-  tl  <•)  Cl's  ( 1/  I  ■  *)  (31) 


3 
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From  the  expression  for  the  vertical  force  in  (25),  we 
have  to  evaluate  for  the  general  term  the  integral 

f[(I  ,t2)HC2  ,t2)]  P]  (ft)P!,(,t)t/pt  .  (32) 

2  i 

This  integral  is  zero  if  n  is  odd.  If  n  is  even  and  equal 
to  2  m,  it  can  be  shown  to  have  the  value 

<2/Co)(C5  -  l)3/2Q.l,<£o)  •  •  •  (33) 

From  (21)  and  (25)  we  obtain 
Z  (2  tt)4-  a  h  (k  tt  e)  *  p  h  c  e  *‘l 

[2i.7}mHCl  1)0!  i  /V(r/e)-'(l  i  A,)(t2  -  l)J 
S(  Dm(4/H  I  I)  Jsm  .  j]  e,(n'  *  *’  .  •  ■  (34) 

the  argument  of  the  J  functions  being  k  a  e,  and  that 
of  Q  being  Co- 

The  scries  in  (33)  sums  as  in  the  previous  case;  further 
if  A' >  is  the  virtual  inertia  coefficient  for  transverse 
motion  of  the  spheroid,  we  have 

A-.>=  -  CoQ!(Co)/(C3  ~  l)Ql({o)  •  (35) 
from  which  we  can  deduce 

(C§  DO!  1  *2)  =  2/({g-  l)Q!(£o)  ■  (36) 
Thus  the  quantity  in  square  brackets  in  (34)  has  J,/2  as 
a  factor,  and  another  factor  is 

(I  l-AzXV  }  c)  -(1  +  A',) V 
Collecting  these  results  we  obtain  finally 
Z  (2  77  )4-  ftpb2  he  K,i  (k  a  c})  1 

[I  t  A 2  t  (A'2  —  A, ) V/c]J, /,(«•£/«») sin (u/  f  a)  .  (37) 
Similarly,  for  the  moment  M  from  (21)  and  (25)  we 
have  to  evaluate  the  integral 


r1 


[(1  -  /‘2)/( 

22  -^)]  Pi  (fx)P'nUx)tlft  . 

(38) 

1 

In  this  case,  (38)  is 

zero  when  n  is  even.  When 

n  is 

odd  and 

equal  to  2  m 

■  J  1  it  has  the  value 

6({g 

1  )  V2  Q]m  1  ( Co)  •  •  • 

(39) 

for  all  values  of  m  except  m  0;  when  m  0,  (38)  has 

the  specie 

,1  value 

• 

6  (Cl 

-  l),,2Q!(Co)  -8  •  •  • 

(40) 

With  these  values  in  (21)  and  (25)  we  have 

\1  (?  rrpl'-ti2  eHxae)  *  ( 45  -  D *hce-* 

{2  a  }<f2l(Co  1 

)Ql  !  (1  1  At) (V/n  <*2) 

l 

4  -D/:/(  Co 

DQ|  ‘  (Cl  -  D‘ 

V( 

I)-(4/m 

3)J;,„  ■  • 

(41) 

0 


The  series  of  Bessel  functions  has  the  sum  x  a  e  J(  (k  a  c). 
Also  we  substitute  from  (36)  for  Qj  in  »erms  of  k2.  We 
may  also  introduce  the  virtual  inertia  coefficient  for 
rotation;  A'  is  defined  as  the  relative  increase  in  moment 
of  inertia  of  the  spheroid  rotating  like  a  solid  of  density  p. 
It  can  be  shown  that 

A'  Ql(W/Co«3  D  (2  Cl  DQi(Co)  (42) 
Using  (20)  and  the  expressions  for  Pi  and  Pi  we  deduce 
2/(C2  •  )Qi  Co  (Cl  D1  [I  <2* Co  D2  A  ]  (43) 
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We  also  replace  J,/2  in  (41)  in  terms  of  Jl/2  and  J?/2 
and  after  some  reduction  we  obtain,  after  putting 
a  k  (V  i  c),  the  form 

M  (2  7 t)*12  g  p  a  b2  h  c  K,t  {k  a  e)  ■ 


(1  4  *.)(!  4-A0 


J?n  4  IG  +  Art) 


(1  —  2  A  2)  J 


l/2}j  COS  (a 


M-  a)  .  .  .  .  (44) 


where  the  argument  of  the  J  functions  is  k  a  e,  and 
/3  length-beam  ratio  ajh. 


5.  Summary  of  Notation  and  Results 

We  may  express  these  results  more  conveniently  in  the 
following  notation,  in  which  we  also  define  suitable  force 
and  moment  coefficients. 

L  --  Length  of  spheroid  2  a. 
e  ■-  Eccentricity  —  (I  —  h2/«-)E 
p  -  Lengih-beam  ratio  -  ujb. 

D  Displacement  *  n  g  p  a  h2. 

A' i,  k:,  k'  -  Axial,  transverse,  rotational  virtual  inertia 
coefficients,  as  defined  and  evaluated,  for 
instance,  in  Ref.  3. 

V  Speed  of  advance  (positive  against  the  waves). 
/  Froude  number  —  V/(g  L)L 
</  Depth  of  axis  below  the  surface. 
h  Amplitude  of  waves  half  wave  height. 

A  Wavelength  2  tt/k. 

c  Wave  velocity  (g/*)*. 

2  rr/fr  Period  of  encounter. 

<t  k  (V  i  <■). 

2  tt  (it/X)  e  lndl)'  —  Maximum  effective  wave 
slope  at  depth  of  axis. 

X,  Z  Resultant  forces  in  directions  O  v,  O  e. 

M  Resultant  moment  about  O  y. 

C,  Surging  force  coefficient  X  (max)/D  fl. 

C.  Heaving  force  coefficient  Z(max)/Dfl. 

C,,  Pitching  moment  coefficient 

M  (max)/D  L  fi. 

In  this  notation,  the  results  obtained  are 
X  =  -  D  0  C,  cos  (a  l  •  a);  Z  -  DOC.  sin  (o  /  i  *); 

M  -  D  L  0  C,.,  cos  (<r  t  •  a)  .  (45) 


c. 

3n/2 

I 

1 

v:  . 

>>„( 

n  c  Lx 

A  ) 

.  (46) 

3 »  2 

:  2  7T  CV-  1 

|l  >  *J  i 

)’«.- 

*i)J 

(i 

.J/: 

)  J>I2  1 

^rreLx 
s  A  1 

.  (47) 

4 


C„ 


3  v'2 

4  7T  e'!2 

(P  i- 

Kft2- 

!)’*■] 

/2 

■n  i.\ 1  r  r  / 

■p2  • 

?/( 

a  )  {['  '  ( 

■P2  — 

i)  k 

-  u\ 

h/2  { 

(T7  e  L  \ 

4  Art)  ( 1  i  Aa) 

i  A  ) 

id  +  A:;)(l  -  2A-2)Jj/2 


L) 


(48) 


6.  General  Discussion 

The  phase  relations  between  the  waves  and  the  forces 
can  be  seen  from  a  comparison  of  (4)  with  (45).  It  is 
of  interest  that  these  relations  are  unaltered  by  the 
improved  theory:  there  is,  for  instance,  a  difference  of 
phase  of  90  deg.  between  the  heaving  force  and  the 
pitching  moment.  It  is  also  confirmed  that  the  period 
of  the  forces  and  moment  is  the  period  of  encounter 
with  the  waves. 

From  (46)  we  have  the  unexpected  result  that  the 
surging  force  coefficient  is  independent  of  the  speed  of 
advance.  The  coefficient  is  small  and  oscillating  in 
value  for  small  values  of  A/L:  for  a  long  spheroid,  the 
highest  zero  position  is  at  about  A/L  O  ’.  The  guph 
of  C,,  except  for  a  scale-factor,  is  the  same  as  the  curve 
labelled  /  0  in  Fig.  1.  For  large  values  of  A/L,  the 

surging  force  X  approximates  to 

--(1  •-  A’|)  D  0  cos  ( cr  t  ■  a) 

assuming  the  wave  slope  to  be  kept  constant. 

Similarly  from  (47),  the  heaving  force  Z  approximates 
to  —(1  i  A::)  D  sin  (a  t  4-  x)  for  large  values  of  A/L. 
In  general  C.  varies  with  the  speed  of  advance  due  to 
the  difference  between  k\  and  ki.  We  take  for  illustra¬ 
tion  the  case  of  a  long  spheroid  with  <•  approximately 
unity  and  A|,  A:  approximately  0,  1  respectively.  Fig.  I 
shows  C.  on  a  base  of  A/L  for  zero  speed  and  for 
/=--  0-5  and  -  0-5;  we  note  that  /positive  is  for  motion 
against  the  waves  and  /  negative  for  motion  with  the 
waves. 


Fio.  I.—Heavinu  i«wce  cottnntM  him  veto  .so  ,1/1 / ><«mvi 

All  A  INS!  WAVIS.  Nlt.AIIVt  V.I1H  WaVIS 


There  are  several  points  of  interest  in  the  pitching 
moment  coefficient  (48).  In  passing,  it  may  be  remarked 
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that  it  reduces  to  zero  for  a  sphere,  as  should  be  the 
case.  The  variation  with  the  length-beam  ratio  is  shown 
by  the  quantity  in  square  brackets  in  (48);  for  instance, 
taking  the  corresponding  values  of  the  inertia  coefficients 
this  quantity  reduces  to 

1-823  J5/,  (  (2  rr  L/A)5  / (0-485  J5/2  0-279  J„,);  5 

1-883  J5/2  :  (2n  L/A)}  / (0-549  J5/,  —  0-313  Jl/2);  0-10 

2  J5/2  +  (2  77  L/A)-  /  (0-666  J,/2  -  0-333  Ji/2);  0  -c  oc 

We  choose  the  last  case  for  numerical  calculation;  that 
is,  we  consider  a  long  solid  of  revolution  for  which 
k i,  k 2,  k'  are  approximately  0,  I.  i  respectively,  and 
we  obtain  C,.„  from  (48)  with  these  values.  It  is  inter¬ 
esting  that  there  are  values  of  A/L  for  which  the  pitching 
moment  is  independent  of  the  speed  of  advance;  for 
this  case,  these  are  the  roots  of  the  equation 

2Jj/2(77L/A)  Ji/:(7tL/A)  0  (49) 

The  two  highest  roots  are  approximately  A/L  0-53 
and  A/L  -1-51. 

This  point  is  brought  out  in  Fig.  2.  which  shows 
Cvv  on  a  base  A/L  for  zero  speed  and  for  /  0-5, 

/  -  0-5;  the  curves  show  how  the  effect  of  speed  of 


advance  on  the  pitching  moment,  with  or  against  the 
waves,  differs  according  to  the  value  of  A/L.  The  same 
result  is  also  shown  in  Fig.  3,  which  gives  on  a 
base  /  for  given  wavelengths.  As  this  is  a  linear  relation, 
the  graphs  are  straight  lines;  those  for  A/L  0-53,  1-15 
are  parallel  to  the  base  line. 


Llti.  3.  —  PlTCHINIi  MOMENT  COEFFICIENT  FOR  CilVFN  A/L,  VARYING 
SPFUJ  OF  ADVANCE. 


The  results  which  have  been  given  in  this  paper  were 
obtained  oy  direct  calculation  for  a  spheroid  of  any 
ratio  of  length  to  beam;  nevertheless,  in  the  form  in 
which  they  are  given  in  Section  5,  they  arc  probably  a 
good  approximation  for  any  fairly  long  solid  of  revolu¬ 
tion.  The  conclusions  are  not  directly  applicable  to 
surface  ships;  however,  they  may  possibly  indicate  the 
nature  of  the  difference  to  be  expected  when  speed  of 
advance  and  other  factors  are  taken  into  account. 

The  present  analysis  can  be  extended  to  include 
motion  of  the  submerged  solid  obliquely  to  a  train  of 
waves,  and  it  is  hoped  to  examine  the  various  forces 
and  moments  in  subsequent  work. 
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Part  tl.  MOTION  OBLIQUE  TO  THE  WAVE  C  RESTS 

Summary 

Expressions  are  obtained  for  the  forces  and  moments  on  a  mi  bn  verged  spheroid  moving 
under  waves  at  any  angle  of  attack.  Graphs  arc  given  to  show  how  these  quantities  depend 
upon  the  wavelength  and  upon  the  speed  and  direction  of  advance  of  the  body.  It  appears 
that,  when  account  is  taken  of  the  speed,  pitching  and  yawing  moments  are  developed  when 
the  body  is  moving  parallel  to  the  wave  crests 

I.  The  results  given  in  Part  I  (which  we  shall  refer 
to  as  I)  can  be  extended  to  cover  motion  in  any  direc¬ 
tion.  As  the  analysis  is  carried  out  by  the  same 
steps  as  in  I.  we  need  only  indicate  the  necessary 
modifications.  The  solid  moves  in  the  direction  O  v. 
and  the  wave  train  moves  at  an  angle  y  to  O  v.  v.ith 
y  between  0  deg.  and  90  deg.  the  motion  is  against  the 

5 


waves,  while  if  it  is  between  90  deg.  and  180  deg.  the 
motion  is  with  following  waves. 

We  have  equation  1(5)  as  before;  and  it  is  readily 
verified  that  we  have  now 

<Ai  ll  <  «'  *•  COs  [a-  (  v  cos  -/  •  I  sin  •/)  <r  /  •  *] 

.  .  .  (I) 
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giving  a  surface  elevation 

r/  ll  sin  [*'  (,v  COS  y  :  r  sin  yl  a  I  a]  ,  (2) 
provided  a  «r(VcOSy  C);  <•-  ~  g/i  .  .  (3) 
To  obtain  </)s  we  have  now  to  expand 

exp  k  [r  i  /  (v  cos  y  *  rsiny)] 
in  a  series  of  spheroidal  harmonics.  It  is  found  that 
instead  of  ((10)  we  require  the  two  integrals 


j  .  Hi  -  ■  isinT«n.,»cos  _v  (lJ  (/ w 

~  2n  C,  i.  [<>  A  ( 1  -  /r  )!  cos  y]  .  (4) 

and  the  same  integral  with  sin  ,v  o>  for  cos  s  <.j,  equal  to 
S,  I  ,  [*•/,<  I  ,m-E  cosy]  .  .  .  (5) 

in  which 

C ,  •,  [(I  ;  sin  y)1  (1  sin  ypj/eox'  y  [ 

S.  i  [( 1  -i  siny)'  (I  sin  y)']/eos' y  '  <6> 

Proceeding  as  in  1  Section  2,  the  only  alteration  required 
is  to  replace  k  a  e  by  k  a  e  cos  y  and  A„  cos  s  <»  by 
A'n  (C\  cos  .v  to  j  /  S,  sin  ,v  m). 

Thus,  as  in  I  Section  3,  we  have  for  the  effective  part 
of  the  pressure 


(  277  y piuc 

vs:  (I  C  COS  yz 

f.  (I  i-  At)  V  ( 1  -  J  B~ 

L  (W2{i  5  /t:)  A  /( 


B  id  22  < 2/t  I)  (/)" 


J„  I  (k  (I  C  COS  y) 

1 )  Q;  ( C0> 


P, ',(/<)  cos  ,v  c»  /  S,  sin  v  (8) 

with  a  factor  l  for  the  let  ms  with  .v  0. 

The  forces  X,  Z  and  the  pitching  moment  M  are 
given  by  1(25):  and.  owing  to  the  presence  of  terms  in 
sin  v  <o,  we  have  a  swaying  force  3'  and  a  yawing 
moment  NT  given  by 

j***  p1 

Y  a“‘*:Co(to  I  )!  :  sill  HI  I  p  Pj  (/<)(//(</  <U 

“II  4  I 


M  1  (I  o'  ( c,‘,  1  )■  j  sin  ci,  i  p  p|  ip)  </  ,/  l,) 

4 1  “i  i 

.  .  (9) 

The  evaluation  of  he  forces  and  moments  follows  as 
in  I  Section  4,  noting  that  we  must  introduce  the 
appropriate  values  o!  the  coefficients  given  in  (b)  and 
also  that  <x  k  (V  c>  ••  ■  <■>. 

2.  We  add  to  the  notation  specified  in  I  Section  5 

U,  swaying  force  coefficient  Y(ma\)/D(' 

(  .,  yawing  moment  coefTicicnt  M  (max)/D  1.  0 
The  components  are  given  by 

X  If  t'C,  cos  (ix  I  a); 

Y  I >  d  (  ,  cos  (a  i  x ) ; 

Z  D  d  ('.  sin  (i  it  a); 

M  Iff.  d  (  , ,  cos  (nr  l  •  *); 

M'  Did  (  sinlui  >!  ( |0) 

6 


These  relations  give  the  connection  between  the  phases 
of  the  components  and  the  phase  of  the  surface  waves; 
if  in  varying  the  angle  of  attack  y  from  Odcg.  to  180  deg. 
any  coefficient  C  passes  through  zero  and  changes  sign, 
the  corresponding  force  or  moment  changes  in  phase 
by  1 80  deg. 

The  force  and  moment  coefficients  arc  given  by 


Cv 

3  v  2  z  1  x!  /Ay9- 
2  n  c3'2  (cos  y)  (l)  (1 

'  A|)  Jt/,  (^^'cos  y) 

C, 

C.  sin  y 

c. 

3v'-2  /  A  y 

2  7 t  <'9-  \  E  cos  y/ 

1 

1  l<2  j  ^  ^  J  ,/cos  y  ( A : 

-  A I )  J,/2  (  ^  cosy) 

c,. 

C, ,  sin  y 

G, , 

V2  ,  .\  y«  fr 

4  7x  e*/2  \  l  cos  y/  | 

c :  :)’*■] 

COS  y 

fr 

U' 

zrf-  i  lv 

■  (Jjs  ,)A  )(l  i  A,)<1 

n  Z77(’l.  X 

t  As)  J5/2(  \  COS  y j 

id  A,)(l  - 2 £ : ) J ( j ; ^ ^ '  c o s y )  - } 
....  (II) 


3.  We  note  that  the  surging  force  is  independent  of 
the  speed  of  advance  except,  of  course,  for  the  alteration 
in  the  period.  Except  for  the  surging  force,  till  the 
components  can  be  derived  from  the  expressions  in 
1  Section  5  by  replacing  the  wavelength  A  by  A/co s  y 
anil  the  speed  f  by  f cos  y.  further,  the  coefficients 
(',  and  (\.  differ  from  C.  and  C',,  respectively  only  by 
a  factor  sin  y.  Putting  1 80  deg.  y  for  y  in  the  expres¬ 
sions  tt>0),  we  see  that  at  zero  speed  and  ('-  arc 
symmetrical  about  the  middle  position  y  90  deg., 
while  C\,  and  C  arc  anti-symmetrical.  Taking 
account  of  the  speed  of  advance  removes  this  element 
of  symmetry,  for  the  effect  is  different  according  as  the 
waves  are  from  ahead  or  from  astern. 

When  y  90  deg.  the  solid  is  moving  parallel  to  the 
wave  crests  and  this  case  is  of  some  interest.  The  results 
can  he  obtained  by  taking  the  limiting  values  of  (III 
as  y  is  made  equal  to  90  deg.,  or  can  he  worked  out 
independently. 

Wo  have  for  y  90  deg. 

C\  0;  C,  I  k: 

<  C  ( ’  ir  (  )”  /  <  I  A;><l  2k:)  :l2) 

fn  this  position  the  forces  are  independent  of  the  speed 
of  advance.  As  might  be  expected,  the  moments  arc- 
zero  at  zero  speed;  but  it  is  specially  interesting  that 
pitching  and  yawing  moments  arc  developed  when  the 
solid  is  advancing  parallel  to  the  wave  crests.  No  doubt 
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this  arises  because  when  account  is  taken  of  the  speed, 
the  pressure  distribution  on  the  solid  is  altered  and  is 
no  longer  symmetrical  fore  and  aft. 

The  general  character  of  the  results  in  (II)  can  be 
shown  best  by  diagrams,  and  for  this  purpose  we  take 
the  case  of  a  fairly  long  spheroid  for  which  we  assume 
the  approximate  values  c  I,  k\  0,  !<2  A'  I.  Figs. 
4,  5,  and  6  show  curves  of  the  coefficients  of  heaving 
force,  pitching  moment,  and  yawing  moment  for  the 


waves  at  any  angle  to  the  direction  of  advance.  In  each 
case  the  results  are  shown  for  three  different  ratios 
of  A/L.  The  continuous  curves  are  for  zero  speed;  and, 
in  order  to  bring  out  the  difference,  the  dotted  curves 
are  for  a  speed  of  advance  given  by  the  Froude  number 
/  0-5.  The  curves  give  some  indication  of  the  manner 

in  which  these  quantities  depend  upon  the  ratio  A/E, 
upon  the  speed  and  direction  of  attack,  and  upon 
whether  the  waves  arc  from  ahead  or  from  astern. 


ISSUED  FOR  WRITTEN  DISCUSSION 


Men, hers  are  invited  to  submit  written  contrihu'ions  to  this  /viper,  which  should  tench  the  Senetary  no’  later  thttn 
March  15,  1955:  they  should  be  typewritten. 

The  Institution  is  not,  as  a  hotly,  responsible  Jot'  the  statements  made  nor  the  opinions  expressed  hy  ittiln  idual  authors. 

The  issue  of  this  paper  is  on  the  express  understandiny  that  no  publication,  either  ol  the  whole  or  in  obstruct,  will  be  made  until  alter 
the  paper  has  been  made  available  lor  discussion  with  the  January  1955  issue  of  the  Quarterly  Transactions  of  Tht 
Institution  of  Naval  -lit  hit  eels. 


THE  COUPLING  OF  HEAVE  AND  PITCH  DUE  TO  SPEED  OF  ADVANCE 

By  Proikssoh  Sir  Thomas  H.  Havi lock,  M.A.,  D.Sc.,  F.R.S.  (Honorary  Member  and  Associate 

Member  of  Council) 

Summary 

The  object  of  the  note  is  to  discuss  a  particular  type  of  coupling  and  to  estimate  its 
probable  magnitude.  The  coupling  effect  is  isolated  by  considering  a  specially  simplified 
problem,  namely  a  spheroid  Moating  half-submerged  in  a  uniform  stieam  with  surface 
conditions  whicn  preclude  wave  formation  and  without  damping.  This  problem  is  solved 
completely;  numerical  calculations  indicate  that  the  alteration  in  resonance  frequencies  due 
to  the  coupling  is  likely  to  be  negligible  in  ship  problems. 


I.  The  chief  cause  of  coupling  between  heave  and 
pitch  is  lack  of  symmetry  of  the  ship  fore  and  aft,  as 
for  instance  in  the  well-known  hydrostatic  coupling  or 
in  that  due  to  damping.  There  is  one  type,  which  may 
be  called  hydrodynamic  coupling  due  to  speed  of 
advance,  which  seems  to  exist  even  if  the  ship  is  sym¬ 
metrical  fore  and  aft.  This  effect  was  introduced  into 
the  equations  of  motion  of  the  ship  by  Haskind.(l)  In 
that  work  Haskind  replaced  the  ship  by  the  approxima¬ 
tion  used  in  wave  resistance  theory,  namely  a  source 
distribution  over  the  longitudinal  vertical  section; 
further,  the  expressions  were  left  in  a  complicated  form 
and  no  indication  was  given  of  the  relative  importance 
of  the  terms  in  the  equations.  Recently  Stoker  and 
Peters1-’  have  made  a  systematic  study  of  the  general 
problem  of  the  motion  of  a  ship  in  a  seaway,  developing 
the  equations  in  terms  of  a  single  parameter,  namely  the 
ratio  of  beam  to  length.  In  the  equations  of  motion 
to  the  first  order,  they  do  not  obtain  any  coupling  terms 
of  the  type  in  question  for  a  symmetrical  ship.  This 
might  be  expected  as  in  their  work  the  ratio  of  beam  to 
draught  is  also  supposed  small;  in  fact  their  model 
approximates  to  a  thin  flat  disc.  Haskind's  work  is  also 
criticized  as  implying  damped  oscillations  since  the 
coupling  terms  occur  as  first  order  derivatives;  but  w-e 
shall  see  later  that  this  criticism  is  unfounded  as  far  as 
the  coupling  terms  are  concerned.  This  type  of  coupling 
has  been  the  subject  of  discussion  recently,  for  instance 
Weinblum/”  and  it  seemed  of  sufficient  interest  to 
attempt  to  estimate  its  importance  or  otherwise.  It  is 
easy  to  see  on  general  grounds  that  the  coupling  exists. 
If  a  floating  solid,  symmetrical  fore  and  aft,  is  made  to 
oscillate  vertically  in  a  uniform  stream,  the  alteration  in 
pressure  is  anti-symmetrical  arid  so  wc  get  a  couple 
acting  on  the  solid;  if  it  is  given  pitching  oscillations 
the  alteration  in  pressure  is  symmetrical  and  we  get  a 
heaving  force.  It  also  seems  likely  that  the  effect  will 
be  small,  and  that  is  confirmed  by  the  present  calcula¬ 
tions. 

In  the  theory  of  wave  resistance  for  a  ship  advancing 
steadily  in  stiff  water,  a  first  approximation  based  on 


the  linearized  free  surface  condition  is  in  general  a  good 
approximation  for  ships  of  small  beam/length  ratio,  and 
this  remark  applies  even  when  the  beam/draught  ratio 
is  not  also  small.  But  in  attempting  further  approxima¬ 
tions  it  is  difficult  to  know  how  far  one  may  go  without 
amending  the  free  surface  condition  by  including  some 
approximation  to  finite  wave  theory. 

On  the  other  hand,  consider  heaving  and  pitching  of  a 
ship  at  zero  speed  of  advance.  Here  we  do  not  need 
to  restrict  the  relative  d.ntensions  t  f  the  ship,  either  the 
bcani/length  or  the  heam/draught  ratio:  the  linearized 
free  surface  condition  is  adequate  for  a  good  first 
approximation,  except  no  doubt  for  exceptionally  large 
motions. 

Turning  to  heaving  and  pitching  in  waves  with  the 
ship  advancing,  one  can  see  the  difficulty  of  combining 
the  general  problem  in  a  single  calculation  which  w;ll 
give  useful  results  for  the  ship  problem.  The  present 
unsatisfactory  theory  consists  more  or  less  in  simply 
superposing  the  two  sets  of  calculations;  or  if  it  is  rather 
better  than  that,  we  are  still  left  in  doubt  as  to  the 
validity  and  relative  importance  of  the  various  terms  in 
the  equations  of  motion.  On  the  other  hand,  if  we  limit 
ourselves  to  a  rigorous  development  based  on,  sa>,  a 
thin  disc  form,  we  may  miss  the  important  effects  for 
the  ship  problem  as  regards  heaving  and  pitching. 
However,  the  present  note  makes  no  attempt  whatever 
on  the  general  problem.  The  object  is  to  isolate  the 
particular  type  of  coupling  and  if  possible  to  estimate 
its  importance.  For  this  purpose  we  consider  a  specially 
simplified  problem.  It  may  be  regarded  as  the  opposite 
of  the  work  just  referred  to;  instead  of  taking  u  thin 
disc  and  including  the  wave  motion,  we  consider  a  form 
more  like  a  ship  but  we  exclude  the  wave  motion  com¬ 
pletely.  The  conditions  may  be  visualized  in  this  way. 
Imagine  a  solid  floating  in  water  and  suppose  the  free 
water  surface  covered  by  a  smooth  rigid  plane;  the  solid 
being  assumed  free  to  heave  and  pitch  in  a  hole  in  this 
plane,  ihe  periods  can  be  calculated.  If  there  is  a 
longitudinal  uniform  stream  in  the  water,  the  oscilla¬ 
tions  are  coupled  and  the  periods  can  be  obtained.  I  he 
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results  may  be  comparable  with  those  for  a  ‘hip 
advancing  at  slow  speed;  but  in  any  case  it  seems  likely 
that  the  coupling  effects  in  the  actual  problem  will  be 
less  than  in  this  simplified  case.  The  form  of  solid  we 
consider  is  a  prolate  spheroid  floating  half-submerged; 
for  this  case  the  problem  can  be  solved  completely  and 
the  analysis  is  given  in  the  Appendix. 

2.  If  h  is  the  heave  and  <p  the  pitch,  and  U  the  stream 
velocity  parallel  to  the  axis  of  the  spheroid,  the  equa¬ 
tions  of  motion  for  free  oscillations  are  obtained  in  the 
form  (25), 

(I  TC)M  h  p  M  U  <A  KP  S/t  -  0 

(I  C  C )  I  i/i  f  cj  M  U  h  •  M  g  ni  i /<  —  0 

The  first  and  third  terms  are  in  the  usual  notation  for 
uncoupled  heave  and  pitch;  the  second  terms  give  the 
coupling  efFect.  A.?  and  A'  are  the  virtual  inertia  cocffi- 
cients  under  the  assumed  water  surface  condition. 
A:,  A'.  />  and  </  are  positive  numerical  coefficients  depend¬ 
ing  only  upon  the  iength/beam  ratio  of  the  spheroid; 
explicit  expressions  are  given  in  ( 18),  (20),  (22),  and  (22). 
from  which  numerical  values  can  be  calculated. 

If  we  write  these  equations  in  the  form 
h  v.  U  i/i  •  //-,  h  0 
i/-  ;  j8  U  it  ll'-:  <Jl  0 

/i i  and  //, 7  are  the  frequencies  for  uncoupled  heaving  and 
pitching,  taking  into  account  the  virtual  inertia.  If  we 
assume  a  periodic  coupled  oscillation  of  frequency  p. 
we  have 

p 4  -(/if  :  nf  *  fi  U-)  p'-  nf  nf  0 

both  roots  of  this  equation  in  p-  are  real  and  positive, 
and  we  have  two  simple  undamped  oscillations  of,  say, 
frequencies  p i  and  p?.  In  each  mode  the  heave  and 
pitch  differ  in  phase  by  90  deg.,  and  the  motion  alter¬ 
nates  between  heaving  and  pitching.  Further,  if  n *  •  112 
and  p\  ■  pi<  then  we  have  p\  .  n  1  and  P2  »:'■  thus 
the  coupling  increases  *he  separation  between  the  reso¬ 
nance  frequencies.  This  is  a  general  effect  of  coupling 
terms;  incidentally  it  may  be  remarked  that  for  the 
coupling  caused  by  damping,  Korvin-Kroukovsky  and 
Lewis*41  observed  that  the  resonance  period  for  heaving 
was  increased  while  that  for  pitching  was  diminished. 

3.  To  estimate  the  magnitude  of  the  effect  we  take  a 

numerical  example.  We  choose  a  spheroid  of  length/ 
beam  ratio  equai  to  10.  The  numerical  values  of  the 
various  coefficients  were  calculated  with  sufficient 
approximation  for  the  prevent  purpose,  from  (18)  we 
find  A 2  2  - 42.  I  his  means  an  increase  of  about 
80  per  cent  in  the  heaving  period  as  found  without  the 
added  mass;  no  doubt  this  is  rather  large,  but  we  have 
taken  the  extreme  condition  of  a  rigid  water  surface. 
Similarly  from  (20)  we  find  A  1-5.  giving  a  corre¬ 
sponding  increase  of  about  60  per  cent  over  the  basic- 
pitching  period.  From  (22)  and  (23)  we  obtain,  approxi¬ 
mate1  v,  p  -  1-16.  (/  0-57.  With  t  as  the  Eroude 
number,  we  have  U  /'(2  and  'aking  a  1 6-l't 


model  as  a  definite  example,  that  is,  a  8  It.,  the 
equations  of  motion  are 

h  7  ■  7/ i/i  1 7-657  h  —  0 
if  -E  0  -404  /7/  30-  187  </»  —  0 

and  the  frequency  equation  is 

p4  (47-844  •  3-111  t-)p-  ■  533-01  0 

The  periods  of  uncoupled  heave  and  pitch  are 
I  495  sec.  and  1-144  see.  respectively.  For  /  0-2, 

the  coupled  periods  are  I  -503  sec.  and  I  - 138  sec.  Even 
at  a  high  speed  /  0-5,  the  periods  are  only  altered  to 

1-537  sec.  and  1-112  sec.  The  curves  in  Fig.  I  show 
the  variation  in  the  coupled  periods  with  increasing 
speed.  At  zero  speed,  the  upper  curve  gives  the  period 
of  uncoupled  heave  and  the  lower  curve  that  of  un¬ 
coupled  pitch.  The  variation  with  increasing  speed  only 
becomes  appreciable  at  very  high  speeds. 


4.  Although  the  surface  condition  i>  </>/<) :  0  is  a 

severe  limitation  as  regards  application  to  the  ship 
problem,  it  was  thougnt  preferable  to  work  out  the 
simplified  problem  consistently  on  this  basis.  In  the 
last  section  of  the  Appendix  comparison  is  made  with 
the  work  of  Haskind.  It  appears  that  ff  wc  use  tenta¬ 
tively  rather  mixed  conditions  with  the  oscillation 
potentials  satisfying  the  condition  <f>  0  at  the  surface, 

then  the  coefficients  of  the  coupling  terms  approach 
numerical  equality  for  a  long  spheroid  for  which  h/a  is 
small;  the  coupling  terms  approximate  to  the  values 
!  MUi //  and  \  M  IJ  /;.  For  another  numerical 
example,  take  ki  and  k'  at  their  limiting  values  of  unity 
for  this  surface  condition  and  the  equations  (29)  approxi¬ 
mate  to 

2  M  h  IMlIi j>  g  p  S  li  0 

2  !  1 )>  (MU//  •  M  x  111 1 A  0 

For  the  1 6-l't.  model  of  the  previous  calculations  these 
give  a  frequency  equation 

p*  (67-92  ■  2 •  514/’) />-  1139  0 

For  /  0,  the  uncoupled  periods  of  heave  and  pitch 
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are  I  ■  144  see.  and  1  023  sec.  respectively.  For  /  0-2, 

the  coupled  periods  are  1151  sec.  and  1-017  sec.:  while 
for  /  0-5,  they  are  1  ■  1 H 1  sec.  and  0-991  sec. 

5.  To  sum  up  the  discussion,  it  seems  that  the  coupling 
terms  are  of  the  form  p  M  U  and  •  q  M  U  h,  with 
p  and  q  numerical  coefficients  approximately  between 
unity  and  one-half.  From  the  numerical  examples,  we 
may  conclude  that  the  alteration  in  resonance  frequencies 
is  negligible.  It  would  be  of  interest  to  examine  forced 
oscillations;  for  instance,  with  an  impressed  heaving 
force  the  response  involves  pitching  as  well  as  heaving, 
and  similarly,  with  an  impressed  pitching,  moment.  An 
effect  of  this  sort  seems  to  have  been  observed  by  Grini.<M 
It  is,  of  course,  possible  that  even  a  small  coupling  effect 
might  be  magnified  into  something  appreciable  at  or 
near  resonance.  However,  any  satisfactory  examination 
of  this  would  involve  introducing  suitable  damping  terms 
and  that  is  beyond  the  scope  of  the  present  note,  the 
purpose  of  which  was  to  isolate  the  coupling  effect  in 
its  simplest  form,  together  with  the  consequent  change 
in  the  resonance  frequencies. 


Appendix 

6.  We  take  the  origin  O  at  the  centre  of  the  spheroid, 
O  .v  along  the  axis,  O  z  vertically  downwards  and  O  y  trans¬ 
versely.  We  use  spheroidal  co-ordinates  given  by 

a  a  c  p  c ;  v  a  e  ( I  1)1  cos  to; 

r  a  e(l  /x2)Mc:  1)1  sin  a>  (1) 

The  spheroid  is  given  by  £  £0  l/e,  and  for  the  sub¬ 
merged  half  ai  ranges  from  0  to  r.  The  spheroid  floats 
half  immersed  in  water,  and  there  is  a  uniform  stream  U  in 
the  negative  direction  of  Or;  the  solid  makes  small  oscilla¬ 
tions,  in  which  the  heaving  velocity  at  any  instant  is  h  upwards, 
and  the  angular  pitching  velocity  is  0  in  the  positive  direction 
round  Oy.  If  cf>  is  the  velocity  potential,  we  assume  the 
condition  0  </>/ J  r  0  at  the  upper  surface  of  the  water. 
For  small  oscillations  we  assume  the  condition  at  the 
immersed  surface  of  the  solid  to  hold  at  the  mean  equilibrium 
position;  thus,  in  the  subsequent  work,  we  neglect  the  square 
of  the  fluid  velocit.,  due  to  the  oscillations. 

We  take  for  the  velocity  potential 

<f>  U  .v  a  e  U  P,  (/x)  Q,  (£)/0|  (C0) 

h  F|  </x,  £,  o»)  ifi  FM/a,  £,  ai)  .  (2) 

with  F,  £  v  A/,  P, \ip)  Q»(£)  cos  .vco  ) 

W  ■  • 

F,  2  £  B;,  P,;  (/t)  Qj(£)  cos  .v  iu  : 

n  0 »  0 

The  expression  (2)  satisfies  the  condition  5  z  0  at  the 
upper  surface  of  the  water.  The  first  two  terms  represent 
the  spheroid  in  a  uniform  stream  and  give  zero  normal 
velocity  over  the  immersed  surface;  hence,  as  for  instance  in 
Lamb's  Hydrodynamics,  p.  142.  we  must  have 

A  Ft/i>  C  « <*  C o  < Cg  l)  *  I ,  ip)  sin  io  | 

3  FM/ft  C  ia2c'-(Q  I)  !  PI  ip)  sin  ut 
for  £  £0;  0  '  to  7t , 


Putting  the  expressions 

(3)  in  (4)  and  determining 

the 

coefficients  in  the  usual  way. 

A3  2ae 

2  n 

-  1  in  v>!  C'„ 

(5) 

77  <to  11 

\'-  v- 

1  -v»!0;(fco) 

b  ;,  “  “  ‘ 

2  n 

I  in  v)!  D;, 

(6) 

3  77  <  Lp,  1  ] 

|!  .v- 

1  <w  -v,!  Q;,(^o> 

with  the  factors  C\  D  given 

by 

rl 

r1 

(7) 

• 

p;  ip )  P;,  ip)  dp  : 

|  PUp)P'„ip}dp  . 

^  1 

It  should  be  noted  that  in 

the 

summations  in  (4)  with 

(5) 

and  (6)  terms  with  v  0 

must 

be  taken  with  a  factor 

i- 

Further,  s  is  even  throughout,  while  n  is  even  in  (5)  and  is 
odd  in  (6);  this  follows  from  the  fact  that  the  integrals  in  (7) 
are  only  different  from  zero  under  these  conditions. 

7.  The  pressure  is  given  by 

p  k  p  :  ■  p  d  (fr/t !  ■  J  p  U-  i  pq: .  .  (8) 

with  O  <f>/^  s,,)~  •  { t>  <^/ .v- ) 2  •  (5  </>/i>  s-u)-  .  (9) 

On  the  spheroid  the  last  two  terms  in  (9)  come  only  from 
the  last  two  terms  of  <f>  in  (2)  and  are  of  the  second  order. 
Further,  on  the  spheroid,  we  have  the  first  two  terms  of  <j> 
in  (2)  given  by 

a  U  p[  I  <’  Qi  <£o>/Qi  <  Co>]  "L'(l  •  <10* 

where  A,  is  the  virtual  inertia  coefficient  for  axial  motion  of 
the  spheroid ;  also,  on  the  spheroid, 

5  </)/5  .V.,  [(I  /a2)1/(J(M45  /z:)!]d  </>/d  p  .  (II) 

Hence,  to  first  order  terms  in  h  and  i/j,  we  have  on  the 
spheroid 

-  ki)2  2aU(,"*l) 

(  h  5  F,/A  p  i/j  f>  F2/i>  p)]  •  (12) 

If  Z  is  the  upward  resultant  of  the  fluid  pressures,  and 
M  is  the  moment  about  O.v,  we  have 


p  n  d  S 


H* 


sin  c o  d  ui 


p  Pj  (p)  d  ft  .  (13) 


M 


Uz  nx)pdS 


U-V<q  1)1 


sin  w  d  u 


pP\ip)dp  (14) 


8.  We  shall  consider  separately  the  contributions  of  the 
various  terms  in  the  pressure  defined  by  (8)  and  (12).  The 
term  x  p  z  gives  the  hydrostatic  vertical  force,  and  moment, 
leading  to  the  usual  expressions  for  the  restoring  force  pro¬ 
portional  to  the  heaving  displacement  h,  and  restoring 
moment  proportional  to  the  pitching  angle  <4.  Then  there 
is  a  steady  vertical  force  arising  from  the  terms  in  U\  and 
corresponding  to  the  bodily  sinkage  of  a  ship  in  motion. 
We  obtain  this  by  using  for  p  in  (13)  the  terms 
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ipU2  4  p  U 2  ( I  •  A , )2  ( I  p2)/e2iC2  ■  p2)  .  (15) 

The  integrals  can  he  evaluated,  and  the  result  for  this  vertical 
force  can  be  reduced  to  the  simple  form 

i  7T  p  a  b  U2[(  I  •  A  ,)2  a  (a  i  2  />)/(«  >,  b)2  I]  .  (16) 

This  result  was  given  in  an  equivalent  form  in  a  previous 
paper,(6>  which  dealt  with  the  sinkage  of  a  general  ellipsoidal 
form  at  low  speeds.  To  estimate  the  magnitude  of  this 
effect  we  may  equate  (15)  to  ngpabs,  and  call  .v  the 
equivalent  sinkage.  If,  for  instance,  a/b  10,  we  find 
s  0  0157  U2/#  0- 314  f2  h,  with /as  the  Froude  number. 

The  effect  in  the  present  problem  means  simply  an  alteration 
of  the  origin  O;  but,  as  it  is  small  except  for  high  speeds, 
we  shall  neglect  it  in  what  follows. 

9.  Turning  now  to  the  term  p  0  <f>/i  I  in  the  pressure,  it 
is  easily  seen  from  the  .arious  expressions  which  have  been 
given,  that  the  term  from  F2  gives  no  contribution  to  the 
vertical  force;  and  we  have  for  this  part  of  the  vertical  force 


a2e2  to(Q~  I  )*  P  % 


sin  to  d  ui 


Pj  ip)  F,  (p,  £0,  w)d  p 
....  (17) 


Substituting  for  F,  from  (3)  and  carrying  cut  the  integrations 
we  can  express  this  vertical  force  upwards  as  A2  M  h, 
where  M  -  in  pa  b2  mass  of  spheroid  and 


^2 


6  2n  r-  1  in  -  5)!  Q;(£o>  (0,2 

rrV  „  f  (s2  U2<"  L  •')!  <£2  -  1,0,  f£fl)  '• 

....  (18) 


This  expression  is  essentially  positive,  and  A2  is  the  virtual 
inertia  coefficient  for  broadside  motion  of  the  submerged 
spheroid  under  the  assumed  condition  of  a  rigid  water 
surface. 

Similarly,  putting  the  pressure  term  pixf/bt  in  (14),  we 
find  that  F,  gives  no  contribution  to  the  moment,  and  we 
have  for  this  part  of  the  moment 


Ip  a3  e3(£2 


1  )1 1 jj  sin  to  d  o) 


pi  <P)  F 2  ip,  C0,  (a)  dp 


(19) 


The  moment  of  inertia  of  the  spheroid  about  O  y  is 
I  =  -,V  jt  p  a  b2  (a2  1  b2).  We  find  that  (19)  can  be  ex¬ 
pressed  as  A'  I  if,  with 

10  a2  e3  2/t  I  I  in  -a)! 

3  7r2(a2  ‘  />2)"~(i2  -  1)2  {«  r  S)\ 


<a  -  ')Oi(Co) 


(Di)3 


(20) 


k'  is  the  virtual  inertia  coefficient  for  rotation  about  Oy 
under  the  assumed  surface  condition. 

10.  Lastly,  from  (8)  and  (12),  the  remaining  terms  in  the 
pressure  are 

pad  ’-A.)Ua,f>2l(^M^,)(  htFJbp  <  +ZF2ldp) 

....  (21) 


With  this  in  (13)  and  ( 1 4y,  it  is  seen  that  the  only  contribu¬ 
tion  to  Z  comes  from  the  term  in  F2.  and  the  only  con¬ 
tribution  to  M  from  the  term  in  F,.  Putting  in  the 


4 


expressions  ior  F,  and  F,  and  carrying  out  the  integrations, 
the  results  can  be  expressed  as  an  upward  vertical  force 
p  M  U  (f  with 


-  2,1  J  At>  y  v  2"  1  <"  v>! 

,0  (v2  -  l)2<«  ■  ,v)! 

Of,  (Co) 

•Co  DQ'n(Ca) 

and  a  moment  q  M  U  it,  with 

q  2(l..  *l>  y  y  2  n  1  <«  •')! 

■”2‘‘  „2  »o<*2  I  )2  in  •-  v) ! 


D'  E' 

«  f) 


(22) 


_ o  F, 

<£5  l)Qj(Co)  "  "  ' 


(23) 


where  we  have  written 


li  P!(M>PJ  ip)  dp: 

to  A4' 


I  p 

vS " 

to  11 


2  P snip)dp. 


(24) 


Summing  up  these  results  we  get  the  equations  of  motion 
of  the  spheroid,  with  in  as  the  metacentric  height, 

( I  At)  M  h  p  M  U  if  -  77 g p  a  b  h  0  | 

(I  A')  I  if  <7  M  U  h  ■  My  in  1/1  0  J 

where  A,,  A',  p,  q  are  positive  coefficients  given  by  (18),  (20), 
(22),  and  (23).  It  should  be  noted  again  that  in  these 
expressions  s  is  even,  the  terms  in  s  0  having  a  factor  i; 
further,  in  expressions  involving  the  coefficients  C  and  F, 
11  is  even,  in  those  with  D  and  E,  n  is  odd. 

II.  In  the  coupling  terms  in  (25)  the  coefficients  p  and  q 
are,  in  general,  of  unequal  value  numerically,  but  in  the 
corresponding  terms  in  Haskind's  equations  they  arc  equal. 
Haskind  denotes  these  terms  by  c  U  if  and  f-  r  U  h, 
with  r  defined  by  a  double  surface  integral.  On  examination 
it  appears  that  this  expression  for  r  does  not  involve  the 
wave  motion,  but  involves  only  the  velocity  potential  due  to 
the  osr’llations  determined  as  if  the  free  surface  condition 
were  <f>  0.  Further,  it  is  based  on  'eplacing  the  solid  by 

a  source  distribution  over  the  surface  of  density  a  where 
An  a  equals  the  normal  surface  velocity,  and  this  is  then 
contracted  to  a  distribution  over  the  vertical  plane  section: 
this  is  a  simplification  which  is  appropriate  when  the  form 
approximates  to  a  thin  disc. 

Turning  to  equation  (2)  the  functions  F,  and  F2  were 
determined  to  satisfy  the  surface  condition  0  <f>lb  z  0. 
Suppose,  for  a  moment,  that  we  determine  F,  and  F2  from 
the  surface  condition  <f  0;  then  we  should  have 


<f>  U.v  <-■  c  U  P,  ip)  Qi  (£)/Oi  (£0) 

To  make  this  velocity  potential  consistent  and  satisfying, 
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say,  the  linearized  free  surface  con. lit  ion,  there  would  be 
additional  terms  expres  ng  the  effect  ot  the  xintace  dis¬ 
turbance.  Meantime  we  shall  simply  assume  that  t  use 
terms  are  small,  or  at  least  that  they  do  not  affect  apprecia  > 
the  coupling  effect  which  is  under  consideration.  Iakmg 
(26)  as  it  stands  and  calculating  /  and  M  as  m  the  previous 
sections,  the  values  of  Aw  and  A'  will  now  be  the  usual  salues 
as  if  for  motions  in  an  infinite  litpud.  I  or  the  coupling 
terms,  using  (21)  with  (26),  the  vertical  force  upwards  is 

i  TT  p  «'  C  (  I  A  |)  U  t/j  [Os  (  Sid/O'  t  C(|)] 

„  i 

^  ,  P{  (/t»Pi  (/<)<//< 

J  *0  I*  ' 

J  I 

jTTptf'Vtl  *,)L'^«V5  HiOUco)  ■  07) 
Similarly  for  the  additional  iroment  we  obtain  the  result 
J  tt  p  a*  <M  I  A , )  U  h  [Qj  ( C(,)/Q  j  ( Co)] 


**',  pt  (|U)  P|  (u).//r 

,l-  - 

J  7r  p  u*  c  ( I  A  j )  U  h 

[0C5  i)i  Q|  (Co>  4  O]  ( Co)/Q]  <  Co>]  ■  !28) 

In  general,  the  coefficients  of  U  t/<  and  U  h  in  (27)  and  (28) 
are  not  equal  numerically.  For  die  case  ajh  10,  they  are 


nearly  equal.  It  can  easily  be  shown  that  as  c„  -  L  *e 
have 

(Cr,  IUQI  -  <  tii  !> 

3 ( Cf,  i)J0](ci  4 y ]  t c.i'/o! 1 C..*  -  < vr,  11 

Ihus  for  a  long  spheroid,  with  />/<»  small,  the  equations 
approximate  to 

(I  A : j  M  ft  1(1  A | )  Vi  U  </<  epS/i  0  ^ 

II  A')  I  iji  ■  ill  '  A,)  M  U  h  My  m  <I>  0 
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w  lives  due  to  a  Moating  sphere  making  periodic 
heaving  oscillations 

By  Sir  Thomas  Havelock,  F.K.S. 


(Received  19  Fehnturg  l9oo) 


Tho  | itipor  giv«»s  a  discussion  of  tin*  Hind  motion  <lu«*  to  u  s|i|it*n\  flouting  halt  immerswd  in 
water,  which  is  mad**  to  describe  small  h»*a\  ing  oscillat  ions.  The  \  cloi-ity  |>nt«*nt  ial  is  obtained 
as  a  s«*ries  lor  which  t  he  unknown  i-oeHirients  arc  given  l»\  an  inlinitc  set  of  cipmt  ions.  'I'h*'sc 
arc  solved  approximately  so  as  to  obtain  curves  show  mg  tin*  \  ariat  ion  with  fret  jucne\  of  \  he 
virtual  inertia  eoellicient  and  of  t lit.*  eipiiv 'nlent  ilainjung  paranu  tcr. 


I.  When  a  floating  solid  is  made  to  describe  periodic  oscillat  ions  wave  motion  is 
produced,  and  it  is  required  to  determine  t  lie  resultant  pressure  on  the  solid  and  the 
energy  radiated  outwards  in  t hi"  wave  motion.  The  problem  lias  been  studied  in 
general  form  by  John  (1950),  (“specially  as  regards  the  necessary  conditions  tor  the 
uniqueness  of  the  solution  of  the  potential  problem.  The  only  eases  which,  to  my 
knowledge,  have  been  worked  out  in  any  detail  are  two-dimensional  problems.  In 
particular,  Ursell  (1949.  1953)  has  examined  fully  the  heaving  motion  of  a  circular 
cylinder  half-immersed  in  water.  Similar  work  has  been  carried  out  by  (trim  (1953) 
for  cylinders  with  various  forms  of  cross-section,  more  especially  with  a  view  to 
application  to  ship  problems  in  estimating  virtual  inertia  and  damping  coefficients 
for  heaving  motion.  In  all  these  eases  the  virtual  inertia  coefficient  approaches  an 
infinite  value  as  the  frequency  becomes  small;  this  is  no  doubt  connected  with  the 
fact  that  the  condition  at  the  free-water  surface  then  approximates  to  that  for 
a  rigid  boundary,  and  the  two-dimensional  potential  problem  with  that  boundary 
condition  is  indeterminate.  This  does  not  arise  for  three-dimensional  motion;  the 
general  case  approximates  to  determinate  potential  problems  in  the  two  limits  as 
the  frequency  approaches  zero  or  infinity.  The  point  of  special  interest  is  the 
variation  of  the  virtual  inertia  coefficient  with  frequency  between  these  limiting 
values.  The  general  character  of  the  variation  has  been  surmised,  hut  there  do  not 
seem  to  have  been  any  actual  calculations.  In  this  paper  we  consider  the  simplest 
ease,  a  sphere  half-immersed  and  making  small  vertical  oscillations.  The  calcula¬ 
tions  show  that  the  virtual  inertia  coefficient  rises  to  a  maximum  with  increasing 
frequency,  falls  to  a  minimum  and  then  presumably  rises  gradually  to  its  final 
limiting  value.  The  variation  of  the  equivalent  damping  coefficient  is  also  obtained. 
A  solid  of  ship  form  would  come  between  the  two  extremes  of  an  infinite  cylinder 
and  a  sphere,  and  could  he  represented  belter  by,  say,  a  spheroid.  The  limiting 
values  of  (he  virtual  inertia  coeflicient  fora  spheroid  can  readily  he  calculated, 
but  the  general  solution  for  any  frequency  leads  to  expressions  too  complicated  for 
comput.it  ion. 

We  lake  the  origin  O  in  the  undisturbed  water  surface,  with  0:  vertically 
downwards.  The  water  is  assumed  incompressible  and  frietionless  and  t  lie  motion  is 
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symmetrical  with  respect  to  Oz.  For  periodic  motion  offrcipiency  rr.  the  linearized 
condition  for  the  velocity  potential  at  the  free  surface  is 


,  '  <;> 

A'„$i  -r  ..  =  <*;  ;  —  (l. 


(I) 


with  a-„  —  rr~  i).  If  there  is  it  periodic  singularity  of  order  »  at  the  point  (<>.  o ,/)  in 
the  water,  we  have  the  known  solution 


rl »-!■  1 


cos  rr/ 


t  —  i )" 


cos  rrl 


T  K 
0  K  —  A', 


0 


A'"./„(ATi7)e 


(Iv. 


(2) 


valid  lor  ;  +/  >  0.  The  principal  value  of  the  integral  in  (2)  is  to  he  tit  ken.  and  we 
have  put  rj  =  x-  r  //-’  -f  =  to2  —  C  — / )2.  and  //,  •=  (:  — /)  1 f  r.,.  //.,  ;tre  polar 

co-ordinates  referred  to  the  image  point  (U.  o.  —  / ).  the  solution  ( 2 )  t  an  he  expanded 
in  the  form 


V 

cos  r rt 


/*,(/'.) 

»•"  t  1 


-f  f  —  I ) 


„  /*„(/' a) 
-  1 


2(- 


I  1  l  f  /7  2  ) 


-1 


ii  :  /•„ l 


The  principal  value  of  the  integral  in  (3)  is 


2<  -  '.rji*.1 

w  !  J  0  V  -  A-0 


<»j 


, ,  ,  ,  .  2|rr. cos a-(z  +  f  )  +  k sin . 

n}  0(Katjj)  "■+f)  -  — - 4- — s -  A0(A-rot)dA-,  (4) 

njo  k~  +  A'„ 


with  the  usual  notation  for  the  Bessel  functions.  We  superpose  on  the  motion  given 
by  (3)  free  symmetrical  oscillations  of  frequency  rr  so  that  as  to  ->  x  the  motion 
approximates  to  circular  waves  travelling  outwards.  For  t  his  purpose  we  add  to 
(3)  the  term 

2 - j —  77A-J +1J0(A'0rtT)e-'t»(-+/ sin  erh  (o) 


The  motioti  as  to->oc  then  approximates  to 

<f>  ->  27TK()~1  — ( - 1  sin(cr<-A'0TT7i-|^).  (6) 

n !  \7TK0mr 

In  general  as  m  -»oo.  <j>  is  of  order  to~1;  but  from  the  expressions  given  in  (2)  and  (3) 
it  is  possible  to  construct  solutions  in  which  $5  is  of  order  ra  -  or  of  higher  order. 
These  combinations  of  periodic  singularities  might  be  called  wave-free  singularities. 
They  are  given  by 


*« 


n  +  1  r{l+l 


•  i(/'i)  _  /  « _*o  PA/1?)  _  /  i  pi  4" 

rf+2  v  '  m+T  rJ+»  '  '  r!!+- 


COSf Tt. 


(7) 


For  instance,  taking  w  =  1,  the  singularity  {.UvT  +  ri at  the 

point  (0.0./)  gives  a  surface  elevation  proportional  to  (to2  —  2/2)sin o-/  (ro3+/a)i. 
For  the  particular  application  which  is  in  view  a*  present,  we  require  the  results 
when  /is  made  zero.  Thus  from  (7)  we  have  wave-free  solutions  given  by 


<> 


l*o  A..  i</')4 
1 2w  r'in 


ItJf)  I 

,.2/mI  ) 


COS  (Tt. 


(*) 


with  the  origin  <>  in  the  free  surface. 
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3.  We  suppose  a  sphere,  half- immersed  in  water,  to  be  given  small  periodic 
oseiliat  ions,  t  lie  velocity  of  t  he  centre  being  cos  at  We  take  the  boundary  condition 
on  the'  sphere  to  he  satisfied  at  the  mean  position:  thus,  for  all  /. 

—  =  /',(//)  cos  at  (r  -  a\  0  ^  0  ^  kn).  (9) 


We  shall  assume  that  the  velocity  potential  can  he  expressed  in  terms  of  a  series  of 
functions  (S)  together  with  a  suitable  periodic  source  at  the  origin.  Hence  we  take 


$  =  a-  -7TK(iy0(Kum)e  ‘<>- 


’  X'SIII  kz  +  X'y  cos  K 


,-a . 


Ku(ki it)  dx* 


x  (C  cos  at  +  A>sin  at)  +  7rx'0u2./0(x'0777)e ~*'o-  (( '  sin  at  —  A*  cos  at) 


+  v« 


•>  „2«  +2 


1^4,  i_(//>  +  *s»(/')| 


i 


2«  r2" 


.  i  h'1  ,,  o-t  +  Hu  sin  at).  (10) 


This  expression  satisfies  the  boundary  condition  (1)  and  also  reduces  to  outward 
circular  waves  as  m -*x.  After  some  reduction,  we  obtain  (9)  in  the  form 

L(( '  cos  at  + 1)  sin  at)  +  M (('  sin  at  —  D  cos  at) 


+  Z{/U*tn. 

1 


{/j)  +  (2n~  1 )  P2, .(/I)}  (A  „  cos  at  -f  B„  sin  at)  =  l\(/i)  cos  at, 


(11) 


for  all  t  and  for  0  <  f)  <  \n.  tn  ( 1 1 )  we  have  put  (1  =  K0a  =  er2a/</.  and 


A  =  1  -  n/i^cosUY^/isinO)  -i- sin  0}\(/i sin  0)}er/,coa(> 


2/J  j*00  2wsin(/yucos/y)  +  (l  -  m2)cos(/?m cos 0) 

v  J  o  (1  +  «2)2 


K0(/h<  sin  0)  du, 


(12) 


M  =  7r/y2(cos  6tJ0( /J sin  0)  -f  sin  t)Jx ( // sin  0))  e~/y<09 (13) 

The  coefficients  (  \  I).  Afl.  ftH  are  to  be  determined  from  (11).  The  functions  defined 
by  (x)  are  not  orthogonal,  but  it  turns  out  to  be  convenient  to  follow  the  usual 
procedure  with  ( 1 1)  to  give  an  infinite  set  of  equations  for  the  coefficients.  Thus  we 
multiply  both  sides  of  (1 1 )  by  _,(/<)  +  (2m  +  1 )  t\„,(/<)  and  integrate  with  respect 
to  //  from  0  to  1 ;  we  take  P0(/i)  for  the  case  in  =  0. 

VVe  use  the  notation,  with  A  given  by  (12). 

/,„  =  (  Ad//.  A„,  -  I  .,(//}  +  (2/«  4-  1  W*„(/')}  Ad//,  (14) 

do  Jo 

with  a  similar  notation  for  Mtil  derived  from  (13).  Taking  the  terms  in  cos  at  and 
sin  at  separately,  we  obtain  in  this  way  a  set  of  equations  of  which  the  first  eight  are 


a,/  -  ai0d  +  i/y.4 ,  —  yfAt  +  fa/A*i3+ ... 
a,  ('  ~  .I/,  />  +  <*  +  }/l  +  •-/**)  A ,  +  J-j \fiA  t  -  x\/iA 
A/  M, I)  }jI/Al ,  •  ! //••)-!,  f  •Vh/AT,+  ... 

/,/  '  -  ,’,,/Al,  •  ,'^/A-l,  r  +  »”//  +  )-l3+  ... 

(Similar  equations  in  A#,  —  (\ Iix.  /A, _  il.) 


=  i. 


2  + S/A 

_  r> 

4  8' 
128’ 


(15) 


(16) 
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It  may  be  noted  that  it  is  only  t  lie  second  equal  ion  in  ( lf>)  which  includes  a  term  in 
/ 3  on  the  right. 

4.  For  large  value;-,  of  the  frequency  parameter,  that  is  //  -  x,  we  may  exjieet 
the  solution  to  approach  t  hat  appropriate  to  t  he  free  surface  condition  <]>  =  o,  namely. 


9  =  },a3  ,  eo.s  at. 


(17) 


The  equations  (la)  are  consistent  wit  h  t  liis  if  < '.  t)  appr< >ximate  to  zero.  .  1 ...  .1.,.  . . . 
being  of  order  //  -  am  1  //.  1 ,  approximating  to  unity.  However,  there  are  ditlieult  ies 
in  evaluating  some  of  the  integrals  involved  for  large  values  of//,  due  partly  to 
having  taken  a  concentrated  point  source  at  t  he  origin  instead  of  a  (list  rihuted  source. 
We  shall  therefore  limit  the  calculations  to  moderate  values  of//.  For  large*  values 
tin*  problem  is  better  treated  separately,  possibly  by  the  method  used  by  I'rsell 
{ 1953)  for  the  similar  two-dimensional  ease. 

For  small  values  of//,  tin*  free  surface  condition  approximates  to  i<f>  <z  —  (l  and 
the  solution  is  then 


A  -  ^  m  v  "  ’ 

v  12/ 


wliere  .4 , 


4.-  +lf> 


1 


Jo 


/k„(/'ij  COS  at. 

(  -  I ),l+1  (4«  4-  1  )(2n'.) 

-  1 )  (-«  -f  I )(2//  +  2)(w!) 


(is, 

( I '-») 


This  is  given  by  ( la)  and  (Hi)  with  //  —  tt.  the  coefficient  />„  being  then  unity  and  the 
other  L  and  M  coefficients  being  zero.  The  series  in  (Is)  is  convergent.  We  shall 
assume,  in  the  general  case,  the  convergence  of  the  solution  in  (10)  with  tJie  unknown 
coefficients  derived  from  (la)  and  (10). 

5.  The  expression  f<  r  /  given  in  (12)  may  be  put  into  a  more  suitable  form  for 
computation.  If  we  write  /  for  the  integral  in  (12)  we  have 


‘-“mu 


11  sin  ( /in  cos  (J)  -f  cos  ( /la  cos  ft) 


Further,  if  wo  put  X- 


*  oo 


I  -f  li¬ 
lt  sin  ( /in)  +  cos  (  /hi ) 


A’0( //a  sin  0  )d//. 


.  0 


I  a-n2 


/v  „('/")  da. 


(20) 

(21) 


X  reduces  to 
we  have 


{ / /,,('/ )  -  )«(»/)}  ior  //  -  U.  7  >  0,  where  //  is  the  Struve  function.  Also 


r  X  »  1*  ®  7T  | 

-  f  A’  -  A'„(////)  cos  ( fiu)(\it  — 

'/'  Jo  -  ( }>2  +  '/>)* 


(22) 


From  this  we  deduce  for  the  integral  in  (2»»)  the  form 


J*r8{ //„(// sin//)  -  )’„(// sin  0)\  1 


,  !CUH 


M 

\vc  (tai!*«  • ■/*)  »e#»e°*id/.  (23) 

It 


Tsing  (24/  and  (20).  we  find,  after  some  reduction, 

L  I  •  //-—), tt//* e  '’“*"1 1  //„( //sin a\  •  ),,(// si u >>) )  cost/ 

*  !  /. .  t  a  sin  a .  •  )',( //sin  op  sin  0}  //-eosP,.  *////, -osO).  (24) 
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'1  '1 

A  -  I  (ta:i2d  +  t2)  *o/''Cl,s'\l/.  H  r=  I  (tan2  0  +  t1)1 e^cos"  dl.  (2a) 

o  J  o 

The  integrals  .1  and  //  ean  readily  l*e  computed,  cit  her  by  quadi  attire  or  by  expansion 
in  powers  of /A  For  0  —  0.  /,  reduces  to  1  -  /l  —  ji-v 

For  any  given  //.  values  of  /.  were  computed  from  (24)  at  intervals  of  IS'  from 
0  to  1*0°;  then  b\  numerical  or  graphical  interpolation  intermediate  values  were 
obtained.  These  wen  then  used  to  compute  the  quantities  from  ( I  t)  by  numerical 
quadrature.  Kxpressimis  suitable  for  small  values  of//  cm.  be  obtained.  We  find 
from  (24) 


L  —  1  -+-//  r//2(l  —  cosf/j  ;  //•*( J  cos2 0  —  J  sin2 -t-  2 sin  0 cos 0) 

—  ( //2  cos  0  —  jP  cos- 0)  log  |  \/>‘y{  I  f  cos  U)\  —  /»2sin2  D  l<  >g  ( jly  sin  U)  -f- _  (2(1) 

with  In  y  =  0-577  12.  I'sing  this  in  ( 14)  we  obtain  expansions  for  the  coefficients  Lm. 

T’he  coeflicients  Mni  were  computed  (  it her  by  (quadrature  or  from  a  power  series 
in  //  which  can  be  found  from  the  expansion 


(-1)" 


/]" 

(n 


-1)  !  J  o  ^  +  {~m  +  1 }  />2'"(/,  )1  (“7) 


Returning  to  (la)  and  ( 1  <») .  once  the  L  and  .1/  coefficients  have  been  calculated,  the 
equations  are  in  suitable  form  for  approximate  solution  to  any  required  degree  of 
accuracy,  at  least  for  moderate  values  of//. 

Accurate  computation  has  not  been  attempted,  but  a  somewhat  crude  approxima¬ 
tion  is  sufficient  to  bring  out  tlx*  general  character  of  the  results.  ( 'alculat  ions  were 
carried  out  for  //  =  o-l .  0-2.  0-4.  <M>.  0-S,  1-0.  2  o  and  TO.  As  an  example  of  the 
numerical  values,  we  find  for//  =-  0-4. 


/,,,  =  1-4707,  Ly  0-2T01,  u  -  -0-0.‘>S2,  L.y  =  -O-Of.47, 

.!/„  =  0-2404,  My  =  0-1400,  J/g  —  —  ( I-042S.  J/3  -  0-02(12. 


With  these  values  we  solve  the  first  four  conations  from  (!">)  and  from  (16)  for 
eight  unknowns,  neglecting  the  unknowns  oi  nigher  order;  this  gives 

f  =  0-T026.  -0-04S6.  A,  —  0-2012,  A.,  ==  - 0-0352, 

d3  =  OOl'.Kl.  //,  =  -(1(1146.  Ji.,  -  O-OOT'l.  //., -=  -0-0027. 

These  may  be  coin  pared  with  t  lit*  corresponding  values  for  the  limiting  case 
//  =  0.  namely. 


( 


—  o*o,  b  ---  u.  d,  =  o-2os:{,  =  —  o-o:*7“».  ,f3  —  ( i- ( » l  la.  .lo„  -  <i, 

0.  The  resultant  liydrod ynaniie  pressure  on  the  sphere  is  given  by 


B. 


0. 


sill  II  eos 


(2H) 
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(  •ii  the  sphere  we  have 

(’)  —  tiL'iJ'  cosit/  -f-  /JsinoV)  i  /r/A/.yil(//sinW)f  •;l'os'1  (/  'sin  at  —  hens  at) 

-  [.^2,,  (■  1  „  cos  rrt  -+-  Hn  sin  art),  (2i>) 


where,  after  i sing  (21).  (23)  and  (2f>), 

U  =  1  -  \n/lv  ':co»"  i  //„(  //sin  0)  +  };,(// sin  //){  -//.l  e^™".  (30) 

YVe  obtain  Z  in  the  form 

Z  -  ^TTfsiUcrr  sin  at  -  :}7r/>rt32//rr  cos  tr/,  (31) 

with  i/‘  -  L\V-nfiy riI)  +  (l/}+k)Al-^A2  +  ,1^-  (32) 

§/(  =  L\I)  +  tt/JM[C  +  (’//-(-  J,)  /ij  —  //2  +  link’d  ~  (S3) 

In  (32)  and  (33)  we  have  put 

L[  =  Pz/P^d//.  JfJ  -  f1./0(/?sintf)e-^‘««Pi(//i*V/.  (34) 

Jo  Jo 


The  velocity  of  the  sphere  being  cos  at,  the  first  term  in  (31 )  represents  an  addition 
to  the  effective  mass,  the  virtual  inertia  coefficient  being  k  as  given  by  (32).  The 


Florin:  1.  Variation  of  virtual  inertia  eoetlioiem  k  and  damping 
parameter  2h  with  freijueney 


second  term  in  (30)  being  proportional  to  the  velocity,  the  quantity  h  as  given  bv 
(33)  may  be  culled  a  damping  parameter;  it  gives  some  estimate  of  the  damping 
factor  if  the  motion  were  unforced  damped  jieriudic  motion.  We  may  obtain  an 
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alternative  expression  for  h  from  energy  considerations.  The  motion  as  w  ->  oo  is 
given  by 

0->77/coaa  ~ — \  e~Ko ~ {C sin  (art  - k0vj +  ±n)  —  D cos  (at  — K0m  +  ±n)}  (35) 


The  average  rate  of  flow  of  energy  outwards  is  n2paaz({J2  +  D2)\  equating  this  to 
frpra’h  we  have  » ,  j^(C.  +  m.  (36) 


For  numerical  evaluation,  the  L'  and  M'  quantities  were  computed  by  methods 
similar  to  those  used  for  the  L  and  M  quantities  in  §  5.  As  an  example,  from  the  values 
given  above  for  ft  =  0-4,  we  find  k  =  0-656;  from  (33)  we  obtain  h  =  0-174,  while 
(36)  gives  h  =  0-177.  It  will  be  appreciated  that  the  values  for  the  B  coefficients  are 
more  liable  to  error  than  for  the  A  coefficients;  however,  the  two  values  for  h  were 
in  fair  agreement.  Although  the  numerical  computations  for  k  and  h  were  only  made 
approximately  the  results  were  sufficiently  consistent  to  be  represented  by  smooth 
curves;  these  are  shown  in  figure  1.  The  virtual  inertia  coefficient  k  begins  from  a 
limiting  value  of  0-828,  rises  to  a  maximum  of  about  0-88,  falls  to  a  minimum  of  0-38 
and  it  then,  presumably,  rises  slowly  to  the  limiting  value  of  0-5.  In  order  to  use  the 
same  ordinate  scale,  the  damping  parameter  2 h  is  shown  in  figure  1;  this  rises  to 
a  maximum  of  about  0-36,  the  largest  values  of  the  damping  parameter  occurring 
in  the  frequency  range  in  which  the  virtual  inertia  coefficient  varies  most  rapidly. 
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A  Note  on  Form  Friction  and  Tank  Boundary  Effect 

Sir  T  h  o  in  a  s  Havelock 


The  following  remarks  are  concerned  with  a  suggestion 
made  by  Professor  Horn  many  years  ago  for  estimating  form 
friction  by  means  of  the  sinkage  of  the  model,  and  with  the 
possible  application  of  this  method  to  motion  in  restricted 
water. 

The  influence  of  the  walls  and  bed  of  the  tank  can,  in  usual 
circumstances,  be  conveniently  separated  into  wave  effect  and 
frictional  effect.  The  underlying  theory  of  the  wave  effect  is 
well  known;  the  bed  contributes  the  so-called  shallow  water 
effect,  while  the  walls  may  give  rise  10  interference  effects  due 
to  the  waves  reflected  from  them.  It  is  true  that  the  actual  cal¬ 
culations  are  beset  with  difficulties,  such  as  occur  in  wave 
theory  generally;  but  at  least  it  may  be  said  that  the  funda¬ 
mental  causes  can  be  specified  reasonably.  The  theoretical 
aspect  of  the  frictional  effect  seems  to  me  to  be  less  clear.  The 
point  in  question  is  the  difference  between  the  ship  form  and 
a  plank.  A  thorough  analysis,  theoretical  and  experimental, 
seems  impracticable  in  general;  though  useful  and  important 
results  are  available  for  completely  submerged  solids  of 
revolution.  Assuming  the  form  friction  to  be  small,  the  usual 
practical  method  is  to  use  the  idea  of  effective  equivalent 
velocity;  that  is,  the  actual  frictional  resistance  of  the  ship 
at  a  given  speed  is  aken  as  equal  to  that  of  a  plank  at  some 
slightly  higher  speed.  Failing  a  complete  analysis  of  the  actual 
flow,  we  can  only  make  some  reasonable  assumption  for  defin¬ 
ing  this  equivalent  effective  speed. 

Horn  [1]  proposed  to  use  the  measured  sinkage  of  the  model 
for  this  purpose.  If  v  is  the  velocity,  and  h  is  the  sinkage, 
he  gives  for  the  required  effective  mean  velocity  vm  the  ex¬ 
pression 

Vm  =  (v2  +  2gh)‘/*,  (1) 

or  if  Vm  =  v  +  8v,  the  relative  increase  in  velocity  is 

8v/v  =  (1  +  2gh/v2)‘/l 1 .  (2) 

If  the  frictional  resistance  R  is  proportional  to  vn,  the  relative 
increase  in  resistance,  or  the  form  friction,  is  given  by  8R/R 


=  n  8 v/v.  It  was  shown  from  model  data  that  this  gave  reason¬ 
able  values  for  the  form  friction,  of  the  order  of  8  per  cmt. 

In  a  short  paper  a  few  years  later  [2],  I  examined  the  theo.e- 
tical  solution  for  a  particular  form,  namely  the  general  ellip¬ 
soid,  including  the  case  of  a  spheroid.  The  problem  was  treated 
as  the  motion  of  a  double  model,  that  is,  a  complete  ellipsoid 
moving  axially  in  an  infinite  liquid:  a  problem  which  can  be 
solved  exactly. 

Taking  the  motion  along  a  horizontal  axis  Ox  with  the  trans¬ 
verse  axis  Oy  horizontal  and  with  Oz  vertical,  an  expression 
was  obtained  for  the  resultant  vertical  fluid  pressure  on  one- 
half  of  the  surface  of  the  ellipsoid  with  respect  to  the  xy-plane. 
If  we  now  suppose  the  ellipsoid  to  be  floating  half  immersed 
and  if  the  velocity  is  small  so  that  we  may  neglect  the  surface 
disturbance  of  the  water,  we  can  define  an  equivalent  sinkage. 
If  Z  is  this  defect  of  vertical  pressure  and  S  is  the  area  of 
the  water  plane  section,  we  take  h  =  Z  /  g  Q  S  .  The  results 
were  compared  numerically  with  Horn’s  value  ai'd  also  with  those 
obtained  by  Amtsberg  [3]  for  totally  submerged  spheroids.  The 
analytical  expressions  for  the  general  ellipsoid  were  given  in 
terms  of  ellipsoidal  coordinates;  I  quote  now  the  special  case 
of  a  prolate  spheroid,  where  the  result  can  be  put  into  a 
simple  form. 

The  value  of  Z  is  given  by 

Z  =  i Tipab v2  (1  -f  kt)2  - Inpabv2  (3) 

(a  +  b)2 

and  the  sinkage,  as  defined,  ish  =  Z  /  jtpabg. 

In  this,  2  a  is  the  length  of  the  spheroid,  2  b  the  equatorial 
diameter,  and  k,  the  virtual  inertia  coefficient  of  the  spheroid 
for  axial  motion.  If,  for  example,  we  take  a  length-beam  ratio 
of  8,  we  find  h  =  0.029  v2/g;  and  assuming  n  =  1.825,  we 
get  an  increase  in  frictional  resistance  of  5.3  per  cent,  agreeing 
fairly  well  with  Amtsberg’s  values. 


-  6  - 
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Comparing  (3^  with  Horn’s  definition  of  the  mean  velocity 
we  see  that  in  this  case 

v,„  -  v  (1  +  k1)[a(a  +  2b)],/’/(a-|-b).  (4) 

For  most  cases  of  interest,  a/b  is  fairly  large,  say  8  or  more, 
and  we  have  approximately 

vm  =  v(1  +  ki)-  (5) 

Hence  we  have  the  simple,  and  interesting  approximation 

8v/v  =  k[  ;  8R/R  =  nki.  (6) 


If  we  write 

q2  =  (in2 B2  I-  In2!!2)  2  b2)  : 

P  =  i  [q  1-  fq2  +  4) '  '•]  , 
the  coefficient  ft  is  given  by 


For  example,  the  virtual  inertia  coefficient  for  a  spheroid 
of  length/beam  ratio  of  8  is  0.029,  and  8R/R  —  0.053.  It 
might  be  going  too  far  to  apply  this  to  ship  forms,  where  the 
inertia  coefficient  is  itself  subject  to  uncertainty;  however, 
assuming  an  effective  virtual  coefficient  of  5  per  cent  would 
give  a  form  friction  of  about  9  per  cent. 

Of  course  for  a  spheroid  the  velocity  distribution  is  known 
exactly  and  we  might  take  some  other  suitable  definition  of 
the  mean  velocity.  For  instance,  it  might  be  obtained  from 
the  mean  of  the  square  of  the  tangential  velocity  per  unit  area 
of  surface.  It  can  easily  be  shown  that  this  leads  to  the  same 
approximation  (5)  when  a/b  is  large.  The  point  of  Horn’s 
definition  is  that  the  sinkage  can  be  determined  experimentally. 

Coming  now  to  the  corresponding  problem  in  restricted  water, 
the  tank  boundary  effect  or  the  so-called  blockage  effect  has 
become  important  in  view  of  the  need  for  greater  accuracy 
and  certainty  in  interpreting  experimental  model  results. 
Reference  may  be  made,  for  instance,  to  two  recent  papers: 
the  B.  S,  h.  A.  experiments  on  the  Lucy  Ashton  [4]  (Conn, 
Lackenby  and  Walker),  and  the  scale  effect  in  Victory  ships 
and  models  [5]  (van  Lammereu,  van  Manen  and  Lap) .  In  the 
discussion  on  the  former  paper.  Professor  Horn  referred  to 
his  method  of  using  measured  sinkages  to  estimate  form  fric¬ 
tion  and  suggested  that  it  might  be  used  to  determine  the 
necessary  correction  due  to  the  boundaries  of  the  tank,  How¬ 
ever  it  seems  that,  at  least  for  the  Lucy  Ashton,  the  diffeiences 
in  sinkage  were  too  small  to  be  determined  experimentally  with 
stifficent  accuracy.  It  might  be  of  interest  to  extend  my  previous 
calculations  to  the  similar  problem  in  restricted  water.  Consider 
a  spheroid  half-immersed  and  moving  along  a  tank  of  breadth 
B  and  depth  H.  With  the  same  limitations  as  for  unrestricted 
water,  we  consider  the  motion  of  the  complete  spheroid  in  an 
enclosed  rectangular  channel  filled  with  water,  B  being  the 
distance  between  the  side  walls  and  2  H  that  between  the  upper 
and  lower  walls.  We  require  to  calculate  the  quantity  Z  of  (3), 
that  is  the  resultant  vertical  force  on  the  lower  half  of  the 
spheroid.  It  is  possible  to  obtain  analytical  expressions  in  i> 
series  of  terms  involving  spheroidal  harmonics;  but  they  become 
very  complicated  and  it  is  difficult  to  assess  the  degree  of 
approximation  numerically.  The  particular  case  of  a  sphere 
can  be  worked  out  in  more  detail,  but  *he  spheroid  is  com¬ 
plicated  by  the  additional  parameter  of  the  length-beam  ratio. 


Taking  only  the  first  step  in  the  approximation  I  give  now 
the  result  obtained  for  the  quantity  Z;  it  is 

a  (a  +  2  b) 


Z  =  i  jt  q  a  b  v* 


(1  +k,)2 


(a  +  b)s 


a  b2 

1  +  (1  +  kt) - a 

(a2-b2)’'" 


(7) 


where  the  double  summation  is  taken  over  all  positive  and 
negative  integral  values  of  m  and  n,  excluding  the  pair 
m  =  0,  n  —  0.  This  summation  arises  from  the  doubly  infinite 
series  of  images  involved  in  the  solution.  This  result  may  be 
subject  to  correction  if  the  analysis  is  carried  to  a  further  stage, 
and  the  range  of  applicability  is  uncertain  on  that  account.  As 
before,  we  may  simplify  the  result  if  b/a  is  small;  we  have 
approximately, 


v  (1  +  k,) 


1  +  —  (1  +  kj)  a 


(9) 


and,  instead  of  (6)  for  unrestricted  water,  we  have 


c  I  fl 

---  =  kj  +  - —  (1  +  kj)2a  .  (10) 

v  a2 


Numerical  computation  has  been  made  for  a  few  cases  for 
the  spheroid  with  a  =  8b.  We  have  taken  B  =  2 H  as  a  usual 
tank  ratio  and  it  also  simplifies  the  computation.  For  B/2b 
equal  to  12,  8,  4|/2  the  approximate  values  of  the  coefficient 
<7  are  0.065,  0.160,  0.392  respectively.  If  we  define  the 
blockage  coefficient  as  the  ratio  of  the  maximum  cross  section 
of  the  half-spheriod  to  the  sectional  area  of  the  tank,  this 
coefficient  is  0.005,  0.012,  0.024.  From  (10)  the  percentage 
form  resistances  at  these  values  are  5.46,  5.84  and  6.93 
respectively,  the  value  for  unrestricted  water  being  5.29. 

The  differences  are  negligible  for  small  values  of  the 
blockage  coefficient.  It  is  not  worth  while  attempting  any  direct 
comparison  with  model  results  meantime.  The  calculations 
were  made  for  a  spheroid  under  the  limitations  specified; 
moreover  they  refer  only  to  the  effect  on  form  friction  and 
take  no  account  oi  surface  disturbance  or  wave  effects. 
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THE  DAMPING  OF  HEAVE  AND  PITCH:  A  COMPARISON  OF  TWO-DIMFNSIONAL  AND 

THREE-DIMENSIONAL  CALCULATIONS 

By  Professor  Sir  Thomas  H.  Havelock,  M.A.,  D.Sc.,  F.R.S.  (Honorary  Member  and  Associate  Member  of  Council) 


I .  Damping  coefficients  for  heave  and  pitch  are  usually  derived 
by  calculating  the  mean  rate  at  which  energy  travels  outwards 
in  the  wave  motion  produced  by  the  oscillations.  The  calcula¬ 
tion  is  based  upon  approximate  solutions  for  the  two-dimensional 
motion  due  to  heaving  oscillations  of  a  long  cylindrical  floating 
solid;  the  application  to  heaving  and  pitching  for  a  ship  then 
proceeds  by  the  so-called  strip  method.  Each  thin  section  of  the 
ship  is  treated  as  part  of  an  infinite  cylinder  of  the  cross- 
section  at  that  point,  sending  out  two-dimensional  waves  on 
either  side.  The  coefficients  for  the  ship  are  obtained  by  inte¬ 
grating  along  the  length  of  the  ship.  Reference  may  be  made  to 
Weinblum  and  St.  Denis<2>  for  a  detailed  exposition  with  cal¬ 
culations.  In  the  Afork  of  those  authors  no  allowance  was  made 
for  the  difference  between  the  assumed  fluw  and  the  actual 
three-dimensional  flow;  this  may  be  justified  to  some  extent  in 
that  results  in  practical  cases  seem  to  give  reasonable  agree¬ 
ment  for  heaving,  but  the  application  to  pitching  requires  more 
consideration. 

In  discussing  this  point,  Korvin-Kroukovsky  and  Lewis'3' 
remark  that  the  damping  coefficient  for  heaving  may  be  assumed 
ti  be  correctly  represented  by  the  two-dimensional  calculation, 
but  they  adopt  an  empirical  reduction  factor  of  one-half  for  the 
similar  calculations  for  pitching. 

In  a  recent  paper  Korvin-Kroukovksy'4'  discusses  the  matter 
in  considerable  detail,  and  expresses  the  opinion  that  an  important 
effect  of  three-dimensional  flow  may  exist.  He  estimated  the 
validity  of  the  two-dimensional  calculations  by  comparing  the 
data  with  results  from  towing-tank  experiments  on  two  models. 
It  was  found  that,  at  the  natural  frequencies  of  the  models,  the 
results  were  in  substantial  agreement  both  for  heaving  and  for 
pitching  within  the  limits  of  experimental  error,  which  were 
admittedly  rather  wide  limits.  However,  for  more  extended 
ranges  of  frequencies,  it  was  found  necessary  to  introduce 
empirical  correction  factors,  in  one  case,  for  instance,  reducing 
the  damping  coefficient  for  pitching  to  75  per  cent  of  the  cal¬ 
culated' value.  Korvin-Kroukovsky  remarks:  “In  the  case  of 
damping  in  heave,  most  of  the  force  comes  from  the  middle  part 
of  the  body  where  the  flow  hardly  differs  from  the  assumed  two- 
dimensional  one.  The  good  agreement  in  regard  to  damping  in 
heave  was  therefore  not  surprising.  The  close  agreement  in  the 
damping  in  pitch  was  not  expected,  however,  and  in  fact  was  later 
not  confirmed  in  the  application  of  the  calculations  to  the  entire 
set  of  model  motions.  Most  of  the  contribution  to  the  moment 
coefficient  comes  from  the  ends  of  the  ship,  where  one  logically 
should  expect  a  large  change  from  the  assumed  two-dimensional 
flow  to  the  actual  three-dimensional  flow.”  It  is  clear  that  the 
matter  is  not  in  a  very  satisfactory  state,  especially  as  the  use  of 
an  inclusive  empirical  factor  may  hinder  recognition  of  the  true 
cause  of  the  discrepancy. 

2.  The  present  work  is  intended,  not  as  a  solution  of  the 
problem,  but  as  a  contribution  towards  elucidating  the  particular 
point  of  the  difference  between  two-  and  three-dimensional 
calculations.  Of  course  the  only  really  satisfactory  method  would 
be  to  work  out  the  problem  for  a  floating  solid,  it  is  not  difficult 
to  formulate  the  mathematical  equations;  but  even  for  a  simple 


form,  such  as  a  spheroid  half  immersed,  the  expressions  soon 
become  very  complicated  and  numerical  computation  of  pro¬ 
hibitive  length.  In  this  paper  we  deal  with  the  simpler  problem 
of  a  solid  which  is  wholly  immersed  in  the  water,  and  we  obtain 
the  damping  coefficients  by  the  two  methods:  strip-method  and 
three-dimensional.  Although  the  separate  results  would  not  be 
applicable  to  a  surface  ship,  it  is  thought  that  the  ratios  of  the 
coefficients  obtained  by  the  two  methods  should  at  least  give  a 
useful  indication  of  the  sort  of  difference  that  might  be  expected. 
The  calculations  are  given  in  the  Appendix,  comprising  the  basic 
theory,  application  to  a  submerged  spheroid,  approximate 
expressions  for  any  elongated  solid  of  revolution,  and  some 
remarks  on  the  general  ellipsoid  with  unequal  axes. 

3.  We  consider  now  some  numerical  results  for  a  spheroid 
submerged  in  water  with  its  axis  horizontal.  The  spheroid  is 
made  to  describe  (i)  heaving  oscillations,  (ii)  pitching  oscillations. 
Eh  is  the  rate  of  energy  loss  for  heaving  calculated  from  three- 
dimensiortal  flow,  EHS  from  the  strip  method.  The  corresponding 
damping  coefficients  in  the  equations  of  motion  of  the  solid  are 
directly  proportional  to  the  energy  loss;  thus  EH/EHS  is  the  ratio 
of  the  coefficients  by  the  two  methods.  Similarly,  for  pitching 
Ep/EpS  is  the  required  ratio.  The  general  formulae  are  given 
in  (23)  and  (24).  We  take  a  spheroid  with  a  length-beam 
ratio  of  8,  as  a  fair  value  for  comparison  with  ship  models;  in 
this  case  e  —  0-996,  k2  -  0-945,  k'  =0-84.  With  these  values 
(23)  and  (24)  were  computed  for  integral  values  of  k0  a,  that  is 
of  o2  a/g,  up  to  10.  The  results  are  shown  in  Fig.  1  on  a  base 


Fig.  1. — Ratios  of  damping  coefficients  for  heaving  and  for 

PITCHING 


of  cr2  L /g,  where  a  is  the  circular  frequency  of  the  oscillations 
and.  L  the  length  of  the  model;  this  seems  to  be  the  suitable 
parameter  for  comparison  with  model  results. 

The  ratio  for  heaving  rises  rapidly  at  first  and  attains  a  maxi¬ 
mum  of  about  11,  and  then,  with  small  alternations,  it  soon 
approaches  unity.  With  the  sort  of  accuracy  attainable  prac¬ 
tically,  the  ratio  may  be  taken  as  unity  when  a2  L/g  is  greater 
than  about  6.  The  ratio  for  pitching  rises  slowly  at  first  and  then 
very  rapidly  up  to  a  maximum  of  about  115.  In  this  case  it 
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might,  for  practical  purposes,  be  taken  as  unity  if  o2  L/g  exceeds 
about  8. 

In  addition  to  tb:s  approximation  to  unity  above  these 
respective  values  of  a 2  L/g ,  a  specially  interesting  feature  of  the 
curves  is  the  rapid  fall  in  both  ratios  for  smaller  values  of  the 
parameter. 

It  has  already  been  remarked  that  these  results  can  only  be 
taken  as  suggestive  when  applied  to  surface  ships;  however,  it  is 
of  interest  to  see  what  are  the  relevant  ranges  of  the  parameter 
in  such  cases,  referring  in  particular  to  work  in  which  the  damping 
coefficients  have  been  calculated  by  the  strip  method  over  a 
range  of  frequencies. 

For  free  oscillations  at  the  natural  frequencies,  there  are  data 
in  the  paper  by  St.  Denis<2)  for  a  ship  of  length  600  ft.  and  beam 
81  ft.  The  values  of  a  for  free  oscillations  arc  given  as  0-706 
and  0-821  for  heaving  and  pitching  respectively.  The  corre¬ 
sponding  values  of  a2  L/g  are  10  and  12-6  and  these  both  lie 
within  the  ranges  given  above  where  no  correction  factor  is 
needed.  A  similar  remark  would,  no  doubt,  apply  to  the  experi¬ 
ments  with  5  ft.  models  used  by  Korvin-Kroukovsky,(4)  although 
the  natural  frequencies  do  not  seem  to  be  given  in  the  paper. 
However,  the  present  work  may  be  taken  to  confirm  his  experi¬ 
mental  result  that  for  natural  oscillations  the  two-dimensional 
calculation  does  not  require  any  appreciable  correcting  factor 
either  for  heaving  or  for  pitching. 

For  forced  oscillations  we  have  a  wider  range  of  frequencies. 
In  work  for  which  data  are  available,  the  heaving  and  pitching 
are  produced  by  driving  the  model  at  given  speed  through 
regular  waves  of  given  wavelength.  For  instance,  from  St. 
Denis, <2)  for  a  600-ft.  ship  moving  against  waves  with  A/L  —  I  -  25, 
a  ranges  from  0-518  at  zero  speed  to  0-77  at  30  knots;  thus 
a2  L/g  ranges  from  5  to  1 1.  From  the  curves  in  Fig.  1,  heaving 
may  be  said  to  require  no  correcting  factor;  but  for  pitching,  the 
lower  values  are  well  within  the  critical  range  where  a  large 
correction  is  needed  and  where  it  changes  rapidly. 

There  ere  similar  data  from  Korvin-Kroukovsky(4)  for  5-ft. 
models.  With  one  n.odel  and  A/L  1  the  parameter  ranges 
from  6  ■  3  to  20,  and  with  another  model  and  A/L  -  1  5,  it  ranges 
from  4-3  to  12-5.  Here  again  the  pitching  calculation  seems  to 
require  considerable  correction  at  the  lower  speeds. 

It  should  be  noted  again  that  one  can  only  expect  general 
indications  in  applying  the  present  results  to  surface  ships.  For 
one  thing,  a  spheroid  is  not  a  normal  ship  form.  A  more 
important  point  is  that  the  flow  round  a  completely  submerged 
solid  may  differ  considerably  from  that  round  a  floating  body. 
However,  it  is  possible  that  the  strip  method  and  the  three- 
dimensional  calculation  might  be  affected  in  much  the  same  way; 
if  so,  the  ratios  for  the  two  methods  may  not  be  so  far  astray. 

Finally,  in  all  calculations  for  forced  oscillations  due  to 
advancing  th-ough  waves,  it  is  assumed  that  the  only  effect  of 
the  speed  is  to  alter  the  frequency  of  mcounter.  But  a  satis¬ 
factory  theory  of  heaving  and  pitching  including  the  effect  of 
speed  of  advance,  for  anything  like  a  normal  ship  form,  is  one 
of  the  main  outstanding  problems.  The  corresponding  theory 
for  a  wholly  submerged  body  might  prove  more  tractable,  and 
it  may  be  possible  later  to  extend  the  present  work  to  a  sub¬ 
merged  spheroid  which  is  moving  forward  while  making  heaving 
and  pitching  oscillations. 


APPENDIX 

1.  The  underlying  theory  was  given  in  a  previous  papcr(,)  for 
a  source  distribution;  it  is  convenient  to  give  now  explicit 
expressions  for  a  distribution  of  vertical  dipoles. 

Take  the  origin  O  in  the  free  surface  of  the  water,  with  Oar 
and  Oy  horizontal  and  Or  vertically  downwards.  If  there  is 
a  vertical  dipole  of  moment  M  cos  a  I  at  the  point  (A,  k,  f)  in 
the  water,  the  velocity  potential  of  the  fluid  motion  is  given  by 


<j>  =  M  cos  a  t 


z  -  / 


C  +/,  , 

-  -  3  -  +  2  *0 


K  ~  Kq 


--  2  -n- M  .I0  («o  cx>')  £-«»(*+/)  sin  a  i  (1) 

where 

rf  =  (■*  —  A)2  +  (y  -  A)2  +  (z  -  f)2  -  a>'2  +  (z  -  /)2 
r\  =  w'2  +  (z  +/)2;  cr2  =  gj<0 

The  motion  as  a/  ->  ao  is  given  by 

(f>  ->  —  2  tt  k%  M  (2/7 t  k0  cD')> /2p-tfo(*+/)  sin  (cr  /  -  k()  <Z‘  +  7t/4) 

....  (2) 


representing  circular  waves  travelling  outwards.  For  a  given 
distribution  of  vertical  dipoles  all  at  the  same  depth  f,  we  obtain 
the  velocity  potential  from  (1)  or  from  (2)  by  integrating  with 
respect  to  A  and  k  over  the  given  distribution.  The  rate  of  flow 
of  energy  outwards  through  a  vertical  cylindrical  surface  of 
radius  tu  is  given  by  the  rate  of  work  of  the  fluid  pressure  over 
this  surface,  namely 


P  «  O 

r  i  I  ioj 


•  (3) 


Taking  the  radius  of  the  cylinder  large,  we  only  need  </>  to  the 
order  o>_,/2  as  53  -*•  oo. 

If  in  (2)  we  put 


x  —  u>  cos  0\  y  —  cu  sin  0; 
a)'2  —  To2  —  2  A  u>  cos  0  —  2  k  cD  sin  0  +  A2  +  k2 


then,  to  the  required  order,  (2)  gives 
/  2  \  1/2 

d>  — >  --  2  tt kI  M  ( - =  )  *>-«■<) (--+/) 

\7TK0U>/ 

sin  ^cr  t  —  K'0  ui  +  ■£  -f  K0h  cos  0  +  k0  k  sin  0)  (4) 
Hence,  for  a  given  distribution,  we  shall  have 


<f>  ->  <o ~>/2  £>-*#(*+/■)  ^  A  sin  (a  t  —  k0  w  + 

+  B  cos  ^(7  /  — /c0  to  +  .  (5) 

with  A,  B  known  functions  of  0. 

Putting  this  form  into  (3)  and  taking  the  mean  value  with 
respect  to  the  time,  we  get  for  the  mean  rate  of  flow  of  energy 
outwards 

E  =  ip  <j  (A2  +  B2) . (6) 


Finally,  inserting  the  forms  for  A  and  B  obtained  by  integrating 
(4)  over  the  given  distribution. 


r2- 


E  =  2  rr p  cr  e~2K«f 


(P2  +  Q2)  cl  0  . 


with  P  +  i  Q  ==  J  J  M(A,  k)  c  i  /fu  (A  cos  0  t  k  sin  dhdk 


(7) 

(8) 


In  the  present  work,  we  shall  not  need  any  more  general  expres¬ 
sions,  but  an  obvious  extension  would  give  similar  results  for  any 
distribution  of  dipoles  not  necessarily  in  a  horizontal  plane. 

2.  Consider  now  a  spheroid,  of  length  2  a  and  equatorial 
diameter  2  A,  immersed  with  its  axis  horizontal  and  at  a  depth  / 
below  the  free  surface.  Suppose  the  spheroid  made  to  describe 
small  vertical  oscillations,  the  velocity  at  any  instant  being 
V  cos  a  t.  It  would  be  possible,  theoretically,  to  proceed  step- 
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by-step  with  successive  approximations  to  a  solution  satisfying 
both  the  condition  on  the  surface  of  the  spheroid  and  that  on 
the  free  surface  of  the  water.  We  could  then,  at  any  stage, 
obtain  the  fluid  pressure  on  the  spheroid  and  hence  the  resultant 
vertical  force.  Of  this  force,  the  part  in  phase  with  the  accelera¬ 
tion  represents  a  change  in  virtual  inertia,  the  part  in  phase  with 
the  velocity  is  connected  directly  with  the  loss  of  energy  in  the 
wave  motion.  At  present  we  are  concerned  only  with  the  latter 
part  of  the  force,  and  we  adopt  the  simpler  procedure  of  obtaining 
directly  the  energy  loss,  taking  only  two  terms  in  a  successive 
approximation  to  the  velocity  potential. 

For  the  first  term  we  take  the  exact  solution  <j)0  for  the  motion 
of  the  spheroid  in  an  infinite  liquid.  Taking,  momentarily,  the 
origin  O  at  the  centre  of  the  spheroid,  and  the  usual  spheroidal 
co-ordinates 


x  —  ae  /u  £;  y  =  a  e{\  ~  /a2)'/2(£2  —  l)1/2  cos  co; 

i  —  a  e  (1  —  /x2)'/2  (£2  —  I)'/2  sin  to 

we  have  the  known  solution,  as  given  in  Lamb’s  Hydrodynamics, 
p.  142,  with  a  slight  change  of  notation. 


<£o  =  -i  flV(Sj-  1)(1  +  k2)  PJ  (ju)Q|  (£)  sin  tocos  a  t  .  (9) 

where  £0  =  e~t  —  (a2  —  />-)  - 1/2,  and  k2  is  the  virtual  inertia 
coefficient  for  motion  perpendicular  to  the  axis.  For  the  next 
step  we  add  a  potential  <f>{  such  that  <f>Q  4  <f>,  satisfies  the  con¬ 
dition  at  the  free  surface.  For  this  purpose  it  is  convenient  to 
express  <f>a  as  the  poten'ial  of  an  equivalent  dipole  distribution. 
Using  the  gener?'  \ 


PS(/*)QJ(£)e,J 


.  Vs 

’Si) 


(a2e2  -h2)'l2sPs„(hlac) 

[(*_A)2+y2.fZ2]1/2 


-  ae 


(10) 


and  taking  the  particular  case  in  (9),  we  see  that  ch0  is  the  potential 
of  a  line  distribution  of  vertical  dipoles  along  the  axis  of  the 
spheroid  between  the  two  foci  and  of  moment  per  unit  length 

—  — -3— (1  +  k2)  (a2  e2  —  h2)  V  cos  a  t  .  .  (11) 


We  could  now  obtain  by  integrating  (1)  with  respect  to  h. 
For  our  purpose  we  proceed  directly  to  the  energy  loss  from 
!">)  and  (8).  We  require  the  integral 


(a2  e2  —  h2)  e<  Kahcoso  j  h 

—  ae 

and  this  has  the  value 

4  ^  e3  r  \ 1/2  cosg> 

\l)  (k0  a  e  cos  §)V2 


(12) 


(13) 


(10),  we  find  that  <f>0  is  the  potential  of  a  line  distribution  of 
vertical  dipoles  along  the  axis  between  the  foci  and  of  moment 
per  unit  length 

1/4  £o(£5  1)  [1  +  (2  Q  —  I)2  k  ]ilh(a2e2  —  h2) cos  o  /  .  (16) 

For  (8)  we  require  the  integral 


~ae 

h  ( a 2  e2  —  h2)  e  ' Ko  h  cos  0  d  h 

—  a  e 


and  this  has  the  value 


4  a4  e4 


/7T\'/2  .  J5/2  (*0  a  C  COS  $) 
\2/  '  («0  a  e  cos  (l)3!2 


(17) 


.  (18) 


From  (7),  (8),  (16),  and  (18)  we  obtain  the  energy  loss  for  pitching, 
which  we  denote  by  a  suffix  P, 


Ep 


4  v2  p  a  a4  b 4  e2 

[1  +  (2  £$  -  I)2  k']2  e~2K"f  il2 


Jj/2  (xpae  cos  0)  df< 
( k0  a  e  cos  0)3 


0 

....  (19) 


4.  We  obtain  now  the  corresponding  expressions  by  the  two- 
dimensional  strip  method,  denoting  them  by  an  additional 
suffix  S. 

For  a  circular  cylinder  of  radius  r  with  its  axis  at  depth  /, 
making  heading  oscillations  V  cos  a  1,  we  have  the  known 
expression  for  the  energy  loss  to  the  same  approximation, 


E  =  2  n2 p  (T/rg  r4  V2  e~2  K°f  .  .  (20) 


per  unit  length  of  the  cylinder. 

For  the  spheroid,  this  result  is  assumed  to  hold  for  each  thin 
disc  of  width  dh\  in  fact,  we  might  picture  the  method  by 
assuming  thin  partitions  transverse  to  the  axis,  separating  the 
elementary  discs  and  making  the  fluid  motion  purely  two- 
dimensional  for  each  disc.  Integrating  along  the  axis,  we  obtain 
by  this  method 


Ehc  —  2  772  p  <7  Kq\  2  C~  2  K"f 

32 


15 


b*  (1  —  h2la2)2  d  h 

a 

tt2  p  cr  «{}  a  b4  V2  e~2K,<' . (21) 


For  pitching  oscillations  by  this  method,  we  simply  substi*  k 
h  12  for  V ;  hence 

Ere  =  2  n*poK$Q,2e-2*«f  [  b4  h2  (l  ~  h2/a2)2dh 

—a 

-  -  tt2  p  a  xft  a3  b4  il2  c “2  *■" >  ....  (22) 


Collecting  thd  various  factors  from  (7),  (8),  (II),  and  (13).  we 
obtain  the  energy  loss  for  heaving,  which  we  shall  denote  by  a 
suffix  H,  namely 


E,j  ~  4  tt2  p  a  K^a2  b4  [\ 


+  k2)2\2e  2*"' 


i]i2(«a«ecos0)  - 
(*0  a  e  cos  0)3 

....  (14) 


3.  Suppose  the  spheroid  to  be  making  rotational  oscillations 
about  the  transverse  axis  with  angular  velocity  12  cos  a  /.  The 
velocity  potential  for  an  infinite  liquid  is 

*>-*<*•(«-  »l<  +(2ft-  O2*'] 

Q  PI  (p)  QJ  (£)  sin  co  cos  a  t  .  (15) 


5.  The  particular  point  in  question  is  the  ratio  of  the  damping 
coefficients  obtained  by  the  two  methods,  which  we  take  as  equal 
to  the  ratio  of  the  corresponding  energy  loss. 

From  (14)  and  (21)  we  have  for  heaving 


E« 

E«s 


15 


rr.l2 


*0«(  I  +  *2>2 


.  (23, 

(x0a  e  cos  By 


rrom  (19)  and  (22)  we  have  for  pitching 


Ip 

Eps 


105 


*o«f2( I  -r  (2  q  -  I)2.'.']2 


r*ti 

Jfojgogfcos  6)  Q 

(k0  a  e  cos  6 )} 
....  (24) 


in  which  k'  is  the  virtual  inertia  coefficient  for  rotation.  Using  As  the  length  of  the  spheroid  is  increased,  with  a  given  breadth, 
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both  e  and  k1  approximate  to  unity,  further,  it  can  be  shown 
that  the  asymptotic  value  of  the  integral  in  (23)  is  1 5  kq  a  e. 
Hence,  as  one  would  expect,  the  ratio  (23)  approaches  vanity  for 
a  sufficiently  long  narrow  spheroid.  Under  the  same  conditions, 
k'  approaches  unity  and  the  asymptotic  value  of  the  integral 
in  (24)  is  2/105  K0ae;  hence  the  ratio  (24)  approaches  unity 
under  these  limiting  conditions. 

For  numerical  computation  we  can  obtain  power  series  for 
the  integrals  by  substituting  the  known  expression  for  the  square 
of  a  Bessel  function  and  integrating  term-by-term:  thus  we  have 


p-/2 

Jf/2  (*o  a  e  cos  0) sec3  #  d  6 

°  =  2  V  (~  l)'"  (>"  +  1)!  (K0ae)2m  +  2 

m=o(2  m  +  1)  (2  m  +  3)  (m!)2  ( m  +  3)! 

j--/2 

J5/2  (*0  a  e  cos  9)  sec5  9  d9 

°  =-  2  V  (~  \)m  (m  +  2)(K0a  e)2m+s 

o(2  m  -+  3)  (2  m  +  5)  /;•!  (m  +  5)! 

The  series  can  be  computed  readily  for  values  of  K0ae  up  to 
about  6.  For  higher  values,  the  integrals  were  computed  by 
direct  quadrature,  using  intervals  of  5  deg.  throughout  the  range. 
Owing  to  the  lack  of  suitable  tables,  the  Bessel  functions  had 
to  be  evaluated  separately  in  each  case;  however  K0a  e  was  not 
taken  larger  than  10  as,  with  the  degree  of  accuracy  attempted, 
there  was  no  appreciable  difference  then  from  the  asymptotic 
value. 

6.  We  may  extend  the  method  to  give  approximate  formulae 
for  any  long  solid  of  revolution  which  is  completely  immersed. 
There  is  a  well-known  approximate  solution  ft  the  transverse 
motion  of  a  long  solid  of  revolution  in  an  infinite  liquid,  in  which 
the  flow  is  treated  as  two-dimensional;  it  consists  of  taking  a 
distribution  along  the  axis  of  two-dimensional  dipoles  of 
moment  S In  per  unit  length  per  unit  velocity,  where  S  is  the 
cross-sectional  area  at  any  point. 

We  have  seen  in  (II)  that  the  transverse  motion  of  a  spheroid 
is  given  by  a  line  distribution  of  three-dimensional  dipoles  along 
the  axis  from  -  ae  to  +  a  e,  of  moment  per  unit  length  per 
unit  velocity 

1^73 (1  +*2)(«a«2-*2>  •  •  •  (27) 

For  a  long  spheroid,  for  which  e  is  nearly  unity,  (27)  is  approxi¬ 
mately  (1  +  k2)  S/4  rr;  and  to  the  same  order  we  may  take  the 
distribution  as  extending  over  the  whole  of  the  axis.  This 
suggests  that  for  any  elongated  solid  of  revolution  we  might 
assume  a  distribution  of  three-dimensional  dipoles  along  the 
axis  of  moment  (1  +  k)  S/4  rr  per  unit  length.  Thus  for  heaving 
oscillations  V  cos  a  t  of  such  a  solid  with  its  axis  at  depth  /, 


.  (25) 


.  (26) 


we  may  apply  (7)  and  (8).  If  2  /  is  the  length  of  the  solid,  and 
we  take  the  origin  at  the  centre  of  the  axis,  we  have 


Eh  —  p  a  k!  (1  +  k)2  \2-e~2K«f 

o  77 


r2n 


(P  2  +  Q2)dO  (28) 


with 


P  +  iQ 


S  (h)  e  iKohcosO  (J  /,  m  ,  ,  (29) 


Similarly,  for  pitching  oscillations  to  the  same  approximation 

r2n 


Ep  =  — —  p  a  k)  (1  +  k')2  ii2 

O  77 


(P2  +  Q2 )d9  (30) 


with 


P  +  i  Q 


h  S  (A)  e‘ 'VoAcoso  d h  .  .  .  (31) 


It  may  be  noted  that  k  and  k'  are  the  virtual  inertia  coefficients 
for  the  solid  as  a  whole;  though,  under  the  given  condition 
they  both  approximate  to  unity. 

7.  All  the  foregoing  calculations  are  for  a  solid  of  revolution. 
With  a  view  to  removing  this  limitation,  expressions  were 
obtained  for  a  general  ellipsoidal  form. 

For  an  ellipsoid  with  unequal  axes,  a  >  b  >  c,  and  with  the 
a,  b  axes  horizontal,  the  dipole  distribution  is  in  a  horizontal 
plane  and  extends  over  the  area  enclosed  by  the  elliptic  focal 
conic.  Apolication  of  (7)  and  (8)  leads  to  expressions  for  the 
energy  loss. 

If  the  larger  transverse  axis  is  vertical,  c  >  b,  the  distribution 
lies  in  a  vertical  plane,  and  within  the  elliptic  focal  conic;  a 
simple  modification  of  (7)  and  (8)  gives  the  required  results. 
It  was  decided  eventually  that  it  was  not  worth  while  carrying 
out  computations;  the  expressions  are  of  the  same  type  as  for 
a  spheroid,  though  more  complicated.  It  appeared  that  if  the 
transverse  axes  b,  c  do  not  differ  greatly,  the  main  difference  in 
the  results  as  compared  with  a  spheroid  is  a  scale  factor  arising 
from  the  different  values  of  the  virtual  inertia  coefficients. 
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A  Note  on  Wave  Resistance  Theory: 
transverse  and  diver^in"*  waves 

Sir  Thomas  Havelock,  Newcastle 


I  wish  to  associate  myself  with  this  tribute  to  Professor 
Weinblum  for  his  distinguished  work  in  Ship  Hydrodynamics, 
and  I  should  like  to  add  also  that  I  am  greatly  indebted  to 
hint  personally.  This  is  my  excuse  for  a  few  remarks  on  a 
certain  aspect  of  wave  resistance  theory,  though  I  have  nothing 
new  to  add;  the  particular  point  is  no  doubt  chiefly  of  theore¬ 
tical  interest,  but  it  happens  to  have  come  to  my  notice  again 
recently. 

Considering  an  ideal  frictionless  liquid,  the  only  resistance 
to  the  motion  of  a  solid  is  the  wave  resistance,  and  it  is 
obviously  the  horizontal  resultant  of  the  fluid  pressures  on  the 
solid.  Another  method  is  to  calculate  the  propagation  of 
energy  outwards  in  the  wave  motion,  and  so  deduce  the  cor¬ 
responding  resistance.  These  two  methods  give  the  same 
result,  provided  the  calculations  are  made  to  the  same  degree 
of  approximation  in  each  case.  It  may  be  noted  'hat,  in  gene¬ 
ral,  this  involves  obtaining  the  velocity  potential  to  a  higher 

Schiffsteehnik  Bd.  4  —  1957  —  Heft  20 


stage  of  approximation  for  the  resultant  pressure  calculation 
than  for  the  wave-energy  method.  The  energy  method  was 
used  at  first  only  for  t wo-dimensional  problems,  as  for 
instance  the  motion  of  a  submerged  circular  cylinder;  this 
was  because  there  was  available  the  well-known  connection 
between  energy  transfer  and  group  velocity  for  straight- 
crested  plane  waves.  For  three-dimensional  problems,  stub  as 
a  submerged  sphere,  the  resistance  was  found  at  first  by  the 
resultant  pressure  method.  Subsequently  I  gave  a  theorem 
for  the  energy  transfer  in  a  ship  wave  pattern  and  its  appli¬ 
cation  to  the  calculation  of  wave  resistance  (Proc.  Roy.  Soe.  A. 
1932).  This  was  done  by  considering  control  planes  at  great 
distances  before  and  behind  the  moving  solid,  and  calculat¬ 
ing  the  rate  of  work  and  the  transfer  of  energy  across  these 
planes.  If  Ox  is  in  the  direction  of  motion  of  the  solid,  0  being 
a  moving  origin,  we  assume  that  the  surface  elevation  at 
a  great  distance  to  the  rear  approximates  to  a  form  which 
can  lie  expressed  by 


-  64  - 
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'C  -  j  fr'tl)sin  {kn  seer  f)  (x  cos  ft  -|-  ysind)  )  <10 


+  J'F(0)cos  {kn  see2  0  (xcos  0  4-  ysinO)}  <10, 

where  c  is  the  velocity  of  the  solid,  and  ko  =  g/c2  .  It  was 
shown  that  the  wave  resistance  is  given  hy 

71 

R  -  i  ji  o  c”  |  {f  (ft)2  +  f  (--  - ft)2  +  F(ft)2  +  F( — 1>>2}  eosJ 0  <10 . 

0 

The  wave  pattern  can  he  considered  as  made  up  of  elemen¬ 
tary  plane  waves  travelling  in  all  directions.  From  our  know¬ 
ledge  of  the  ship  wave  pattern  it  appears  that  the  transverse 
waves  are  made,  up  of  plane  waves  making  angles  with  Ox 
ranging  from  zero  to  a  certain  angle  (5,  while  the  remaining 
plane  waves  from  |3  to  90°  make  up  the  diverging  waves.  The 
angle  (3  is  given  by  sin2  p  =  i  ,  and  is  about  35L 16.  With 
this  in  mind  I  suggested  (I.  N.  A.,  1934)  that  one  might  pos¬ 
sibly  divide  up  the  wave  resistance  integral  similarly;  thus 
the  value  of  the  integral  in  the  range  0  to  (3  would  represent 
the  part  due  to  the  transverse  waves,  and  the  part  from  (3  to 
90°  that  due  to  the  diverging  waves.  Of  course  this,  as  it 
stands,  is  no  more  than  a  fairly  plausible  assumption.  I  have 
been  examining  the  possibility  of  putting  it  on  a  better  basis 
by  a  different  analytical  approach;  however  I  leave  that  mean¬ 
time  with  the  remark  that  I  think  it  can  be  justified  as  a 
fairly  reasonable  assumption,  which  can  be  used  to  give  some 
interesting  results.  Taking  some  simple  cases,  consider  a 
sphere  with  its  centre  at  a  depth  f;  the  total  resistance  is 

n 

R  =  4  it  g  Q  ku3  a"  J  sec5 11  c'2  ko  f  sec?  0  <111  . 

« 

We  see  by  inspection  that  for  low  speeds  the  greater  part 
of  the  integral  comes  from  the  range  0  to  (3,  while  for  high 
speeds  the  greater  part  comes  from  the  range  (3  to  90  ;  a 
direct  calculation  shows  that  at  c  /  j/(gf)  :=  2,  the  diverging 
waves  account  for  about  30  per  cent,  of  the  total  resistance. 
From  another  point  of  view,  this  illustrates  the  fact  that 


diminishing  draft  increases  the  relative  importance  of  the 
diverging  waves,  and  vice  versa. 

We  may  illustrate  interference  effects  by  taking  a  system 
of  a  source  and  sink  each  of  numerical  strength  me.  at  a  depth 
f,  and  at  a  distance  1  apart.  The  total  resistance  is  given  In 
rr 

R  ~32  jt  Q  m2  ko2  c2  J  { 1  —  cos (2  kn  1  see  11)  }e‘2  k<> 1  sec‘  ®sec:l  0  dll . 
o 

Consider  the  oscillating  part  of  the  integral  due  to  the 
factor  cos  ( 2  k<)  1  sec  0)  in  the  two  parts  of  the  range  of  inte¬ 
gration.  Approximately,  the  last  hump  on  the  resistance  curve 
in  each  case  will  be  near  a  value  of  kn*  given  by  2  ko t sec  1) 
==■  ;r .  For  the  range  0  to  |3,  see.  11  is  not  much  different  from 
unity;  so  the  last  hump  on  the  transverse  wave  resistance 
curve  will  be  near  ko  f  =  jt/2 ,  or  a  Froude  number  F  =■■■■  0.56. 
On  the  other  hand,  on  the  range  |3  to  90°  we  may  take  seel) 
as  about  2  to  give  the  maximum  result;  so  the  last  hump  on 
the  diverging  wave  resistance  curve  will  be  near  ku  1  =  rr/4, 
or  F  =  0.78.  The  interference  effects  due  to  the  superposition 
of  two  sets  of  transverse  waves  is  a  familiar  idea:  it  is  not 
so  well-known  that  we  may  have  interference  of  the  diverging 
waves  of  two  systems. 

In  conclusion  I  may  refer  to  some  calculations  which  have 
been  made  for  simple  ship  forms  on  this  assumption  for 
separating  the  contributions  of  the  transverse  and  diverging 
waves. 

Wigley  (I.N.A.  1942)  has  given  numerical  results  for  a 
simple  parabolic  model  with  two  ratios  of  length  to  draft  and 
up  to  a  Froude  number  of  0.6.  Inui  (Inti.  Conf.  Ship  Hydro 
19,34)  refers  to  some  similar  unpublished  calculations  by  him¬ 
self.  and  gives  an  interesting  diagram  for  water  of  finite 
depth:  in  which  case  there  are  only  diverging  waves  above  a 
critical  speed.  Finally,  I  would  refer  in  particular  to  Lundc 
(S.N.A.M.E.,  1951)  who  gives  a  diagram  of  curves  of  trans¬ 
verse  and  diverging  wave  resistance  for  a  parabolic,  model. 
These  curves  are  very  interesting,  bringing  out  clearly  the 
humps  and  hollows  on  the  two  curves;  for  instance,  the  last 
hump  on  the  transverse  wave  curve  is  at  about  F  ~  0.45,  while 
that  for  the  diverging  waves  is  at  some  value  greater  than 
F  -"  0.6,  outside  the  range  shown  on  the  diagram.  It  might  be 
of  interest  to  have  calculations  for  other  models,  to  show  how 
the  various  elements  of  form  affect  the  relative  importance 
of  the  transverse  and  diverging  waves. 
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By  Professor  Sir  Thomas  H.  Havllock,  M.A.,  D.Sc.,  F.R.S.  (Honorary  Member  and  Associate  Member  of  Council). 


Summary 

Calculations  are  made  for  the  damping  coefficient  for  a  specially  simple  case  which  may  be 
taken  to  correspond  approximately  to  a  long  narrow  plank  moving  forward  with  velocity  c  and 
making  forced  pitching  oscillations  of  frequency  p.  Curves  are  given  for  the  variation  of  the 
damping  moment  with  frequency  at  various  speeds,  the  chief  aim  being  to  illustrate  the  effect 
of  the  critical  condition  when  the  parameter  p  c/g  has  the  value  i.  The  results  are  discussed  in 
reference  to  recent  experimental  work  and  the  possibility  of  a  steep  rise  and  fall  in  the  curve 
of  damping  near  this  critical  point. 


The  damping  of  the  heave  or  pitch  of  a  floating  solid  is  mainly 
due  to  the  energy  lost  in  the  wave  motion  produced  by  the 
oscillations.  If  the  solid  is  at  rest,  apart  from  the  oscillations, 
the  problem  can  be  formulated  satisfactorily  as  a  potential 
problem  with  the  usual  linearized  condition  at  the  free  surface 
of  the  water.  If  the  complete  solution  could  be  found  in  any 
given  v..tse,  it  could  no  dot  bt  be  also  expressed  in  terms  of  some 
source  distribution  over  the  immersed  surface  of  the  solid. 
However,  what  is  usually  known  as  the  source  method  of  solution 
is  an  approximation  which  begins  by  assuming  some  simple 
source  distribution  and  then  adding  the  wave  motion  due  to  these 
pulsating  sources;  the  method  has  obvious  limitations  on  its 
application  in  general,  but  it  has  served  to  give  interesting  and 
useful  results.  If,  in  addition  to  the  oscillations,  the  solid  is 
moving  forward  with  a  constant  speed  of  advance,  the  formula¬ 
tion  as  a  potential  problem  with  the  linea.  :zed  free  surface  con¬ 
dition  is  not  satisfactory  except  in  the  limiting  case  wher  me  solid 
is  like  a  thin  disc  moving  in  its  own  plane.  However,  some  pro¬ 
gress  has  been  made  by  the  approximate  method  of  assuming 
some  source  distribution,  and  the  calculations  then  require  the 
wave  motion  due  to  a  pulsating  source  advancing  at  constant 
speed.  This  problem  has  been  examined  by  various  writers  and 
reference  may  be  made  in  particular  to  Haskind,(1)  Brard,(2)  and 
Hanaoka/1’  If  p  is  the  circular  frequency  of  the  pulsation  and 
c  the  velocity  of  advance,  it  is  known  that  the  wave  motion  changes 
in  character  when  the  parameter  p  c/g  =  {.  It  does  not  seem 
to  have  been  pointed  out  explicitly  that  in  fact  some  of  the  terms 
in  the  solution  become  infinite  at  this  particular  point.  The 
object  of  the  present  paper  is  to  examine  this  matter  in  some 
detail  for  a  special  case  so  as  to  see  the  effect  cr  this  mathematical 
infinity  uoon  the  damping  for  lower  and  higher  values  of  the 
parameter.  Consider  for  a  moment  a  two-dimensional  case,  for 
instance  a  submerged  circular  cylinder  making  heaving  oscilla¬ 
tions  of  fre  *uency  p  and  advancing  with  velocity  c.  At  zero 
speed,  there  are  two  wave  trains,  one  on  each  side  of  the  cylinder. 
At  speed  c,  it  p  c/g  <  E  it  can  be  shown  that  there  are  four  wave 
trains,  one  in  advance  and  three  to  the  rear,  the  wave  train  in 
advance  being  that  for  which  the  group  velocity  is  greater  than 
the  speed  of  advance.  If  the  speed  is  increased,  the  amplitudes 
of  two  of  these  trains  become  infinite  at  the  critical  point  when 
Pels  =  4;  and  for  higher  values  of  the  speed  these  two  trains 
disappear,  leaving  only  two  wave  trains  both  to  the  ■  tar  of  the 
cylinder.  The  behaviour  at  the  critical  point  clearly  arises  from 
a  special,  and  interesting,  case  of  resonance;  and,  as  usual,  the 
infinity  could  only  be  removed  from  the  solution  by  introducing 
some  frictional  or  other  kind  of  dissipation. 


Turning  to  the.  three-dimensional  case  of  a  point  source,  one 
might  hope  that  the  infinity  would  disappear  through  integra¬ 
tion,  but  this  is  not  the  case;  the  solution  contains  integrals 
which  are  finite  in  general,  but  they  become  infinite  at  the  critical 
value  of  the  parameter. 

Calculations  have  been  made  by  Haskind  and  by  Hanaoka  for 
the  damping  of  a  MicheII-t>pe  of  model  with  the  source  distribu¬ 
tion  assumed  to  be  in  the  vertical  longitudinal  plane;  this  assump¬ 
tion  is  the  well-known  approximation  for  wave  resistance,  and 
although  it  is  of  doubtful  validity  in  geneial  as  regards  the 
heaving  or  pitching  oscillations  it  gives  useful  indications  for 
simplified  forms.  Although  the  integrals  used  by  Haskind 
become  divergent  at  the  critical  value  of  the  parameter,  his  curves 
do  no*  show  any  infinity;  possibly  the  range  does  not  include  the 
critical  point.  Hanaoka  also  gives  a  curve  for  the  damping  at 
various  speeds;  but  the  whole  curve  is  explicitly  for  the  value 
p  c/g  —  0-6  and  so  is  well  beyond  the  critical  point. 

Some  recent  experimental  work  by  Goiovato’4’  is  of  special 
interest.  A  model  was  made  to  perform  heaving  oscillations  of 
given  frequency  while  moving  forward  at  some  constant  speed, 
and  the  forces  and  moment  on  the  model  were  measured.  In 
Fig.  13  of  that  paper  the  damping  moment  is  shown  in  curves 
on  a  b'-c  p  (B/g)i  for  various  values  of  the  Fioude  number. 
A  strik  ng  feature  is  the  pronounced  peaks  at  low  values  of  the 
parameter.  Golovato  remarks:  “The  steep  rise  at  low  fre¬ 
quencies  appears  to  coincide  with  a  velocity-wave  celerity  ratio 
of  i  where  the  character  of  the  waves  generated  by  the  oscillating 
body  is  known  to  change  markedly.”  This  ratio  is  what  we  have 
denoted  here  by  p  c/g.  It  is  curious  that  the  curves  for  heaving 
do  not  seem  to  show  the  same  effect,  though  one  would  expect 
the  same  cause  to  be  operative  for  both  heaving  and  pitching. 

The  present  calculations  are  for  a  simple  line  distribution  of 
pulsating  sources,  but  we  can  relate  them  to  a  possible  physical 
problem.  Suppose  a  long  narrow  plank,  in  a  vertical  plane, 
moving  forward  and  at  the  same  time  making  small  pitching 
oscillations.  Such  a  form,  with  pointed  ends,  is  the  most  suitable 
for  comparing  wave  resistance  theory  with  experiment,  and  it 
might  also  be  used  similarly  to  test  the  approximate  linear  theory 
of  heaving  and  pitching.  However,  even  if  it  is  not  a  practicable 
method  experimentally,  it  is  an  appropriate  form  for  the  present 
state  of  theory’.  We  may  separate  out  the  effects  of  the  forward 
motion  and  the  pitching;  and  we  may  assume  the  latter  to  be  due 
to  a  simple  source  distribution  over  the  flat  submerged  base  of 
the  plank,  or  for  small  enough  beam  to  a  distribution  along  the 
central  line  of  the  base.  As  numerical  computation  is  rather 
lengthy  in  any  case,  we  omit  the  poit  ted  ends  and  reduce  the 
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form  to  a  long  plank,  of  length  L  and  beam  B,  submerged  to  a 
draught  d,  moving  forward  with  velocity  c  and  making  small 
pitching  oscillations  with  angular  velocity  Q  sin  p  t. 

The  theoretical  work  is  given  in  the  Appendix.  It  begins  with 
a  different  derivation  of  the  fluid  motion  due  to  a  moving 
pulsating  source.  Then  by  integration  of  an  assumed  source 
distribution  we  obtain  the  velocity  potential  for  the  plank.  The 
fluid  pressure  is  obtained  for  any  point  of  the  base  and  hence  the 
moment  of  this  pressure.  Dealing  only  with  the  moment  due  to 
the  pitching  motion,  the  periodic  part  will  be  of  the  form 
M,  sin  /j  /  +  M2  cos  p  t.  The  second  term  is  in  phase  with  the 
angular  acceleration  and  can  be  considered  as  giving  a 'Virtual 
addition  to  the  moment  of  inertia.  The  first  term  is  in  phase 
with  the  angular  velocity  and  gives  the  corresponding  damping 
coefficient;  this  is  the  only  term  which  is  examined  here,  and 
expressions  for  M,  are  given  in  equations  (13),  (14),  and  (15). 

For  numerical  computation  we  have  taken  L/B  -=  20  and 
<//B  ■  -  2.  These  ratios  do  not  allow  any  direct  comparison  with 
the  usual  models;  they  were  chosen  partly  to  lessen  computation 
and  partly  so  as  to  bring  out  certain  points.  Fig.  1  shows  curves 


Fig.  1. — Damping  moment  for  pitching  on  a  base  of  frequency 

FOR  FROUDE  NUMBERS  0,  O’ 07,  O' 14,  O'  18  FOR  SPEED  OF  ADVANCE 


for  the  variation  of  103  tt  MJpgt  B*  L4  £2  with  the  usual 
parameter  p  (B /g)*  for  certain  values  of  the  Froude  number  F. 

The  curves  do  not  need  any  detailed  discussion,  but  one  or 
two  remarks  may  he  made.  The  curve  F  --  0  is  for  zero  speed 
of  advance  and  is  of  the  usual  type.  It  may  be  noted  that  the 
integrals  in  equation  (13)  include  an  oscillating  factor  and  we 
might  expect  humps  and  hollows  on  the  curve;  but  they  occur  at 
higher  values  of  the  frequency  where  the  value  of  the  moment  is 
small.  These  possible  oscillations  are  not  interference  effects 
connected  with  the  beam,  such  as  have  given  rise  to  discussion 
in  two-dimensional  problems:  the  latter  have  been  ruled  out  of 
the  present  calculation  by  the  assumption  of  small  enough  beam. 
The  interference  effects  here  are  in  length,  between  bow  and 
stern;  no  doubt  the  rectangular  form  of  the  base  would  tend  to 
exaggerate  any  such  effects. 

Comparing  the  curve  for  zero  speed  with  the  other  curves,  a 
general  effect  is  like  moving  the  curve  towards  the  lower  fre¬ 
quencies  with  increasing  speed,  and  we  can  see  the  interference 
effects  coming  into  evidence.  The  other  main  point  is  the 
infinity  at  the  critical  value  with  a  steep  fall  after  this  point 
followed  by  a  small  gradual  rise.  The  critical  point  for  F  0  07 
is  atp  (B/^)i  —  0  8;  it  is  not  shown  in  the  diagram  as  the  infinity 
is  highly  localized  and  computation  would  be  tedious.  The 
critical  points  for  Froude  numbers  0  14  and  018  are  at  0  4  and 
O' 2 1  respectively,  ft  should  be  stated  that  there  are  certain 
speeds  for  which  M,  does  not  become  infinite  at  the  critical 
point,  though  there  are  still  peak  values;  these  speeds  are  such 
that  the  Bessel  Function  in  the  integrals  (13)  has  zero  value  for 
6  ~  0  when  p  c/g  —  i , 

Naturally,  in  any  experimental  results  the  mathematical 


infinities  would  be  smoothed  down  as  in  other  resonance  effects; 
and  also  they  are  likely  to  be  highly  localized  and  sensitive  to 
small  disturbances.  Nevertheless  they  have  their  effect  upon  the 
rest  of  the  curve;  and  with  suitably  devised  experiments  one 
might  expect  peaks  on  the  damping  curves  in  the  region  of  the 
critical  value  of  the  parameter. 


References 

(1)  Haskind,  M.  D.:  Priklad.  Mat.  i  Mekh.,  10,  p.  33  (1946). 

(2)  Brard,  R.:  Assoc.  Tech.  Mar.  Aero.,  47,  p.  455  (1949). 

(3)  Hanaoka,  T. :  Journ.  Zosen  Kyokai,  93,  p.  1  (1953). 

(4)  Golovato,  P. :  T.M.B.  Report  1074  (Washington)  (1 057). 

(5)  Havelock,  T.  H.:  Quart.  Jour.  Mech.  App.  Math.,  11,  p.  332 

(1949). 


Appendix 

A  point  source  of  strength  m  sin  p  t  is  moving  with  velocity  c 
at  a  depth  d  below  the  free  surface  of  the  water.  We  take  moving 
axes  with  the  origin  O  in  the  free  surface  immediately  above  the 
travelling  source,  O  x  in  the  direction  of  motion,  O  y  transversely, 
and  O:  vertically  upwards.  We  suppose  the  motion  to  have 
been  started  from  rest  and  the  solution  we  require  is  that  to  which 
the  motion  approximates  at  a  sufficiently  long  time  after  the 
start.  The  result  can  be  obtained  by  integrating  the  effect  of 
infinitesimal  steps  in  the  motion  from  the  start  up  to  the  time  t. 
Suppose  the  motion  started  at  a  time  u  before  the  present  instant, 
that  is  at  a  time  t  —  u;  then,  using  a  general  result  for  a  variable 
source/53  we  have  for  the  velocity  potential 


4>  =  (Jr  -y)  s>n  Pt  +  <f>t 


(1) 


where 


4  tn  pi  r“ 

9!  =  lim - .  sin  p(t  —  u) 

U  ->  00  TT  ^0 


du 


P~/2  rco 


dd\  cos  [*-  (x  4-  c  (.)  cos  $]  cos  (k  y  sin  0) 

Jo  Jo 

X  sin  (u  g*  d  k  (2) 

with  rf  — x2 +y2 +(z +  d)2;  r\  —  x2  +y2  -f-  (z  —d)2 

Carrying  out  the  integration  with  respect  to  u  we  obtain 
.00 

=  lim - dS\  k\  e~  K(d~ 2)  cos  (xy  sin  9) 

u—±cc  'TT 


r  .  ,  a  .  .  fcos  |>ccos0  «p  ~  (# /r)H  w 

[sin  ( k  x  cos  9  +  p  t)  <  - — 1 - -  1 

I  xccc 


cos  [  k  c  cos  6  p  +  ( g  *)i]  u 


•cos  9  -  p  Kg  *f)l 
2  (fr)l 


k  c  cos  9  —  p  +  (jx)i  ( k  c  cos  6  —  p)2  -  g 


-4 


-t-  cos  (*■  x  cos  9  +  p  t ) 
sin  [k  ccos  9  —  p  +  (g 


{sin  [k  c 

K  Ci 


cos  6  —  p  —  (g  *)1]  u 


cos  6 


(g  *)‘ 


a)1  «]  1 
<)*  / 


K  c  cos  9  —  P  +  (g  a)1 

two  similar  terms  with  —  p  for p  | du  .  .  .  .  (3) 


Considering  the  integration  with  respect  to  x  and  the  limiting 
value  as  u  ->  oo,  we  require  the  positive  values  of  k  for  which 
the  various  denominators  in  equation  (3)  are  zero,  and  the  corre- 


618 


THE  EFFECT  OF  SPEED  OF  ADVANCE  UPON  THE  DAMPING  OF  HEAVE  AND  PITCH 


3 


sponding  positive  square  roots  of  these  values.  There  are  four 
such  zeros  in  all  and  they  are  given  by 

Kt,  =  i  *o  sec2  0  [1  +  2  ft  cos  8  ±  (1  +  4  ft  cos  0)1]  1 

*3>  k4  =  i  *o  sec2  0  [1  ~2  8  cos  8  ±  (l  —  4  ft  cos  0)1]  j  ^ 

where  k0  =  g/c2,  ft  -  p  c/g ,  and  k3,  k4  only  exist  if  cos  0  <  1  /4  ft. 

The  integrals  in  equation  (3)  involving  a  factor  of  the  form 
cos  [uf(K)\lf(K)  tend  to  zero  as  u  ->  oo,  interpreting  the  inte¬ 
grals  where  necessary  as  principal  value  integrals.  For  the 
integrals  in  equation  (3)  of  the  form 

f" 

F  (k)  sin  [«/(*)]//(«) .  d k  ...  (5) 

Jo 

where /(x)  has  simple  zeros,  the  contribution  of  each  such  zero, 
say  ku  to  the  limiting  value  is  rr  F  (k,)/|/'  (k,)|.  All  the  relevant 
zeros  are  included  in  the  four  values  given  in  equation  -(4). 

After  carrying  out  these  operations,  we  obtain 

=  m  ( —  —  M  sin  p  t 
Vri  r2J 


the  pitching  motion  can  be  derived  from  a  source  distribution 
over  the  flat  base  of  the  plank;  further,  we  assume  the  source 
strength  per  unit  area  at  a  distance  x  from  the  mid-point  is 
1/4  7i  times  the  normal  velocity  ,;t  that  point,  and  for  a  sufficiently 
thin  plank  we  take  this  as  equivalent  to  a  line  distribution  of 
amount  (B/4  -n)  x  ft  sin  p  I.  These  are  rather  drastic  simplifying 
assumptions,  especially  for  pitching;  but  perhaps  they  are  not 
too  far  amiss  under  the  specified  conditions  for  illustrating  the 
particular  point  under  consideration.  To  reduce  the  computa¬ 
tion  we  extend  the  integration  only  to  cover  the  rectangular  pert 
of  the  base,  omitting  the  supposed  short  pointed  ends.  The 
velocity  potential  due  to  the  forward  motion  could  be  obtained 
in  the  usual  way  by  a  source  distribution  over  the  curved  sides  at 
the  two  ends  of  the  plank;  as  this  does  not  enter  into  the  present 
calculation  we  omit  this  part  of  the  velocity  potential. 

Returning  to  equation  (6)  we  obtain  the  required  result  by  sub¬ 
stituting  x  —  h  for  x,  multiplying  by  h  B/4  tt  and  integrating 
between  the  limits  ±1  for  h ,  where  L  —  2  /.  All  the  integrals 
can  be  evaluated  explicitly,  but  to  avoid  lengthy  expressions  we 
write  F  (at,  y,  z)  for  the  contribution  of  the  first  term  in  equation 
(6).  We  obtain  thus 


,n/2  * 


sin  ( k  x  cos  6  +  p  t) 
_(k  c  cos  0  —  p)2  —  g  k 


sin  (kx  cos0  —  pt) 
(k  c  cos  0  +  p)2  —  g  K 


cos  (k  y  sin  0)  k  e~  -  *>  d  k 


K|  g-A-i (d-r) 

(1  +4)3  cos  0)1 


cos  (k,  x  cos  0  +p  t)  cos  (x,  y  sin  0)  dd 


K2  e-KtU-t) 

(1  +  4  ft  cos  0)1 


cos  (k2  x  cos  6+pt)  cos  (x2y  sin  6)d0 
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K  e-Ki(d~z) 

2  m  (~i~4ficos0)T C0S  XC0%9 -pt)  cos  (k3  y  sin  0)  dd 

•'A.  ~ 


Ka  €~  ^  * 

(T~4  fleos  0)1 COS  x  cos  0  ~ p cos  y  sin  ft 
e,  P  ....  (6) 


9,  =  0if4/S<  1 

9,  -  cos  '  (1/4  ft)  if  4  ft  >  I  .  .  .  (7) 


In  the  last  two  integrals  in  equation  (6)  the  integrand  becomes 
infinite  at  the  lower  limit  0,.  but  the  integrals  remain  finite  in 
general;  however,  they  become  divergent  in  the  limiting  case 
when  4  ft  -  1  and  0,  --  0. 

The  wave  pattern  at  a  great  distance  from  the  source  need  not 
be  discussed  here;  it  is  obtained  by  combining  the  last  four 
terms  in  equation  (6)  with  the  suitable  contribution  from  the  double 
integral  in  equation  (6).  Broadly  speaking,  the  pattern  at  a  great 
distance  in  advance  is  associated  with  the  k4  value  while  at  the 
rear  it  comes  from  the  k2  and  terms.  Finally,  it  can  be 
verified  that  for  e  =  0,  the  expressions  reduce  to  the  known  form 
for  a  stationary  pulsating  source  emitting  circular  waves  at  a 
great  distance. 

Consider  now  a  long  thin  plank,  of  length  L  and  beam  B 
and  with  short  pointed  ends,  floating  vertically  in  water  and 
immersed  to  a  draught  d.  The  plank  moves  forward  with 
velocity  c  and  makes  small  pitching  oscillations  with  angular 
velocity  ft  sin  p  i.  We  assume  that  the  velocity  potential  due  to 


<f>  =  (B  ft/4  7r)  F  (x,  y,  z)  sin  p  t 


rnl2  -  co 


g  B  ft  (l3/ 2  7t3)1  [  d6  j"  (k  sec  0)1  Jj  (k  I  cos  0) 
Jo  Jc 

f  cos  ( k  x  cos  0  +  p  t) 

(_(*  c  cos  0  —  p)2  —  g  K 


cos (k  x 
(k c cos  6 


K  COS  0  —  p  t) 

0  +  p)2  -  g  X. 


cos  (k  y  sin  0)  c~K(d~ d  k 


+BQ(A,y 


(k,  sec  0)1 
(1  +4  ft  cos  0)1 


Jj  (k,  /cos  0)  sin  (k,  x cos  0 


+  pt)  cos  (kj  y  sin  0)  e~K,<-d~‘)  d 0 

+  similar  terms  in  k2,  k3,  k4  .  .  . 

where  J  denotes  the  ordinary  Bessel  Function. 
The  pressure  on  the  base  is  given  by 

_ *<f>\ 


(0<p  *<p\ 

P  =  Pk,  ~CVx)  ■  •  • 


and  the  moment  M  of  the  pressure  about  the  axis  O  y  is  given  by 
M  JJ  pxdxdy  ....  (10) 
taken  over  the  base.  Or,  to  the  present  approximation, 


with  y  =  0  and  r  ~  —  d  in  equation  (8). 

On  examination  of  the  various  terms  in  equation  (8)  it  is  easily 
seen  that  the  only  contribution  to  the  terms  in  sinp  t  in  equa¬ 
tion  (II)  comes  from  the  last  four  terms  in  equation  (8).  Ftom 
the  first  of  these  terms,  for  instance,  the  contribution  to  this 
part  of  M  is  found  to  be 


-n/2 

B2  / 1  a  sin P  '  [  (f+Tft cos k  3  3 2 (K> *V'rf Kc6J6 

-V  r  mi 


For  computation  we  change  from  the  Bessel  Function  J  to  the 
Spherical  Bessel  Function  given  by  S  (x)  --  (tt/2  x)*  J  (rr). 
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because  extensive  tables  of  these  functions  are  available.  With 
F  =  c/(g  L)*,  and  with  M,  sinp  /  being  the  required  part  of 
the  moment,  we  obtain  finally 

ir  Mi  Ip  Bigi  L4  Q  =  i  (B/L)*  F~3 

Jf  A!  B[  sec3  d  2  /  Ai  n\  --ijLite  20  .  a 
jj  (1  +  4  j8 cos  0)* *3/2  \4  F2  S6C  ✓  6  d° 

it/2 

■  I  A2B2sec30  2  /  A2  _cc  o\  jq 

+  (TT4j^WS}l2\4F2SeC  ) 

Jo 

n/2 

AjBjsec 30  2  f  A3  .ccfl\c-^^6dp 

+  (1  - 4Sws^ Sj/i V4F2 360 V 6  4F  d° 

•-'fl. 


,  A4B4sec30  c,  /  A4 
+  ‘F'  "  "3) 


with  6t  given  by  equation  (7),  f3  =  p  c/g,  and 

A„  A2  =  1  +  2  p  cos  6  ±  (1  +  4  j8  cos  0)* 

B„B2=  (1  +4j8cos0)*  ±  1 

A3,  A4  =  1  —  2  /?  cos  t)  ±  (1  —  4  ^  cos  0)1 

B3,  B4  =  1  ±  (1  -  4  0  cos  0)i . (14) 

If  we  write  q  =  p  (B/g)*,  it  can  be  verified  that  when  c  =  0, 
equation  (13)  reduces  to  the  result  for  this  case  which  can  be 
obtained  directly,  namely 

~"/2 


■n  M  ilp  gi  B*  L4  Q  =  «3  e-2«2d'B 


J  Si/2(j^2cos0)d0(15) 
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